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Introduction
Fermat's Last Theorem (FLT) states that:

For al n> 2, there do not exist X, y, zsuch that x" + y" = 2",
wherex, Y, z, n, are positive integers.

Until the mid-1990s, this was the most famous unsolved problem in mathematics. It was
originally stated by the 17th century mathematician Pierre de Fermat (1601-65).

“In about 1637, he annotated his copy (now lost) of Bachet' strandation of Diophantus
Arithmetika with the following statement:

Cubem autem in duos cubos, aut quadratoquadratum in duos quadratoquadratos, et gener-
aiter nullam in infinitum ultra quadratum potestatem in duos gjusdem nominis fas est
dividere: cujusrei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas non

caparet.
“In English, and using modern terminol ogy, the paragraph above reads as:

There are no positive integers such that X" + y" = 2" for n> 2 . I’'ve found a remarkable
proof of thisfact, but there is not enough space in the margin [of the book] to writeit.”

— Dept. of Mathematics, University of North Carolinaat Charlotte
(http://Iwww.math.uncc.edu/flt.php)

For more than 350 years, no one was able to find a proof using the mathematical tools at Fer-
mat’s disposal, or using any other, far more advanced, tools either, although the attempts produced
numerous results, and at least one new branch of algebra, namdy, ideal theory. Thenin summer
of 1993, a proof was announced by Princeton University mathematics professor Andrew Wiles.
(Actualy, Wiles announced a proof of a special case of the Shimura-Taniyama Conjecture — a
special case that implies FLT.) Wiles' proof was 200 pages long and had required more than
seven years of dedicated effort. A gap in the proof was discovered later that summer, but Wiles,
working with Richard Taylor, was able to fill it by the end of Sept. 1994.

Did Fermat Prove His Theorem?

It is safe to say that virtually all professional mathematicians believe that the answer to this
guestion isno. For example:

“Did Fermat prove this theorem?

“No he did not. Fermat claimed to have found a proof of the theorem at an early stagein his
career. Much later he spent time and effort proving the casesn = 4 and n =5 . Had he had a proof
to his theorem, there would have been no need for him to study specific cases.

“Fermat may have had one of the following “proofs™ in mind when he wrote his famous com-
ment.

“Fermat discovered and applied the method of infinite descent, which, in particular can be
used to prove ALT for n =4 . This method can actually be used to prove a stronger statement than

1. Aczel, Amir D., Fermat's Last Theorem, Dell Publishing, N. Y., 1996, pp. 123 - 134.
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FLT for n=4, viz, X* + y* = 2 has no non-trivial integer solutions. It is possible and even likely
that he had an incorrect proof of FLT using this method when he wrote the famous theorem”.

“He had awrong proof in mind. The following proof, proposed first by Lamé was thought to
be correct, until Liouville pointed out the flaw, and by Kummer which latter became and[sic]
expert in thefield. It is based on the incorrect assumption that prime decompositionisuniquein
all domains.

“The incorrect proof goes something like this:

“We only need to consider prime exponents (thisis true). So consider xX° + y* = . Letr be a
primitive p-th root of unity (complex number).

“Then the equation is the same as:

“(X+Y) X+ ry)x+ 1) (x+rP-Vy)y =2

“Now consider thering of the form:

“ajtapr+tagr’+... +agp. 1) rP-1)

“where each g is an integer.

“Now if thisring is aunique factorization ring (UFR), then it istrue that each of the above fac-
torsisrelatively prime. From thisit can be proven that each factor is a pth power and from this
FLT follows.

“The problem isthat the abovering is not an UFR in general.

“Another argument for the belief that Fermat had no proof — and, furthermore, that he knew
that he had no proof — isthat the only place he ever mentioned the result was in that marginal
comment in Bachet' s Diophantus. If he really thought he had a proof, he would have announced
the result publicly, or challenged some English mathematician to proveit. It islikely that he found
the flaw in his own proof before he had a chance to announce the result, and never bothered to
erase the marginal comment because it never occurred to him that anyone would see it there.

“Some other famous mathematicians have speculated on this question. Andre Well, writes:

“*Only on oneill-fated occasion did Fermat ever mention acurve of higher genusx" + y" = 2"
, and then[sic] hardly remain any doubt that thiswas due to some misapprehension on his part [for
abrief moment perhaps [he must have deluded himself into thinking he had the principle of a gen-
eral proof.’

“Winfried Scharlau and Hans Opolka report:

“*Whether Fermat knew a proof or not has been the subject of many speculations. The truth
seems obvious ...[Fermat's marginal note] was made at the time of hisfirst |etters concerning
number theory [1637]...asfar as we know he never repeated his general remark, but repeatedly
made the statement for the casesn = 3 and 4 and posed these cases as problems to his correspon-
dents [he formulated the case n = 3 in aletter to Carcavi in 1659 [All these facts indicate that Fer-
mat quickly became aware of the incompleteness of the [general] “proof” of 1637. Of course,
there was no reason for a public retraction of his privately made conjecture’
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“However it isimportant to keep in mind that Fermat's ‘ proof’ predates the Publish or Perish
period of scientific research in which we arestill living.”

— Dept. of Mathematics, University of North Carolinaat Charlotte,
(http://www.math.uncc.edu/flt.php) Jan. 31, 2004 (brackets (except
in“[sic]”s) and quotation marks as in the original as they appeared
on the author’ s computer screen)

When Did Fermat Make the Note in the Margin?

Mathematicians who are normally cautious to a fault about making statements even with al
the material before them that they need in order to prove the validity of their statements, seem to
become gifted with apodictic insight when discussing the history of Ferma’ seffortsto prove his
theorem, even though much evidence is missing and aimost certainly will never be found.

Nevertheless, contrary to the standard view, it seems entirely possiblethat Fermat got the idea
of histheorem in 1637 while reading Bachet, made no note in the margin at that time but instead
set out to prove the theorem as described in the above-cited letters. Then, latein life— after 1659
— possibly while re-reading Bachet, he suddenly thought of his proof, and made a note of itsdis-
covery in the nearest place to hand, namely, the margin of the book.

Why Should We Hold Out Any Hope That a “Simple” Proof Exists?

The author iswell aware that the overwhelming consensus in the mathematics community is
that no simple proof of FLT exists. So the reader is perfectly justified in asking, “Why bother
spending even five minutes more on the question of a‘simple’ proof?’ The author thinks there
are several reasons:

» The computer has pushed the deductive horizon far beyond that of even the best mathemati-
cians of the past, where by “deductive horizon” the author means the limit of our ability to carry
out long deductions. For example, the author believes that now or in the near future, it will be
possible to input to a computer program all the theorems and lemmas and rules of deduction that
scholars have reason to believe that Fermat had at his disposal at the time he made the famous
note in the margin of his copy of Diophantus, and to ask the program to find aproof of FLT. For a
further discussion, see“Can We Find Out If Fermat Was Right After All?" on page26.

* New conceptual machinery is constantly appearing that might make asimple proof possible.
The author isthinking specifically of computation theory. An attempt to use some of this machin-
ery isgiven in the section “*“ Computational” Approaches’ on page26.

» We don’'t know all the approaches that have been tried in the past, since the mathematics
community records only the (published) successes, however partial, that were achieved in the
long years of attempting to prove the Theorem. Furthermore, from the beginning of the 19th cen-
tury, if not earlier, the professionalization of mathematics tended to result in the relegation of the
work of amateursto the crackpot category. The author wastold by several professional mathema-
ticians prior to Wiles' proof, that whenever an envelope arrives on their desk containing a manu-
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script with “Fermat’s Last Theorem” in the title, and the manuscript is by an author who isnot a
tenured professor, the manuscript goes unread straight into the wastebasket. Such a practice was,
we now know, justified in the past regarding claims of solutions to the three classic unsolved
problems of the Greeks — squaring the circle, doubling the cube, and trisecting the angle, each to
be done using only straightedge and compass — because, as was proved in the 19th century, solu-
tionsto these problems, under the constraint of using only straightedge and compass, do not exist.
But FLT isdifferent, in that we know now that it istrue. No doubt all, or very nearly al, of the
manuscripts that mathematicians received from amateurs® were, in fact, flawed, if not outright
crackpot, works. Furthermore, overworked professional mathematicians have a perfect right to
spend their time on the material they think it worth spending their time on. Nevertheless, it is pos-
sible, however unlikely, that one of the amateurs manuscripts, even if it contained errors, con-
tained the germ of an ideathat might haveled to a“simple” proof of FLT. We will never know.

