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Abstract

We list several open problems concerning the enumeration of directed animals on two-dimensional
lattices. We show that most of these problems are special cases of two central problems: calculating the
position generating function and the perimeter and area generating function for square lattice animals.

We propose a possible direction for solving these two problems: we extend Dhar’s correspondence
between hard particle gas models and enumeration of animals according to the area, and show that each
of the main two generating functions is, essentially, the density of a one-dimensional gas model given by
the stationary distribution of a probabilistic transition.

We are able to compute the density of certain stationary distributions. We thus obtain new bivariate
generating functions for directed animals on the square and triangular lattices. We derive from these
results the generating functions for animals on the decorated square and triangular lattices, as well as
the average number of loops in directed animals.

1 Introduction

An enimal A on a graph G is a finite connected set of vertices: any two vertices of A are connected through
a path of G having all its vertices in A (Figure 1). The vertices of 4 are called cells, and the number of
cells is the area of the animal. A neighbour of A is a vertex that does not belong to A, but i1s connected by
an edge to a cell of A. The (site) perimeter of A is its number of neighbours. On a periodic infinite graph,
animals are usually defined up to a translation.

Figure 1: An animal on the square lattice (area 22, perimeter 28).

These simple combinatorial objects are also of interest in statistical physics. For instance, they are the
main ingredient of cell growth models. Moreover, enumerating animals according to their perimeter and
area solves the (site) percolation model on G [6].

According to Stauffer [21], one calls these configurations “animals” since they have a certain similarily
with multicellular living beings which might enter your nightmares of you counted them too long. Indeed,
enumerating animals on a periodic infinite graph seems to be a nightmarish problem. To our knowledge,
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the most precise rigorous result in this field is the following [18]: there exists a constant K such that, if a,

denotes the number of square lattice animals having n cells, then arll/n tends to K when n tends to infinity.
Finding lower and upper bounds for K is difficult, and the first digit of K is not yet known:

3,87 < K < 4, 65.

Some non rigorous — but much more precise — results assert that K ~ 4.0626 [15].

One can define more tractable animals by considering an oriented graph GG having a distinguished vertex
O, called the origin. If an edge goes from v to w, then w is said to be a son of v, and v a father of w. A
directed animal A on G is a finite set of vertices containing O, such that any vertex of A can be reached from
O through an oriented path of G having all its vertices in A. The origin O is the source of A. The vertices
of A are called cells, and the number of cells is the area of the animal. The neighbours of A are the vertices
that do not belong to A but have a father in A. The (site) perimeter of A is its number of neighbours. This
definition generalizes the notion of (undirected) animals given above since unoriented graphs can be seen as
a special kind of oriented graphs, by replacing each unoriented edge by a pair of oriented edges. From now
on, we only deal with directed animals, and the word “directed” will often be omitted.

We study in this paper directed animals on the square, triangular and honeycomb lattices. Examples
are given in Figure 2. The edges are oriented upwards in all lattices. The leftmost animal has area 12 and
perimeter 10.
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Figure 2: Directed animals on two-dimensional lattices.

Directed animals are related to directed (site) percolation models. Moreover, as shown by Dhar [12],
enumerating directed animals according to the area on certain graphs is equivalent to solving a hard particle
model on another graph. For instance, directed animals on the square lattice correspond to a simple hard
particle model in one dimension, but animals on the honeycomb lattice do not correspond to any hard
particle model. A combinatorial proof of Dhar’s result has also been given using the notion of heaps of
pieces [4, 22]. As illustrated in Figure 3, a hard particle model is a gas model in which two adjacent vertices
cannot be simultaneously occupied by cells.

anpe
sk

[

11

[

Figure 3: A hard particle configuration on the square lattice.

Actually, the correspondence between directed animals and hard particle models is not only a motivation
for studying animals. It is also a very efficient way of enumerating them according to the area, for the few
exact known results in this domain can be obtained by solving the corresponding gas model. The main
two results are the area generating functions for directed animals on the square lattice and on the three-
dimensional next-nearest neighbour cubic lattice drawn in Figure 4(a) [11, 12]. For square lattice animals,



there exists, besides the gas model argument, a very simple and nice combinatorial proof based on the
notion of heaps of pieces [3, 4, 22]. However, this combinatorial method has not (yet) been extended to
animals in three dimensions, for which the very difficult solution of the corresponding gas model, called the
hard hexagon model, remains the unique enumeration technique [2].

Proposition 1.1 [3, 4, 11, 12, 14] — The area generatling function for square latlice directed animals is

So(t) = % ((1 - %)_1/2 - 1) .
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Figure 4: Three-dimensional oriented lattices.

Looking upon animals as heaps of pieces shows that the area generating function for directed animals
on the triangular lattice is obtained by replacing ¢ by /(1 — t) in the area generating function for square
lattice animals. Similarly, the same substitution, performed on the generating function for animals on the
lattice of Figure 4(a), gives the area generating function for animals on the lattice of Figure 4(b). Actually,
what we obtain is a refinement of the area generating function. Let us describe it in the triangular lattice
case (Figure 2 (b)). Let v be a cell of a directed animal A. We say that v is only supported at the center if
the vertex placed just below in the same column is the only father of v lying in A. The number of cells of
A only supported at the center is denoted ¢(A4).

Proposition 1.2 — The generating function for directed animals on the triangular lattice, counted accord-
g to their area and number of cells only supported at the center, is

To(t, w) = Z Al e4)
A

it
=S5
0(1—tw)
1( 4t —L/2
= ((1-—— —1).
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In particular, the area generating function for directed animals on the triangular lattice s

To(t) = % ((1—a7 1), (1)

Finally, Conway, Brak and Guttmann have conjectured simple algebraic expressions for the generating
functions for directed animals on the decorated square lattices [9]. These conjectures have been proved by
Ali [1]. More details on these lattices are given in the following sections, together with a new proof of Ali’s
results. We also introduce some decorated triangular lattices and give simple algebraic expressions for the
generating functions of directed animals on these lattices.

The animals above are sometimes called site-animals to distinguish them from bond-animals, which are
connected sets of edges. More precisely, a (directed) bond-animal 4 on an oriented graph G is a finite set
of edges such that each edge of A belongs to an oriented path of G starting from O and having all its edges
in A. The area of A is its number of edges. The neighbours of A are the edges that do not belong to A, but
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Figure 5: A directed bond-animal on the square lattice (area 21, perimeter 21).

whose starting point belongs to an edge of A. The (bond) perimeter of A is its number of neighbours. The
enumeration of bond-animals according to their perimeter and area is related to bond-percolation models.
When there is no risk of confusion, we will continue to use simply the word “animal” to denote site-animals.

As far as we know, we have mentioned all exact known results concerning the enumeration of animals.
By elimination, one can obtain an infinite list of open problems. Here is, however, a tentative classification.

e The area is the only parameter for which exact enumerations are available. One could try to take
into account other parameters, such as the perimeter, given its crucial role in percolation models. It
is known that the perimeter generating function for square lattice animals is not algebraic [7, §].

e Nothing is known about bond-animals.

e The honeycomb lattice raises serious difficulties, for animals on this lattice do not behave like animals
on the square or triangular lattice. In particular, their area generating function does not seem to be
algebraic [16], and the asymptotic number of animals having n cells, which is respectively 3" /y/n and
4" /\/n for the square and triangular lattices, is (2.0251...)"*/+/n for the honeycomb lattice [13].

e Other lattices could be studied in two, three (and more...) dimensions. In particular, the enumeration
of directed animals on the lattice of Figure 4(c¢) corresponds to the famous unsolved hard square model.

