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Let g(x,n), with x € Rt be a step function for each n. Assuming cer-
tain technical hypotheses, we give a constant « and function f such that
Yo’ g(x,n) can be written in the form o+, ., f(r), where the summa-
tion is extended over all points in (0, z) at which some g( -, n) is not continuous.
A typical example is Y >, zln/z] = (% -1y 1iqzq, with the summation
extending over all pairs p, ¢ of positive integers satisfying 0 < p/q < z and
ged(p, q) = 1. We then apply such representations to prove identities such as
) =302 %7;) (C(z) = ¢(2, 1+ %)), the Lambert Series for Euler’s Totient

noz(2n+1) 7w =z
2n+1 414z
the Riemann and Hurwitz zeta functions and o.(n) = Zd|n dz?. We also give
a generalization of the Rayleigh-Beatty Theorem, and a new result of a similar
nature for the sequences (|2na| — [na])o2 .

function, and > ((—1)

5+ where ((z) and ((z,q) are

Key Words: Beatty Sequences, Generating Functions, Farey Fractions, Lambert
Series, Complementary Sequences, Fraenkel’s Conjecture
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1. INTRODUCTION

For « irrational, sequences of integers such as (|na + v])22,, called
the non-homogeneous Beatty Sequence for (a,7), and such as |2na| —
|na], have many interesting properties and are well-studied. The reader is
referred to Stolarsky & Porta (1990) [15], Brown (1993) [5], and Fraenkel
(1994) [8] for recent bibliographies.

The generating function K, (z, 1) := 27 | t"zIne+7) (shown in Figure
(1) with t =1,z = 7/16,v = 1/2) was first studied by Béhmer [2] in 1927,
and more recently by Mordell (1965) [11], Newman (1960) [12] and Bow-
man (1988) [4]. Research has been focused on analyzing the irrationality
and transcendence of K. (z,x) at particular values, including expressing
K, (z,2) as a continued fraction. Borwein & Borwein (1993) [3], outlined
in Section 4.1.5, subsumes many earlier results along these lines.

In this paper we present a technique for expressing generating functions
of sequences of integers defined with a real parameter  (and satisfying some
technical growth conditions depending on the type of generating function)
as a summation extended over certain values of « € (0, z). For example,

Ko(z,x) := ZZL"/IJ =(1-1) Z 1 iqzq- (1)

Pi)q
0<=<x
<q<7‘

(p,g)=1

The technique is quite general and applies to 3 zlen/@l=1bn/z] "o 12+
1]7%, and to 3 zl"/#*+7) | with interesting corollaries.

For rational x, Ko(z, z) is the sum of several geometric series. For exam-
ple, Ko(z,3) =Y 0, 21"/ =220 4321 + 322 4328 .- =27 + 12 =
ffj, and more generally Ko(z,z) = % whenever x € Z*. When
is not an integer, it is more difficult to identify precisely which geometric
series are involved. Identifying these is the essential difficulty in applying
our Main Theorem. The reader is invited to recognize the right-hand-side
of Eq. (f) as a sum of geometric series with initial term (% - 1) z9 and
ratio 29.

The summands become small as g becomes large, so that one may ap-
proximate Kq(z,x) by summing over the nth Farey Series F,,:

q
Koo~ (-1) Y

P/qEFn
0<p/q<z

There are ¢(n) members in F,, \ F,_1, all with denominator n. Hence
Ko(z,1) = (£ -1) 22022 #(q)z9/ (1 — 29), and also Ko(z,1) = z/(1 — 2)
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since 1 is an integer. A little algebraic manipulation gives the Lambert
Series for Euler’s phi-function (set b = 1 in Eq. ({f) below). Considering
K(p—1)5(2°, ) gives the generalization (valid for |z| < 1):

ZnM(n) b zb+1 -

where M (n) satisfies 1 < M(n) < b and M(n) =n~! (mod b). This same
argument applied to the Dirichlet generating function > ° | | 2+1]~* yields
the novel zeta function identity (valid for R(z) > 1)

o $(q)
() =35 F (¢ - ¢+ ))
g=1

The rationals in the interval (0,1) are symmetric about %, and together
with Eq. (}) this allows us to prove a generalization of the Rayleigh-Beatty
Theorem: if o and 3 are irrational and §+% =m € ZT, then each positive
integer occurs in the sequences (|na])22 ; and (|n3])5; a combined total
of exactly m times. This proof of the Rayleigh-Beatty Theorem is new,
and the technique can be applied to prove similar theorems.

