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Abstract

In ���� Berstel proved that the Arshon sequence cannot be obtained by
iteration of a morphism� An alternative proof of this fact is given here�

The ��sequence was constructed by Evdokimov in order to construct
chains of maximal length in the n�dimensional unit cube� We prove that
the ��sequence can not be de�ned by iteration of a morphism�

� Introduction and Background

In ����� Arshon gave a construction of a symbolic sequence w� which in the
alphabet f�� �� �g is constructed as follows� Let w� 	 �
 For k � �� wk�� is
obtained by replacing the letters of wk in odd positions thus�

�� ���� �� ���� �� ���

and in even positions thus�

�� ���� �� ���� �� ����

Then
w� 	 ���� w� 	 ����������

and each wi is the initial subword of wi��� so the in�nite symbolic sequence
w 	 lim

n��
wn is well de�ned
 It is called the Arshon sequence


This method of constructing w is called the Arshon Method �AM
� and � will
denote the indicated map of the letters �� �� �� according to position as described
above


�



We will denote the natural decomposition of w in ��blocks by lower braces�

w 	 �����z� �����z� �����z� � � � �
The paper by Arshon ��� was published in connection with the problem of

constructing a nonrepetitive sequence in a ��letter alphabet� that is� a sequence
that does not contain any subwords of the type XX 	 X�� where X is any
word of a ��letter alphabet
 The sequence w has that property
 The question of
the existence of such a sequence was studied in algebra� discrete analysis and in
dynamical systems


Any natural number n can be presented unambiguously as n 	 �t��s � �
�
where � � �� and t is the greatest natural number such that �t divides n
 If n
runs through the natural numbers then � runs through the sequence that we will
call the ��sequence
 We let w� denote that sequence
 Obviously� w� consists of
�s and �s
 The initial letters of w� are �������������� � � �


In ������ Evdokimov constructed chains of maximal length in the n�dimensional
unit cube using the ��sequence
 Originally� the ��sequence was de�ned by the
following inductive scheme�

C� 	 �� D� 	 �

Ck�� 	 Ck�Dk� Dk�� 	 Ck�Dk

k 	 �� �� � � �

and w� 	 lim
k��

Ck


Our de�nition above of the ��sequence is equivalent to this one


Let � be an alphabet and �� be the set of all words of �
 A map � � �� � ��

is called a morphism� if we have ��uv
 	 ��u
��v
 for any u� v � ��
 It easy to
see that a morphism � can be de�ned by de�ning ��i
 for each i � �


Suppose a word ��a
 begins with a for some a � �� and that the length of
�k�a
 increases without bounds
 The symbolic sequence lim

k��
�k�a
 is called a

�xed point of the morphism �


We now study classes of sequences� that are de�ned by iterative schemes

There are many techniques to study sequences generated by morphisms
 So it is
reasonable to try to determine if a sequence under consideration can be obtained
by iteration of a morphism


�



Since the construction of the Arshon sequence w is similar to the iteration
morphism scheme� and because w is constructed by two morphisms f� and f��
applied depending on whether the letter position is even or odd� we might expect
that there exists a morphism f which generates w


But this turns out not to be true� due to Theorem �


Naturally a question arises as to the possibility of constructing w� using the
iteration of a morphism� since of such a construction could help us in studying
w�


This also turns out not to be true� due to Theorem �


� The Arshon Sequence

Theorem �� There does not exist a morphism� whose �xed point is the Arshon

sequence�

Note� A corollary of this theorem is the non�existence of a morphism which
de�nes the Arshon sequence
 In fact� if such a morphism exists� it must have
the property that is � mapped to �X by the action of the morphism� where X is
some word� and from this it follows that the Arshon sequence is a �xed point of
this morphism


Proof � of the theorem 
�
It is enough to prove the non�existence of a morphism f with the property

w 	 f�w
� since from the de�nition of a �xed point we have that if w is a �xed
point of the morphism f then w 	 f�w

 Suppose there exists a morphism f
such that

f��
 	 X� f��
 	 Y� f��
 	 Z and w 	 f�w


From all such morphisms we choose a morphism with minimal length of X

The morphism f is not an erasing morphism� that is jXj � �� jY j � �� jZj � ��

since otherwise w 	 f�w
 contains a subword of the type PP �where P is some
word
 which cannot belong to w
 Now jXj � jY j � jZj �	 �� since otherwise
jf l��
j 	 � for l 	 �� ����� and w is not a �xed point of the morphism f 


f�w
 	 w 	 XY ZXZY ZXY���

Hence X consists of jXj of the �rst letters of w� Y is jY j of the following
letters� and Z is jZj of the letters following that