We focus in this paper on two-dimensional directed animals. We list in the following section several
open problems concerning their enumeration. We show that all these problems (including the enumeration
of bond-animals on the square lattice, the enumeration of site-animals on the honeycomb lattice, etc.) are
special cases of two central problems: calculating the position generating function and the perimeter and
area generating function for square lattice animals.

How can we compute these generating functions? A natural idea 1s to extend one of the two methods for
enumerating square lattice animals according to the area, i.e., the link with hard particle models on the one
hand, and the idea of heaps on the other hand. It turns out that the idea of using heaps is not, at least at
first sight, easily generalized. Its main drawback is that it turns the arrangement of rows of an animal upside
down whereas both the position of cells and the perimeter are closely linked to this arrangement. Therefore,
we have concentrated on Dhar’s idea, and have extended it to take into account additional parameters.

Our central result is that the position generating function and the area and perimeter generating function
for square lattice animals — and consequently all generating functions mentioned in Section 2 — are,
essentially, the density of a certain one-dimensional gas model. The cell distribution of this gas is the
stationary distribution of a simple probabilistic transition.

These transitions are described in Section 4. They are characterized by four parameters pq, ps, ps and
pa. When

p1pa(l — p2)(1 — p3) = paps(1 — p1)(1 — pa), (2)

the stationary distribution and its density have simple expressions. Alas, the position generating function
is related to the transition (p1, pa, ps, paps/p1) while the area and perimeter generating function is related
to the transition (p1,p2, p2, p2), and neither of these transitions satisfies (2)... However, when ps = 0, the
first transition satisfies (2) and is combinatorially significant. We thus obtain a new bivariate generating
function for directed animals on the square lattice. We derive from this result the generating functions for
animals on decorated square lattices, as well as the average number of loops in animals of given area as
conjectured by Conway [7, 8].



Similarly, we obtain for animals on the triangular lattice a new bivariate generating function, from
which we derive the generating functions for animals on decorated triangular lattices as well as the average
number of loops in animals of given area as conjectured by Conway. These results do not follow from the
corresponding square lattice results. Surprisingly, animals on decorated triangular lattices are equinumerous
with triangular lattice animals.

To finish, here is the history of this paper. I had conjectured the values of the two bivariate generating
functions mentioned above (Propositions 6.1 and 6.4). Since I was not able to prove them “combinatorially”,
I tried to extend Dhar’s method, and discovered that the main open problems on two-dimensional lattices
were equivalent to the solution of a gas model. Although I could only solve this model in some special cases
— thus proving the two conjectures — I believe that the general correspondence between directed animals
and gas models is worth being presented, and could maybe lead in the future to the solution of certain other
open questions.

2 A survey of open problems

2.1 The position of cells in a square lattice animal

Let us consider a directed animal A on the square lattice. Let v # O be a cell of A. Three cases occur,
illustrated by Figure 6. In the first case, we say that the cell v is only supported on the right, in the second
case, that it is only supported on the left, and in the third case, that v is a loop (in Figure 6, the vertices
belonging to the animal are denoted by black circles, and the others by crosses). We denote r(A) (resp.

v v v
Figure 6: The three cases for the square lattice.

£(A)) the number of cells of A only supported on the right (resp. left). The number of loops of A is
b(A) = |[A| —r(A) — £(A) — 1.

Definition 2.1 — The position generating function for directed animals on the square lattice is

Si(t,u,v) = ZﬂAlur(A)vZ(A). (3)
A

The loop generating function for directed animals on the square lattice is

Sp(t,w) = Al (4)

=w LS (tw, w™t wh.
The sums are over all the square lattice directed antmals.

Of course, we have S1(¢,1,1) = So(¢) and S1(t, u,v) = S1(¢,v,u). The series S1(¢, u, v) has two interesting
specializations, namely S (¢, u, u) and Sy(¢, u,1):

e the perimeter and area generating function for bond-animals on the square lattice can be computed
from Si1(¢, u, u) (equivalently, from S, (¢, w)),

e the area generating function for animals on the decorated square lattices, studied by Conway, Brak
and Guttmann [9], can be computed from Sy (¢, u, 1),

e the average number of loops in animals of given area can also be derived from Sy (¢, u, 1).

We compute S1(¢, u, 1) in Section 6.



2.1.1 Directed bond-animals on the square lattice

Let B be a directed bond-animal on the square lattice. Let V(B) be the set of vertices belonging to an edge
of B. By convention, V(B) = {0} if B is the empty animal. Then V(B) is a site-animal. Since two edges
start from each cell of V(B), the bond-perimeter of B is

p(B) =2|V(B)| - |B|. (5)

Conversely, let A be a site-animal. We wish to obtain all bond-animals B such that V(B) = A. Let B be
such an animal. For any vertex v belonging to A\ {O}, B must contain an edge ending at v and having its
starting point in A. If v is not a loop of A, there is a unique way of choosing such an edge. Otherwise, one
can either choose one of the two edges ending at v or both of them.

Hence, the area generating function for bond-animals B such that V(B) = A is

Jr(AHLA) (2t +t2)b(‘4).

More precisely, according to (5), their area and perimeter generating function is
\TAHA) oy g B4
(5 )
x r oz

Proposition 2.2 — Let Si(t,x) be the area and perimeter generating function for bond-animals on the

square lattice:
Sy(t, x) = ZﬂAlxp(A).
A

This gives the following result.

We have
i i
Sb(t,l‘) = ?S[ (tl‘,?—i— ;)

where Sp(t, w) is the loop generating function for site-animals, defined by (4).

2.1.2 Directed animals on decorated square lattices

In their attempt to understand why the area generating functions for animals on the square and honeycomb
lattices do not have similar behaviours, Conway, Brak and Guttmann have introduced new lattices, called
strange lattices [9] or decorated square lattices [1]. They conjectured algebraic expressions for the area
generating functions of directed animals on these lattices. We show here that these generating functions are
specializations of Sy (¢, u, 1).

The n—decorated square lattice is obtained from the usual square lattice by adding n vertices on each
South-East/North-West edge. The edges of the new lattice are still oriented upwards (Figure 7).

\n decorations

Figure 7: Square lattices with n decorations and 1 decoration.

Let B be a directed animal on the n—decorated (square) lattice. The set S(B) formed with the cells
of B lying on the original square lattice is a square lattice animal. Conversely, let A be a square lattice



animal. We wish to obtain all animals B on the n—decorated lattice such that S(B) = A. Such an animal
B contains the cells of A. Moreover, if a cell v of A is only supported on the right, then B contains the n
vertices lying on the SE/NW edge ending at v. On the remaining SE/NW edges starting from a cell of A
(there are |A| — r(A4) such edges), B may have 0,1,2,..., or n cells (Figure 8).

Figure 8: From an animal on the square lattice to an animal on the 2-decorated lattice.

Let us give to B the weight
g SBN Y BI=1S(B)]

The generating function for animals B on the n—decorated lattice such that S(B) = A is

Al-r(A
l‘lAl (yn)T(A) (1_|_y_|_y2 _|__|_yn)| [=r( )
This gives the following result.
Proposition 2.3 — Let Sy, (z,y) be the area generating function for animals on the n—decorated square
lattice:
San(z,y) = ZxIS(A)IyIAI—IS(A)I

A
where |S(A)| is the number of cells of A on the underlying square lattice. We have

1 —qyntt 1—y
Sd,n(xay) :Sl (l‘ 1_y ’ynl_yn-l—l’l

where S1(t,u,v) is defined by (3).

