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Abstract

We show that no Arshon sequence of odd order can be generated by
an iterated morphism. This solves a problem of Kitaev and generalizes
results of Berstel and of Kitaev.
Keywords: Combinatorics on words, non-repetitive words, Arshon’s se-
quence, DOL systems

1 Introduction

Let n ∈ IN, n > 2. Consider the alphabet Σn = {1, 2, . . . , n}. Define two
morphisms ψo, ψe : Σn → Σ∗

n by

ψo(i) = i(i + 1)(i + 2) · · · (n − 1)n12 · · · (i − 2)(i − 1)

ψe(i) = (i − 1)(i − 2) · · · 21n(n − 1) · · · (i + 2)(i + 1)i.

The subscripts here are o and e, standing for odd and even. Morphism ψo(i)
consists of the n letters of Σn arranged in cyclically increasing order modulo n,
starting with i. Word ψe(i) is just the reverse of ψo(i). We define an operator
ψ on Σ∗

n. Let p = a1a2a3a4 · · · am, ai ∈ Σn. Define

ψ(p) = ψo(a1)ψe(a2)ψo(a3)ψe(a4) · · · .

Example: In the case where n = 3, ψ(1231) = ψo(1)ψe(2)ψo(3)ψe(1) =
123132312321.

∗The author was supported by an NSERC operating grant.
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Consider the words ψm(1). One sees by induction that ψm(1) is a prefix of
ψm+1(1), m ∈ IN. We can therefore define the limit wn = lim

m→∞ψm(1).

The infinite words wn were introduced by Arshon [1]. Arshon proved that
each wn is non-repetitive; that is, word wn contains no (connected) subword qq
with q a non-empty word. Words avoiding repetitions or other patterns have
been extensively studied. The usual way of generating such words is via D0L
systems, i.e. by iterating some morphism. (See [2, 3, 5, 6].)

It is natural to ask whether Arshon’s word wn can be generated by iterating
a morphism. In the case that n is even, the answer is yes. In this case

wn = lim
m→∞ fm(1),wheref(i) =

{
ψo(i), i odd
ψe(i), i even

Berstel showed in [4] that there is no morphism f : T ∗ → T ∗ such that

w3 = lim
m→∞ fm(1),

even if T is allowed to be a proper superset of Σ3. Berstel’s proof uses a deep
result of Cobham [7]. In his thesis [8] Kitaev gave a simpler, self-contained proof
that there is no morphism f : Σ∗

3 → Σ∗
3 such that

w3 = lim
m→∞ fm(1).

A question mentioned by Kitaev is whether there is a morphism f : Σ∗
n → Σ∗

n

such that
wn = lim

m→∞ fm(1)

in the case where n is an odd number greater than 3. We complete the results
of Berstel and Kitaev by proving the following theorem:

Theorem 1.1 Let n ≥ 5 be odd. There is no morphism f : Σ∗
n → Σ∗

n such that

wn = lim
m→∞ fm(1).

2 Notations and Preliminaries

Fix an odd n ≥ 5. When we consider n as a letter of Σn, it will be convenient
to interpret n + 1 as 1, i.e. to work modulo n.

Suppose that v is a subword of wn, v = v1v2v3v4 · · · vm. It is relevant to the
action of ψ on v to note how v lies in wn modulo 2. We say that vo

1v
e
2v

o
3v

e
4 · · ·

is a subword of wn if wn has some prefix pv where |p| is even. If wn has some
prefix pv where |p| is odd, we say that ve

1v
o
2v

e
3v

o
4 · · · is a subword of wn. It may

be that both vo
1v

e
2v

o
3v

e
4v

o
5 · · · and ve

1v
o
2v

e
3v

o
4v

e
5 · · · are subwords of wn.
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Remark 2.1 Since ψ(12) is a prefix of wn, wn has the subword 1o2e3o · · · (n−
1)eno1eno(n − 1)e · · · 4e3o2e as a prefix. We therefore see that for each odd
i ∈ Σn the word io(i + 1)e is a subword of wn. Also, for each even i in Σn,
(i + 1)oie is a subword of wn, as is ie(i + 1)o.

The last n letters of ψ(ψ(1)1) = ψ(123 · · · (n − 1)n1) are ne(n − 1)o(n −
2)e · · · 3e2o1e. We therefore see that wn also contains (i + 1)o for each odd
i ∈ Σn, and (i + 1)e for each even i ∈ Σn. In fact, we see that (i + 1)eio is also
a subword of wn when i is even, hence whether i is even or odd.

Finally, for odd i, (i − 1)o occurs in wn. Then wn has some prefix p(i − 1)
with |p| even. It follows that ψ(p(i−1)= ψ(p)ψo(i−1) is a prefix of wn. We see
that |ψ(p)| = n|p| is even, whence wn contains subword (i− 1)oie(i + 1)o. Thus
regardless of whether i is even or odd, wn contains ie(i + 1)o as a subword.

