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NUMERICAL SEMIGROUPS GENERATED BY INTERVALS

P.A. GARCIA-SANCHEZ AND J.C. ROSALES

We study numerical semigroups generated by intervals and
solve the following problems related to such semigroups: the
membership problem, give an explicit formula for the Frobe-
nius number, decide whether the semigroup is a complete in-
tersection and/or symmetric, and computation of the cardi-
nality of a (any) minimal presentation of this kind of numerical
semigroups.

A numerical semigroup is a finitely generated subsemigroup of the set of
nonnegative integers N, such that the group generated by it is the set of all
integers Z. In this paper we study the semigroups generated by intervals
of nonnegative integers, that is to say, semigroups of the form S = (a,a +

1,...

ca+xz) ={>7 gni(a+1i) : n; € N} C N. Note that if > a, then

S=A{a,a+1,...} =a+N=(a,a+1,...,2a—1); thus we may assume that
x < a— 1. For a semigroup of this kind we solve the following problems:

)

Membership problem. An element n € N belongs to S = (a,a +
1,...,a+ x) if and only if n mod a < |2 ]z, where [ 2] is quotient of
the integer division of n by a, and n mod a denotes the remainder of
this division, n — |2 ]a.

Computation of the Frobenius number of the semigroup. The Frobe-
nius number of a numerical semigroup (also known as the conductor of
the semigroup) is the greatest integer not belonging to the given semi-
group. The Frobenius number of S = (a,a+1,... ,a+x)is [©2]a—1,
where [¢| denotes the least integer greater than or equal to ¢ € Q.
Symmetry of the semigroup. A numerical semigroup T with Frobenius
number C' is symmetric if and only if for each z € Z we have that
either z € S or C — z € S. These kinds of semigroups are specially
interesting in Ring Theory as Kunz shows in [7]. The semigroup S =
(a,a+1,...,a+ z) is symmetric if and only if a = 2 mod z (here
a = b mod ¢ denotes the fact a — b = kc for some integer k).
Cardinality of a minimal presentation of S. The semigroup S = (a,a+
1,...,a+x) is isomorphic to N**! /o, where o is the kernel congruence
of the semigroup morphism

x
p: Netl S, p(no,... ,ng) = Zni(a-i-i),
=0
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that is to say a o b if and only if ¢(a) = ¢(b). A minimal presentation
of S is a minimal system of generators of the congruence o. In this
paper we show that the cardinality of a minimal presentation of S is
x(x —1)
2

5) Complete intersection semigroups. A numerical semigroup is a com-
plete intersection if the cardinality of a minimal presentation plus
one equals the cardinality of a minimal system of generators of the
given semigroup (see [6]). We show that the semigroup S = (a,a +
1,...,a+ x) is a complete intersection if and only if S is (a,a + 1) or
(2k, 2k + 1,2k + 2).

The point of departure to solve these problems is the following lemma.

+2— ((a—1) mod ).

Lemma 1. Let S = (a,a+ 1,... ,a + z) be a numerical semigroup with
1 <z < a Then, n € S if and only if n = qa + i with ¢ € N and
i€40,...,qx}.
Proof. If n € S then there exist no, ... ,n, € Nsuch that n =377 ;n;(a+j).
Thus, n = (3 7_gnj)a+> 7 n;j. Take ¢ =7 _gnj and i = Y37 n;j <
> i—0 T = qz.

Now, assume that n = ga + ¢, with 0 < ¢ < gz. We distinguish two
possible cases:

1) If i = gz then n = q(a + z) € S.

2) Ifi=kx+r,with0<k<gand 0 <r <z—1, thenn =qa+kz+r =

(g—k—1a+kla+z)+a+res.
O

From this membership characterization, we can derive the following char-
acterization which is easier to check and it is what we will use later in the
paper.

Corollary 2. Let S = (a,a+1,... ,a+ x) be a numerical semigroup with
1<z <a. Then, n € S if and only if (n mod a) < [2]x.