2.1.3 The mean number of loops

For n > 1, let
b= 3 b(A)
|Al=n
be the total number of loops in animals of area n. The mean number of loops in animals of area n is b,
divided by the number of animals of area n. Let S, (¢) be the generating function for the b,’s:

Sm(t) =3 bat™ = b(A)Al

Of course, we have
S,
Sm(t) = —(t,1
1= 2.0
where Sy(t,w) is the loop generating function, defined by (4). However, Sy, (¢) can also be derived from

Sl (t, u, 1)
Proposition 2.4 — The generating function Sy (t) is given by
dSo 951
Sm(t) = t——(t) — Sp(t) — 2——
(1) =122 (1) = (1)~ 22
where the series So(t) and S1(t,u,v) are defined in Proposition 1.1 and Definition 2.1 respectively.
Proof. Use b(A) = |A| — r(A) — £(4) — 1 and S1(t,u,1) = S1(¢, 1, u).

(t,1,1)



To finish this section, we show that the number of cells only supported on the right is indirectly related
to the site perimeter. Let A be a square lattice animal. Let us call right (resp. left) neighbour of A any
neighbour of A4 lying to the north-east (resp. north-west) of a cell of A (Figure 9). A neighbour of A can
be simultaneously a right and a left neighbour.

NN

Figure 9: Right and left neighbours.

Lemma 2.5 — Let A be an animal on the square lattice. The number of right (resp. left) neighbours of A
is 14+ r(A) (resp. 14+ €(A))} where r(A) (resp. {(A)) denotes the number of cells of A only supported on the

right (resp. left).
Proof. Consider the set of vertices that lie to the north-east of a cell of A. It has cardinality |A|, and it is

the disjoint union of the set of cells of A supported on the left and the set of right neighbours of A. One
concludes the proof by noticing that the number of cells of A supported on the left is |A] — r(A4) — 1.

2.2 The site perimeter of directed animals

Let Sa(t,2) be the area and perimeter generating function for animals on the square lattice:

So(t,x) = ZﬂAlxp(A).
A

Similarly, let Hs(¢, ) be the area and perimeter generating function for animals on the honeycomb lattice.
No formula for these series is known. Moreover, no formula is known for Hs(?,1) whereas Sa2(¢,1) = Sp(?)
is given in Proposition 1.1. Both series are related to directed site-percolation models, on the square and
honeycomb lattices respectively [5, 6]. The percolation probability on the square lattice is

Ps(p) =1~ ]%Sz(p, 1—p) (6)

where p denotes the probability for a site to be occupied. A similar identity holds for the percolation
probability on the honeycomb lattice:

Pu(p) = 1—%Hz(p,1—p)~ (7)

It turns out that computing Sa2(¢, ) is equivalent to computing Hs(t, z) [13].

Proposition 2.6 — The area and perimeter generating functions for animals on the square and honeycomb
lattices are related as follows:
Ho(t,x) =te + S (1%, 2(1 + 1)) .

Proof. There is a one-to-one correspondence ® between animals of area > 2 on the honeycomb lattice and
pairs (A, A) such that A is a square lattice animal and A’ is a set of neighbours of A. This correspondence
has the following properties, which imply the proposition: if ®(B) = (A4, A'), then

Bl =2Al+ |4 and  p(B) = p(A).

To describe @, we first draw on the honeycomb lattice H a square lattice & whose vertices are the vertices
of H having two sons (Figure 10). Let B be an animal of area > 2 on the honeycomb lattice. Let A be the
set of vertices of B lying on §&. Then A is an animal on §&. Let A’ be the set of vertices of & that do not
lie in B but whose father (in H) belongs to B. Let ®(B) = (A, A’). One checks easily that ® is one-to-one
and satisfies the announced properties.
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Figure 10: From the honeycomb lattice to the square lattice.

Remark. Proposition 2.6 implies that the directed site-percolation probabilities on the square and honey-
comb lattices (see Equations (6) and (7)) satisfy Pg(p) = pPs(p?). In particular, the critical probabilities
satisfy p? = (pf)2.

The correspondence @ provides another identity between two generating functions. Let H; be the set
of vertices of H having a unique son. Let Ho = H \ 'H;. Let A be an animal on the honeycomb lattice. We
denote |A]; = |ANH,| and |A|2 = |[ANHsl.

Proposition 2.7 — Let f]z(u, v) be the following generating function for animals on the honeycomb lattice:
Ha(u,v) = ZU|A|1U|A|2.
A
We have

Ha(u,v) = u+ Sa(uv, 1+ u).

2.3 The position of cells in a triangular lattice animal

The results presented here are very similar to those of Section 2.1 and the proofs are omitted.
Let A be an animal on the triangular lattice. Let v # O be a cell of A. Seven cases occur now, defined
in Figure 11. We denote r(A) (resp. £(A), ¢(A4)) the number of cells of A only supported on the right (resp.

v v v v v v v
only supported  only supported  only supported
on theright on the left at the center simple loops double loop

Figure 11: The seven cases for the triangular lattice.

on the left, at the center). The number of simple loops is denoted sb(A). The number of double loops is
db(A) = |A] — r(A) — L(A) — c(A) — sb(A) — 1.

Definition 2.8 — The position generating function for directed animals on the triangular lattice is
Ti(t, u, v, w,2) = Zt|A|UT(A)UZ(A)wC(A)xsb(A). (8)
A



The loop generating function for directed animals on the triangular lattice is
Tt y) = Y ety (9)
A

1

=y 'Tity,y~ Ly oy ey,

The sums are over all directed animals of the triangular lattice.

Of course, we have T1(¢,1,1,w,1) = fo(t, w) (see Proposition 1.2) and Ty (¢, u,v,w,z) = T1(t, v, u, w,z). A
more amazing (and non-trivial) result is proved in Section 6:

Ti(tu,1,1,1)=T1(¢,1,1,u,1). (10)
In other words,
ZtlAluT(A) - ZtlAluf(A) - ZtlAluc(A).
A A A

The series T (¢, u, v, w, z) has again two interesting specializations, namely T;(¢, z,y) and Ty (¢, u, 1,1, 1).

2.3.1 Directed bond-animals on the triangular lattice

The perimeter and area generating function for directed bond-animals on the triangular lattice can be
derived from the loop generating function.

Proposition 2.9 — Let Ty(t,x) be the area and perimeter generating function for bond-animals on the
triangular lattice:
Ty(t,x) = ZtlAlxp(A).
A
We have )
Ty(t, ) = I, (ta:z,Q + 1,34- gL + t—z)
[ x r oz

where Ty(t, x,y) is the loop generating function for site-animals, defined by (9).

2.3.2 Directed animals on decorated triangular lattices

Although they have not been studied in literature, we can define decorated triangular lattices, by adding
vertices on the SE/NW edges of a triangular lattice (Figure 12).

\n decorations

Figure 12: Triangular lattices with n decorations and 1 decoration.

Proposition 2.10 — Let Ty ,(x,y) be the area generating function for animals on the n—decorated trian-
gular lattice:
Tin(z,y) = Z 2Tl IAI=T(A)]
A

where |T(A)| is the number of cells of A on the underlying triangular lattice. We have

1y 1—y
Tin(z,y) =T (x T ’ynl_yn+1’1’1’1

where Ty (t,u, v, w, x) is defined by (8).

10



2.3.3 The mean number of loops

For n > 1, let

by = > b(A)

|Al=n
where b(A) = sb(A) 4+ db(A), be the total number of loops in animals of area n.