�



We will use upper braces to show the decomposition of w into f �blocks �that
is� to show the disposition of the words X� Y and Z in w

 We have

w 	

Xz �� �
�����z� �����z� � � � ajXj

Yz �� �
ajXj�� � � � ajXj�jY j

Zz �� �
ajXj�jY j�� � � � ajXj�jY j�jZj

Xz �� �
ajXj�jY j�jZj�� � � � � � � �

where all ai are letters of the alphabet f�� �� �g


Lemma �� We have jXj� jY j� jZj � � �mod �
�

Proof� From the structure of w� the frequencies of �� �� � in w coincide� hence
the frequencies of these letters in f�w
 	 w coincide as well
 But this is only
possible when jXj� jY j� jZj � � �mod �
� since otherwise there are two letters�
whose frequencies in f�w
 	 w do not coincide


Lemma �� The situation jXj � jY j � jZj � � �mod �
 is impossible�

Proof� Suppose jXj � jY j � jZj � � �mod �

 Then X� Y and Z consist of
a whole number of ��blocks
 Hence we can consider the words X � 	 ����X
�
Y � 	 ����Y 
� Z � 	 ����Z

 The properties of � give

w 	 ����w
 	 X �Y �Z �X �Z �Y �Z �X �Y ����

so there exists a morphism f � which maps � to X �� � to Y �� � to Z � and w 	 f ��w


Since jX �j 	 jXj��� we have jX �j � jXj
 This contradicts the choice of the
morphism f 


Lemma �� With the assumption of the existence of the morphism f � jXj � ��

Proof� Suppose jXj � �� that is� X 	 ������ � � �
 If jXj � � �mod �
 �jXj �
� �mod �

� then jXj � � and using Lemma � we consider the �th f �block
X 	 �� �����z� � � � �X 	 � �����z� �����z� � � �

 This contradicts the AM
 Hence jXj � �

�mod �


It follows from Lemma � that the situation jY j � � �mod �
 is impossible


If jY j � � �mod �
 �jY j � � �mod �

� then we consider the ��th ��rd
 f �
block X 	 �� �����z� � � � � and it brings us to a contradiction with the AM
 Hence if

jXj � � then the morphism f can not exist


�



Lemma �� With the assumption of the existence of the morphism f � jXj �	 ��

Proof� If jXj 	 �� then X 	 � and the length of the words fk��
 for k 	 �� �� � � �
does not increase� whence w is not a �xed point of the morphism f 
 This is a
contradiction


Lemma �� With the assumption of the existence of the morphism f � jXj �	 ��

Proof� Suppose jXj 	 �� that is X 	 ��

We have jXj � � �mod �
� hence� using Lemma �� we have jY j � jZj � �

�mod �


We consider the �nd f �block X and the f �block Z next after it
 It can be

seen that Z begins with �
 We consider the �th f �block X and Y preceding it
and �nd that Y ends with �
 But then� considering Y Z� which is a subword of
w� we see� that �� is a subword of w� which is impossible
 That is for jXj 	 �
the morphism f cannot exist


The ��blocks ���� ���� ��� are said to be odd ��blocks
 All other ��blocks are
said to be even


Lemma 	� With the assumption of the existence of the morphism f � jXj �	 ��

Proof� Suppose jXj 	 �� that is X 	 ���

We have jXj � � �mod �
� hence� using Lemma � we have jY j � jZj � �

�mod �

 Considering the AM� the �nd f �block X must be an odd ��block� hence
jY j� jZj � � �mod �



Let jZj � �
 Then the �nd f �block Z begins with an even ��block� and the
�rd Z begins with an odd ��block
 This is impossible since � letters de�ne the
evenness of the ��block unambiguously
 Thus jZj 	 �


Let jY j � �
 In XY Z �or in an arbitrary permutation of these letters
 there
is an even number of ��blocks� so the �th f �block Y begins with an odd ��block�
but the �st Y begins with an even ��block
 Hence jY j 	 �


This is a contradiction with jY j� jZj � � �mod �
 �and also a contradiction
with jY j� jZj � � �mod �


 That is for jXj 	 � the morphism f cannot exist


Lemma 
� With the assumption of the existence of the morphism f � jXj �	 ��

�



Proof� Suppose jXj 	 �� that is X 	 ����

We have jXj � � �mod �
� hence� using Lemma �� we have jY j � jZj � �

�mod �


We have jY j � �� since otherwise Y 	 � and hence XYX which is a subword

of w� contains ����� which is impossible
 Hence Y 	 �� � � �
 We consider ZX and
ZY and see that Z ends with �
 Now jZj � �� since otherwise Z 	 � and XZX
which is a subword of w� contains ����� which is impossible
 Hence Z 	 � � � ���
or Z 	 � � � ��
 The former is impossible since ���� is contained in ZY � and hence
in w
 The latter is impossible too� since considering the �th f �block Z and the
f �block X following it� we obtain ZX 	 � � � �����z� �����z�� which contradicts the AM