In fact, we obtain a new theorem of this sort by considering the gener-
ating function Y z2%/@l=1n/=] " 1f o, B are positive irrationals satisfying

1 1 1
E—I—E—Q—/Q—l,then

(12na) — [nal)iz, [ J(1208] — [nB])iz, = 2°

and
(12na) — [na))s, ()(12n8] — [nB))5z = (1208 ] — (5 ))L:-

The rationals are periodic modulo 1, and so Eq. (f) indicates that
Ky(z,z) has some periodic behavior in . In fact, we will show that for
irrational z, Ky(z,x) can be written as the sum of a drift term and an
infinite sum of sines. For z = %, this expression for Ky(z,x) will simplify
to

o)

Z(_l)naz(Qn—i-l) Tz

2n+1 414227

n=0

where o.(n) == 3y, dz%. Note that o is the usual sum-of-divisors func-
tion, but that our expressions for Ko(z,x) are valid only for |z| < 1.
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2. CONNECTIONS IN THE LITERATURE

The function K (z,z) := >~ zln/z+7] has several exotic properties.

It is a strictly increasing function of z, and, if v = 0, is a rational function
of z if and only if x is rational (this is elaborated upon in Newman (1960)
[12]). Further, a simple e-§ argument shows that K. (z,x) is continuous
only at irrational . The image of (0, 00) under K,(z, -) has measure zero
both as a subset of the complex plane and—if z is real—as a subset of the
reals.

This is not the first time a strictly increasing function which is continu-
ous exactly on the irrationals has appeared in the literature. In the 1982
Monthly article “A Naturally Occurring Function Continuous Only at Ir-
rationals” [1] one was encountered in the analysis of random binary search
trees.

Erdés & Faudree & Gydri (1995) [6] may have encountered another one
while counting the number of “books” in a graph with large minimum
degree. A book of k pages is defined to be k triangles all sharing a common
edge. For each ¢ € [0, 1] define b(c) to be the minimum value b such that
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every graph with n vertices and minimum degree cn+ o(n) contains a book
of bn pages. Their bound suggests that b(c) may be monotonic on (%7 1)
and discontinuous at every rational.
If a(n) > 0 with Y ; a(n) < oo, and n(r) is a bijection from the posi-
tive rationals onto the positive integers, then ZO<761 a(n(r)) is a strictly
re

increasing function of x which is continuous exactly on the irrationals. The-
orem 4.1 below shows that K, (2, ) has such a decomposition provided
that we restrict « to a bounded domain. What is remarkable here is that
a(n(r)) is easily expressible and depends only on the denominator of r and
on vy =a/b.

The presence of such a decomposition is surprising even given the in-
formation that K, (z,x) is increasing and continuous only on the irra-
tionals; K,(z,x) + « does not have such a decomposition, after all, nor
does K (z,x)+ C(z), where C(z) is Cantor’s Ternary Function, which has
0 derivative a.e.

Borwein & Borwein (1993) [3] present > oo | t"z1"/#+7) as an infinite
series in terms of the convergents to x and certain integers involved in
the one-sided approximation of ~, provided that 2 + ~ is not an integer
for any n. From this, they derive a continued fraction representation for
(% - 1) S zln/2]  Their work rests heavily on a functional equation for
this sum, and from this equation they give a simple proof of a theorem of
Fraenkel (1969) [7]: If 1 < « € Q, v € [0,1), and na + v is never integral,
then

(lna+7))ns and  ([nar +91))72,

partition the positive integers iff é + é =1,and X+ Zt—j = 0. As mentioned
in the Introduction, our technique yields simple proofs of several theorems
of this sort. To date, however, Fraenkel’s Theorem has eluded the present
techniques.

3. MAIN THEOREM

Let V;(g) be the variation of g on the interval I, i.e.,
n—1
Vo.)(9) = S%p Z l9(ait1) — g(ai)l-
o<ar1<-<ap<z =1

By a simple step function, we mean a step function defined on (0, 0o) whose
discontinuities contain no limit point in (0, 00). We use the notation

_J1 @ is True;
el = {0 Q is False,
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extensively, and write f(z — r) for lim,_,, f(z).