Proposition 2.11 — Let T,,(t) be the generating function of the by ’s:
To(t) =Y b(Ay4l.
A

We have T o7 o7
T (t) = t==(1) = To(1) — 2=—=(¢,1,1,1,1) — ==(¢,1,1,1,1
() dt() 0() 3u(””) 3w(””)’
the series Ty(t) and T1(t,u, v, w, x) being defined by (1) and (8) respectively.
According to (10), this identity can also be written as

dT1 T}
Ton(t) = t—22(1) = To(t) = 375 (1, 1,1, 1, 1).

3 Animals of bounded width

To state our results rigorously, we need to introduce animals of bounded width, already considered in [19].

3.1 Animals on the square lattice

Consider a cyclic oriented square lattice having N cells in each row (Figure 13). Edges are oriented away
from the center, and the vertices of the first two rows are labelled with 1,2,..., N. It is convenient to
consider that the labels belong to the group Z/NZ7Z, denoted [N]. We deal in this section with animals that
may have a source formed of several vertices.

Definition 3.1 — Lel C' C [N] be a subsel of vertices of the first row. A directed animal A of source C is
a finite set of vertices containing C' such that any vertex of A can be reached from a vertex of C through an
oriented path having all its vertices in A.

Figure 13: The cyclic square lattice and an animal of source {1,2,4}.

All definitions given above can be extended to animals of bounded width (area, perimeter, loops, cells
only supported on the right, etc). Since the lattice has now a finite width, we can write a finite system

11



of equations defining the generating functions for animals having a given source. All of them are rational
functions. Let C C [N] be a subset of vertices of the first row. We denote A/(C) the set of neighbours of C
and N;(C) (resp. N, (C)) the set of vertices that are only left (resp. right) neighbours of C. More precisely,

N(C)=CU{i:i—1€C), N(C)={i€C:i—1¢C} and N,(C)={igC:i—1€C}. (11)

Lemma 3.2 — For C C [N], let
SEN)(C) — Zt|A|uT(A)vZ(A)
A
be the position generating function for animals of source C, and let

SEN)(C) — Z 114l p(4)
A

be their area and perimeter generating function. By convention, SEN)(Q)) = SéN)(Q)) = 1. We have

SN E) =4 3T S (D)yul PONHLOLIPANEN, (12)
DCN(C)
Simalarly:
SNy =4 3T SV (D) VeI (13)
DCN(C)

Proof. If A is an animal of source C, then A’ = A\ C is an animal whose source D is a subset of N (C).
]

The series SEN)(C) and SgN)(C) are related to the series Si(#,u,v) and Sa(t, z) defined in Section 2 by
Jim S™M{1Y) = Si(t,u,v)  and Jim SN = Solt, 7).

We give in Section 5 a probabilistic interpretation of the recurrence relation (12).

3.2 Animals on the honeycomb lattice

Consider the cyclic oriented honeycomb lattice of Figure 14. For C' C [N], animals of source C' are defined
as in Definition 3.1. However, we distinguish now between animals of type 1, that have their source in the
first row of the lattice, and animals of type 2, that have their source in the second row of the lattice.

Figure 14: Animals of type 1 and 2 on the cyclic honeycomb lattice.

Let HEN)(C) be the area generating function for animals of source C' and type 1, defined as in Proposition

2.7:
H(C) = 3 ol
A

12



Similarly, let HéN)(C) be the area generating function for animals of source C' and type 2. The recurrence
relations defining these series are now:

H(C) =l 37 (D)
Dcce

and N N
oYy =o % (D),
DCN(C)

with HiN)(Q)) = HéN)(Q)) = 1. There are two ways of combining these identities. We can either write
gY@y =d S 5y YD Wl (14)
DCN(C) BCC:DCN(B)

or, alternatively, N N
Hé )(C) il Z Hé )(D)UID|(1_|_U)|N(C)\D|.
DCN(C)

Comparing this identity with (13) shows that
Wl () = 57(0)

ift = wv and © = 14wu. Actually, this is again a consequence of the correspondence ® between animals on the
square and honeycomb lattices described in Section 2.2. We give in Section 5 a probabilistic interpretation
of the recurrence relation (14).

3.3 Animals on the triangular lattice

Consider the cyclic oriented triangular lattice of Figure 15. The source of a directed animal is now a subset
of the first two rows of the lattice.

Definition 3.3 — Let C, D C [N]. A directed animal A of source (C, D) is a finite set of vertices such
that

e the set of vertices of A lying on the first row 1s C,
e the set of vertices of A lying on the second row is D,

o any vertex of A lying on another row can be reached from a vertex of C or D through an oriented path
having all its vertices in A.

A cell not belonging to the first two rows is in one of the seven positions described in Figure 11. We denote
r(A) the number of cells not belonging to the first two rows and only supported on the right. For example,
r(A) = 0 for the animal of Figure 15.

Notation. For ¢ C [N], the set {i +1:¢ € C} is denoted CT.
Lemma 3.4 — For C, D C [N], let
T(C, D)=ty
A

be the generating function for animals of source (C, D), counted according to their area and number of cells
only supported on the right. By convention, T(0,0) = 1. We have

7(C, D)= > T(D, ByuEnN(@Dl (15)
ECcN(D)uCc+

where No(C,D)={i€ D:i—1¢ CUD}.
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Figure 15: An animal of source ({1,2,4},{1,2,3,4,5}) on the cyclic triangular lattice.

4 One-dimensional gas models

Let Y = (Y1,Ys,...,Yn) be a vector of random variables taking their values in {0,1}. We consider that Y
describes a gas model (i.e. a cell distribution) on [N]: an element ¢ of [N] is occupied by a cell (a molecule
of gas) if and only if ¥; = 1. For C' C [N] and y € {0, 1}, the notation Yo = y means that ¥; = y for all ¢
in C'. The gas model is completely determined by specifying the probabilities G¢, for C' C [N], defined by

GC IP(YC = 1,ch EO)

with ¢C' = [N]\ C. The density of the gas is the average number of molecules per site, i.e.
1
~ > IciGe.
cc[N]

The model is cyclically invariant if Go+ = Ge for all €, with Ct = {i+1 :i € C'}. In this case, the density
is also the probability that the vertex labelled 1 is occupied. In the following lemma, we give the density of
a cyclically invariant gas model with nearest-neighbour interactions.

Lemma 4.1 — Let a >0 and 3 > 0. We consider the gas model given by
1 _
P(Ye = 1.¥c 20) = 2allg0C)
where No.(C)={ie C:i+1¢C} and

Z=Y alclghel

CC[N]
1s the partition function of the model. Then the density s

AT+ ATTN
AV +AY

where A 5 = (1 4+ o £VA)/2 with A = (1 — «)? + 4af and N, = dX;/da. Moreover,

oz/\—/ = % (1 + (a — 1)A—1/2) :
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Proof. This calculation is very classical in statistical physics (see [2] Chap. 2 for instance). We differentiate
the partition function with respect to « to obtain:

a 07 1
2 22— NG,
NZ da NZC:| |Ge

The right hand-side of this identity is the density of the model, thus we only need to compute Z. Let V be
the function defined by V(0,0) = V(0,1) = 1, V(1,0) = a3 and V(1,1) = a. For y € {0, 1}V, we have

