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Abstract

We present a new algorithm for computing the exact null distribution of the Spearman

rank correlation statistic �� which also works in the case of ties� The algorithm is based on

symmetries in the representation of the probability generating function as a permanent

with monomial entries� We present new critical values for sample sizes �� � n � ���

Finally� we show how to derive the exact null distribution of Page�s L statistic from the

null distribution of ��

Keywords Spearman rank correlation test statistic� Page�s L test statistic� computer alge�
bra� probability generating function� ties� permanent� symmetric group� permutation�

AMS classi�cation ��E�	� ��E
�� ��G��� ��J��� ��Q�	� �	U�	

Running title Exact distribution of Spearman�s � and Page�s L�

� Introduction

Spearman�s rank correlation test statistic � is a widely used nonparametric test statistic for
testing correlation� To perform the test we need the distribution of � under the null hypothesis
of no rank correlation� Computing the exact null distribution of � is a very hard problem�
since � induces a �ne partition on the n permutations of f�� � � � � ng� On the other hand�
this indicates that � attains many con�dence levels� With respect to this aspect� � performs
better than its competitor Kendall�s � �

Existing methods for computing the null distribution of � are based on counting permu�
tations �in a clever way�� which is very time�consuming� The exact null distribution of �
when ties are not present can be found in Owen ������ for � � n � ��� in de Jonge and van
Montfort ������ for n � ��� in Otten ����
� for �
 � n � �� �critical values� and in Franklin
�����a� for �
 � n � �� �complete distribution�� Closed formulas for the �rst eight moments
are given in David et al� ���	��� with the help of a computer algebra system� it is easy to com�
pute higher moments with their method� Approximations to the null distribution of � when

�



ties are not present were studied extensively� David et al� ���	�� derive exact expressions
for cumulants of � which they use for approximations based on Edgeworth series� Franklin
�����b� compares seven approximations �not including Edgeworth series� and concludes that
the Pearson Type II approximation is the most accurate approximation� It is shown in Best
and Roberts ����	� that approximations based on Edgeworth series are more accurate than
Pearson Type II approximations� For further discussion of approximations and critical values
based on Edgeworth expansions� we refer to Ramsay �������
In this article we compute the null distribution of � using the representation of its probability
generating function as a permanent �a �signless determinant�� with monomial entries� following
an idea that goes back to Olds ���
�� and Kendall et al� ���
��� This method also applies
in case of ties� For sample sizes up to n � ��� direct evaluation of the permanent in the
computer algebra system Maple is feasible� An alternative way of computing permanents
is using Ryser�s algorithm based on inclusion�exclusion� Unfortunately� both methods are
too time�consuming for larger sample sizes� However� the representation of the probability
generating function as a permanent reveals many symmetries which we use to achieve a
considerable reduction in the number of necessary computations� In this way� we were able to
compute the exact null distribution of � for n � �� for the case without ties� Our methods also
allow fast computation of tail probabilities� Computing exact tail probabilities is especially
important when ties are present� because the dependence of the null distribution on the ties
structure inhibits a compact presentation of tables with critical values�

In Section � we show another advantage of our approach� We show that the probability
generating function of Page�s L statistic for ordered alternatives in a randomised block design
equals the probability generating function of Spearman�s � raised to the number of blocks�

This paper is organised as follows� In Section � we relate Spearman�s � to statistics on
the symmetric group� The representation of the probability generating function of � as a
permanent is introduced in Section 
� Various properties of this permanent are derived in
Section �� The implementation of our results of Section � is discussed in Section 	� The
computation in the case of ties is presented in Section �� In Section �� we show our results on
Page�s L statistic� Finally� Section � contains a table with new critical values of Spearman�s
� for �� � n � ���

� The Spearman test

The Spearman test is a two�sample rank correlation test� Denote the samples by X�� � � � � Xn

and Y�� � � � � Yn� respectively� Rank both samples separately from small to large� The Spear�
man rank correlation statistic � is then de�ned as the sum of the squared di�erences between
rank scores of the pairs �X�� Y��� � � � � �Xn� Yn�� Under the null hypothesis of no rank corre�
lation� all joint rank con�gurations of the two samples are equiprobable� Hence� computing
the null distribution of � boils down to enumerating the values of the following statistic �in
the combinatorial sense� on Sn � Sn� where Sn denotes the symmetric group of n elements�
i�e� the group of permutations on f�� �� � � � � ng�

S� � ��� �� ���
nX
j��

���j�� ��j���� ���

De�ne the following equivalence relation on Sn � Sn � ��� �� � ��� �� if there exists a � � Sn
such that � � � 	 � and 	 � � 	 �� Note that for all � � Sn� we have S��� 	 �� � 	 �� � S���� ��

�



since this is nothing but rearranging the sum in ���� Hence� S� is constant on the equivalence
classes of �� It is clear that the elements ��� Id� with � � Sn form a set of representatives
for the equivalence classes of � and that each equivalence class has exactly n elements� Now
de�ne a statistic S� on Sn as follows�

S� � � ���
nX
j��

���j�� j��� ���

It follows from the discussion above that the distributions of the statistics S� and S� coincide�
Hence� we may restrict ourselves to studying S�� The statistic S� can be written as follows�

S� � �

�� nX
j��

j� �
nX
j��

j ��j�

�A �
�



n�n� ����n� ��� �

nX
j��

j ��j�� �
�

Hence� S� is statistically equivalent tofS� ��Pn
j�� j ��j�� The distribution offS� also appears

in the context of linear rank statistics with equidistant regression scores� Let Ri be the rank
of Xi in the pooled sample if i � n and the rank of Yi�n if i 
 n� A linear rank statistic with
regression scores is a statistic of the form T �

P�n
i�� a�i�Ri� If the regression scores a�i� are

equidistant� i�e� a�i� � ci�d for some constants c and d� then up to an a�ne transformation�

the distribution of T equals the distribution of fS�� Hence� computing the distribution of S�
also yields the distribution of T when the regression scores are equidistant�

� The probability generating function

Let A be a n 
 n square matrix with entries aij � The permanent of A is de�ned as

per�A� �
X
��Sn

nY
j��

a��j��j � ���

The de�nition of the permanent resembles that of the determinant of a matrix� However�
unlike for determinants� the signs of the permutations are ignored� Endow the symmetric
group Sn with the normalized counting measure� i�e� each permutation on f�� � � � � ng has
probability ��n� Then the null distribution of � and the distribution of S� as a random
variable on Sn coincide� Following Olds ���
�� and Kendall et al� ���
��� we express the

probability generating function of S� and fS� in terms of permanents�

�X
k��

Pr�S� � k� xk �
�

n
per�P � and

�X
k��

Pr�fS� � k� xk �
�

n
per� eP �� �	�

where

Pij � x�i�j�
�

and ePij � xij � i� j � �� � � � � n� ���

Unfortunately� the permanent does not share many of the nice properties of the determinant�
E�g�� there does not exist an analogue of Gaussian elimination� However� the permanent is
invariant under transpositions of rows and columns� For other properties of permanents we
refer to Minc ������� Several ways of computing permanents are compared in Chapter �






of Minc ������� The best method seems to be an algorithm based on inclusion�exclusion
due to Ryser �see Ryser ����
��� His algorithm� together with some improvements� is also
described in Nijenhuis and Wilf ����	�� The Ryser algorithm was designed for matrices
with scalar entries� but it also works� although less e�cient� for our matrices P and eP with
monomial entries� The computer algebra system Maple has a built�in function permanent�
which computes permanents using minor expansions� We experimented both with the built�in
function permanent in Maple and a self�written implementation of the Ryser algorithm�

Our experiments show that both the built�in Maple function and our implementation of the
Ryser algorithm only work for moderate sample sizes� Above n � ��� both computation time
and memory use increase dramatically� E�g�� computation time for n � �� was �� times larger
than for n � �
 and memory usage increased from � MB to �� MB� Therefore� we need other
methods for computing the permanent of P or eP � In the next sections we will derive some
theorems on the structure of P � With some small modi�cations� these theorems also hold foreP �

� Symmetries and expansions

In this section we explain the main ideas that we used to compute the permanent given in
�	�� We �rst need some notation�

De�nition ��� If n is a positive integer� then we de�ne the following�

� nc � dn��e� nf � bn��c�

� U � f�� � � � � ncg� L � fnc � �� � � � � ng�

� S is the set of all ordered nc�tuples with elements from f�� � � � � ng�

� if S � �s�� � � � � snc� is an element of S � then ��S� is the ordered nf �tuple� the elements
of which form the set f�� � � � � ngnfs�� � � � � sncg�

� the map � acting on f�� � � � � ng is de�ned by ��x� � n � �� x�

� if S � �s�� � � � � snc� is an element of S � then T �S� is the ordered nc �tuple� the elements
of which form the set f��s��� � � � � ��snc�g�

� for a matrix P � �Pi�j�i�j and ordered tuples A � �A�� � � � � Ak� and B � �B�� � � � � Bk��
P �AjB� denotes the submatrix of P with entries PAi�Bj � In particular� we will write
Pi�j�AjB� for PAi�Bj � Note that P �U jS� and P �LjS� denote the upper and lower half�
respectively� of the submatrix of P consisting of the columns with indices from S�

�



The �rst idea is to use the analogue for permanents of the Laplace expansion of determi�
nants� E�g�� if n � � � then we may expand the permanent as follows�

per

�BB�
� x x� x�

x � x x�

x� x � x
x� x� x �

�CCA � per

�
� x

x �

�
per

�
� x

x �

�
� per

�
� x�

x x

�
per

�
x x

x� �

�

� per

�
� x�

x x�

�
per

�
x �
x� x

�
� per

�
x x�

� x

�
per

�
x� x
x� �

�

� per

�
x x�

� x�

�
per

�
x� �
x� x

�
� per

�
x� x�

x x�

�
per

�
x� x

x� x�

�
�

Theorem ��� �Laplace Expansion�

per�P � �
X
S�S

per
�
P �U jS�

�
per
�
P �Lj��S��

�
� ���

with P as in ��	� per�A� as in �
	� and U � L� S� S and P �AjB� as in De�nition 
���

In Franklin �����a�� essentially the same idea is used for decomposing permutations� However�
the idea is more transparent in our generating function setting�

The Laplace expansion reduces the number of operations �additions and multiplications�
needed to compute the permanent� since it e�ciently combines permutations �� and �� if�
given a �xed tuple S�X

j�S

����j�� j�� �
X
j�S

����j�� j�� or
X

j�	�S�

����j�� j�� �
X

j�	�S�

����j�� j���

E�g�� if n � � and S � ��� �� 
�� then P �U jS� is the left�upper 
x
 submatrix of matrix ����
Let e� be an arbitrary permutation of ��� 	� �� and� using the cycle notation for a permutation
of ��� �� 
�� consider �� � ���
� e� and �� � ��
��e�� Then�X

j�S

����j�� j�� �
X
j�S

����j�� j�� � ��

Therefore� these permutations are combined and together they contribute �x
 to per
	
P �U jS�



�

It is not easy to calculate how much faster this expansion is� but the larger n is� the more
e�cient this expansion is compared to direct evaluation of the permanent�

The symmetries of the distributions of S� and fS� carry over to symmetries of the matrices
de�ned in ���� The following example shows that because of these symmetries� it is not
necessary to evaluate all permanents of submatrices in the Laplace expansion�

Example� n � ��

	



P �

�BBBBBB�

� x x� x� x�
 x��

x � x x� x� x�


x� x � x x� x�

x� x� x � x x�

x�
 x� x� x � x

x�� x�
 x� x� x �

�CCCCCCA ���

Suppose S � ��� �� ��� Then ��S� � ��� 
� 	�� T �S� � ��� 
� ��� T ���S�� � ��� �� 	�� Therefore�

P �U jS� �

�� � x� x��

x x� x�


x� x x�

�A P �LjT �S�� �

�� x� x x�

x�
 x� x
x�� x� �

�A

P �U jT ���S��� �

��x x� x�


� x� x�

x x x�

�A P �Lj��S�� �

�� x� x x

x� x� �
x�
 x� x

�A �

This illustrates that P �LjT �S�� can be obtained from P �U jS� by swapping the �rst and the
third row and the �rst and the third column� Therefore� their permanents are equal� This
also holds for the two other matrices�

Theorem ��	 If n is even and S is an arbitrary ordered n���tuple with elements from
f�� � � � � ng� then

per
�
P �U jS�

�
� per

�
P �LjT �S��

�
� ���

with P as in ��	� per�A� as in �
	 and U� L� T� P �AjB� as in De�nition 
���

Proof � First note that �T �S��k � n � �� SjSj���k � n � � � Sn�����k � because n is even�
From ��� we know that Pi�j � Pn���i�n���j � Therefore� with k � n�� � �� j�

Pi�j�U jS� � PUi �Sj � Pi�Sj � Pn���i�n���Sj
� PLn�����i ��T �S��n�����j

� Pn�����i�n�����j�L� T �S���

So we may obtain the matrix P �LjT �S�� from the matrix P �U jS� by swapping the ith and
�n�����i�th row and the jth and �n�����j�th column for i� j � �� � � � � n��� Since swapping
of rows and swapping of columns leaves the permanent invariant� the permanents of P �LjT �S��
and P �U jS� are equal� We replace S by T ���S�� and we note that ����S�� � S� where � is
as in De�nition ���� The result is that the permanents of P �Lj��S�� and P �U jT ���S��� are
also equal and our proof is complete� �

It trivially follows from ���� that the null distribution of � is symmetric around its mean�
In order to exploit this symmetry� we now de�ne a linear operator �M that operates on
polynomials�

�



De�nition ��� The operator �M is de�ned by

�M �xb� �� xM�b� ����

where M equals twice the mean of �� i�e�� M � n�n�����
� The de�nition of �M is extended
by linearity to arbitrary polynomials�

Example
 n � 
�

P �

�� � x x�

x � x
x� x �

�A
Let S � ��� ��� then ��S� � �
�� T �S� � ��� 
�� T ���S�� � ���� So�

P �U jS� �

�
� x

x �

�
P �Lj��S�� � ��� P �LjT �S�� �

�
x x�

� x

�
P �U jT ���S��� � �x�� �

We have n � 
 and therefore M � �� Hence�

�

�
per
�
P �U jS�

�
per
�
P �Lj��S��

��
� ��� � x�� � x
 � x

� per
�
P �U jT �S��

�
per
�
P �LjT ���S���

�
�

Theorem ��� Let �M be as in De�nition 
�
� then

�M

�
per
�
P �U jS�

�
per
�
P �Lj��S��

��
� per

�
P �U jT �S��

�
per
�
P �LjT ���S���

�
� ����

with P as in ��	� per�A� as in �
	� and U � L� S � �� T and P �AjB� as in De�nition 
���

Proof � It su�ces to �nd a bijection of Snc � Snf � ���� ��� �� ����� �
�
�� such that

ncY
j��

P���j��j�U jS�

nfY
j��

P���j��j�Lj��S��
ncY
j��

P��
�
�j��j�U jT �S��

nfY
j��

P��
�
�j��j�LjT ���S��� � xM �

����

where M � n�n�� ���
� We accomplish this by establishing bijective correspondences in the
following commutative diagram�

���� ��� ���� ���y ��y
����� �

�
�� ���� ��

�

where � � Sn is such that ��S�  U and �� � Sn is such that ���T �S�� U � We de�ne

� ��Sj� � ���j�� j � �� � � � � nc

� ����S�j� � ���j� � nc� j � �� � � � � nf

�



� ����j� � �����Sj��� j � �� � � � � nc

� ����j� � �������S�j��� nc� j � �� � � � � nf �

Since the elements of S and ��S� together form the set f�� � � � � ng� the relation ���� is easily
seen to be equivalent to

nY
j��

P��j��j

nY
j��

P���j��j � xM � ��
�

Hence� it su�ces to �nd a bijective correspondence between � and �� such that ��
� holds�
De�ne

���j� � ��n� �� j�� ����

i�e�� �� � � 	 � � Obviously� this is a bijection on Sn such that ���T �S�� � ��T ��S�� � ��S� 
U � Substitution of ���� into ��
�� yields that ��
� is equivalent to

nX
j��

���j�� j�� �
nX
j��

���n� �� j�� j�� � M� ��	�

However� this holds for any � � S by a straightforward computation� using the well�known
identities �a� b�� � �a� b�� � � �a� � b�� and

Pn
j�� j

� � n�n� ����n� ����� �

� Computation of the probability generating function

In order to apply Theorem ���� we need a rule that� given the tuple S� generates the next
tuple� eS� such that� starting with ��� � � � � nc�� all elements of S are considered once� We use the
following rule� let s� be the largest element in S for which s��� � n and s��� �� S� We denote
the �rst ��� elements of S by s�� � � �s��� and we denote the number of elements larger or equal
to s� by c���� If s� exists� then we de�ne the next tuple eS � �s�� � � � � s���� s���� � � � � s��c�����
If no such s� exists� then S � �n� nc � �� � � � � n� and we are done� Two examples for n � ��

S � f�� 
� �� �g� eS � f�� 
� �� �g ����

S � f�� 
� �� �g� eS � f�� �� 	� �g� ����

In order to avoid unnecessary evaluations of permanents� we use Theorem ��
 �if n is even�
and Theorem ��	� Let S � eS denote the event that S is considered before eS� which is the
case if si  �si� where i is the smallest element of S such that si �� �si� Using this notation we
present the algorithm for computing P � per�P � if n is even�

�� P � �� S � ��� � � � � nc�

�� compute T �S� and T ���S��


� if T �S� � S or T ���S�� � S � P� � �� else Q � per
�
P �U jS�

�
per
�
P �Lj��S��

�
�� �a� if T �S� � S and S � T ���S��� P� � �Q

�



�b� if S � T �S� and T ���S�� � S � P� � Q��M �Q�

�c� if S � T �S� and S � T ���S��� P� � � �Q��M �Q��

	� P � P � P�

�� if s�  n � nc � � � stop� else S � �s�� � � � � s���� s� � �� � � � � s� � c���� and go to ��

Application of �M is justi�ed by Theorem ��	 and multiplication by two is justi�ed by
Theorem ��
� Both theorems reduce the computing time by nearly a factor �� If n is odd� we
skip the comparisons of S with T ���S��� since we can not apply Theorem ��
 in this case�
All we need to store is P � so we do not use much memory�

The probability generating function is an elegant tool for computing the exact distribution
of �� However� direct computing with polynomials� as we do in the theorems mentioned in
the previous section� involves the use of a computer algebra package� e�g� Maple� Professor
Andries Brouwer provided us with a much faster implementation in C� where polynomials are
represented by arrays� He also showed us that with his implementation� the Laplace expansion
of Theorem ��� is e�cient for small sizes as well� He therefore used the the Laplace expansion
more than once for each step� This is not the case for our implementation in Maple�

� Ties

When ties are present� it is customary to assign average rank scores to the observations� Let
�Z�� � � � � Zn� be the X�sample or the Y �sample� We denote by kZ the number of di�erent
values Z�

�  � � �  Z�
k� k � n� The size of the jth tie is denoted by �Z�j for j � �� � � � � k and

Z � X or Y � The average scores for the ties are de�ned by�

eaZ�j� � j��X
i��

�Z�i �
�

�
��Z�j � �� � ����

for j � �� � � � � k �the sum is empty for j � ��� Then the rank scores are

aZ��� � � � �� aZ��Z��� � eaZ���� � � � � aZ�n� �� �Z�k� � � � � � aZ�n� � eaZ�k�� Z � X or Y�

Conditional on the tie structure� Spearman�s � for tied observations is now de�ned as�

� �
nX
���

�
aY ������� aX���

��
����

Note that when there are no ties� � reduces to �� Given a certain tie structure� we apply
�	� with Pij � �aY �i�� aX�j���� i� j � �� � � � � n to �nd the conditional probability generating
function of �� Theorem ��� holds for any permanent� so we may also apply it here� However�
we are able to make it more suitable for computation when ties occur� because then some

�



columns of P coincide� In order to reformulate ��� we need the following notation�

Tj �

j��X
i��

�Z�i � �

��j� �

�
� if tj � ��

fTj� � � � � Tj � tj � �g if � � tj � �Z�j

T �
k

j��

��j�

T � T �
kX

j��

tk � nc � dn��e�

Using the above notation and De�nition ���� we now rewrite ��� as

per�P � �
X
T�T

kY
j��

�
�Z�j
tj

�
per
�
P �U jT �

�
per
�
P �Lj��T ��

�
� ����

Note that the presence of ties has several e�ects on computing the conditional null distribution
of �� Since T is smaller than S� we need to compute less permanents and to perform less
multiplications� which in itself is favourable� However� we can not apply Theorems ��
 and
��	� because� in general� P is not symmetric when ties are present� The structure of the
ties e�ects the number of values that � attains� The following examples illustrate this� If
there are no ties� then the number of di�erent values that � attains equals �� n�n� � �����
In particular� if n � �� then � attains 
� values� In the extreme case that at least one of
the samples has one tie of size �� � attains one value only� If the available rank scores are
f��� � �

�
�� 
� �� 	� �g and f�� �� 
� �� 	

�
�� 	

�
�g� then the number of values that � attains goes up to

��� If � attains few values� then computation time goes down� because this speeds up the
time�consuming multiplications that take place after the expansion�

Joeri Roels developed a fast implementation of the above way of computing the conditional
null distribution in both Pascal and C� In order to increase speed� it is important to multiply
all scores by �� in order to get rid of the fraction caused by the averaged rank scores�

� Page�s L	statistic

Page�s test �see Page ����
�� is a test for ordered alternatives in a randomised block design�
Within each block rank scores �� � � � � t are assigned to t treatments� Let �j denote the block
e�ect of the jth treatment� The null hypothesis is

H� � �� � � � � � �t

and the alternative hypothesis is

H� � �� � � � �� �t�

��



with at least one strict inequality� Let b be the number of blocks� The statistic L is de�ned
as�

L �
tX

j��

j Rj �

where Rj is the sum of the b ranks assigned to treatment j� The following theorem shows why
we can use the theorems in the previous sections for computing the exact null distribution of
L�

Theorem �� Under H�� we have

Gb�t�x� �
�X
k��

Pr�L � k� xk �

�
�

t
per� eP ��b� ����

where eP is de�ned in ��	�

Proof � Under H�� there is no block e�ect and hence the rank con�gurations of all blocks are
identical� as well as independent� Hence�

Gb�t �x� ��
�X
k��

Pr �L � k� xk

�
�X
k��

Pr

�� tX
j��

j Rj � k

�A xk
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�

�t�b

�X
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�
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bO
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St j
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j
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The last equality holds� because we recognize the probability generating function of fS� �see
�
� and �	��� Iteration of this argument completes the proof� �

��




 Exact critical values for n � �� � � �  ��

In this section we present new tables with exact critical values of Spearman�s � for sample sizes
�� � n � ��� We stress the fact that for the case n � �� one has to consider

Q��
i��� i � ��		��

�����	 ����� �����	 ����	 ���� ����	 ���	 ���� ���	 ����

�� 

� 
�� ��� ��� 	
� ��� ��� ��� �	� ���

�� ��� �	� 	�� 	�� �
� �
� ��� �
� ���� ����

�� ��� 	�� ��� ��� �	� ��� ��� ���� ���� ����

�� 	�� �	� �
� ��� ��� ���� ��
� ���� �
�� ��
�

Table �� Exact left critical values of Spearman�s � for n � �� � � ����

times more permutations than for the largest case known in the literature up to now� n � ���
The results are given in Table �� We did not print the entire null distribution� because
even when we use the symmetry around the mean of �� this would involve printing about
����� values of the statistic together with their corresponding tail probabilities� The entire
distribution can be obtained from the authors on request�

References

Best� D�J�� and D�E� Roberts ����	�� Algorithm AS ��� The upper tail probabilities of
Spearman�s rho� Applied Statistics � ��� 
�� 
���

David� S�T�� M�G� Kendall� and A� Stuart ���	��� Some questions of distribution in the theory
of rank correlation� Biometrika� 	�� �
� ����

Jonge� C� de� and A�J� van Montfort ������� The null distribution of spearman�s s when
n � ��� Statistica Neerlandica� ��� �	 ���

Franklin� L�A� �����a�� The complete exact null�distribution of Spearman�s Rho for n �
�������� Journal of Statistical Computation and Simulation� ��� �		 ����

Franklin� L�A� �����b�� A note on approximations and convergence in distribution for Spear�
man�s rank correlation coe�cient� Communications in Statistics�Theory and Methods � ��
		 	��

Kendall� M�G�� S�F�H� Kendall� and B� Babington Smith ���
��� The distribution of Spear�
man�s coe�cient of rank correlation in a universe in which all rankings occur an equal
number of times� Biometrika� 	�� �	� ��
�

Minc� H� ������� Permanents � Addison�Wesley� Reading�

Nijenhuis� A�� and H�S� Wilf ����	�� Combinatorial algorithms � London Academic Press�

Olds� E�G� ���
��� Distributions of sums of squares of rank di�erences for small numbers of
individuals� Annals of Mathematical Statistics � �� �

 ����

��



Otten� A� ����
�� The null distribution of Spearman�s s when when n � �
������ Statistica
Neerlandica� �� �� ���

Owen� D�B� ������� Handbook of statistical tables � Addison�Wesley�

Page� E�B� ����
�� Oredered hypothesis for multiple treatments� a signi�cance test for linear
ranks� Journal of the American Statistical Association� ��� ��� �
��

Ramsay� P�H� ������� Critical values for Spearman�s rank order correlation� Journal of
Educational Statistics � ��� ��	 �	��

Ryser� H�J� ����
�� Combinatorial mathematics � The Mathematical Association of America�

�




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