THEOREM 3.1 (Main Theorem). Let g(z,n) : Rt xZ* — C, with each
g(-,n) a simple step function, and Y " V(g2 (g(-,n)) < oo for each x.
Let D be any set containing {r : g(-,n) is not continuous at r for some n}.

Suppose that o := >~ g(r — 0,n) is finite. Then for x & D,

Sg@m=a+ ¥ f0), (1)
n=1

o<r<z
reD

where f(r) =" (g(x = r*,n) — gz — r~,n)). If each g(-,n) is con-

n=1

tinuous from the left, then Eq. (1) holds for all x € RT.

The reader may wish to keep the example g(z,n) = 271"*/#) in mind.
For this example, we have D = Q, a = 0, and f(%) = qu_l. The Main
Theorem implies, in this example, that

— 1\ ln/z] 1
)=
n=1 0<§<x

(p,q)=1

This example is looked at in substantially greater generality in Section 4.1.

Proof. Let D(n) be the set of discontinuities of g( -, n), so that US>, D(n) C
D. Define f(r,n) :=g(z — r*,n) — g(x — r~,n), so that > >~ | f(r,n) =
f(r). Since g(-,n) is a simple step function, we have for x ¢ D(n)

g(m,n):g(r—>0,n)+ Z f(’l“,?’b), (2)

0<r<z
reD(n)

and the summation is over a finite set. Eq. (2) holds for € D(n) also if
g(-,n) is left continuous at x. If z ¢ D D U2, D(n) (or if each g(-,n) is
left continuous), then we may sum Eq. (2) over n € Z™, to get

oo oo

o
g =S gr—0m+> S fn)
n=1 n=1 0<r<z
reD(n)

—a+) > f(rn) (3)

n=1 0<r<z
reD

n=1
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since if ¢ D(n) then f(r,n) = 0. We use the hypothesis on the variation of
g to justify rearranging this sum. To wit, we may rearrange terms because

00 > ZV(O,I)(Q(',nD = Z Z |f(7"7 n)|

n=1 = o<r<z
reD(n)

and we arrive at

whence Eq. (3) reads

Yoglzm)=a+ Y fr)
n=1 0<r<z

reD

4. SPECIAL SEQUENCES

In this section we conduct a more detailed analysis of several examples
to which we may apply the Main Theorem. We will collect corollaries along
the way. We provide full details for the first example only.

4.1. Beatty Sequences

Set g(z,n) = t*zl*/*+e/b] with a € Z, b € Zt, (a,b) =1, 0 < |2 < 1,
and [t] < |17‘

The function K, (2, z) := Y _p, t"zln/2+e/8) (pictured in Figure 1 with
a/b = 1/2, z = 7/16, t = 1) has several exotic properties. If ¢,z > 0,
then K, (2, ) is strictly increasing. With ¢t = 1, K,/(2,2) is a rational
function of z if and only if 2 € Q (for more along these lines, see Mordell
(1965) [11] and Newman (1960) [12]). A simple e-6 argument shows that
K4/5(2, ) is continuous only at irrational z. If ¢, z € R, the image of (0, o)
has measure zero.

To apply the Main Theorem, we must bound the sum of the variations of
g(z,n) and identify the set of discontinuities of g(-,n). After doing so, we
will compute o := g(r — 0,n) and f(r) :== D07, f(r,n) == >0, g(x —
r*,n) —g(x — r~,n). We combine the calculations in Theorem 4.1 below.
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We first bound the sum of the variations of the g(z,n) := t"zln/z+a/bl,
We have

oo

Vio,2)(9(-,n)) < Z 7 27+ — 2]
o0

="z =1 Y, Ll

i=|n/z+a/b|
_ |t|n |1 — Z| |Z‘[n/m+a/bj
1—1z| ’
and so

3 S n|]_72| n/x+a
> Vi (g(-.n) <3 It 1_—|z||z‘t Jx+a/b]
n=1 n—1

1— o0
< | Z| Z|t|n|z‘n/w+a/b
n=1

ST

L=z e ]l

= < .
T T >

Clearly g(x,n) is not continuous at x = r iff 2 +¢ € Z. This requires that
r be rational; we take D := Q. Not that for each n, g(-,n) is continuous
from the left. Thus the Main Theorem implies that