1 N

PV =y = _Hv(yiayi+1)a

N

with yy41 = y1, which gives

N
4= ZHV(%,%H) =tr (VN) =AY +AY

y =1

where A; and As are the eigenvalues of the matrix
1 1
V= ( Ll ) |

4.1 Local transitions
Let (p1, p2,ps, pa) € [0,1]% and suppose that a gas model Y is given.

Definition 4.2 — The cell distribution X induced by Y via the local transition (p1, pa, ps, pa) is charac-
terized by

N

Vo,y € {0, 1}V sit. P(V=y)#0, PX=z/Y=y)=]][P(Xi=a:/YV;i=y;,Yis1 =pip1) (16)
i=1

where

p1if ¥i =yis1 =0,

p2 if yi=1 and yi11 =0, (17)

ps if ¥i=0 and yqp1 =1,

pa if Yi=vyip1 =1

P(X;=1/Yi =y, Yig1 = Yit1) =

In other words, the X;’s are independent conditionally to the Y;’s, and X; depends on the Y;’s by Y; and
Yit1 only. We can visualize this transition on the two-rowed cyclic lattice of Figure 16. Let us call £y

N AN VN N
T
N N Y

Figure 16: The two-rowed cyclic lattice and a local transition.
(resp. L1) the set of vertices of the internal (resp. external) row, and label the vertices in each row with

1,2,...,N. Consider that ) describes a gas model on £;. Then the cell distribution induced by Y via
(p1, P2, ps, pa) is obtained by adding a cell on a vertex i of £g
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e with probability p; if the vertices ¢ and ¢ + 1 of £; are both empty,
e with probability ps if ¢ 1s occupied and ¢ + 1 is empty,

e with probability ps if ¢ i1s empty and ¢ + 1 1s occupied,

e with probability ps if ¢ and ¢ + 1 are both occupied.

The link between gas models and animals will be established by comparing the recurrence relations
defining the generating function for animals of source C' with the expression giving the probability that the
cells of C are occupied in the model X. For C' C [N], we denote fo = P(X¢ = 1) and g¢ = P(Yo = 1). Let
E be a subset of [N], identified with £;. We denote A/(E) the set of neighbours of E, N,.(E) (resp. Ni(E))
the set of vertices of £q that are only right (resp. left) neighbours of E, and N,,(E) the set of vertices of
Ly that are simultaneously right and left neighbours of E. More precisely,

NEY=FEU{i-1:ieE}, N, (E)={ieF:i+1¢FE}, (18)
N(BYy={i¢gF:i+1€E} and N (E)={i€cE:i+1€FE}.

Using the notations (11), we write

Je= > P(X¢=1/Yp =1,Ynene = 0)P(Ye =1, Yaene = 0)

ECN(C)

_ Z p|10r1CN(E)|p|ZCnNT(E)|p|Z))CnN[(E)|p|4€ﬂ./\7M(E)| Z (=1)B P(Ypup = 1)
ECN(C) BCN(C\E

_ Z ()Pl Z (_1)|E|p|1€nCN(E)|p|ZCnNT(E)|pL)CnN[(E)|p|4()r1./\7M(E)|. (19)
DCN(C) ECD

We have used the inclusion-exclusion principle: if AN E = 0, then

P(Yp=1,Y4=0)= > (-)/PIP(Ypup =1).
BCA
4.2 Stationary distributions

Definition 4.3 — The cell distribution given by Y is said to be stationary for the local transition (p1, p2, ps, pa)
of the induced distribution X s the same as Y, that is, if fo = g¢ for all C.

We give some conditions on the p;’s that imply the existence and uniqueness of a stationary distribution for
the local transition (p1, pa, ps, pa) and determine this distribution in the case where p1ps(1 — p2)(1 — ps) =

paps(1 —p1)(1 — pa).
We shall use a result which is well-known in the theory of Markov chains (see [20]). Let @ = (Q(D, C))c pcin
be the stochastic matriz associated with the transition (pi1, p2, ps, pa): if Y induces X, then

P(Xc=1,Xc =0/Yp =1,Yep =0) = Q(D,C).

This matrix is irreducible if for all C and D, there exists an integer n > 1 such that Q"(D,C’) # 0. In this
case, the transition is said to be irreducible and has a unique stationary distribution ), which satisfies:

VO,  P(Ye=1,Yee =0) £0. (20)
Lemma 4.4 — Let us consider a local transition (p1, p2, p3, pa). It is irreducible in the two following cases:
e p1 #0 and (1 —p1)(1 —p2)(1 —ps)(1 —ps) # 0,
® ps # 1 and pipapsps # 0.

Proof. If p; ¢ {0,1}, then Q(0,C) # 0 for all C'. Moreover, if p; # 1 for i = 1...4, then Q(D,0) # 0 for
all D. Therefore, Q?(D,C) # 0 for all C and D. A similar argument holds in the second case.
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Remark. The conditions given in the lemma are sufficient, but probably not necessary. Here are a few
necessary conditions: p; # 0, ps # 1, (p1,p4) # (1,0), (p2,p3) # (1,0), etc...

Finding the stationary distribution of a generic local transition is not an easy task, and we have not been
able to do it. However, we can characterize the irreducible local transitions whose stationary distribution
Y induces a markovian field (X,)) on the lattice Lo U L.

Definition 4.5 — A distribution of cells on the lattice Lo U Ly, given by the random vectors X and Y, is
a markovian field if there exist some functions L; and R;, for i € [N], and a constant Z such thal

L
Z L (Li(ys, i) Ri (i, yig1)] - (21)

Yo,y € {0,1}Y PX=2,Y=y) =

Remark. This is not exactly the usual definition of a markovian field: a random distribution of cells on
a graph is said to be markovian if the state of a vertex ¢ depends on the state of the other vertices by the
state of its neighbours only. Here the graph is £y U £, and the markovian property means that, for all ¢,

P(X;=wi/X; =2,V =y) = P(X; = 2;/Yi = vi, Yig1 = Yit1)

and
P =y/X =2,Yi=19) = P(Y; = yi/Xi—1 = xi_1, Xi = 2;)

where Z; denotes (Z1,. Zic1, Ziv1, -, 4n) T Z2 = (21, ..., Zn). One proves easily that a cell distribution
given by (21) satisfies these identities. Conversely, a theorem of Hammersley and Clifford states that a
markovian field such that P(X =z, = y) # 0 for all # and y can be written as (21) (see [17]).

Proposition 4.6 — Let us consider an irreducible local transition (p1, pa, ps, pa). Its stationary distribution
mduces a markovian field on Lo U Ly if and only if

p1pa(l — pa)(1 — p3) = paps(1 — p1)(1 — pa). (22)

In this case, the stationary distribution is given by

1 _
P(YD = 1,YCD = 0) = EalDlﬁlNT(Dﬂ

where ) )
o= P1 and 52( —Pl)( —P4)
1—p4 (1 —p2)(1 —p3)
ifpr # 1 and
1 Pa
o= and =
1—pa P2P3

otherwise, the set N.(D) being defined by (18).

The proof 1s given in the appendix.

Remark. As pointed out by B. Derrida, the case where p; + p4s = ps + ps is much simpler than the
case studied in the proposition above: the density of any cyclically invariant stationary distribution is
p1/(1 4 p1 — pa). This can be proved by computing directly P(X; = 1) in terms of ¥; and Y; ;. However,
this case is irrelevant for animal enumeration.

4.3 A special transition for the triangular lattice

Consider the three-rowed cyclic lattice of Figure 17. Let Ly (resp. L1, £2) denote the set of vertices lying
in the internal (resp. middle, external) row. The vertices in each row are labelled with 1,2,..., N.

