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We prove classically, and step-by-step, that certain inte-
ger sequences satisfy the recurrence a,, 1a,41 = (a, —1)%

Proposition. The coefficients si(n) in the power series
expansion of the generating function

z+ 2°
1—(k—1Dz+ (k—1)22 —23

Skzl(z) = Z Sk(n)zn =

satisfy s,(0) =0, s,(1) =1, s,(2) =k, and
sp(n — Dsp(n+1) = (sp(n) — 1) (1)

Proof. We will prove the proposition formally by deriving
the elementary closed form for s;(n), from which the final
step is easily done.

First, we want to write the denominator of Si(z) as a
product of its factors,
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Sk(z) =
where the 6, » are the solutions to the quadratic equation
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By expressing the denominator of Si(z) as product of its
smallest factors (even if they were complex), we will be

able to write the fraction as sum of its partial fractions,
like this:

A B c

Sk(2) = 1—z+1—91z+1—02z'

Graham, Knuth, and Patashnik(GKP) give a formula for
the case when none of the roots of the denominator are
multiple. This happens here only with & = 4. For the
other cases we get
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and therefore, with 6,60, =1,
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So the closed form for sg(n) is

si(n) = —A=

_ 1@1—4{_2"' (k72+ 21@(1%4))" N (kfzf 21@(1@4))”}

It is not difficult now to see that the values for n =0,1,2
are as proposed, so it remains to prove the identity in (1).
Multiplying with the denominator, we have for the left
hand side of (1)

(=2+ 07"t + 00 (=2+ 07T + 00T ) =4+ 67 + 605
=207 (1 + 6%) — 20071 (1 + 63) + 67" + 3"

and for the right hand side

(2—k+67+60)2 =(2—k)?+202—k) (0} +61)
+1+1+67" +63"

Together with the fact that (k—2)6; » = 1467 ,, equality
holds. The missing special case k = 4 turns out to be
the square numbers, for which the proposition is trivially
true. O
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