S polenl <ot 35
n=1 o<r<z

reD

for all z € RT.
We first show that o = 0, and then turn to finding a simple expression
for f(r). Since |2 4+ %] — oo as 2 — 0, we see that g(r — 0,n) =

limy,_o t"2% = 0, since |z| < 1. Thus

o0

a:ng(r—>07n):0.

n=1

Set, as in the proof of the Main Theorem, f(r,n) := g(z — r*,n) —
g(x — r~,n). We need only concern ourselves with r € D = Q, say
r = £ with (p,¢) = 1. The function g(z,n) is continuous at r unless

% + ¢ = q”%% € Z. From this we see that b|p. Replace p with bp, so
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that our condition is now %

= % € Z. We see now that p|n, so

replace n with pj to make the condition qub% = 4t¢ ¢ 7. This gives

bp oy )" DANEY
fCrpi)=g\z— () i) —g9lz—=(F) pi
— [blaj + at” (Z<pj/<bp/q>>+a/b—1 _ ij/(bp/q>+a/b)
J
— [blgj +a] (£ —1) 2/ (tpzq/b) .
We now give f(r) :=>..", f(r,n). Define M(q) to be the unique integer

satisfying 1 < M(q) < b and M(q) = —¢~'a (mod b), provided such an
integer exists at all. Thus b|qj + a iff j = M(q) + bi for some i > 0.

)= 5 F(2,m)

S blaj +al (2 - 1) 2/ (w20
j=1

e

2|8

= (L) i (=) Ma)y+be
=0
M(q) 1
= zo/b (L) (207 i

If r does not have the form %p, then f(r) = 0. Thus we only need M (q) to

be defined when r = %p, with (bp, ¢) = 1. In this case, (b,q) = 1, and so the

defining characteristic of M(q), “M(q) = —g~'a (mod b),” is satisfiable.
We have demonstrated Theorem 4.1.

THEOREM 4.1. For allxz > 0,a € Z, b€ Z*, (a,b) =1, 0 < |z| < 1,
i<

o) /b M(q)
n|n/x+a/bl _ _a/b (1 _ (tpzq )
th z =z (z 1) bz 1 raa
n= O<£<x

(bp,q)=1

where M(q) satisfies 1 < M(q) < b and M(q) = —¢~'a (mod b).

We now explore some of applications of Theorem 4.1.

4.1.1.  The Lambert Series for Euler’s Totient Function
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Corollary 4.1 generalizes Theorem 309 of Hardy & Wright [10].

COROLLARY 4.1. If |2| <1 and b € Z*, then

> ZM(n) b bt z z— (b—1)zb*!
Z 1—2’5"7(1—2”)2—’_1—2;57 (1—Zb)2 ’

n=1
n,b)=1

where M (n) satisfies 1 < M(n) <b and M(n) =n~"' (mod b).

To get Hardy & Wright’s Theorem 309 (3
Lambert Series for Euler’s Totient Function), se
M(n) =1 for all n.

Proof. Applying Theorem 4.1 with x = b, t = 1, a = b — 1, we may

1 ( )1 Zn (1 Zz)27 the
b =1, and note that then

oo
n=
et

write
[e’e) - B Zq/b M(Q)
Zzt(n% /6] — ,(b=1)/b (% _ 1) Z %. (4)
n=l o<y
(bp,q)=1

Since kb < n < (k + 1)b implies that L%HJ = k + 1, the left-hand-side
of Eq. (4) becomes

Zzumbﬂ)/m —p
1—=z

For ¢ > 2 the number of p with 0 < %p < band (bp,q) = 11is ¢(q)[(b,q) =
1]. The right-hand-side of Eq. (4) becomes

a/b M(q) oo a/b M(q)
Z(b_l)/b (%_1) Z ( 1_)Zq —-1/b 1 Z Z¢ b q _1]]( 1_)Zq
o<y, =2
(bp,q)=1

Now replace z with 2%, and solve for the summation to get

2aM(q) h o+l

¢(Q)[[(b7 q) = 1]] 1 — zba = (1 _ Zb)2'

NE

I|
N

q

Include the ¢ = 1 term to finish the proof of Corollary 4.1. |

4.1.2.  The Rayleigh-Beatty Theorem
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The m = 1 case of the following Theorem 4.2 is usually known as
“Beatty’s Theorem”, but was known to Lord Rayleigh earlier (see [13],

Section 92). The essential fact of this proof is that the rationals in (0,m)
are centrally symmetric, and that this symmetry preserves denominators.

