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sn(u,k) dt sin(w) dt
= U just like /
0 V(1 —12)(1 — k2t2) 0

So sn(u,0) = sin(u) and sn(u, 1) = tanh(u)
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where P, (x) is the Legendre polynomial

So Taylor series for sn(u, k) is the inverse series (Lagrange inversion) of

2 1 2n+1
2k 2n + 1

n>0




3 5
sn(u, k) = u— (1+ k) 57 + (1+ 4k% + &) o
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cn(u, k) = /1 —sn2(u, k) and dn(u,k) = /1 — k2sn2(u, k)
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dn(u,k) =1 — k2§ + (4k* + /~c4)I — (16K? + 44k* + /cfi)a -



Dumont’s 3-parameter functions (1981)
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+ xz—~— + xy— Iis aderivation, so e

D=yig, By 9z

is multiplicative

X =X(wz,y,2) =Pz = ZXn(a:,y,z)u—'
n!

n>0
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X,, is a homogeneous integer polynomial in x,y, 2z of degree n + 1

Similarly Y = e*®y and Z = e%®2



let X' = 2 X

Uu

The key calculation

X' = 3X = 3e“’@x = "? Dz = "Pyz = (¢"®y) (e"P2) =Y Z

Similarly Y/ = XZ and 7' = XY



Consequences

Chainruleand X' =Y Z imply

(X% =2XYZ

Similarly (Y?2)! =2XY Z and (Z%) =2XY Z

Thus X? — Y? is constant, i.e., independent of u

X2 Y2 =g%— 2 X2 7?2 =2—2° and Y?—27%=qy*—2*



Now
(Xl)2 — Y2Z2 — (332 . y2 . X2)($2 . 22 . X2)
Let z =0, y =1 and z = 1k, then
X/
VI- X - X7)
so X (u;0,i,tk) = —ksn(u, k)

= 1,

Similarly

Y (u;0,14,ik) = idn(u, k)
Z(u;0,1,1k) = ik cn(u, k)



The identity X' = Y Z leads to
. /n
Xn—l—l — Z ( .)Y}Zn—ja
j=0

and, using the symmetry between X , Y and Z , we obtain a quadratic,

unbounded recursion for the coefficients

Better

The definition of ® and ® X,, = X,,+1 give a three-term, linear recurrence for

the coefficients, hence we can obtain the expansions of sn, cn and dn



Myung (1998)

Let
S=aX+p8Y +~v7

Since X'=YZ,Y' =XZ and Z/' = XY,

S'"=aYZ +BXZ+~vXY

On the other hand

S? =26vY Z 4+ 20vX 7 + 2a8XY
—|—OZ2X2 +/62Y2 +/72Z2



Assume that «, 3,7 commute with each other and with x, y, z , and that

o =3 =~4"=0, af =3y, ay=30, By=30

then

51252

un
If S = Z Sn—' so that .S, = aX,, + BY, + vZ,, , this differential equation
>0 n!
corresponds to the recursion

- n
Spy1= ) ( .>5j5n—j
j=0

J
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Since So = ax + By + vz,

S, =S5; = 2a0xy + 2avxz + 20vyz
= ayz + Brz + yxy
Sy = 2505 = 200(z%z + y*2) + 20y (x?y + y2?) + 267v(xy® + x2?)

= ax(y? + 2°) + By(x® + 22) + yz(z* + y?)
Ss = 25055 + 25% — exercise

The coefficient of a is X , etc.

Problem?

Letting 0 = 8 + v, we have ad = %(5 so that

a(ad) =76 but  (aa)d =0

1
4
A non-associative algebra
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Hermite's observation (1863)

2 4 6

n(u, k) = 1= oo + (1+4k%) 70 — (14 44k% + 16k")
8

+ (1 4 408k* + 912k* + 64k6)§

Multiply coefficients by k and substitute kK = cos 6 :

k(1 + 4k*) = 4cos + cos 30
k(1 + 44k* 4+ 16k*) = 44 cos 0 + 16 cos 30 + cos 56
k(14 408Kk? + 912k* + 64k°) = 912 cos 6 + 408 cos 30 + 64 cos 50 + cos 70
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The Landen transformation (1775)

Substituting

z =

2

XY
in 7 gives X (u;a,b,c)

If a =20,

XY
(50, Ve, b5

13

2

b+ c \/a2+bc+\/(b2a2)(c2a2)
= 3 Y=

X (u;0,b,c)



A consequence of the Landen transformation is

e cn(ue™? e?) + e 9 cn(ue?, e72Y) = 2cos 6 cn(u, cosh)

With
2n
_ n 1,27 U
Cl’l(’u,, k) T nzj(_]‘) Cnajk ’ (277,)"
n—1 n—1
Z Ch,qcos((2n — 4qg — 1)) = Z Cp.pcos?Pthg
q=0 p=0

Thus linear equations for the C, ;
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