Proof. If n € S, then using the previous lemma, there exists ¢ € N and
0 < i < g such that n = ga + i. Besides, n = [%]a + (n mod a). Thus,
nmod a=gqa+i—|%|a=(q—[%])a+1i, and since ¢ < [2], we get that
nmoda <i<qr < |2z

Now, assume that (n mod a) < |Z|z. Since n = [2]a + (n mod a) and
0 <nmod a < |7 |z, applying the previous result, we get that n € S. O

For every n € S, the Apéry set (see [1]) associated to n is defined as
Sn)={seS:s—n¢&S}

Using last result, we can characterize the elements belonging to S(a). This
characterization is going to play an important role in the rest of the paper.
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Corollary 3. Let S = (a,a+1,... ,a+ x) be a numerical semigroup with
1 <z <aandletn > a. Then, n € S(a) if and only if (n mod a) €

{2 =Dz +1,..., 2]z}

Proof. The element n € S(a) if and only if n € S and n —a ¢ S. By
the previous result this occurs if and only if (n mod a) < [2]z and ((n —
a) mod a) > |"=*]x. But (n —a) mod a =n mod a and [*>°¢| = 2| —1
(note that n > a). Hence, n € S(a) if and only if n mod a € {([ 2] — 1)z +
L., [ 2]z} O

We can explicitly construct S(a) as the next corollary shows.

Corollary 4. Let S = (a,a+1,... ,a + ) be a numerical semigroup with
1<z <a. Then, S(a) ={qa+(¢g—1z+r:1<r<z,ge Nand0 <
(g—1)z+r<a}.

Proof. Take n = qa + (¢ — 1)z + r such that 1 <r <z, ¢ € Nand 0 <
(¢—1)z+7r < a. Then, |[2] =gandnmoda = (¢—1)z+r = (|2]-1)z+r €
{([2]-1xz+1,...,|2]|z}. Using the previous result, we get that n € S(a).

Now, take n = |2 Ja+ (n mod a) € S(a). Then, by the previous corollary,
nmoda € {(|2]-1)z+1,..., |2 ]z} and therefore n mod a = (| % |—1)z+r,
with r € {1,...,z}. Taking ¢ = |2 | we are done. O

a

If S is a numerical semigroup then the set N\ S is finite, because the
group spanned by S is Z. As we have mentioned before, the maximum of
this set is called the Frobenius number of the semigroup, which we denote
by C(S). It is well known (see [2]) that C(S) = max(S(a)) — a. Thus, if we
want to compute C(S), we have to determine the greatest element in S(a).
This is performed in the next result.

Corollary 5. Let S = (a,a+1,... ,a + x) be a numerical semigroup with
1 <z <a. Then, C(S) = [“2]a—1.

Proof. We must determine the maximum of S(a) = {ga+ (¢ — 1)z +7r:1<

r<z,g€Nand 0 < (¢ — 1)z +r < a}. The maximum is reached when

(g—1)z+7 =a—1. The element a — 1 is equal to |22 |z + ((a—1) mod z).
Two possibilities arise:

e If (a—1) mod = # 0 then take (¢—1) = %2 ] and r = (a — 1) mod z.

The greatest element in S(a) is ga+ (¢— D)z +7r = (|22 |+ 1)a+a—1.

e If (a—1) mod x = 0 then, since r must be in {1,... ,z}, write a — 1 as

a—1=(|%2|-1)z+z. Takeg—1 = [“L]—1and r = z. In this case,

the greatest element in S(a) is qa+ (¢ — 1)z +r=qa+ (¢— Dz +z =

[“Lla+a—1.
Both cases are represented by [“T_W a+a—1, which is the greatest element
in S(a). O
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Note that this implies that for the numerical semigroups generated by
intervals there exists an explicit formula to compute the Frobenius number of
the semigroup. It seems that there is no known formula for the general case.
Nevertheless, for some specific cases there exists an explicit formula. For
instance, in [4], a formula for the Frobenius number of numerical semigroups
generated by up to three elements and of symmetric numerical semigroups
generated by up to four elements is given (see also [5] for more references).

Another characterization of symmetric numerical semigroups is the fol-
lowing (see [3]). The numerical semigroup S is symmetric if the greatest
element, w, of S(a) satisfies the condition that for every s € S(a), the el-
ement w — s is in S. We use this result to give a characterization of the
numerical semigroups generated by intervals that are symmetric.