Let U = (Uy,...,UN), V= V1,...,Vn), X = (X1,...,Xn) and Y = (¥1,...,Yn) be four vectors of
random variables taking their values in {0, 1}. Consider that they respectively describe a gas model on Lo,
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L1, £1 and Ls. Let (p1,p2) € [0,1]? with p; # 1. We say that & and V are induced by X and Y via the
transition (p1,p2) if for all u, v, 2,y € {0,1}" such that P(X =z, ) = y) # 0,

N

PU=uV=v/¥=xY=y) = H [P(U; = u;/Yig1 = Yir 1) P(Vi = v/ X; = 2, Vi = yi, Yit1 = Yit1)]
=1
where
o - 1 ity =0,
PU; =1/Yip1 = Yip1) = { 0 otherwise,
and

p1 if z;=1 and y; =y41 =0,
PVi=1/Xi=w,Yi=yi,Yigu =yigr) = § p2 if 2;=1, yi =1 and yi1q =0,
0 otherwise.

Figure 17: The three-rowed cyclic lattice and the transition (p1, p2).

The link between this transition and triangular lattice animals will be established by comparing the
probability that some given vertices of Lo U £ are occupied in the distribution (¢,V) with the recurrence
relations defining the generating functions for animals. For C, D C [N], let fe.p = P(Ucs =1,Vp = 1) and
gep =PXe=1,Yp=1). Let Ct ={i+1:i€C}and Ny(C,D)={i € D:i—1¢CUD}. Wehave:

fep=P(Vp=1,Xp=1,Yc+ =0)

= Z P(VDEl/XDIl,YAEl,YC+UN(D)\AEO)P(XDIl,YAEl,YC+UN(D)\AEO)

ACN(C,D)
|D| [ P2 4l | B
= > (= > (-D)BIP(Xp =1,Yaup = 1)
ACNAC,D) P BCCHUN(DN\A
5 . |[ENA(C,D)|
=S 0l (1-2) . (23)
ECN(D)ucCt P

Definition 4.7 — The cell distribution given by (X,)) is said to be stationary for the transition (p1,p2)
if the induced distribution (U,V) is the same as (X,)), that is, if fo.p = ge,p for all C and D.

The study of the existence and uniqueness of a stationary distribution is a bit more delicate than above
and will not be described in details. The transition is no longer irreducible since some states (C, D) € [N]?
are transient. However, there is a unique set of states on which the transition is irreducible (at least when
p1(1 — p1)(1 — p2) # 0) and this implies the existence and uniqueness of the stationary distribution, given
by the following proposition.
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Proposition 4.8 — Assume that p1(1 — p1)(1 — p2) # 0. The markovian field given by

a |°EnD*| . |EneD™|
2 .

P(Xp=1,Xep=0,Yg=1,Yeg =0) = 7(;;—1) (—1_p2) of ECD

0 otherwise
where

1 [*EnDT| s |EneD*
Z = — ,
Z (Pl) (1 - Pz)

ECDC[N]

is stationary for the transition (p1,p2). Moreover, there exists a constant 7' such that, for £ C Lo,
1 _

with o = p1/(1+ p1) and 3 =1/((1+ p1)(1 = p2)).

Proof. The proof is a simple calculation very similar to what is done in the appendix.

5 Directed animals and gas models

In this section, all animals and gas models live on cyclic lattices having N vertices in each row, for a given
integer N.

The correspondence between directed animals and hard particle models described by Dhar implies, in
the square lattice case, that

S(()N)(t) = —p(—t,0,0,0), (24)

where S(()N)(t) is the area generating function for one-source animals on the cyclic square lattice and
p(—t,0,0,0) is the density of the gas whose distribution is stationary for the local transition (—t,0,0,0).
This density can be computed by combining Lemma 4.4, Proposition 4.6 and Lemma 4.1. We generalize
this result in two different ways: we show that the position generating function and the area and perimeter
generating function for directed animals on the square lattice can also be expressed in terms of the density
of a gas whose distribution is stationary for a given local transition. Unfortunately, we could not compute
this density in the most general case, but only in a particular case to which Section 6 is devoted.

5.1 Position generating function for square lattice animals

Let us consider the local transition (¢1, ¢1q2, ¢1¢3, q1¢2¢3) and its stationary distribution. For C' C [N], let
Ny (C)={i € C:i—1€C}. Using the notations (11), we have, according to (19):

N[ Nr £
go= 3 (=D)Plgp 37 (—) Bl PN BN (g g )1 EONr (]

DCN(C) ECD
— qllcl Z (=)IPlgp (1 — go)PTNON (1 — g )IPANHON (] g0 )| PON (O]
DCN(C)
[DAN(C)] [DNAN(C))|
-1 -1
=¢1 > (@ —1Pgp (L 1) (L’ 1) .
DEN(C) 4293 — 4293 —

Comparing this identity with (12) gives the following result.

Proposition 5.1 — Let C C [N]. The posilion generating function for animals of source C is

(N) Pa Il
s <c>=(——1) ge.
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where go 1s the probability that the vertices of C are occupied when the cell distribution is stationary for the
transition (p1,p2, p3,pa), with

tuv tu(l — u) to(l —v)
) pg=—

Pp2p3
p2 = and ps = ——.

b= l—u—v’ T l—u—vw P1

- )
l—u—vw

In particular, the position generating function for one-source directed animals on the cyclic square lattice is
l—u—vw
D Al ) = TP(P1,P2,P3,P2P3/P1)
A

where p(p1,pa, ps,pa) denotes the density of the gas whose distribution is stationary for the transition
(p1,p2, P3, pa)-

Remark. The special case u = v = 1 is nothing but Dhar’s result, given by (24).

Using the ideas of Section 2.1, we can express several generating functions for one-source directed animals
(i.e. animals of source {1}) in terms of the density of some gas models.

Corollary 5.2 e The generating function for one-source directed animals on the cyclic square lattice
according to their area and number of cells only supported on the right is

ZtlAlur(A) = _p(plaPZa Oa 0)
A

where py = —t and ps = t(u —1).

o The loop generating function for one-source directed animals on the cyclic square lattice s

St = (w0 — 2)p(p1, pa, p2, B3/ 1)
A
where
" t(w—1)

= — d =
P1 w2 ana  p2 w—2

e In particular, the area-generating function for one-source directed animals having no loops (trees) is

> A = —2p(p, —p, —p, p)
A

where p = —t/2.

o The area and perimeter generating function for one-source directed bond-animals on the cyclic square

lattice 1s
> tAGP A = p(py, pa, pa, p3/p1)
A

where py = 2% and py = z(t + ).

5.2 Area and perimeter generating functions

Let us consider the local transition (q1¢2,¢1,¢1,¢1) and its stationary distribution. With the notations of
Section 4, we have, according to (19):

ge= Y (=)"lgp Z(—1)|E|q|10|q|200“./\7(E)|.
DCN(C) e

But

D (AT = 3T )P (g - e
ECD ECD
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= > (-

ECD

= Z (g2 — D)7

BCC

=2

BCC:DCN(B)

D

BCCN°N(E)

(g2 — DIPI

(1"

>

ECDneN(B)

(42— )P,

the sum being over all subsets B of C such that D C N(B). Therefore,

go =4

Y 1Pl

DCN(C)

2.

BCC:DCN(B)

Comparing this identity with (14) gives the following result.

Proposition 5.3 — Let C C [N]. The area generating function for animals of source C' and type 1 on the

cyclic honeycomb lattice 1s

where go 1s the probability that the vertices of C are occupied when the cell distribution is stationary for the

BN (C) = (-1)¢ge,

transition (p1,p2, p2,p2), with pr = —u(l+v) and ps = —u.