* “Wiles proof used some mathematics that depends on the Axiom of Choice. But thereisa
theorem that any theorem of number theory that uses the Axiom of Choice has a proof that
doesn’'t. So, somewhere, thereisasimpler, or at least less high-powered, proof of Fermat.” —
email from afriend.

* Finally, it ispossible (however unlikely) that certain approaches to a possible solution were
discarded time and again on the grounds that if a proof were that simple someone would have
already published it. The author believesthat the approaches described under “ Approach by
“Geometry of Congruences™ on pagelO and under ““Arithmetical” Version of the Approach by
Induction on Inequalities” on pagel7 might be among these.

Brief Summary of Approaches Described in this Paper
The approachesto a proof of ALT that are described in this paper are asfollows:

* “Vertical” Approaches
» Approach by “Geometry of Congruences’
» Approach by Induction on Inequalities
 “Computational” Approaches

The“Vertical” approaches are motivated by the question, “If a counterexample existed, how
would we ‘get there ?” The meaning of this question will become clearer if we consider briefly
the strategy that was pursued throughout most of the history of attemptsto prove AT, namely, the
strategy of progressively expanding the set of exponentsn for which FLT was true. (The fact that
FLT was true for each of these n meant that it was true for al multiples of these n, sinceif x"+y"
# Z'for al x, y, z, then certainly ()" + (V9" # (W™, for all u, v, w, k= 1.) Thus, Fermat claimed,
in aletter to Frénicle de Bessy, that he had proved the Theorem for the casen = 4; but he did not
givefull details>. Euler gave an incomplete proof for the case n = 3in the early 18th century;

1. And yet Fermat, and Pascal, and many of the leading mathematicians of the 17th century were amateurs!
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Gauss gave a complete proof in the early 19th. Then, also in the early 19th century, Dirichlet and
Legendre proved it for n = 5 and Dirichlet in 1832 proved it for n =14. Lamé proveditforn=7
in 1839. Kummer then proved that the Theorem was true for al “regular” primes, a class of
primes he defined. Among the primes < 100, only 37, 59, and 67 are not regular. The set of n for
which the Theorem was true continued to be expanded in succeeding years. The author will call
thisthe “Horizontal Approach”, because for each n the goal isto provethat FLT istruefor al x, y,
z, hereimagined as constituting a“ horizontal” set relative to the “vertical” direction of progres-
sively increasing n.

But there is another approach, one that the author callsthe“Vertical” Approach. Here, we
assumethat x, y, z are elements of a counterexample to FLT, then we attempt to find the n such
that x" + y"= 2" , proceeding fromn=3ton=4ton=>5, etc,, i.e., proceeding in the “vertical”
direction of progressively increasing n relative to the fixed x, y, z. If we can show that we can
never “get to” such an n, then wewill have a proof of FLT. Another way of regarding the Vertical
Approach isto say that it asks what sequence of cal culations would terminate in the counterexam-
ple, assuming X, Yy, z were known to be elements of a counterexample, and assuming the calcula-
tions were the sequence of comparisons ofx™ + y" with z"for n = 3, then for n = 4, then for n =5,
etc. Thisis, in fact, the formin which the Vertical Approach first occurred to the author when he
becameinterested in FLT. The author was at the time working as aprogammer, and thus immedi-
ately thought about the task of trying to find a counterexample using the computer.

The *“ Computational Approaches’ in thelist above were likewise inspired by the author’s
work as a programmer, though here the underlying ideais different. The first computational
approach is based on the behavior of a program that could compute both the |eft-hand and right-
hand sides of the FLT inequality. The second computational approach isbased on an ideafrom
algorithmic information theory.

Most Promising Approaches, in the Author’s Opinion
At present, the author believesthat the following are the most promising approachesto a
“smple’ proof of FLT:

“An Attempted Implementation of the Approach by “Geometry of Congruences’™ on pagelb.
“Strategy Using Ratios Between FLT Inequalities’ on pagels;

The author will pay $150 to the first person who can find errorsin both these approaches such
that the author cannot repair all the errorsin at least one approach, within five days. Furthermore,
the author will offer shared authorship to the winner of the prizeif he or she can fix theerrorsin at
least one approach in away that leads directly to publication. Note: before submitting descrip-
tions of errors, competitors for the prize must query the author as to the current status of the
prize. The prize will not be awarded without this preliminary query.

Initial Assumptions, Definitions, and Properties of Numbers Involved
We are trying to prove Ferma’ s Last Theorem (FLT), which states that:

2. Kline, Morris, Mathematical Thought from Ancient to Modern Times Oxford University Press, N.Y.,
1972, p. 276.
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For al n> 2, there do not exist X, y, zsuch that x" + y" = 2",
wherex, Y, z, n, are positive integers.

1. We will use proof by contradiction. That is, we will assume there exist positive integers X,
y, zsuch that for somen > 2,

1 xX"+y'=2"

2. Without loss of of generality, we let n = p, the smallest odd prime such that (1) holds.
Therefore from now on, we will usually write p instead of n when referring to an assumed coun-
terexample.

3. Also without loss of generality, we assumethat x, y, z are relatively primein pairs, i.e., that

(15 xky=M1a=Kx27=1

(1.8) Clearly, exactly one of x, y, zmust be even.

Lemma0.0.
1fxP+ yP = 2 thenx+y>z

(Students of the phenomenon of mathematical intuition might be interested to know that from
the moment the author realized this smple fact, he was convinced thiswould be part of a“smple’
proof of FLT if hewas ableto discover one. The author has no explanation for his conviction, nor
does he claim that his conviction will be vindicated.)

Proof of Lemma 0.0.

Assume the contrary, i.e., that x+ y< z Then, inthe casethat x + y =z, (x + y)° = 2°. By the
binomial theorem, thisimplies that:

xP + %xp—1y+ oo EbE]Exyp—1+yp =2z°

Clearly, the equation cannot hold if xP + y? =7Z°. A similar argument appliesif x +y <z O

Remark:
By the contrapositive of Lemma 0.0, if x + y =z, then x, y, z cannot be elements of a counter-

example.
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Lemma 0.5.
If X2+ y?= 7, then x, y, z cannot be elements of a counterexample.

Proof 1 of Lemma 0.5:

Follows directly from Lemma0.0. [
Proof 2 of Lemma 0.5:

1 Letx2+y2=22.

2. Raise both sides of this equation to the power p/2. We get:

/2 /2
Py <y = D=L

O

Remark:
Lemma 0.5 states that no elements of a Pythagorean triple can be elements of a counterexam-

ple.

Examplesof Lemma 0.5:

32+ 42 =52 but 33+ 43 < 53 (27 + 64 = 91, which is< 125), and 31! + 411 < 511 (177,147 +
4,194,304 = 4,371,451, which is< 48,828,125). 72 + 24° = 257, but 7° + 243 < 25° (343 + 13,824
= 14,167, which is < 15,625).

Lemma 0.6
If FLT istrue for the exponent n, then it istrue for all multiples of n.

Proof of Lemma 0.6:
If X"+ y"# 2" for all x, , z, then certainly (U™ + (V"2 W™, for all u, v, w, k= 1. O

Lemma 1.0.
p<x<y<z

Proof of Lemma 1.0.

We quote from Ribenboim, Paulo, 13 Lectures on Fermat's Last Theorem, Springer-Verlag,
N.Y., 1979, p. 226.

“In 1856, Griinert proved:

“(1A) If 0<x<y< zareintegersand x" + y" = 2", thenx > n.

“Proof:
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KT A= (2 Y@y ey > - Yy

“Hence
X" X
0<(z-y)<—— <F1
ny
“and
y+1sz<y+5
n
“son<x.”
Lemma 2.0.
z<2y.

Proof of Lemma 2.0.
XN+ yh < 2y" < (2y)", s0 zcannot be > 2y. O

An Elementary Question and Its Answer

Before we proceed, we should ask a question which it is hard to believe was not asked, and
answered, at the very latest in the 19th century, as soon as the notion of afield of numbers had
been formalized. (Informally, afield isaset of numbersthat behaves*like” the rationals under
addition, subtraction, multiplication, and division, except that the field may or may not have the
property of unique factorization into primes.) The only reason the author asksthe question hereis
that he has not come acrossit inthe AL T literature he has examined thusfar. The question issim-
ply this:

Doesthere exist afield F in which a non-trivial factorization of the form (homogeneous poly-
nomial) P = xP + yP — 7P exists, and if so, what are all such fields, and what are the factorizations
in each such field?