Theorem 6. Let S = (a,a+1,... ,a + z) # N be a numerical semigroup
with 1 < x < a. Then, S is symmetric if and only if a = 2 mod z.

Proof. We can assume that x > 2, since if x = 1 then S is generated by
two relatively prime elements and in this case it is well known that S is
symmetric (see for instance [5]).

Let w be the greatest element in S(a). We already know that w = ga +
(¢g— 1)z +rwith (¢— Dz +r=a—1.

If S is symmetric, since 1 ¢ S, then ga+ (¢—1)x+7—1 cannot be in S(a).
Hence, qa+(¢—1)z+r—1 € S\ S(a), which means that n = (¢—1)a+ (¢ —
la+r—1=qa+(g—1)z+r—1—a € S. Sincenmod a = (¢—1)z+r—1,
| %] = ¢—1 and n mod a must be less than or equal to | % |z, we get that r—1
must be zero. Hence, a — 1 = (¢ — 1)x + 1, which means that a = 2 mod .

If a = 2 mod z, then (a—1) = 1 mod z, and therefore (a — 1) mod z =1,
which from the first case in the proof of the last corollary implies that r = 1.
Consequently, w = ga+ (¢—1)x+ 1. Take 0 # m = ka+ (k—1)x+i € S(a),
that istosay 0 #k e N, 0 < (k—1)z+i <aand i € {1,... ,x}. Then,
w—m = (q—k)a+(¢—k—1)z+(x—i+1). Note that x —i+1 € {1,... ,z},
g—keNand0<(¢g—k—-1)z+(x—i+1)=(¢—k)r+1—1i < a. Hence,
w—m € S(a) C S for all m € S(a) and this means that S is symmetric. O

The rest of the paper is devoted to computing the cardinality of a minimal
presentation of the numerical semigroup S = (a,a + 1,...,a + z) with
1<z <a.

It can be shown (see [6] for example) that for a numerical semigroup the
cardinality of a set of generators of o, the kernel congruence of @, is greater
than or equal to the number of generators of the semigroup minus one (in our
case, this amount is x). When this lower bound is reached, the semigroup
is a complete intersection. These semigroups are always symmetric.

In [8], the first author gives an algorithm to compute a system of gen-
erators, p, for ¢ with minimal cardinality. From the results given in that
paper, it is determined that the concepts of system of generators for ¢ with
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minimal cardinality and minimal system (with respect to the inclusion) of
generators of ¢ coincide. Next, we give a sketch of this construction, which
is needed to count the elements in a minimal presentation of S.

For every n € S, we define the graph G,, = (V,,,E,), as

Ve={a+ie{a,...,a+2z2}:n—(a+1i) €S},

E,={la+ia+j]:n—((a+i)+(a+j) €S, i#jec{0,...,x}}.

We define p,, as:

1) If G, is not connected and G. = (VL,EL),... Gl = (VI EL) are its
connected components, then for every 1 < i < r we select an element
i = (no;, ... ,nz;) € N1\ {0} such that p(a;) = n and ng, = 0 for
all a + k; ¢ V.. Define p, = {(a1,a2), (a1, a3),..., (a1, a,)}.

2) If G,, is connected, we define p, = ()

The set p = (J,,cg Pn is a system of generators for o with minimal cardi-

nality (see [8]). Thus, we must look for the elements n € S such that G, is
not connected.

Ezample 7. Let S = (6,7,8). The vertices of G4 are {6,7,8} and the only
edge of Gy is [6,8]. Thus Gi4 has two connected components: One is the
vertex 7 and the other is the edge [6,8]. The elements (0,2,0) and (1,0,1)
are in N? and verify that ¢(0,2,0) = ¢(1,0,1) = 14 (observe that the first
and last coordinates of (0,2,0) are zero and that the second coordinate of
(1,0,1) is zero). Thus p14 = {((0,2,0),(1,0,1))}, meaning that 2x7 = 6+8
is a relation on S.