Using the ideas of Section 2.2, we can express several generating functions for one-source directed animals

in terms of the density of some gas models.

Corollary 5.4
honeycomb lattice is

(g2 — 1)1,

o The area generating function for one-source directed animals of type 1 on the cyclic

Z u|Allv|A|2 = —p(pl,PZaPZaPZ)

A

where p1 = —u(l 4+ v) and ps = —u.

o The area and perimeter generating function for one-source directed animals on the cyclic square lattice

8

where

o The area and perimeter generating function for one-source directed animals on the cyclic honeycomb

lattice 1s

where

We summarize in the following table the links between animals generating functions and local transitions.

> AP =1~ — p(p1, pa, p2, p2)

A

pr=1—xz—-1

and p; =1—=x.

> e =1 —w — p(p1, pa, po, p2)

A

pr=1—a(l+t)—t*

and p2=1—x(l+1).

Lattice Site/Bond Parameters Transition
square site |Al, r(A) and €(A) | p1,p2, P3, P2ps/p1
square site |A| and r(A) p1,p2,0,0
square site |A] and b(A) P1, P2, P2, P35/ D1
square bond |A] and p(A) idem
square bond | Al 1,p,p, p
square site |A] and p(A) P1, P2, P2, P2
honeycomb site |A] and p(A) idem
honeycomb site | Al p(1=p),p,p,p
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5.3 Animals on the triangular lattice

Let us consider the transition (p1,p2) defined in Section 4.3 and its stationary distribution given by Propo-
sition 4.8. According to (23), it satisfies

D P2
go,p = ! Z (—1)"Flgp £ (1 - —

) |ENNL(C,D)|
ECN(D)uC+ P
Comparing with (15) gives the following result.

Proposition 5.5 — Let C;D C [N]. The generating function for triangular latlice animals of source
(C, D), counted according to their area and number of cells only supported on the right, is

7(C, D) = (=p)N=1)"lgc,p

where go,p 1s the probability that all vertices of C and D are occupied when the cell distribution is stationary
for the transition (p1,p2), with py = —t and ps = t(u—1).

6 Explicit results

We give here the generating functions for directed animals on the square and triangular lattices according to
their area and number of cells only supported on the right. These results are new and provide the generating
functions for animals on decorated lattices, as well as the mean number of loops in animals of given area.
We found no “combinatorial” proof of these formulas.

6.1 The square lattice

Proposition 6.1 — The generating function for directed animals on the square lattice according to their
area and number of cells only supported on the right is

1 4t T
Sl(t,u,l):§((1—(1+t)(1+t—tu)) _1).

(1-t2+u) + (1 —w) (Silt,u, 1)+ (1w, D)) =t

Equivalently,

Proof. Combine the first item of Corollary 5.2 with Lemma 4.4, Proposition 4.6 and Lemma 4.1, and let
N tend to infinity.

Remark. According to Lemma 2.5, uSi (¢, u, 1) is the generating function for directed animals according
to their area and number of right neighbours.

From Proposition 2.3, we obtain the generating function for animals on the decorated square lattices.

Corollary 6.2 — The area generating function for animals on the n—decorated square lattice is

1_yn+1 " 1_y
VT

Sd,n($a y) = Sl <$

where S1(t,u, 1) is given in the proposition above. In particular,

n

- ) (den(x,x)—k (den(x,x))z) - r.

1—
(1—3x+x2 1

Remark. This result has already been proved by Ali [1]. His proof is also inspired by Dhar’s method, but
one of its steps involves a two-dimensional Ising model, whereas we only need a one-dimensional model here.

From Proposition 2.4, we compute the total number of loops in animals of given area.
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Corollary 6.3 — The generating function for the total number of loops in animals of given area is
2 3
Zb tlAI__ L 1— 4t +t= + 4t .
(1+6)1/2(1 — 3¢)3/2

This implies that, in animals of area n,

o the mean number of cells supported only on the right (left) is asymptotically 4n/9,

e the mean number of loops is asymplotically n/9.

6.2 The triangular lattice

Proposition 6.4 — The generating function for directed animals on the triangular lattice according to
their area and number of cells only supported on the right is

—-1/2
1 4¢
Tl(t,u,l,l,l):§(<1—ﬁ) —1)
—1lu

(1 — 3t — tu) (Tl(t,u, 1,1, 1)+ (Tt u, 1,1, 1))2) —1.

Equivalently,

Proof. We apply Proposition 5.5 with ¢ = @ and D = {1}: the generating function for one-source
directed animal on the cyclic triangular lattice 1s the opposite of the probability that a given vertex of Lo
is occupied, when the distribution of cells on £; U £y is stationary for the transition (—t,¢(u — 1)). We
combine Proposition 4.8 and Lemma 4.1 and let N tend to infinity to conclude the proof.

Remark. Comparing with Proposition 1.2 shows that the parameters “number of cells only supported on
the right” and “number of cells only supported at the center” have the same distribution on animals of
given area. This is not obvious at all, and it would be nice to find a more direct proof.

From Proposition 2.10, we obtain the generating function for animals on the decorated triangular lattices.

Corollary 6.5 — The area generating function for animals on the n—decorated triangular lattice 1s

1 — gyttt 1—y
Td,n(xay):Tl (l‘ 1_y ’ynl_yn-l—l’l 1 1)

where Ty (t,u,1,1,1) is given in the proposition above. In particular,

Tyn(o, @) = To(x) = % ((1—0)772 1),

which means that this stmplified area generating function for animals on the n-decorated triangular lattice
does not depend on n.

From Proposition 2.11, we compute the total number of loops in animals of given area.

Corollary 6.6 — The generating function for the total number of loops in animals of given area is
2
Zb ylal = L[ L0t O
(1 — 4¢)3/2
This implies that, in animals of area n,

n(n—1)
2(2n—1)’

e the mean number of cells supported only on the right (on the left, at the center) is
(n—1)(n=2)

e the mean number of loops is ST
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Remarks. 1. Uniform generation of random animals suggests that they are in general very “thin” [10].
Corollaries 6.3 and 6.6 give a measure of thinness: if random animals were compact, then they would have
lots of loops whereas only one fourth of the cells are loops.

2. The generating functions for animals on the decorated square lattice and the results of Corollaries
6.3 and 6.6 were conjectured by Andrew Conway [7, 8]. He rightly says that results should be easier to
prove once the answer is known... Let us advertise another of his conjectures, which is related to the mean
perimeter of square lattice animals of given area, and could maybe be derived from Section 5.2:

1 1—3t+2t2 4¢3 — 34
AAl = —1—t—12).
ZA:p( ) 2(1+1) ( (1—36)3/2(1 + t)1/2

Appendix: proof of Proposition 4.6.

1. Let us consider a markovian field on £y U £1. Suppose that it is induced by the stationary distribution
of an irreducible local transition (p1, pa, ps, pa). Since the stationary distribution is unique, it is cyclically
invariant, and so is the induced markovian field: there exist two functions L and R such that (21) is satisfied
with L; = L and R; = R for all i. Let y € {0,1}"¥. We have

PYy=y) =) PX=2)=y)

= % S H [L(yi, xi) R(xi, yig1)]

1
and this probability is positive, according to (20). This gives

Ly, ©i) R(xi, yig1)
L(yla O)R(Oa yl-l—l) + L(yla 1)R(1a yz-l—l)

P =z/y=y =]

Comparing with (16) and (17) leads to

L(0, 1)R(1,0) B L,
L(0,0)R(0,0)+ L(0, HR(1,0) _ " I(1,0)R(0,0

L(0,1)R(1,1) B L(1,
L(0,0)R(0, )+ L(0, DR(L, 1) _ ®  I(1,0)R(0, 1
A simple calculation shows that these identities imply (22).