The importance of the question liessimply in this: (1) if a counterexample exists, then P = 0;
(2) if afactorization exists, then at least one of the factorsof P must = 0. From the latter fact, it
might be possible to derive a contradiction. For example, if all factorsof P are of the form (x +
r(f(y, 2)), wherer isan irrational number, e.g., acomplex root of 1, andf(y, z) isarational expres-
soniny, z, then we would have a proof of FLT, because thiswould imply that x = — (f(y, 2))) isan
irrational number, contrary to the requirements of FLT.

However, as a mathematician has pointed out to the author, there does not exist a non-trivial
factorization of P over any of the fieldswe are interested in (i.e., number fields of characteristic
0). Furthermore, nothing about the existence or non-existence of counterexamples can be inferred
from thisfact.
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Fermat’'s “Method of Infinite Descent”

“Fermat invented the method of infinite descent and it was an invention of which he was
extremely proud. Inalong letter written toward the end of hislife he summarized hisdiscoveries
in number theory and he stated very definitely that all his proofs used this method. Briefly put, the
method proves that certain properties or relations are impossible for whole numbers by proving
that if they hold for any numbersthey would hold for some smaller numbers; then, by the same
argument, they would hold for some numbers that were smaller still, and so forth ad infinitum,
which isimpossible because a sequence of positive whol e numbers cannot decrease indefinitely.”
— Edwards, Harold M., Fermat’s Last Theorem, Springer-Verlag, N.Y., 1977, p. 8.

The Vertical Approach described above under “Brief Summary of Approaches Described in
this Paper” on page5 can be run in the“downward” direction as well asthe upward, and in that
case it becomes similar to Fermat’ s method of infinite descent. Thisdownward-direction
approach is discussed below under “ An Attempted |mplementation of the Approach by “ Geome-
try of Congruences’” on pagel5. Inlight of Fermat s statement that all his proofs used the
method of infinite descent, which then must be taken to include his claimed proof of FLT, it seems
appropriate that we thoroughly explore any approach that is similar to his method.

Approach by “Geometry of Congruences”

In this Approach, we attempt to show that the assumption of acounterexampleimpliesacon-
tradiction between congruences pertaining to the counterexample, and congruences pertaining to
exponents for which FLT isknown (say, pre-1990) to be true.

Preliminaries
The“Lines-and-Circles’ Model of Congruence

The Approach is motivated by a“geometrical” model of congruence. In this model, an infi-
nite sequence of circles are positioned at equal distances, one above the other (see Fig. 1).

10
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Figurel. “Geometrical” model of positive integers congruent mod 5.

For the modulus m, each circle is divided equally into m segments as shown (here, m=5).
Vertical lines pass through the start of each segment. All integers congruent to a given minimum
residue r mod mlie on the same vertical line, with r at the start of the line.

We refer to the circles as levels mod m (or merely levels when mis understood), and number
them O, 1, 2, ... beginning with the lowest one. Thelevel numbers are the quotients of all numbers
on that level when divided by m. Thus, in our example, 14 + 5 yields the quotient 2 and the
remainder 4, so 14 isonlevel 2 and line4. We sometimesrefer to level 0 asthe baselevel mod m
(or merely the base level when mis understood).

In the “ Geometry of Congruences’ Approach, we define a potential counterexample <x, y, z,
n, m> (here n need not be aprime) as a congruence x” + y" = Z" mod m, and we imagine x", y",
and Z" as occupying positions on the vertical linesin our geometrical mode!l of congruence mod
m. Similarly, we define a non-counterexample <x, y, z, n, m> as acongruence X" + y" isnot = 2"
mod m, and we imagine x", y", and Z" as occupying positions on the vertical linesin our geometri-
cal model of congruence mod m. (The justification for our calling the non-congruence a non-
counterexample is (1.91) (c) below.) We then consider, for a given modulusm, the relationship
between potential counterexamples, and the relationship between non-counterexamples.

Congruences Pertaining to Equalities, and Congruences Pertaining to I nequalities

Wewill beusing severa facts of elementary number theory that relate congruences pertaining
to equalities, and congruences pertaining to inequalities. These facts are asfollows:

11
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For equalities:
(1.90)
@Ifa+b,c<manda+ b =c,thena+b=cmodm.
(b) Ifa+b=cmodm,anda =a modm,andb =b'mod m,and c =c' modm, thena +b' =
¢ mod m.
For inequalities:
(1.91)
(@Ifat+b,c<manda+ b #c,thena+bisnot =cmod m.

(b) Assumea =a modm,andb =b" mod m, and ¢ =c’ mod m. Then:
Ifa+bisnot=cmodmthena + b isnot =c mod m.

Proof of (1.91) (b):
Ifa =a modm,andb =b' modm, and ¢ =c’ mod m, then, by definition of congruence, this
impliesthat there exist integersh, j, ksuchthata =a+hm,b’=b+jmand c’ = km.
We prove the contrapositive of our statement.
Assumea’ +b' =c¢’ modm. Then by definition of congruence, thisimpliesthat a+b + (h +
J —K)m = c, which by definition of congruence impliesthata+b=cmodm. O
(c)Ifa+bisnot=cmodm, thena+ b#c.
In addition, we will need Fermat’s Little Theorem:
(1.92)
If qisaprimeand (a, q) = 1 thena% 1 =1 mod q.
Multiplying both sides of the congruence in (1.92) repeatedly by a yields
a@-D+1l=3modq,
al@-D+2=52mod q,
al@-D+3=33mod q,
Thus (q - 1) isamodulusthat defines a set of (g - 1) congruence classes.

Discussion of the Approach by “Geometry of Congruences”
Given three positive integers a, b, and c, exactly one of two possibilities must hold: either a +

12
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b=cora+b#c. However, when we bring congruence into the picture, more possibilities
present themselves. First, we can have, for m> 2:

a+b=cmodm, in which casea + b may or may not equal c;
a+ bisnot =cmod m, inwhich case, by (1.91) (c) weknow that a+ b # c.

Second, congruence mod mfor any m= 2, allowsusto “reduce the infinite to the finite”.
That is, it enables us to partition, in a systematic way, the infinite set of positive integersinto a
finite set of m congruence classes. And, thanksto Ferma’sLittle Theorem, and Eule’ s Generali-
zation of the Theorem?, it allows us, for appropriate m, to “reduce the infinite set of powers of
integersto thefinite”. Thatis, it allows usto partition the infinite set of powersinto afinite set of
congruence classes— g — 1 classesin cases where Fermat’s Little Theorem applies (see (1.92)).

To give an example of how thisreduction into finite classes might be of use in our pursuit of a
proof of FLT, consider the following lemma.

Lemma4.0.
Assume a counterexample x P+ y.P= z.P exists. Then p cannot be a member of a certain infinite

Set of primes.
Proof of Lemma 4.0

1. Assume a counterexample x.°+ y.P= z.P exists. By assumption (1) above, p isthe smallest
such prime.

2. Asproved under “Discussion” on page28, itisnot possiblethat x. + Y. = .

3. Let g beany primesuch that (X., q) = (Vs ) = (Z, 9) =land X; + Y., Zae<qg. Sucha
prime must exist because there are an infinite number of primes and only afinite number of prime
factors, total, in X, Y, and z. .

4. By (1.92), (q- 1) definesaset of (g - 1) residue classesmod (q - 1). For the class whose
minimum element is 1, we have, by step 2,
(195) XC1 + k(g-1) + ycl + k(g-1) isnot = ch + k(g-1) mod a,

wherek = 0.

1. The Generalization asserts that if (a, m) = 1, then a®™ = 1 mod m, where ¢(m) is Euler’s totient function,
which returns the number of numbers less than m and relatively primeto m.

13
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5. Dirichlet’s celebrated Theorem states that the infinite series{a + v b}, (a, b) =1,v=>0, con-
tainsan infinity of primes, and since (1, (g - 1)) = 1, thismeansthat for an infinity of kin (1.95), 1
+k(g-1) isprime. By (1.95) and (1.91) (c), p cannot be any of these primes. [

We see here how the fact (which followed from our assumption of a counterexample) that

XetYe# %

and the fact that there exists a prime g such that x; + y; and z. are both < g, led to an infinity of
facts, namely the non-congruences expressed by (1.95), which in turn gave us another infinity of
facts, namely, that the prime p in the assumed counterexample could not be any of the infinity of
primes required by Dirichelet’s Theorem.