It will also be important to note how v lies in wn modulo n. We imagine wn

to be punctuated by ‘bar lines’, like music, one bar line every n letters:

wn = 123 · · ·n|1n · · · 432|345 · · · 12|32 · · ·
We write that v1|v2|v3|v4| · · · |vm−1|vm is a subword of wm to say that wn has a
prefix pv1v2v3v4 · · · vm−1vm where |pv1| ≡ 0 (mod n), |vi| = n, i = 2, 3, . . . ,m−
1.

If v = |v1|v2|v3|v4| · · · |vm−1|vm| is a subword of wn, we say that v is con-
catenated from ψ-blocks. Whether the letters in ψ-block vi increase or
decrease modulo n depends on the preimage of v in wn under ψ. If v occurs as
the image of q = qo

1q
e
2q

o
3q

e
4q

o
5 · · · then we write v = | →

v1 | ←
v2 | →

v3 | ←
v4 | · · ·. If q lies

in wn with the opposite parity then the arrows on the vi are reversed.
Example: When n = 5,

wn = 1234515432345123215451234 · · ·

We see that
←

432 | →
34512 | ←

32154 | →5 is a subword of wn.

3 Mordents and Ambiguity

A mordent is a word of the form iji where i, j ∈ Σn. Since every ψ-block is
increasing or decreasing, mordents in wn cross bar lines:

Lemma 3.1 If piji is a prefix of wn with i, j ∈ Σn, then |p| ≡ −1 (mod n) or
|p| ≡ −2 (mod n).

Lemma 3.2 Let j ∈ Σn. The mordent iojeio is a subword of wn where i ≡ j+1
(mod n).

Proof: By Remark 2.1, je(j +1)o is a subword of wn. Thus pj(j +1) is a prefix
of wn, some p with |p| odd. This means that |ψ(p)| = n|p| is odd.
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It follows that ψ(p)ψe(j)ψo(j + 1) is a prefix of wn, whence

ψ((j)e(j+1)o) = |(j−1)(j−2)(j−3) · · · (j+2)(j+1)j|(j+1)(j+2)(j+3) · · · (j−2)(j−1)j|
is a subword of wn. Taking into account the parity of the length of ψ(p), wn

contains

|(j−1)e(j−2)o(j−3)e · · · (j+2)e(j+1)oje|(j+1)o(j+2)e(j+3)o · · · (j−2)o(j−1)ejo|
which contains the mordent iojeio where i ≡ j + 1 (mod n).�
Two consecutive mordents in wn may occur in one of four different ways:

i|jitkl|k (near mordents)
ij|itk|lk (far mordents)
i|jitk|lk
ij|itkl|k

}
(neutral mordents)

(1)

In other words, a subword v of wn contains a pair of near (far, neutral)
mordents if v has a subword ijitklk where i, j, k, l ∈ Σn and |t| = n − 4
(n − 2, n). We speak of v containing consecutive neutral mordents if v has
a subword i1j1i1t1i2j2i2t2i3j3i3 where |t1| = |t2| = n.

We say that a subword v of wn is unambiguous with respect to barlines
if whenever p1v and p2v are prefixes of wn we must have |p1| ≡ |p2| (mod n).
This means that all occurrences of v in wn are cut by barlines in the same way.

Since mordents must cross barlines, if subword v of wn contains a pair of
near mordents or a pair of far mordents then v is unambiguous with respect to
bar lines. In fact, one sees quickly that near or far mordents cross barlines as
we have sketched them in (1).

Lemma 3.3 A pair of neutral mordents in wn can occur only as the image
under ψ of some mordent.

Proof: For the sake of definiteness, consider a pair of neutral mordents in wn

in the situation
→
i |

←
jitk |

→
lk. The cases with shifted parity ij|itkl|k, or with

reversed arrows, are similar.
We have k ≡ l + 1 (mod n) by the arrow over lk. Similarly, considering

arrows, one deduces that k ≡ l + 1 ≡ j + 1 ≡ i + 2 (mod n). It follows that

j = l, and
→
i |

←
jitk |

→
lk =

→
i |

←
jitk |

→
jk is contained in the image of under ψ of

the mordent jokejo.�

Corollary 3.4 No subword of wn contains consecutive neutral mordents.

Proof: By Lemma 3.3, consecutive mordents in wn would have to be contained
in the image under ψ of a word ijij in wn. However, this is impossible, since
wn contains no repetitions.�

The longest subword of wn not containing 3 consecutive mordents will have
the form i|v1|v2|v3|j where i, j ∈ Σn and the vi are ψ-blocks.
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Corollary 3.5 Any subword of wn of length 3n + 3 or greater contains a pair
of near mordents or a pair of far mordents.

Corollary 3.6 Any subword of wn of length 3n + 3 or greater is unambiguous
with respect to bar lines.

For each i ∈ Σn, define word ui by ui = ψe(i + 1)ψo(i). From Remark 2.1
we see that for each i, |ui| will be a subword of wn, since (i + 1)eio is. In fact,
w will contain ui in a prefix p1ui, some p1 concatenated from ψ-blocks.