THEOREM 4.2. Let a,( be positive reals. Then each positive integer

occurs exactly m € ZT times (altogether) in the sequences (|na])S2

n=1’

(InB))eey ifa dQ and 2+ 5 =m.

Proof. Density considerations imply the “only if” direction.
The conclusion of the “if” direction is equivalent to

iZLnaJ+iZLnﬁJ:m .
n=1 n=1 -2

Set x := é and y := %, so that x +y = m, and both x and y are irrational.

Then

izw” n izmm _ i Snse) 4 i n/y)
n=1 n=1 n=1 n=1
q q
:(%71) Z 1izq+(%71) Z 1izq

P P
o<k o<t
<q <z < q<y
(p,9)=1 (p,q)=1

q
¢y ¥ -2 | ()
0<P<z 0<B<y
(p,g)=1 (p,q)=1

Using the map % — m — % = mfg_p , the summation operator, as applied

q .
to the summand 1%, satisfies

p mq— p
0<5<y m—y< q p<m x<5<m
(p.q)=1 (p,q)=1 (p,g)=1
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since % depends only on g. We have used the equalities (mq — p,q) =
(p,q) and m — y = x. Since x is irrational,

DRI VD M S
0<§<z 0<Z<y  0<Bcz 2<Zam  0<B<m
(r,)=1 (p,9)=1 (p,9)=1 (p,9)=1 (p,q)=1

and so

no n, 1
DR DR I OIS ol [ F=y
n=1 n=1 0<Bca 0<lqy
(r9)=1 (p,g)=1

D P

O<§<m
(p,q)=1

:Zan/mJ —m—
ot 1—-2

4.1.3.  Fourier Expansion

Set t = 1, and consider

oo (Zq/b)M(Q)

Kapp(z,2) =) 2ln/eralbl = za/b (1 1) T
n=1 0<b—p<z
(bp,q)=1

as a function of z. If 0 < %p < x with (bp,q) = 1, then b < b+ %p =
w <b+x and (b(qg+p),q) = 1. Thus

(Zq/b)M(Q) (zq/b)M(Q)
Z 1 — za/b - Z 1 — za/b
0<b?p<:z: b<b?p<b+z

(bp,q)=1 (bp,q)=1
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This means that for 0 <z ¢ Q

g/ M (@)
Kop(z,2+0) = Kop(z,2) =22 (1 =1) Y (j_)zq/b
:c<%p<b+x
(bp,q)=1
/by M (9)
_ La/b (1 _ (22%)
= 2@ (z 1) Z —l—zq/b
0<bl<b
(bp,q)=1

which is independent of x!

Hence for x > b, K, /3(2,2)—Kqa/(2,b| 7 ]) is a periodic function of  with
period b, and we can compute a Fourier Series expression for K, ,(z, ).

While we can compute the Fourier Series of K (x) for general a and b,
the algebra is substantial and the final expression is quite involved. For

a =20, b =1, both the computation and result are more elegant.

For the remainder of this section, we will work with v = 0 and z will
not vary. When this is the case, we drop them from our notation. The

discontinuities of

0 q
()= Kolza) = 3o = (Lo1) 30 5
n=1 0<§<ZL’

(p,q)=1

are a set of measure zero (the rationals), and so are not relevant to com-
puting the Fourier Series. Assume in what follows, therefore, that x is

irrational.
The periodic part of K(x) is

KE)=(-1) ¥ Zo=t-1) ¥ .

o<§<{z} m<§<m
(p,9)=1 (p,q)=1
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We first compute the drift term K(z) — K({z}). If < 1, then obviously

K(z) - K({z}) = |21

K@ -k@@n=(-1 Y Zo-t-y ¥ L

0<§<x LxJ<§<m
(p,q)=1 (p,q)=1
1 24
O<§§@j
(p,g)=1
_ (1 2t 1 21
_(;_1)1—zl+(2_1) Z 1 — 24
0<§<ij
(p,q)=1
=1+ K(|z])
=14+ Z /L]
n=1
=1+Y #n>1:k< o <k 1)k
= 2]
=1+ (lz) - [k=0]) 2
k=0
= |z]3

We now need to compute K ({x}) as a Fourier Series. We write K ({z}) =
> e oo aje(jz), where e(z) = e2™V=17 45 ysual.