A young mathematician stated and proved the following, stronger version of Lemma4.0. (The
proof given hereisadightly edited version of the original. Any errors are entirely the responsi-
bility of the present author.)

Lemma4.0.5:
Assume a counterexample X"+ y.P= z.P = 0 exists. Then p can be at most one prime.

First Proof of Lemma 4.0.5

We will be using the fact that for positive numbersa and b and an exponentr > 1: a" + b' < (a
+ b)".

1. Let us assume there are two primes p < g for which:

XDy =2,
Xyt =2

2. Let (r =g/p) > 1. By the above fact, with x.” and y.P playing the role of a and b:
XA+ ¥t = () + (V) < ()P +yP) = (2 =2 =x T+,

which isacontradiction. Thereforethere cannot be two p which yield counterexamples for given
Xer Yo Ze- U

Second Proof of Lemma 4.0.5:
“The Fermat curves C,; XM+ Y™ = 1 intersect trivially.” (A reader) O

Remark on Lemmas 4.0 and 4.0.5. It isimportant not to misunderstand what these lemmas
establish. Suppose that someone announced (before 1990), “1 have three numbers, X, Y., Z., that
are elements of a counterexampletoFLT!” We know now that the person would have been mis-
taken, but let us consider several possible responses to the announcement.
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(2) A person knowing only that a counterexample would have to involve a prime exponent,
but knowing none of the results establishing exponents for which ALT had been proved true,
might have responded, “How interesting! The exponent can be any positive prime! Or perhaps
there are several prime exponents for each of which x, y., z. are the elements of a counterexam-
ple.

(2) A person who knew the results concerning exponents might have instead responded, “How
interesting! The exponent can be any prime > 125,000. Or perhapsthere are severa prime expo-
nents in thisrange, for each of which X, y,, z. are the elements of a counterexample.”

(3) A person who knew what the person in (2) knew, plus Lemma4.0.5, might have
responded, “How interesting! The exponent must be one and only one prime > 125,000.”

(4) Finally, a person who knew what the person in (3) knew, plus Lemma 4.0, might have
responded, “How interesting! The exponent must be one and only prime > 125,000 that is not
excluded by Lemma4.0.”

An Attempted Implementation of the Approach by “Geometry of Congruences”

Our goal will be a proof by contradiction, the contradiction to arise from the congruences
resulting from the assumption of a counterexample, x° + y? = 7°, and the congruences arising
from known inequalities, XK + yk 227K 1<ks p-1,k=p+ 1 Theseinequalitiesfollow from
“Lemma0.0.” on page7, “Lemma0.5.” on page8, and “ Lemma 4.0.5:” on pagel4. It isimpor-
tant to understand the limitation we are subject to asfar asinequalities are concerned: in general,
itisnot truethat if a+ b #cthena+ bisnot =cmod m, for arbitrary m> 2. For example, 5+ 3
iscertainly # 1, but 5+ 3=1mod 7. So if we want to go from inequality to guaranteed non-con-
gruence, we must require that the modulusmbe > a, b, ¢, a+ b and that (a, m) = (b,m) = (c,m) = 1.
Under these conditions, if a+ b # c thena + bisnot =c mod m (1.91(a)).

Oneway to implement our proof by contradiction, is viathe concept of towers, which we now
define.

Definition of Tower

Definition. Let u be any positive integer, and letM = { my, m,, mg, ... } be aninfinite sequence
of moduli such that for al i = 1, (u, mj) = 1, and such that m; <m, <Mz <.... Thenthereexistsa
minimum i = 1 such that u < my. In thelanguage of “ The “Lines-and-Circles’ Model of Congru-
ence” on pagelO, uisonlevel 0 mod m;. We say that u touches down at my. Clearly, uisalso <
my. for al i’ > i, and so we say that u remains down for all thesei’. (“Once u touches down, it
remains down.”)

By abuse of language, we will say that u + v =w (or u + v # w) touches down at m; when we
mean that (u, m) = (v, m) = (w, m) = 1, and that u, v, and u + v=w are all <m;, and furthermore
that m; isthe smallest modulusin M for which thisisthe case.

Definition. Assumethat al them;in M are primes. Thenif If u" + V' = w' touches down at
m;, and (u, my) = (v, my) = (w, m) = 1, we have, by Fermat’s Little Theorem,

QR R SD) et

forall h=0.
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The (infinite) set of all such congruences we call atower mod m,. Similarly, if u” +Vv' zw
touches down at my,, and (u, my) = (v, m) = (w, m;) = 1, we have, by Fermat’s Little Theorem,

u(r+h(mi_1)) +V(r+h(mi_1)) (r+h(m-1))

is not=w mod m

foral h=0.

The (infinite) set of all such non-congruences we likewise call atower mod my. In either case,
wecall U, V,w together the base of thetower. A congruence, or non-congruence, in atower, we
will some times call an element of the tower. Thus, the base of a tower forces the congruence or
non-congruence of all elements of the tower.

A Possible Proof of FLT Using Towers

Let g be the smallest prime that islarger than the maximum of x, y, z (i.e., larger than z), and
such that (x, Q) = (y, Q) = (z, q) = 1. By Bertrand's Postulate, we know that z< q < 2z.

We will consider successive moduli g, g, @, .... In this case, we need to use Euler’s general-
ization of Fermat' sLittle Theorem to build our towers. Thisgeneralization statesthat if (a, m) =
1, where m may be composite,

a®™ =1 mod m

Here, ¢ isEuler's¢ function, which returns the number of numbers lessthan, and relatively prime
to, m. It can easily be shown that if m= qisprimethen ¢(¢f) = (q- 1)d ~1,j = 1.

Let q*, k= 1, denote the power of g at which XX, y¥, Z , X<+ yXall touch down, i.e., arefirst
all lessthan apower of g. Then we have an infinite sequence of such powers, namdy,

qjl, qu’ qjs, qj4...

and these give rise to the infinite sequence of statementsin (1) below, all asadirect consequence
of “Lemma4.0.5:” on pagel4. .

(1) For @l j = j4, and for every tower element mod qj

T+ieg(d) | 1+ie¢(d). 1+i+¢(d)

X +y IS not=z mod qj

i >0,by “(1.91)" on pagel2.

Andsmilarly foralj=j,,alj=j3 alj=jg,....j2p-1,j2p+l,j 2 p+2, ..., where, of course,
the exponent in the base elements of the tower in each caseare 2, 3, 4, ..., p-1, p+1, p+2, ...
respectively. (End of (1))

Each non-congruence element in each tower tells us that when the element touches down, it
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will do so as an inequality. But we aready knew, from “Lemma4.0.5:” on pagel4, that, for
givenx, Yy, z, only one exponent p can yield acounterexample.

Definition. Consider any tower element u in which the multiplier i in the exponent is> 1.
Then any other element of the same tower with smaller i we call apredecessor element of u.

Assumethefirst element touches down at the modulus qJ and the predecessor element touches
downat g’. Thenclearly j’ must be< j.

Now assume our counterexample x° + yP = Z” touches down at qJ . There are two casesto be
considered:

Case 1: the counterexample has a predecessor element in some tower mod qJ k,
1<k< p-1

Case 2: the counterexample has no predecessor element in any such tower.
Proof of the Impossibility of Case 1: there are two sub-cases to be considered:

Case 1.1: the congruence corresponding to the assumed counterexampl e has a predecessor
element in one of the towers of non-congruences mod q l<k<p-1.

Clearly thisisimpossible, because all elements of these towers are non-congruences. (The
base of each tower can be regarded as an element of the tower, and the inequality in the base con-
stitutes a non-congruence.)

Case 1.2: the congruence corresponding to the assumed counterexampl e has a predecessor
element in some tower of congruences mod q l<k<p-1.

But there is no such tower, since the bases of al the towers of non-congruences cover all
exponents1 < k< p-1. O

Proof of the Impossibility of Case 2: If the counterexample has no predecessor el ement in any
such tower, then for al k, 1 < k < p—1, p, the exponent in our counterexample, must be < ¢( qjk)
But thisi |s impossi ble, because then the element representing our counterexample must be at level
Omod g Jioes ,forall k, 1< k< p-1, contradicting our assumption regarding j,.