2. Conversely, assume that (22) is satisfied. Since the transition is irreducible, p; # 0 and ps # 1. Let
us first assume that p; # 1. Then (1 — p2)(1 — p3) # 0. Otherwise, according to (22), we would have
pap3(1 —p1)(1 — ps) = 0, and thus paps = 0, i.e. (p2,ps) = (0,1) or (1,0), and the transition would not be
irreducible. Let us consider the cell distribution on £; given by

- oy 1 P |D] (1—p1)(1 — pa) |N(D)]
P(YD:LYCD:O)_E<1_P4) ((1—172)(1—173)) ' (25)

Let X be induced by Y via the local transition (p1,p2,ps,pa). Let Fop = P(Xe =1, Xec = 0,Yp =
1,Yep = 0). We have

Fep=PXc=1,Xec=0/Yp=1,Yep =0)P(Yp =1,Yep =0).
According to (16) and (17), and using

P4 _ paps(l —p1)
l—ps  pi(1—p2)(1—ps)’
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we obtaln

il
1 - ; ; ; 1-
Fep = 2 (1= )l S OI(1 = ) ON(1 - py WPy — e ( P ) (Pz( )

|CnN (D)
1—p1 Pl(l—Pz))

<p3(1 _ p1)) |CNN (D) ( 2p2p3(1 _p)? )) |CON (D) ( )IDI ((1 (1 _p4))|NT(D)|
P

p1(1—ps) (1—=p2)(1—ps I —pa (1 —=p2)(1 - p3)
where the sets (D), N;.(D), N¢(D) and N,,(D) are defined by (18). Now, note that

V(D) = [Ne(D)] , IN(D) = DI+ N:(D)] ,  [Nye(D)] = D] = [N-(D)], (26)
|ICAN(D)| +[CNNu(D)=]CND| and |[CNN(D)|+|CNNe(D)] = |DNnCH|

where CT = {i+1:i € C}. We finally obtain

(1_p1)N< ” )|C|+|D| <p2(1_p1))|CnD| <P3(1—p1))|DnC+|.

Z 1—p1 p1(1l —p2) p1(1l —ps)

Fep=

Comparing with (21) shows that the cell distribution given by (25) induces a markovian field on £y U £y
given by

pl/(l_pl) lf (ya$):(0a1)a
1 otherwise,

and
pl/(l_pl) lf ($ay):(0a1)a

1 otherwise.

We have now to show that the distribution given by (25) is indeed stationary. For C' C Ly, we have

P(XC = 1,ch = 0) = ZFC’D'
D

Using the notations (11) and N,,(C)={i € C:i—1 € C}, we write
DI = DO N(O) + [DONAC) + DN N(C) + |D AN (C)),

and use identities similar to (26) to obtain

P(X¢=1,Xec =0) = % (1 flm)lc' (8 :238 :i;;)lm(ml |

Since |N-(C)| = |N,(C)| for all C C [N], this proves that the distribution given by (25) is stationary for
the transition (p1, p2, p3, pa).

We have now to study the case p; = 1. According to (22), we have ps(1 — p2)(1 — p3) = 0. Since
the transition is irreducible, py # 0. Hence, p» = 1 or ps3 = 1. Suppose that p; = 1 (the case ps = 1
is symmetric). Then ps # 0, otherwise the transition would not be irreducible. One checks that the
distribution of cells given by

1 oy {pa\ )
P(YD:17YCD:0):E(1_Z)4) (])_3)

is stationary for the transition (1,1, ps, p4) and induces on £LyUL; a markovian field given by (21) where, for

all @, Li(1,1) = L;(1,0) = R;(1,1) = R;(1,0) = pa/(1 — pa), Li(0,0) = pa(1 — p3)/(ps(1 — pa)), R:(0,0) =0
and the two other parameters are equal to 1.

25



References

[1]

—

2]

A. AL Ali, Enumeration of directed site animals on the decorated square lattices, Phys. A 202 (1994)
520-528.

R. J. Baxter, Exactly solved models in statistical mechanics, Academic Press (1982).
J. Bétréma and J.-G. Penaud, Animauz et arbres guingois, Theoret. Comput. Sci. 117 (1993) 67-89.

J. Bétréma and J.-G. Penaud, Modéles avec particules dures, animauz dirigés et séries en vartables
partiellement commutatives, Report 93-18, LaBRI, Université Bordeaux 1, France (1993).

J. Blease, Series expansions for directed bond-percolation problem, J. Phys. C: Solid. State Phys. 10
(1977) 917-924.

M. Bousquet-Mélou, Percolation models and animals, European J. Combin. 17 (1996) 343-369.

A. R. Conway, On the behaviour of self-avoiding walks and related problems, Ph.D. Thesis, University
of Melbourne, Australia (1993).

A. R. Conway, Some exact results for moments of 2D directed animals, preprint 1995.

A. R. Conway, R. Brak and A. J. Guttmann, Directed animals on two-dimensional lattices, J. Phys. A:
Math. Gen. 26 (1993) 3085-3091.

A. Denise and J.-G. Penaud, Génération aléatoire d’animauz dirigés, Actes des Journées “Polyominos
et pavages”, P. Aigrain ed., Lyon (1992) 61-69.

D. Dhar, Equivalence of the two-dimensional directed site animal problem to Baxzter’s hard square lattice
gas model, Phys. Rev. Lett. 49 (1983) 959-962.

D. Dhar, Ezact solution of a directed-site animals-enumeration problem in three dimensions, Phys. Rev.
Lett. 51 (1983) 853-856.

D. Dhar, M. K. Phani and M. Barma, Enumeration of directed site animals on two-dimenstonal lattices,
J. Phys. A: Math. Gen. 15 (1982) L279-1.284.

D. Gouyou-Beauchamps and G. Viennot, Equivalence of the two-dimensional directed animal problem
to a one-dimensional path problem, Adv. in Appl. Math. 9 (1988) 334-357.

A. J. Guttmann, On the number of lattice animals embeddable in the square lattice, J. Phys. A: Math.
Gen. 15 (1982) 1987-1990.

A.J. Guttmann and I. G. Enting, On the solvability of some statistical mechanical systems, to appear
in Phys. Rev. Lett.

X. Guyon, Champs aléatoires sur un réseau. Modélisations, statistique et application. Techniques
stochastiques, Masson (1993).

D. A. Klarner and R. L. Rivest, A procedure for improving the upper bound for the number of n-ominoes,
Canad. J. Math. 13 (1973) 585-602.

J.-P. Nadal, B. Derrida and J. Vannimenus, Directed lattice animals in 2 dimenstons: numerical and
exact results, J. Physique 43 (1982) 1561-1574.

E. Seneta, Non-negative matrices and Markov chains, ond ed., Springer Series in Statistics, Springer-
Verlag (1981).

D. Stauffer and A. Aharony, Introduction to percolation theory, ond

(1992).

ed., Taylor and Francis, London

X. G. Viennot, Heaps of pieces I: Basic definitions and combinatorial lemmas, Combinatoire énuméra-
tive (G. Labelle and P. Leroux eds.), Lecture Notes in Math. 1234 (1986) 321-350.

26




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


