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Dumont’s 3-parameter functions (1981)4 � 5 6 77 ! � ! 6 77 5 � ! 5 77 6 is a derivation, so 8 � 9
is multiplicative

: � : 
 � ; ! � 5 � 6 � � 8 � 9 ! � � � � : � 
 ! � 5 � 6 � � �
$ '

� ! � 5 6 � � ! 
 5 
 � 6 
 � �  � 5 6 
 ( ! 
 � 5 
 � 6 
 � � %2 � / / /
4 : � � : � " #

: �
is a homogeneous integer polynomial in

! � 5 � 6 of degree
$ � �

Similarly < � 8 � 9 5 and = � 8 � 9 6
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Let
: > � ?? � :

The key calculation
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Consequences

Chain rule and
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The identity
: > � < = leads to: � " # �

�
C D � $ E < C = � F C �

and, using the symmetry between
:

, < and = , we obtain a quadratic,

unbounded recursion for the coefficients

Better

The definition of
4
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give a three-term, linear recurrence for

the coefficients, hence we can obtain the expansions of � � , 0 � and 1 �
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Myung (1998)

Let G � H : � I < � J =
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Assume that H � I � J
commute with each other and with

! � 5 � 6 , and that
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Since
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The coefficient of H is
:

, etc.

Problem?

Letting K � I � J
, we have H K � #
 K so thatH 
 H K � � #) K but
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A non-associative algebra
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Hermite’s observation (1863)
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The Landen transformation (1775)

Substituting
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A consequence of the Landen transformation is
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