So Case2 iIsimpossible. O

Hence our assumption of a counterexample leads to two impossibilities that exhaust all possi-
bilities, and FLT is proved. (End of Possible Proof)

Approach by Induction on Inequalities
“Arithmetical” Version of the Approach by Induction on Inequalities

The reader will recall our “Vertical Approach” to a proof of FLT as described under “ Brief
Summary of Approaches Described in this Paper” on page5:

“[Inthis Approach], we assume that x, y, z are elements of a counterexample to FLT, then we
attempt to find the n such that x" + y" = 2" , proceeding fromn=3ton=4ton =5, etc., i.e, pro-
ceeding in the “vertical” direction of progressively increasing n relative to the fixed x, y, z. If we
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can show that we can never “get to” such ann, then we will have a proof of ALT. Another way of
regarding the Vertical Approach isto say that it asks what sequence of calculations would termi-
nate in the counterexample, assuming x, y, zwere known to be elements of a counterexample, and
assuming the cal cul ations were the sequence of comparisons of X" + y" with 2" for n = 3, then for
n=4,thenforn=>5, etc.”

In this sub-section, we discover some facts about the sequence of FLT inequalities,

X3+y3 2 2,
X+ yre A,

x"+y" £ 72 and then, following the assumed equality,
x(P=11) 1y (p=n+1) = P =1*1) the further inequalities,
Xn+2+yn+2¢2n+2

XN+ 3pyn+ 3yt 3

We first state the following basic facts about theFL T inequalities. Theformal statement of
each lemma, and the proof, isgiven in Appendix B.

foralk, 1<k<n+1:
XK+ yK > Z (Lemma 0.90);

K+ > (K FL + YKy AR+ (| emma 0.70).

foradlk>p=n+1:
X+ yK < 2 (Lemma 0.95);
limk - oo, (XX +y¥)/Z¢= 0 (Lemma 0.97).

The question of the maximum size of p = n+1 in a counterexampleto FLT isanswered by
Lemma 1.0, namely, p must be < x.

We now discuss a possible proof of FLT using ratios between the FLT inequalities. We then
consider the possible application of the familiar inner product from vector theory to aproof of
FLT.

Strategy Using Ratios Between FLT Inequalities
We know from Lemma 0.70 that (X< +y<)/Z> (XX 1 + YK 1)K+ Lforall k, 1< k<n+1. Itis
reasonable to assume that, for each such k there exist integers a,, by, with a, < by, such that

1. A young mathematician has written the author that Lemma 0.97 “bears a major resemblance to what is known
asthe ABC Conjecture, ... along unsolved problem in additive number theory... The ABC Conjecture almost proves
FLT in the sense that if ABC istrue, then for all n sufficiently large, X" + y" = 2" has no integer solutions. Seefor
instance mathworld.wolfram.com/abcconjecture.html.”

18



IsTherea“ Smple” Proof of Fermat’s Last Theorem?

ak k+ ID_Xk+1+ k+1

b_kD Zk 0 B Zk+ 1
(We make no claim that a,/b, is the same for different k.)*

Now consider k = n, where p = n + 1 isthe assumed exponent that yields a counterexample.
Then it must be the case that

k=p-1=nrlk=p-1=n k
a p p +y

bk=p—1=nD Zk=p—1=n

where we simply use equal signsin the exponents to show that the indicated termsall have the
same value — to show that we are using several different termsto represent the samething We
could, of course, have written, “k, which here is the same thing as p - 1, which here is the same
thingasn”.

But then, clearly, (ak= P1= /(%= P-1= M must be the reciprocal of the term it is multiplied
by if theresultisto be 1. Hence:

(@)
0 k=p-1=n O k=p-1=n k=p-1=m] p=n+1, p=n+1
e )5 . 0= % LY =1
B(—p—l—n_l_yk—p—l—rDD Zk—p—l—n 0 p=n+1

Since by Lemma 1.0, x <y < z, it is clear that the product of the numerators in the left-hand
term of (1) is greater than the numerator in the center term, and similarly for the denominators.
We assert that thisis a contradiction, for the following reason:

We begin with two observations regarding products.

Q)

If r, s, t are positive integers, thent is the product of r and siff t =rs.

Another way of saying thisis (by the Fundamental Theorem of Arithmetic),

If r, s, t are positive integers, then t isthe product of r and siff the prime factors of t (including
powers) are the same as the prime factors of rs (including powers).

Now let us consider products of fractions composed of positive integers.

Q)

If r, s, t, U, are positive integers, then (v/w) isthe product of (r/s) and (t/u) if v=rsand w = su.

However, unlike (Q), it is not necessarily the case that if (v/w) = (r/s)(t/u) then (v/w) isthe
product of (r/s) and (t/u). For example, 1 = 7/7 = (6/3)(3/6), but 7/7 is not the product of (6/3)(3/

1. In fact, as areader has pointed out, given (Xk +yk)/Zk ,(Xk 1y yk +1)/Zk *1 then ak= (Xk 1y yk 1y
(K +y9) | bk = 2K
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6).

We now apply (Q’) to (1), in which the product of the two fractions (r/s) and (t/u) is the | eft-
hand term, the fraction (v/w) isthe center term. Since by (1.5) under “Initial Assumptions, Defi-
nitions, and Properties of Numbers Involved” on page6 ( X, y) = (y, 2) = (X, 2) = 1, and since, by
Lemmal.0, x<y<z itisclear that the product of the numeratorsin the left-hand term of (1) is
greater than the numerator in the center term, and similarly for the product of the denominators.
Hence, by (Q), the center term is not the product of the fractionsin theleft-hand term, whichisa
contradiction. (End of Strategy Using Ratios...)

Strategy Using Inner Products
Thelnner Product Representation of I nequalities

xP+ yP£ 7P can be expressed as xP+ yP — 2 # 0, whereas a counterexample can be expressed as
xP+ yP— A= 0.

The non-counterexample case can also be expressed as <x, y, z> « < XD, y(MD) _A+1)5 = yn
+y"1-Z" #0, where“s” denotesinner product and n > 2. The counterexample case can be
expressed as<x, y, z» « <xXPD, y(PD —APDs =P+ PP =0,

Definitions: call any ordered triple <u, v, w>, u, v, wintegers, an inner product term. (An inner
product term is thus a vector.)

For any inner product term <u, v, w>, call <u, v, w>e+ <1, 1, 1> thevalue of theterm. |.e., the
value of <u, v, w>issimply u+ v+ w.

A Possible Strategy Utilizing Inner Products
1. Assumethat n + 1 is the smallest exponent such that there exists x., Y, Z. such that

n+1 n+l_ . ntl
X' "*tYe T

2.By Lemma 0.90, we know that
forall k,1<k<n, xck+ yck— ch> 0, i.e, thevalue of <xc", yc", —zck> is> 0.

By Lemma0.95, weknow that S )
forall K >n+1, xX +y< -z <0,i.e, thevaueof <xX,yS, -zK >is<0.

3. Let n' be any exponent greater than n + 1. Then there are numerous inner products that
yield thevalue of <x™, y", — 7> = x"+ y" — 2", which by Lemma 0.95 we know is< 0.

For example, consider the product <x™ y™ —z™> ¢ <x™ y™ 77> wherem+m =n’, and
both m, m arelessthan n + 1.

But, as we know from Lemma 0.97 (see initial paragraphs under ““Arithmetical” Version of
the Approach by Induction on Inequalities” on page 17), each FLT inequality is different from the
next at least in theratio (X< + y¥)/ 2. Thereforeit is reasonable to suspect that the inner products
corresponding to differing m, m' such that m+m' =n', will not awaysyield the same value, much
lessavauethat islessthan O, asrequired by Lemma0.95. If thisisthe case, we have a contradic-
tion, and a proof of FLT.
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Inner Products That Yield O

The author assumes that the inner product literature contains an abundance of results concern-
ing which inner productsyield 0 and which do not. We would have a proof of FLT if one or more
of these results enabled us to establish that:

X Yo 2> 0 XL Y 7> >0,

It iswell-known, of course, that, in the domain of inner product terms, unlike the domain of
thereals, O divisorsexist. Thus, eg., <2,1,0>¢« <-1,2, 0>=-2+ 2+ 0= 0, even though the
value of <2, 1, 0> and the value of <-1, 2, 0> are both non-zero.

Inner Product Strategy Utilizing Vectors
A different strategy might be based on afundamental result concerning the inner product,
namely, that

(1) if u, v, aren-element vectors,n= 1, u, v 0, then u * v = 0iff the angle betweenu and v is
90°.