That is for jXj 	 � the morphism f cannot exist


Lemma �� With the assumption of the existence of the morphism f � jXj �	 ��

Proof� Suppose jXj 	 �� that is X 	 �����

We have jXj � � �mod �
� hence� using Lemma �� we have jY j � jZj � �

�mod �

 Then the �th f �block is X 	 �� �����z�� which is a contradiction with the

AM
 That is if jXj 	 � then the morphism f cannot exist


From Lemmas � � � we have a contradiction with the assumption of the exis�
tence of the morphism f 
 This proves Theorem �


Remark� In ���� Arshon gave the construction of a nonrepetitive sequence
wn for an n�letter alphabet� where n is any natural number greater than or equal
to �
 It is easy to see that� for even n� there exists a morphism fn that de�nes
wn
 Namely� for � � i � n� one has�

fn�i
 	

�
i�i � �
 � � � n�� � � � i� �� if i is odd�
�i� �
�i� �
 � � � �n�n� �
 � � � i� if i is even


Theorem � shows that for n 	 � such a morphism does not exist
 However�
whether there exists a morphism de�ning wn for arbitrary odd n is still an open
question


� The ��sequence

Theorem �� There does not exist a morphism whose iteration de�nes the se�

quence w��

�



Proof � of the theorem 
�
Suppose there exists a morphism f � such that f��
 	 X� f��
 	 Y and

w� 	 lim
k��

fk��

 Obviously� X consists of the �rst jXj letters of w� where jXj is

the length of X


Lemma �� The subsequence of w� consisting of the letters in odd positions is the

alternating sequence of �s and �s� ������� � � ��

Proof� The odd positions of w� correspond to the odd numbers n 	 ����s��
 	
�s� �� so clearly � alternates between � and �


Lemma �
� If there exists a morphism f whose iteration gives w� then jXj � �
�mod �
�

Proof� It is easy to see that f��
 	 �X���� where jX���j � �� since otherwise
jfk��
j 	 �� for k 	 �� �� � � � �� so w� cannot be obtained by iterating f 


Suppose jX���j 	 �� that is f��
 	 ��
 But then w� consists of �s only� which
is impossible� hence f��
 	 ��X���� where jX���j � �


Suppose jX���j 	 �� that is f��
 	 ���
 Since w� has the subword ���� then
w� has a subword f����
 	 ���������
 If f����
 begins with a letter in an odd
position� then the marked letters ���������� read from left to right will make up
consecutive letters of w� in odd positions
 This contradicts Lemma �
 If f����

begins with a letter in an even position� then marking letters in odd positions
will lead to the same contradiction with Lemma �� hence f��
 	 ���X���� where
jX���j � �


Suppose jX���j 	 �� that is f��
 	 ����
 Then f ���
 	 ��������Y ���� and
the marked letter does not coincide with the letter of w� standing in the same
place� hence f��
 	 ����X���� where jX���j � �


If jXj is odd� then the marked letters in f ���
 	 ����X�������X��� � � � are two
consecutive letters in odd places
 This contradicts Lemma �
 Hence jXj is even


We have f ���
 	 XX � � � 	 X����X��� � � �� whence the next�to�last letter of
X is in an odd position and is equal to �� since otherwise two consequent � in
w� stand at odd places� which contradicts Lemma �
 The natural number which
corresponds to the next�to�last letter of X is written as ����s � �
� the next
number is equal to jXj and to ����s� �
 � � 	 ��s� �
 � � �mod �



The following Lemma is straightforward to prove


�



Lemma ��� If n� 	 �t���s� � �
� n� 	 �t���s� � �
� n� 	 �t���s� � �
 and

n� 	 �t���s� � �
 then n�n�� n�n� can be written as �t��s � �
� and n�n� as

�t��s� �
�

It follows from Lemma �� that jXj 	 �t


Suppose X ends with � �the case when X ends with � is similar
� that is at
the ��t
th position in X we have �
 According to the multiplication by � does
not change �� so at the ��t
th position in X we have �


Consider f ���
 	 XX � � �
 The letters of the marked X occupy the positions
of f ���
 from ��t � �
th to ��t
th
 Since X 	 X� then at the ��t
th place we
have �
 But �t 	 ���t
� whence� by Lemma ��� at the ��t
th and the ��t
th
places there must stand di�erent letters
 This is a contradiction and Theorem �
is proved
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