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Abstract

In [2], Stephan enumerates a number of conjectures regarding inte-
ger sequences contained in Sloane’s On-line Encyclopedia of Integer Se-
quences [1]. In this paper, we prove two of these conjectures.

1 Proof of Conjecture 110

In [2] Stephan formulates the following conjecture:

Define ap, = |{(4,j) : 0 < ¢,j < nand ¢ AND j > 0}|, where AND
is the bitwise and operator. Then a, is the sequence given by the
recursions ds, = 3a, + n?, Aany1 = Gp + 2an41 + n? — 1, with initial
conditions ag = a; = 0.

Truth for the initial conditions is easy to calculate. In what follows, we define
Sp=1(4J):0<4,j<nandi AND j > 0} from which we have a, = |Sy|.

To see that as, = 3a, + n?, we partition the set Ss,, into four parts, £ FEa,,
EOszp, OFs, and OOa, where EFEs, = {(z,y) € Son : #,y even} and the other
sets are defined analogously. We count the number of elements in each set.

Since the AND of two odd numbers is always at least 1, OOs, consists
of all pairs of odd numbers (z,y) with 0 < 2,y < n, of which there are n?
possibilities. To count the number of elements in E Eay,, let (2¢,25) be an element
of EFEs, which forces 0 < ¢,5 < n. We know 2¢ AND 2j is nonzero, and since
the low order bit of both numbers is zero, we must have ¢ AND j nonzero.
Thus for each (2¢,2j) € EFEs, we have the corresponding pair (¢,j) € S,.
Moreover for any pair (4, j) € Sy, it is easy to see that (24,2j) € Sa,. Therefore
|EE2| = |Sn| = an.

As with the previous case we can write each element of OFEay, as (2i 4 1, 2j)
for 0 <12,7 < n where 2i4+1 AND 2j is nonzero. Since the low order bit of 2j is
zero, we must have ¢ AND j nonzero, thus (7, j) € S,. Then for any (¢, j) € S,
we have (2i+1,2j) € Say, showing that |OEay,| = a,. Since |[EOay| is obviously
equal to |OFs,|, we find that as, = 3a, + n? as conjectured.

To show asp41 = an + 2an41 + n? — 1 we use the same sort of analysis, but
one of the counts is more tricky. Using the same definitions for OO, et. al., the
exact same argument as above shows that 002, 41| = n?. For EFEsp 41 we again
look at elements (2¢,25) € Sa,41 and still must have ¢ AND j nonzero, but now
0 <id,j <n+1 since either i and/or j can be n. Thus |EFE2,11] = ant1, as
opposed to a, for the previous case.

Counting |OFa,41| is more tricky in this case. Again we have that the
elements of O Fa,41 are the pairs (2é+ 1, 2j) such that ¢ AND j is nonzero, but
in this case 0 < ¢ < n, while 0 < j < n+ 1. Thus |OFs3,41] is the number of



elements of (7, j) € Sp41 for which i # n. To determine this number we provide
a different partition of S, ;1 as:

Snr = {(04) € Sugr 18,5 <n}U{(n,§) € Supr 1§ <n}U
{(i,n) € Sny1 1 <nfU{(n,n)}

In this expression, the set {(é,7) € Spy1 : 4,5 < n} is exactly S,. If we let
z be the cardinality of {(n,j) € Sp41 : Jj < n}, then by taking cardinalities of
each partition element we have

Upy1 = dp + 22 +1

Therefore, z = %(an_H — a, — 1) and we have |OF2,11| = ap + %(an_H —
a, — 1) = %(an_H + a, — 1). Since EOzp 41 has the same cardinality we finally
have
, 1 1
Uong1 = N°+dpq1 + §(an+1 +a, — 1)+ §(an+1 +a, — 1)

QAn +2an+1 +n2 -1

which finishes the conjecture.

2 Proof of Conjecture 115

In [2] Stephan formulates the following conjecture:

Define the sequence a, by ay = 1 and a, = M,, + m,,, where M, =
maxi <j<n (@i + an—;) and my, = minj<;<n(@; + an—;). Let further by,
be the number of binary partitions of 2n into powers of 2 (number
of binary partitions). Then

n—1
3
My = Shoy = 1, Mn:n+;mn, ap = Mgy — 1

We prove this conjecture through a series of short induction proofs. For
convenience we define m; = 1.

Proposition 2.1 The sequence a, is strictly increasing, and thus positive for
alln > 1. Moreover, each of the sequences My, and my,, is also strictly increasing
and positive for all n > 2.

Proof: It suffices to show that a, > a,_1, M,, > M,_1, and m,, > m,,_; for all
n > 3, and we proceed by induction on n. By definition a3 = 1 and as is easily
computed to be 4, proving the base for our induction, as well as that as > a;.



To complete our induction step, we assume the result is true for all a; with
¢t < n, and consider a,. By definition M, and m, are the maximum and
minimum, respectively, of the set S, = {a; + a,—; : 1 < i < n}. By our
induction hypothesis each of the a;’s is positive, implying that M, and m, are
positive as well. Now a, = M,, + my; > M,,. Since a,_1 + a1 = an,_1 + 118 1n
the set S, we must have M, > a,_1 + 1. Thus a, > M, > a,_1 + 1, showing
that the sequence a,, is increasing.