Thuswe can interpret AL T as asserting that it isimpossible for the vectors <x, y, z>, and < x(P-
D yD —AP-Ds to be at right angles to each other. (And similarly for the vectors <x, y, -z> and <
XD (P AP-D)s )y |f we assume a counterexample, then we are asserting that every pair of vec-
tors, <x, y, z>, and < x", %/“ -7">, 1< n<p-2, arenct at right angles to each other, but that the vec-
tors<x, y, z>, and < X" D —AP-D> are (And similarly for the vectors <x, y, -z> and < X",
Y1, 2% 1<n<p-2, and <x, y, -z>, and < xXPD y(P-D Ap-Ds,

The question then is, can we derive a contradiction by working with this vector representation
of FLT?

“Algebraic” Version of the Approach by Induction on Inequalities

We begin by considering the following sequence Sof inequalities, culminating in the assumed
counterexample to the Theorem. These inequalities constitute bases of towers as described under
“An Attempted Implementation of the Approach by “Geometry of Congruences’™ on page 15 (the
Approach in this subtitle refers to the “ Geometry of Congruences”).

The Sequence S
The sequence Sis:

[C+y32 2
XF+yre A
X+ Y £ 2,
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Xp-l + yp-l 4 Zp—11
xP + yp: Zp}

We can also exzpre$ this sequence as a sequence of inner products:

{<x,y,z>-<X,y2,—22>:(X3+y3—23)¢0,
<x,y,z>-<x3 ,y3,—z3>:(x4+y4—z4)¢0,
<x,y,z>-<X4,y4,—Z4>:(X5+y5—Z5)¢O,

Xy, 2o X2 P2 P2 5= (Ll oplyzo
] y1 ( y )

<X, Y, 2> <xP-1 yp'l, 1S = (xP+yP-2") =0}

The Basic Question

We now ask the Basic Question: |sthe sequence Spossible? In other words, could such a
sequence of inequalities terminate in the indicated equality? Could we “get to” the indicated
equality viathe sequence of inequalities? We urge the reader to keep in mind that we are not
merely attempting to approach FLT from the point of view of forms (homogeneous polynomials)
of degreek, 1< k<p. A vadt literature aready exists on that approach. We are attempting to
approach FLT from the point of view of the sequence of forms represented by S

We now attempt to answer the Basic Question in the negative, considering first the sequence S
from a factoring point of view, then considering the inner product representation of S.

The Sequence S Considered From a Factoring Point of View

Our assumption of a counterexample as the last item in the above list implies, by elementary
algebra, that the sequence can be written:

(2 (B-y=@z-)P+2y+ y)),
Xt (2 -y =(2- )2+ Py + P+ ),
£ (2 -y = (2-Y)& + Dy + 2y + 2%+ YY),

Lz (FL-yPl= (2@ 2+ Py + PPy,
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= (P-Y=(z-WE + P+ L+ PPy}
Similar sequences exists with yK, Z on the left-hand side, 3 < k < p.

We now prove two very elementary lemmas. Let:

(6) B, -y = (Z2+ 2%y + 4 72y,

Bn (z-x) = (z”:_ + z”'r2:< +o+ zx”:f +x™h.
Bn,(x+y) :(X - X 2y+...+yn ),n23.

Lemma 20.0
If any of the following pairs,

(7)) ((z-Y), By (z-y))
8 ((z-%), By, z-x);
(9) ((x+Y), By (x+ ). T aprime>3.
has a factor in common, then that factor must ber.
Proof for the pair in (7):
1. Assume the pair in (7) have the prime g as acommon factor.
2. Then z- y = kqimplies
(10) z-y=0modq,
and B, (,.y) = mqimplies

(11) (B Z1+Z% + . +z/2+y 1) =0modq.

rz-y) =
3. (10) impliesz=y mod g, so substitutingy for zin (11) gives
(12) ryt=0modq.

4.1f y=0mod g, then, by (10), z=0mod g, contrary to (1.5). Thereforer must be =0 mod g.
Sincer isaprime, r must = @.

We leave it to the reader to verify that the proofsfor (8) and (9) in the Lemmaaresmilar.
[l

We now prove one more very elementary lemma.
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Lemma 28.0.
((z-y), (z-x), (x+y) =1, i.e, thethree terms do not have a factor in common.

Proof of Lemma 28.0:
The proof is by contradiction.

1. Assume that the three terms do have afactor g in common, and without loss of generality,
assume gisaprime. Then:

(20) z- y=0mod q,
(21) z- x=0mod q,
(22) x+y=0mod g.

2. Adding (20) and (22) yields
(23) x+z=0mod q,

which with (21) yields

(24) 2z=0mod q

implying z= 0 mod g. Thiswith (21) implies x = 0 mod g, contradicting (1.5). O
Keeping the Basic Question aways before us, we now make the following observations.

(A) Sincex, y, zare by hypothesis fixed, then so isthe prime factorization of (z-y), (z- X), (X
+Y).

(B) Therefore, if acounterexample exists, (z - y) contains some of the prime factors of X, (z-
X) contains some of the prime factors of yk and (x +y) contains some of the prime factors of Z,
foral k= 2.

(2C) The process of constructing By, (;.y) = (ZV1+2"%y + ..+ zy™2 + y™1) from B (5. )
(2 4 -3, 2 & . -
=2+ 2%y + ..+ zy"3 +y"?) isvery smple: multiply through Bp.1, (z-y) by zand add y'. And
similarly for B, (;_x), and By (y + ).

If a counterexample exists, thisprocess must yield By, (;.y), which must contain all the prime
factors of xnotin (z-y), and similarly for By (,_ ), ¥, and By, (x +y), Z

We remark in passing that:

By, (- y) Can also bewritten (z(...(z(z(z +y) +y?) +y?)..+ y*1), and similarly for By, (), and
n, (X+Yy)-

Furthermore, B, (Z_)anan also be written (x - a7y)(X - 0oy)...(X - 0.7y), Where Oy Op O

aretherootsof p(z) =Z"1+ 272 + ..+ z+ linthesplitting field of p(z). And similarly for B,
(- 3B, (xy)

1. Borevich, Z. I., and Shafarevich, I. R., Number Theory, Academic Press, N.Y., 1966, p. 78.
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Question 2. Recognizing that By, (- y), B, (z-x) @d By, (x+y) are binary forms of degree (n -
1), are there any resultsin the literature up to 1990, that enable us to prove that the process cannot
yldd such Bp' (z-y)r Bp' (- %) and Bp' (x+y)?

(D) Thereexistsaprimer such that foral ' >r, ((z-y), By (z-y)) = ((2-%), By (z-x) = (X
+Y), By, (x+y)) = 1. Otherwise, by Lemma 20.0, X, y, zwould each contain an infinite number of
prime factors, an impossibility.

(E) By Lemma 20.0, if a counterexample exists, then we have the following possibilities:

(E.1) The exponent p does not divide either (z-y) or By (z.y);
(E.2) The exponent p dividesonly (z- y) but not By, .y ;

(E.3) The exponent p does not divide (z-y) but dividesBy, (. y) ;
(E.4) The exponent p divides both (z-y) and By, (5. y) -

And similarly for ((z- X), By, (z- ), ad (X +Y), By, (x +y))-

In other words, all prime factors of (z - y) except for, possibly, p, and al prime factors of
Bp. (z-y) except for, possibly, p, are not only disjoint but are also pth powers. (If either or both
terms (z- y) and By, (,. ) contain the prime p, then the combined power of p must = pP.) The cor-
responding statement holds for (z- x) and (x +y). So if we were to embark on a*“search” for

counterexamples, X, y, z, we could immediately eliminate all those such that (z-y), (z- X), and (x
+y) failed to have prime factors conforming to these requirements.

Question 3: do any relevant results exist in the pre-1990 literature?

(F) Consider the sets

G={ .., 13 12 1Ux 1, % X%, ... }

and

G ={...,U(B3 z-y)) V(B (z-y)): L (Z-¥)Bs (z-y): (2-¥)B3 (z-y), -}
We ask: are G and G’ infinite cyclic groups over the rationals, with:

X, By, (2. y) respectively as generators,

1 astheidentity element in both cases;

multiplication/division by x the group operation of G;

multiplication/division of B, (, .,y by zand addition of y" the group operation of G'.
n(z-y)

If so, then they are isomorphic groups, by awell-known result. We now state a conjecture
which, if true, impliesthe truth of A_T.