Define d,, () to be the number of positive multiples of 1 in the interval
[n,n + 1), so that K(z) = >, dn(x)2". We observe that do({z}) = 0,
and that more generally d,({z}) = >, _ 1X(k/(n+1 J/m)({x}), a sum of
characteristic functions of the intervals (-2

We have

T

1 oo
/K e(jx) d:r—/ Zdn(x)z"e(jx)dx
0
[ee] n k/n

:Zz"/ dn(z)e(jr)dr = Zz"Z/k e(jz)dx

n=1 0 n=1 k=1 /(n+1)
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From this point we need a separate analysis for j = 0.

e’} n k/n 'S n
ao:Zz”Z/ 1dw—Zz”(n n+1)2k

n=1  k=17k/(n+1) n—1 k=1

For j # 0 we will need to evaluate the geometric sums 3 ¢_, e(££) = n [n|j]

and >, _, (njfl) (n+1)[n+1]j] - 1.
Now, writing o,(j) :== Y. . nz"

[e.°]
aj=) 2

n=1 *1

nlj

n

— (e — e(E)

i Zz" (nnlj] — (n+1) [n+1|5] + 1)

n=1

W<az ( (j)1)+1fz)
2 (e (5)e0)
Since

etio)+asye—ja) = 1 (1 - (15F) o)) sntemin)

T z

and %2;11 %Sin(gﬂjx) — % — {z} we have

KD = 5 - 123 (25 - (55) 7)) sntemio

J
A=} 1 11—z a.(j)
T 12z 2+7T Z

The Fourier Series converges where K (z) := > >~ zl"/=] is continuous,
i.e., at irrational x, and averages the left and right limits where K (x) is
not continuous. We have shown

THEOREM 4.3. K(x):= Y00 2I"/=) with 0 # |2| < 1 satisfies

_ 1 11—z O'Z ]
(K(y — o )+K(y—>x+)):172—§ = Z SlIl27Tj.’L‘)
Jj=1

N | =
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This theorem can be used to gain information about the arithmetic func-
tion o, (n).

COROLLARY 4.2. If |z| <1 then

i n0:(2n+1) T =z
m+1 41422

n=0

Proof.  We can use the definition of K(x) to compute the left and
right limits: K(y - (3)) =20, 2 = 1244 and K(y — (i)Jr) =
Yoo ATl = . The left-hand-side of Theorem 4.3 is 12 +Zz4 .

Since sin(27m ) =0ifniseven, 1ifn =1mod 4, and —1 1fn = 3 mod 4,
the summation ZZO=1(U (n)/n) sin(27n x) simplifies to > (—1)"0.(2n+
1)/(2n+1).

Theorem 4.3 is now

124428 1

1
21—24 1-—z §+; z

which can be rearranged to give the corollary. |

Corollary 4.2 can be used to compute rational approximations to m, al-
though it is exceptionally poor for such purposes. Using the first 5 terms of
the sum and taking z —  (the optimal choice), we get 7 ~ ?g?gg ~ 3.60.
The first 10000 terms give only 7 =~ 3.1413.

4.1.4. Integrals

In computing the Fourier Series of K(x) := > o7, 21"/*] we computed
the integral fo )™ dx for each integer j. There are other integrals
involving K (x) Wthh we can compute

Consider the integral A := fo x)dz. If we use the transformation

x — 1 — 1z, we see that A = fo 1 — z)dx. Addmg these gives 2A =
fo )+ K(1 —1x)) dr = fo 1)dz = %, as 1 and {1 satisfy the

-z T -z

hypotheses of Beatty’s Theorem (at least on the 1rrat10nals a set of full
measure). Thus fol K(z)dr = 577-

The above integral can also be computed by substituting K (z) = >° 7 dp(2)2"
and juggling the summations and integrals as was done in the computation
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of the Fourier coefficients. In fact, we can also compute:

1
1+2 1-—
/ 22K (x) dx = s + z In(1 — 2)
0 12(1 — 2) 12z

! 1+ 3z 1—2z
/ K(z)dz = 12(1_Z)+12Z In(1— 2)

/K dx——l_z
/ (z) x:;znln (1+34)m™)
/ K(x) ler;(l—z)

z—1

With z = %, we get

1 2
K@) 4y~ o g(ln2)2 +Z

4.1.5.  Expansions of Borwein & Borwein

In (1993) [3], “On the Generating Function of the Integer Part: [na++],”
the generating functions