To show that M, is increasing, suppose that the maximum value in S, is
given by the element a; 4+ a,—;. Then S, 41 contains the element a; + apy1-4
which is strictly greater than a; +a,_; since a; is increasing. Thus the maximum
value in Sp41 must be larger than the greatest value in S,, proving M, is
increasing.

A similar argument shows m,, is increasing. Now let a; + ap41-; be the
smallest element in S,41, and thus equal to my41. Then S, must contain
the element a; 4+ a,_; which is strictly less than my41. Then we have m, <
a; + an_; < Mmpy1, showing m,, is increasing. O

Proposition 2.2 M1 = a, + 1 for alln > 1.

Proof: We again proceed by induction on n, noting that the base case My =
a1 + 1 = 2 is easily calculated. For our strong induction hypothesis assume
M1 = a;+1 forall 1 <i< n,and attempt to prove the result M, 41 = a, +1.

By the definition of a, we have a, = M, + m,, from which a, + 1 =
M, 4+ my, + 1. Using our induction hypothesis we know M, = a,_1 + 1 from
which we obtain a, +1 = a,_1 + m, + 2. Iterating this procedure of alternately
applying the definition of a; and the induction hypothesis gives:

an—i—lzai—l—Zmi—l—(n—i—l—l) (1)
j=i+1
forall 1 <z <n.

To show Mp41 = an + 1 we must show that a, +1 > a; + ap41-; for all
2 < i < n. By symmetry in the indices of the sequence this is equivalent to
showing this result for all [2£] < i < n.

Since a; is positive and increasing for all i > 1, m, > a; for all 1 <7 < [%]
as every element in S, = {a; + a¢,_; : 1 <7 < n} has a summand a; for which
j> el

From Equation 2 we know that a,+1 = ai+zyzi+1 m;+(n—i+1) > a;+m,
for all 1 <4 < n. This implies a, +1> a; + apq1-; forall 3] +1<i<n. As
15 +1= f”zi] for all positive integers n, this proves the claim. a

Corollary 2.3 M, = 22;11 mi +n foralln > 1.

Proof: This follows immediately from Equation 2 with ¢ = 1. a
The conjectured value for m,, is somewhat trickier, and requires the following
intermediate result.



Proposition 2.4 m, = a|»| +ajay foralln > 2.

Proof: By the definition of m,,, m,, is the smallest element of S, = {a; +an_; :
1 < i < n}. Using the results of Proposition 2.2 and Corollary 2.3, we can
calculate:

i+ an_; = Mg —14+Myp_;—1
= > omp+ i+ )+ mpt(n+1l—i)—2
k=1 k=1

g n—1i
n—+ g mg + g mg
k=1 k=1

Denoting d; = a; + a,—; and noting that d; = d,_;, we need to show that
diz) <d; forall 1 <i < [%]. To do this, we will show that d; is a decreasing
sequence in the interval 1 < ¢ < |%| by looking at the differences d; — d;41 for
1 <i < | %] and showing they are all positive.

To this end we calculate

i n—i i+l n—(i4+1)
di —dip1 = n+2mk+zmk— 77«+ka+ Z my
k=1 k=1 k=1 k=1

= Mp_j —Mi41

By Proposition 2.1, m, i1s an increasing sequence, and n — ¢ > ¢ + 1 for all
1 <i< | %], which implies that d; — d;41 is positive for all 1 < ¢ < | 2], proving
the result. ad

Prior to proving the final piece of the conjecture, we need the following
result from Sloane [1]. The sequence b,,, denoted A000123 by Sloane, where
b,, 1s the number of partitions of 2n into powers of 2 satisfies the recursion
by, =b,_1+ bL%J’ for all n > 2 with initial condition b; = 2.

b1 —1 foraln > 2.

Proposition 2.5 m, = 3

Proof: To show that this equation holds, we prove that the sequence ¢, =
%(mn_H +1) satisfies the recursion and initial conditions for b,. Rather than use
the form b,, = b,,_1 +bL%J for the recursion, we will instead use b, —b,_1 = bL%J ,
being easier for computations.

Using Proposition 2.4, we have

Cp — Cp_1 = % (aLnT-HJ —|—a[nT+1] + 1) — % (aL%J +arzy + 1)

Noting that [2] = [2#L] and [28L] = [2] + 1 for all integers n > 1, this
reduces to

Cn = Cno1 = § (ap2141 — i)



Now using the formula for a; given in Proposition 2.2 and Corollary 2.3, we
obtain

[5]+1 L]
2 n n
Cn = Cn-1= 3 L§J+2+ ;;—1 my — L§J+1+k§_1mk

which reduces to

Mg+ 1)
J

Cn — Cp—1

S|
TN

,_
[VE]

Therefore ¢, = %(mn + 1) satsfies the same recursion as by, and ¢; = %(mz +
1) = 2 = by, implying that b, = %(mn + 1) for all n > 2, from which we obtain

the result. O
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