Conjecture 1.0%: There do not exist groups G, G' over the rationas having the following proper-
ties:
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G, G’ areinfinite cyclic groups having generators g, " whereg# g’;

All elements of G, G’ that are greater than the identity, 1, are positive integers,

For some exponent p and for no smaller exponent, g° = mg’ P, where mis afixed positive inte-
ger (itisequa to (z-y) inour case);

For an infinite set of k> p, g¢# mg’

(G) If we could provethat B, (, . ) cannot be a pth power, then we will have proved AL T for
cases (E.1), (E.2), and (E.3) above We observe that, if m=z+y, then:

Now, by Pascal’striangle, we can see that By, (,_ ) cannot be equal to mP L. Suppose we con-
sdertheset T={m"=(a+b)"|m=1,a b,> 1 ‘a+b=m n= 1}, where (a+ b)”lsexpandedas
above in accordance with the binomial theorem, and suppose we imagine the elements of T as
being organized in two lists, one by increasing m and then by increasing n, the other, say, lexico-
graphically, by (a + b). Then using these lists, we could find all possible occurrences of By, (,_y),
including, specifically, By ;.- y)-

Question 4: Can this strategy® enable usto prove that Bp, (z-y) can never be a pth power?
Note: there exists an infinity of binary forms of degreen - 1 which are, in fact powers For if
a=b=n, n>3, thenthebinary form of degreen- 1, 8"+ a"?b + ... + ab™+ b™=ne n"
n". However, this possibility is ruled out by the constraints on x, y, z, and n. Are there any other
possibilities?

“Computational” Approaches

By a*“computational approach” to aproof of FLT, the author means one that either utilizes the
computer directly, or else one that is based on programming or computer science concepts. Fol-
lowing are three such approaches.

Can We Find Out If Fermat Was Right After All?
The author believesthat the day is not far off when it will be possible to supply a computer
program with what scholars believe was Fermat’s mathematical knowledge at any specified time

1.1 am indebted to J. D. Gilbey for correcting the statement of an earlier, more general version of this con-
jecture, and for then quickly disproving it. Gilbey did not see the current conjecture before this paper was
placed on the web site.

1. This strategy can be considered an application of theideaof “What = Where”: What something is (e.g.,
itsvalue) is afunction of whereit isin some structure — some database, as programmers might say. The
most elementary example of the strategy is probably abinary tree. If we are asked to store the non-negative
binary integers, then we can do so using a binary tree, in which, say, the digit O correspondsto descending
the right-hand branch from a node, and the digit 1 corresponds to descending theleft-hand branch from a
node. Then the sequence of binary digits representing the integer is the address where the integer can be
found in the tree: What =Where.
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in his career, and then give the computer aproof of FLT asagoal and ask it to return all possible
attemptsat aproof of length 1 step, then all possible attempts at a proof of length 2 steps, etc. |de-
ally, the program would be interactive, so that the researcher could make suggestions asto how to
go about finding such aproof. Of course, an immediate question is, What constitutes a“step” in
this context? As every student of mathematics knows, a complicated proof — i.e., one that
requires many steps — is often broken down into a “simpler” proof in which steps are grouped
into supersteps. Or, putting it another way (see William Curtis' How to Improve Your Math
Grades, accessible as downloadable PDF files on the web site www.occampress.com), it is possi-
ble to approach a proof in atop-down fashion, in which, at the top-most level, there are only afew
steps, each being the equivalent of alemma or theorem. If al the lemmas or theorems are valid,
then the proof isvalid. The proof of each lemmaor theorem isthen proved, recursively, in the
same fashion.

In the case of FLT, the user might set up sequences of statements, each sequence constituting
the top level of a possible proof, e.g., aproof by induction, then seeif the program can find a
proof of each statement.

Approach by “The Extra +”
Description

A programmer looking at the two sides of the FLT inequality x "+ y" # Z" might see that the
two sides can be computed by the same procedure, call itF. 1n other words, the same procedure F
can generate all possible instances of the |eft-hand and right-hand sides, with 0" = 0 being always
added ontheright. Furthermore, we can run the computation of theleft-hand and right-hand sides
“inunison”, with incrementation (by 1) being the basic computational operation. (Exponentiation
is repeated multiplication, multiplication is repeated addition, and addition is repeated incremen-
tation-by-1 asimplemented by a procedure called, say, incr.) By “in unison” we mean that the
execution of incr during the course of computing the left-hand side, always takes place in the
same time period as the execution of incr on the right-hand side.

We can therefore write a program P that operates as follows:

Given any X, Y, z as possible counterexamplesto ALT, P computes the | eft-hand and the right-
hand sides of the FLT inequality for n = 3 and compares the results. If they are equal (which we
know will not be the case, of course), the program halts. If they are unequal, the program repeats
the processfor n =4, n =5, etc. We will have aproof of ALT if we can provethat P never halts.
Without loss of generality, we can write P so that the procedure that computes u”, where u = x, ,
or z, or 0, always does this by multiplying u by u™. We do thisin the belief that it will increase
our chances of discovering why the left-hand side and the right-hand side must always be
unequal.

In order to further increase our chances of proving that the left-hand and the right-hand sides
are always unequal, P isto be written as a Turing machine.

In passing, we notethat P can be thought of as a computationa implementation of the
“Approach by Induction on Inequalities” on pagel7.

Now suppose that we install two counters, C; and Cg, in P. Both are set to O when P starts
executing. C; counts the number of successive invocations of incr that occur when P computes
the left-hand side of the FLT inequality. Cr counts the the number of successive invocations of
incr that occur when P computes the right-hand side of the FLT inequality .
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Proof Strategy

Assume, now, that FLT isfalse, or, in other words, that for some x, v, z, p as described above
under “Initial Assumptions, Definitions, and Properties of Numbers Involved” on page6, xP + yP
= Z°. Then after P has computed Z° + 0P, the counter Cg will show Z° incrementations. But after
P has completed execution x? + yP, the counter C; will likewise show (by hypothesis) atotal of 2°
increments. But P has not finished executing! It must add x° and yP (thisis the “extra+” in the
title of this sub-section), and thiswill cause C; to show atotal count greater than Z° by thetime P
completes computation of x° + yP. Thus, contrary to hypothesis, and in conformity with fact, x° +

yP# 2P,

Discussion

It has been argued? that the above Approach must include an explanation why the Approach
doesn’t prove that there are no positive integersx, y, zsuch that x +y = z, or X +y? = 7%, which, of
course, is contrary to fact.

Our answer issimple: the Approach does not apply tosuchx,y , z, because, by Lemmas 0.0
and 0.5, there are no such x, y, zthat can be counterexamples to FLT, and the Approach is based on
the assumption that X, y, z are elements of such a counterexample!

In passing, the author must remind the reader that, for a proof-by-contradiction of the proposi-
tionr, al we need to do isto assume not-r, and from that assumption, arrive at a contradiction. r
isthen proved (if, with most mathematicians, we accept the validity of proof-by-contradiction).
We are not required to explain why the argument used in the proof does not work in another con-
text (e.g., the context in which the exponent of x, y, z= 1 or 2). Of course, readers may attempt to
find aflaw in the argument by applying it to other contexts. That is perfectly legitimate. But then
they must come back to the original argument and show where it is faulty.

In reply to the argument that the Approach provesthat for no x, y, zdoesx +y = z (which is
contrary to fact) we might point out that there are no increments-by-1 to be counted on the right-
hand side of the equation. I.e., the Approach does not apply to this case. But then we must
explain why the Approach does not prove that, e.g., thereareno x,y, z w, u, vsuch that x + y=z
+w + u+ v, which isalso contrary to fact. Here, of course, thereis addition, hence incrementa-
tion-by-1 on the right-hand side.

Approach by Algorithmic Information Theory

A fundamental concept in agorithmic information theory is that of the minimal length pro-
gram to compute a given number n (or agiven function f), i.e., the program (or programs) whose
length | in number of symbols, | = 1, is the minimum for all programs that compute the number n
(or the function f).

If we can show that the minimum length of any program that computes xP + y° must always
be different from the minimal length of any program that computes z°, we will have a proof of
FLT.