00 o0 [na+y]
Gan(t 2) = ZtnzL"aJﬂJ; Fo(t z) = Zt” Z 2™
n=1 n=1 m=1

are analyzed. Assuming that na + v is never an integer and that all sums
converge absolutely, they show (for p,, /¢, a convergent to «, and particular
integers sy, 1)

(_1)n+1trn25n

t 1 -z
Go (1t
7’)’( Z) 1 — t z nZ::O (1 — t4n an)(l — t9n+1 ZPn+1)

0o
)n+1tT”ZS”
a’y t Z Z 1 _than 1 _t(ln+1zpn+1)'

These are used to demonstrate that

1-2 ZthLnaj_
TO++’

Ti+ 755
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where

and

1 L(t‘anl anfl)_anj — 1

L= o [(tan—12pn—1)—1] —1

with a,, the partial quotients and p, /g, the convergents to a.
To these expansions, our Main Theorem adds

P /b M(q)
Gaantr) = (1-1) 3 G20
O<%v<é
(bp,q)=1
tz b (tpz/0) M
Foap(t,2) = 1-tHl-z / bz 1 —tbpza
0<7p<é
(bp,q)=1

where M (q) satisfies 1 < M(q) <band M = —¢~'a (mod b).
This forces the duality relation

z tz
TGt 2) + Fasltd) = gy

which [3] leans upon heavily, to our attention. This duality relation and
the functional equation

tz

(1-t)(1-=2)

are combined to give a new proof of a theorem of Fraenkel: for @ > 0
irrational, the sequences (|na +v])52; and (|nas + /)32, partition the
positive integers if and only if é + i =1,7€[0,1),and I + ZT; =0.

The techniques in this paper do not seem to yield the functional equation
(which is proved directly in [3] by noting that either 1 < m < [na + ] or
1 <n < |(m—7~)/a] and not both), or results such as Fraenkel’s Theorem
that depend on the functional equation, because one of v, —ya~! must be
irrational. Our Main Theorem still applies, but the set D and the function
f(r) are too complicated to be very useful.

Faﬁ(t, z) + For ot (z,t) =
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4.2. Dirichlet Series
Let ¢(z,a) := Y o2 ,(n+ a)~* be the Hurwitz Zeta Function. The Rie-
mann zeta function is given by {(z) := {(z,1). Our Main Theorem applied
to g(z,n) == [2 + k| 7%, with k € ZT gives

THEOREM 4.4. Let z have real part %(z) > 1, 0<x € R, and k € ZT.
Then

PBIFRTI e DI ((CA RS RCCR R E

n=1 O<§<w
(p,q)=1

This theorem serves as well as Theorem 4.1 in our proof of the Rayleigh-
Beatty Theorem, where the requirements is only that summand depends
on g and not p.

Setting x = k = 1 and including the ¢ = 1 term gives the novel equation

COROLLARY 4.3. IfR(z) > 1 then

Note that the left-hand-side does not depend on z.

4.3. Difference Beatty Sequences

We can also use our Main Theorem to study sequences such as (|ana| —
bna])se, (with a,b € Z and a > b > 0).

THEOREM 4.5. Suppose that |z| < 1, > 0 irrational, and a > b > 0
are integers. Then

00 B fﬂa,@p,@
Zjlzm/xj P = (2-1) X T e

0<§<r
(p,)=1
where R(a,b,p,q) is defined by
(Pa)=1  g(a—b)j (p,b)—1 q(a b)j

Rlabpq) = > 28 ootz 3 lwn
j=1

Jj=1
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Note that R(a,b,p,q) is a polynomial in z, and in particular that if
(p,a) = (p,b) =1, then R(a,b,p,q) =0.

In deriving Theorem 4.5 from the Main Theorem, one sets g(z,n) =
zlan/z]=lbn/e] If g(. n) is not continuous at r, then either % € Z or
an € Z. The reader is reminded that D need only be a superset of the set
of discontinuities of the g(-,n); we may take D := Q. As g(-,n) may be
left-continuous at some points and right-continuous at others (and possibly
neither), we must restrict our attention to x ¢ D, i.e., to irrational x.

We find—as in earlier examples—that o = 0. Finding

R(a,b,p,
£y = (2 - 1) Robpd)

is more involved than in the earlier examples, but still involves only routine
manipulations.

