
On the solutions to ’px� 1 is square’
RALF STEPHAN�

In this short note, we construct the closed form of positive solutions to ’px � 1 is square’. A short
expression in terms of squares and triangular numbers is found.

The author’s interest in the problem was sparked by a mail from Neven Jurić,
and we wish to thank also Benoit Cloitre for discussion of the generalization to the
nonprime case, which is not the topic of this work.
Lemma. Let p be any odd prime, and xp�n� � 0 is the n-th solution to px � 1 � m2,
where m, n � 0 is integer. Then

(1) xp�n� � �
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p�2n2 � 2n � 1�� �p� 4��2n� 1���1�n� .

Proof. Because the sequence pxp�n� � 1 lists all solutions to y2 � 1 mod p, there
are only two of them (see e.g. [1]) for each interval �kp � 1, �k � 1�p�, k � 0,
namely kp � 1 and kp � p� 1, and their sequence yp�n� satisfies

yp�n� �
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p � n

2 � 1 n even,
p � n�1

2 � p� 1 � p � n
2 � p

2 � 1 n odd,
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Squaring the expression yields

pxp�n� � 1 �

�
�2np� p�2
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from which the assertion follows. �

Theorem.

(2) xp�n� � �p� 2��n�2�2 � 4T�n�2�, where Tn � n�n � 1��2.

Proof. With [GKP, Wilf] or the exercise collection [2], it is not difficult to get the
power series generating function of (1):

Xp�z� �
�p� 2��z3 � z� � 4z2

�1 � z�3�1 � z�2 .
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