Theorem 8. Let S = (a,a+1,... ,a + x) be a numerical semigroup with
1<z <a andp as before. Then,
-1
#p = 36(372)+x—((a—1) mod ).

Proof. From the proof of Lemma 1, it is derived that if n € S then n can be
expressed in one of the following ways:

e n = ka+ l(a + x) for some nonnegative integers k, [.
en = ka+l(a+ x)+ (a+ i) for some nonnegative integers k,l and
ie{l,...,x—1}.

Hence, if G, is not connected, then the set {a,a 4+ 2} NV, is not empty. In
the construction of p we take G. to be the connected component containing
a, if a € V.. If a is not a vertex of G,, then we take G. to be the connected
component containing a + x (which must be in V,,). We are going to count
the elements in p which come from the fact that a + 4, 1 < i < z is neither
in the connected component containing a nor in the connected component
containing a + z (if @ or a + x is not in V,, this is translated to the fact that
a+1iis not in V}). Next, we will count the elements in p which arise when
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a and a + x are in different connected components (that is to say, a + = not
in V©1). With this, we count all the elements belonging to p.

e First, let us assume that G, is not connected and there is a + i €
V,, such that a + i is not in the connected component(s) containing
{a,a+2z}NV,. Hence, n— (a+i+a) ¢ Sandn—(a+i+a+zx) &S,
which implies that n = w + (a + ) with 0 # w € S(a) N S(a + ).
It is easy to check, from the description of S(a) given in Corollary 4,
that S(a) N S(a+ z) = {0,a+1,... ,a +x — 1}. Thus, there exists
j € {l,...,x — 1} such that n = (a + j) + (a + 7). Note that the
reverse is also true: If n = (a+14) + (a+j) with 4,5 € {1,... ,z — 1},
then the elements a and a + 7 are not connected in G, and the same
holds for a + = and a + ¢. This means that every expression of the
form n = (a+1i)+ (a+j) with 1 <4,5 <z —1 yields a new element
in p, (the element (a1, ), where Gf is the connected component of
G,, containing a + ¢). This implies that from these graphs we get as
many elements in p as pairs (4,7) with 1 <4, < a — 1. This amount
is z(z —1)/2.

e Now, let us count the elements in p coming from non-connected graphs
G,, such that a and a + x are in different connected components. Since
a and a + z are in different connected components of G,,, the element
n can be expressed as n = w + (a + x), where w € S(a). Note also
that n & S(a). Thus, we must find the elements w in S(a) such that
w+(a+2x)—a=w+z € S. By the proof of Corollary 5, depending on
r = (a—1) mod x, the maximum element in S(a) is ga + (¢ — 1)z +r,
ifr#£0,0or ga+ (¢ — 1)x + z,if r =0, where g = [“T_l]

1) If r # 0, then ¢ = [“1] +1 > 2. Let us show that the element
w=ka+(k—1)z+i€Sa) 1<i<zand0< (k—1)z+i<
a) satisfies that w + x is not in S when k£ < g — 2. Note that
k-Dz+i+z<(k+l)z<(¢g-lz= |22z <a-1<a
Thus, (w+ ) mod a = kz + i and |“*2 ]z = k. Since i > 1, by
Corollary 2, w+x & S.

Let us show that w = (¢ — 1)a + (¢ — 2)z + ¢ € S(a) verifies that
w+x ¢S when i <r. Note that (¢ —2)x+i+z=(¢—1)z+i<
(g—1Dz+7r=a-1 Thus, (w+ ) mod a = (¢ — 1)z + 7 and
|42 2 = (¢ — 1)z, which by Corollary 2 implies that w +z & S.

In addition, let us prove that if w € {ga+(¢—1)xz+1,... ,qa+ (¢—
1)x+r}, then a and a+ z are in the same connected component of
Gu+(ata)- Take w = ga+(g—1)x+i in this set. Then, w+(a+x) =
g(a+x)+ (a+1), which means that [a +x,a +i] € E(G,,). Besides,
w+(a+z) = (¢+1)a+qr+i= (g+1)a+((¢—1)z+r)+z—r+i=
(g+1)a+(a—1)+x—r+i=qga+(a+i)+(a+(x—r—1)) (observe
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that 0 < x —r — 1 < z). This implies that [a,a + i] € E(G,,) and
consequently a and a + x are connected in G,,.