4.8.1. A New Beatty-Type Theorem

00
n=1’

THEOREM 4.6. Let S(x) = (|2nz]| — |nx])
Then, as multisets,

and suppose that o > 0.

S(@)US(B)=81)uS(5) & agQand +5=1+ 5.

We attack Theorem 4.6 much as we attacked Theorem 4.2. Density
considerations give the “=” implication. On the other hand, S(a)US(8) =
S(1)uS(5) only if

3 plznal-lne) 4 $7 plnp-1n6) _ 57 planl-ln) 4§ 4l2na/2)-lna/2)

If suffices, by Theorem 4.5, to prove that

oo otm+ D> =D fm+ D> f),

reDN(0,1/a) reDN(0,1/8) reDN(0,1) reDN(0,1/(a/2))

where f(r) =0 unless r = %Tp with (2p,q) = 1, and f(%p) does not depend
on p. At this point we see that Theorem 4.6 hinges on counting the ra-
tionals with even numerator and odd denominator in the intervals (0, i),
(0, %), (0,1), and (0, QL/Q) In the proof of Theorem 4.2 this counting was
handled by a simple bijection. Since the intervals concerned here are more

complicated, we must be content with a more involved counting argument.
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Proof. Set x := é and y := % Density considerations demand that, if
S(@)US(B) =S US(§), thenw+y =L+ 5 =1+ 5 =145 We
assume in what follows that z +y =1+ 3,ie,y=1- 3.

First, observe that for any v € R and k € 7Z,

120] — [o) = —|L —v) =k — [k + 1 —v].
Replace v +— $q and k % = [%qJ to get

o) = Lbal = 155+ 3 = %) = 3o~ LG - %))

[2a) -1

(8

Since x is irrational, we may write this as

[5a) —[§al+1=13] - [(5—%)al +1 (5)

Eq. (5) gives us the middle equality in

{peZ:5<P <a}l={peZ:§a<p<iqll
=peZ:(5-%)qa<p<3d (6)
={pezZ:(1-%) <2 <1y,

Set
qu{peZ:%<%p<m, (2p,q) =1}
and

qu{pEZ:l—%<%”<1, (2p,q) = 1}.

Since (2p,1) =1, Eq. 6 above shows that |A;| = |B;|. We now proceed by
induction to show for ¢ odd that |A4| = |By|. Note that the cardinalities
of A, and B, are the same as those of

A*:{Q_p;§<2q—”<x, (QP,Q)Zl}
and

33:{%=1—§<2§<w7(2p7q)=1}-

Moreover, if s and t are distinct odd numbers, then A% and A} are disjoint,
and so are B} and B;. Now we have

[Aal = |Agl = |Bal = | B
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for d < g, d odd, by the induction hypothesis. Hence

DN

Vs < <o = Ui = il = 1

dlq d|q d|q

= [Ag| = |Bq| + Z |Ba| = [Aq| — |Bq| + |Ud|qB;
dlq

\A\—|B|+’{§;1—g<2p<x}‘ (7)

a

Combining Eq. 6 with Eq. 7, we find |A,| = |By|, completing the induction.
Thus, defining f(q) = (% — 1) R(2,1,2p,q)/ (1 — 29) = %f_;zith/%, we
have

Z flq Z|A*|f Z\B:;u(q): Z fl@). ()

=L i~ 1 1
2<q<:1; qodd q odd 72<q<

(2p,q9)=1 (2p,q)=1

Since z is irrational, (£,2)NQ = ((0,z) \ (0,%))NQand (1-%,1)NQ =
((0,1)\ (0,1 = %)) NQ. Thus Eq. 8 implies

o fo- Y flo= > fo- Y. fl@

2p 2p =z 2p 2p z
0<=- 0<="<3 0<=-<1 0<=*£<1-%
< q <z < q <2 < q < < 4 < )
(2p,9)=1 (2p,9)=1 (2p,9)=1 (2p,9)=1

Now, Theorem 4.5 reads, with a =2, b = 1:

Zztznm /el = S (g

2p
0<—<x
q

(2p,q)=1

Since y = 1 — 5, Eq.

(9) can be written as G(z) — G(5) = G(1)
whence S(a) US(B) =S5

) _
()US() =SM)US(z5)=51)Us(E). |
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