Superficially, such a proof seems obtainable, since we can derive from the above programP a
shorter program P’ to compute z° by simply removing the second while loop from P. However,

1. by Monsur Hossain
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there is nothing in the minimal length property that requires that agiven number or function be
computed “nicely”, e.g., the way a competent programmer would write a program to compute the
number or function. Any bizarre sequence of machine-executable instructions that yields the
desired number is by definition aprogram that computes the number or function. So, further
investigation is required to see if this Approach holds any promise.
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Appendix A — Lemma 3.0

Lemma 3.0.
Let p, g, be odd primes, and let t be any positive integer. Then there exists aninfinity of primesq
suchthat (p,q-1)=(t,g-1) =1

Proof:

First part:

Wefirst provethat for al k= 2, p «t cannot be afactor of every element of theset S', = { q -
1, 0k+1- 1 Oke2- 1, ... }, where gy isthe kth prime. Thisimpliesthat there exists a g, h= 0,
such that (p, O+h - 1) = (t, Ggen - 1) = 1.

1. Let the set S be al primes beginning with thekth. I.e., S, = {0, Ak+1, Aks+2s --- }- THus, 9.,
if k=5, then § ={11,13,17,19, ...},and S’ ={10, 12, 16, 18, ... }.
Clearly, S, containsall but afinite number of primes.

2. Now assume to the contrary that there existsak = 2 such that, for eachh=0, g ,.p-1=m
epet,m=1 Butthenqe+p=1+mepet, andthusS.,,isasubset of theset {1 +vepet},v=> 1.

3. Werecall that Dirichlet’ s celebrated Theorem asserts that every arithmetic sequence
{a+veb},(a b) =1, containsaninfinity of primes.We aso recal, from the theory of congru-
ences in elementary classical number theory, that {a+veb} n {@ + veDb} =@if aisnot congru-
ent to a mod b.

4. Now {1+vepet},v=>1, constitutesaresidue classmod p * t, and, clearly, (1,pet) =1.
Every prime ., h =0, isin thisresidue class, by our assumption in step 2.

But by the second statement we recalled in step 3, none of the primes gy, h= 0, can therefore
beintheresidueclass{2+vep-et}, v>1. Thus, thereareonly afinite number of primesinthis
residueclass. Andyet, since(2, pet) =1, Dirichlet's Theorem requires that there be an infinite
number of primesin this residue class.

Hence our assumption hasled to a contradiction, and therefore there exists at least one g hav-
ing the properties set forth in our lemma statement. [

Second part:

The fact that there exists an infinity of primes g having the properties set forth in our lemma
statement follows directly from the fact that thefirst part applied to all k> 2 (paragraph immedi-
ately prior to step 1). That is, thefirst part istrue no matter how largek is— in other words, no
matter how large a prime we beginwithin §. O

1. This proof is an edited version of a proof by Michael O’ Nelll. Any errors are solely the fault of the author
of this paper.
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Appendix B — Lemmas Pertaining to FLT Inequalities

Lemma 0.85.
If acounterexample x,"" 1 +y "1 =2z exists, where n + 1isthe smallest such exponent, then

X'ty > 7

Proof of Lemma 0.85
We use proof by contradiction.

1. Assume that

(1) %" +ye" > 7" and

@ x Ly “lazn -1,
(Equality is ruled out by our assumptiononn + 1.)
2. Multiplying through (2) by z, we get

ZXCn -14 ZyCn -1, (z ch -1_ ch.)_

2. But since z> x, z>y, we have

XM+ <x "+ zy "< (zz" = 2" > X"+ y", acontradiction. O
Lemma 0.90.

If a counterexample x, "1 + y ™1 = 7 "1 exigts, where n + 1 is the smallest such exponent, then
for all k, 1< k< n, x K+ y > zX.

Proof of Lemma 0.90:

1. We have dready established, in Lemma0.85, that x." +y." > z.". Assume, to the contrary,
that x," 1+ y" =1 < 72" =1 (equality is of course ruled out by our assumption that n + 1 isthe
smallest exponent in a counterexample). Isit possible that x." + y." >z, ?

2 ch—l + yCn -1, ch -1 implies(xcn‘l + yCn —1)n/(n—1) < (ch —1)n/(n—1) _

Now if the binomia theorem for exponents requires that in this case:

(1) the expansion of the left-hand side of the above inequality includes the terms
(Xc(n —1))n/(n -1 _ ch1 and

(yC(n —1))n/(n -1 _ nd1 and
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(1) the expansion includes other terms, all positive,

then clearly x." +y."< z.". Thusif x." 1 +y" ~1<z" ~Litisnot possible that x." + y " >
X tYeo <Z X c Z X *+Ye
z.". Therefore x." 1 +y." ~1must asobe>z" 1.

The same argument can be applied again, etc. [

Lemma0.90 implies that x; + Y. >z, which is confirmed by Lemma0.0.

Lemma0.70
Let X, y, z, be elements of a counterexample xP =MD 4 (P=M1) = P="D 5 1| T wherep=n +
1 isthe smallest such exponent. Thenfor al k,1<k<n+ 1,

k k +1 k+

X+y X~ +y

k k+1
V4

k 1

4

Proof of Lemma 0.70:
1. First, assume, to the contrary, that there existsa k, k + 1, in the stipulated range of k such
that

2. Multiply both sides of the equation by Z* 1, and get:

Z(Xk+yk) - Xk+1+yk+1

3. But z> x, z>y, and so this equation isimpossible.

4. Second, assume, to the contrary, that there existsak, k + 1, in the stipulated range of k such
that

k k k+1 k+1
X+y X~ +y
k k+1
V4

4

5. By the same argument as we used in steps 2 and 3, we arrive at an impossible equation.
Hence we concludethat our Lemmais  triue.
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We now proceed to alemma that describes the relationship between the inequalities on the
“other side” of the counterexample, i.e., inequalitiesinvolving exponentsk>p=n+ 1.

Lemma 0.95.
Let X, y, z, be elements of a counterexamplex(P =D 4+ y(P=mt1) = AP=MD) 15 F| T wherep=n +
1isthe smallest such exponent. Then for all k> n+ 1, x<+yX<zX.

Proof of Lemma 0.95:
1. We use proof by induction.

Basis step
1. Assume that

(1) ch+1 + yCn+1 — ch+1-

2. Then

n+ 1)(n+ 2)/(n+1) — n+ 1)(n+ 2)/(n+1) — ch+ 2 ).

O+ ye (2

3. But then it must be the case that
ch+2+ y n+2< ch+2
A )

Inductive step . S
4. Assumethat for al j, (n+ 1) <j<k, xJ +yd<z!.

2. Then

(XCk + ka)(k+ DK <« ((ch)(k+ DIk — ZCk+1 )

3. But then it must be the case that
Xck+1+yck+1< ch+1- 0

We can establish more regarding the ratios

k
X+y

whenk>p=n+ 1.

33



IsTherea“ Smple” Proof of Fermat’s Last Theorem?

Lemma 0.97
Let x, y, z, be elements of a counterexamplex(® =M1 4+ y(P=M1) = AP=M1D) 15 FL T, wherep=n +
1 isthe smallest such exponent. Then

|,mX_L
K- o Z

First (and Smplest) Proof of Lemma 0.97:
1. By Lemmal0, x<y<z

2 Therefore (x/z)" can be made arbitrarily small for sufficiently large k, and similarly for
(y/z) Thus

nm%— =X+ X*¥e =0

K
k- oK X z O

Second Proof of Lemma 0.97:

1. If we can prove that

k, k O k O
||m_LL D 2y DZO
k_.oo(y+1) %qu —1+%gyk_z+m+g$

we will have our proof of the Lemma, since the leftmost term in the leftmost equation above, in
which x =y, andz=(y + 1), isthe most unfavorable case for our Lemma.

2. Thefirst term in the denominator on the right-hand side of the leftmost equation is always

y<.

The coefficient of the second term, asis well-known, increases with increasing k, so eventu-
ally ak will be reached such that the coefficient is >y and will remain >y for al larger k.

So then the denominator is> 2yX and remains so for all larger k.

But eventually ak will be reached such that the coefficient of the second term is= 2y and will
remain = 2y for all larger k.

So then the denominator is=> 3yX and remains so for all larger k.
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Etc. Theresult follows. O

Remark on Second Proof

The rate of convergence is actually faster than the above proof indicates, since we can include
more termsin step 2. Thus, e.g., in the case of the coefficient of the third term, eventually ann
will be reached such that the coefficient is = y? and will remain = y? for all larger k. Etc.
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