Hence, the elements w we are interested in must be in the set R =
{(g—Va+(qg—2)z+r+1,...,(¢—1Da+ (¢g—2)z+x}. Let us
show that, as a matter of fact, for the elements n € S of the form
n = w + (a + ), with w in the previous set, the graph G, (444)
has no path connecting ¢ and a + z. In order to show this, it
is enough to prove that if w = (¢ — 1)a+ (¢ —2)z+r +1i € R,
n—((a+k)+(a+j)) € S and j > i then k must be greater
or equal than i. The element m = n — (a + k + a + j) is equal
to (¢ —2)a+ (¢ —ax +r+i—k—j. We distinguish two cases
depending on the value of ¢ — 1:

—If¢g—12>2 then (¢ — 1)z +r+i>2x > k+j and therefore
(q—l)x+r+i—k—j5 > 0. Besides, (¢ — 1)z + 7 +1i—
k—j=(a—-1)+i—k—j <a—1since i —j < 0. Hence,
mmoda=(¢q—1)r+r+i—k—jand ||z = (¢—2)r. Using
Corollary 2, we get that sincem =n—(a+j+a+k) € S,
(g—D)x+r+i—j—k < (¢—2)x, that is to say, z+r+i—k—j < 0,
and this occurs if and only if (x — j) + 7 + 4 < k which implies
that k > ¢, since x — j +r > 0.

—Ifg—1=1thenm=x+r+i—k—j >0, since m € S and
as before x +r4+7—k —j < a— 1. In this case, m mod a =
r+r+i—k—jand [ = 0. Thus, m € S implies that
rz+r+i—k—j <0, and this leads to k > i.

Taking all this into account we have as many new elements in p
as elements has the set R, and this amount is x —r = z — ((a —
1) mod x).

If r =0, then ¢ = [21] > 1. Let us show that the element
w=ka+(k—-—1z+i€S(a) 1<i<zand0< (k—1)z+i<a)
satisfies that w + = is not in S when k& < ¢ — 1. This is due to the
fact that (k—1)z+i+x=kr+i<(g—lax+i=a—1—2x+i<a
(recall that ¢ < z), and therefore (w + ) mod a = kx + ¢ and
LwTHJm = kx, which, once more, implies that w + x & S.

In this case, we get that w must be in the set R = {ga+ (¢ — 1)z +
1,...,9a+ (¢ — )x + x}. In the same way we did for the case
r # 0, it can be shown that all these elements produce graphs such
that a and a 4 z are in different connected components (the proof
is the same but for the cases to distinguish, which are ¢ — 1 > 1
and ¢g—1=0). Again, we get t =2 —0 =2 — ((¢ — 1) mod x) new
elements in p.
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Counting all the elements in p, we have that

x(x—1)

#p = T+x7((a71) mod x).
O

With this theorem it is easy to prove the next result.
Corollary 9. Let S = (a,a+1,... ,a+ ) be a numerical semigroup with

1<z <aandp as before. Then, S is a complete intersection if and only if
one of the following cases occur:

1) S={(a,a+1) (x =1).

2) S=(2k,2k+1,2k+2) (r =2 and a mod 2 = 0).

Proof. The semigroup S is a complete intersection if and only if #p = «.
Using previous theorem this occurs if and only if z(x —1)/2 + z — ((a —
1) mod x) = z, and this happens if and only if z(x —1)/2 = (a — 1) mod =.
Thus, if S is a complete intersection then z(x — 1)/2 < x and this implies
that = < 3, since x > 0. Hence, two cases may occur:

1) = 1. In this case, S = (a,a + 1). Note that if S is of this form then
S is a complete intersection.

2) x = 2. Under this setting then S = (a,a+1,a+2). Besides, if we want
S to be a complete intersection then 2(2—1)/24+2—((a—1) mod 2) = 2
and this leads to @ mod 2 = 0.

O

Finally, we would like to thank the referee for his/her wise comments and
suggestions.
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