From Lemma 3.2, wn also contains ui as a subword in the context

i|(i − 1)(i − 2) · · · (i + 1)i|(i + 1)(i + 2) · · · (i − 1)i|
which arises in ψ((i + 1)oie(i + 1)o). Here, wn contains ui as a subword in

a prefix p2iui, such that p2i is concatenated from ψ-blocks.

4 Proof of Theorem 1.1

Suppose that f : Σ∗
n → Σ∗

n is a morphism such that

wn = lim
m→∞ fm(1).

In particular notice that f(wn) = wn.

Lemma 4.1 We must have |f(ψ(1))| > n.

Proof: This is clear, since otherwise fm(1) is a prefix of fm(ψ(1)), which is a
prefix of f(ψ(1)) for all m, and

wn �= lim
m→∞ fm(1).�

For the sake of getting a contradiction, choose f to be a morphism satisfying

1. wn = f(wn)

2. |f(ψ(1)| > n

3. Subject to conditions 1 and 2, |f(1)| is as small as possible.

Lemma 4.2 Morphism f is non-erasing, that is |f(i)| �= 0 for all i ∈ Σn.

Proof: Clearly |f(1)| �= 0, or iterating f on 1 could not give wn. Suppose
that |f(j)| = 0, some j ∈ Σn. Let j be the greatest element of Σn such that
|f(j)| = 0. Then |f(j +1)| �= 0. (This is true even if j = n, interpreting n+1 as
1, i.e. working modulo n.) However, by Lemma 3.2, wn contains (j +1)j(j +1),
hence f(j +1)f(j)f(j +1) = f(j +1)f(j +1), a repetition. This is impossible.�

If i ∈ Σn, denote by |v|i the number of i’s appearing in word v. Because wn

is concatenated from ψ-blocks, if p is a prefix of wn then |p|/n ≤ |p|i < |p|/n+1.
Thus if i, j ∈ Σn and p is a prefix of wn we have |f(p)|j + 1 ≥ |f(p)|i.
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Lemma 4.3 We have |f(ψ(1))| ≡ 0 (mod n).

Proof: If |f(ψ(1))| �≡ 0 (mod n), then choose i, j ∈ Σn such that |f(ψ(1))|i ≥
|f(ψ(1)|j +1. We notice that if v is any ψ-block of wn, then |f(v)|i = |f(ψ(1))|i,
|f(v)|j = |f(ψ(1))|j . Since ψ2(1) = ψ(123 · · ·n) is concatenated from n ψ-
blocks, we find that

|f(ψ2(1))|j + 1 ≥ |f(ψ2(1))|i
= |f(ψ(123 · · ·n))|i
= n|f(ψ(1)|i
≥ n(|f(ψ(1)|j + 1)
= n|f(ψ(1)|j + n

= |f(ψ2(1))|j + n

This is a contradiction.�

Corollary 4.4 Every ψ-block v obeys |f(v)| ≡ 0 (mod n)

Lemma 4.5 There is some i ∈ Σn such that |f(i)| �≡ 0 (mod n).

Proof: Otherwise |f(i)| ≡ 0 (mod n) for all i ∈ Σn, so that for each i ∈ Σn,
f(i) is concatenated from ψ-blocks.

Define a morphism g : Σ∗
n → Σ∗

n by

g(i) = ψ−1(f(i)), i ∈ Σn.

This definition makes sense since each f(i) is concatenated from ψ-blocks.
Since ψ−1 and f both fix wn, we have w = g(w). However, since |g(1)| =

|f(1)|/n, the minimality of f forces us to deduce that |g(ψ(1))| ≤ n. By the
manner of its definition g is non-erasing, so that we conclude g|(ψ(1))| = n.
Because ψ(1) is a prefix of wn and g fixes wn, morphism g is forced to be the
identity on ψ(1), and hence on Σn.

Since 1 = g(1) = ψ−1(f(1)), we find that f(1) must be ψo(1) or ψe(1). In
addition, f(1) is a prefix of wn, which forces f(1) = ψo(1). Similarly, we find
that

f(i) =
{

ψo(i), i odd
ψe(i), i even.

However, this means that wn commences with

f(123 · · · (n − 1)n1) = ψo(1)ψe(2)ψo(3) · · ·ψe(n − 1)ψo(n)ψo(1).

This is a contradiction, as wn actually commences with

f(123 · · · (n − 1)n1) = ψo(1)ψe(2)ψo(3) · · ·ψe(n − 1)ψo(n)ψe(1).�

To finish our proof we prove the following lemma, giving a contradiction:
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Lemma 4.6 If i ∈ Σn, then |f(i)| ≡ 0 (mod n).

Proof: As we remarked at the end of the last section, word ui = ψe(i+1)ψo(i)
occurs in wn in a prefix p1ui for some p1 concatenated from ψ-blocks. This
implies that

f(p1)f(ui) is a prefix of wn. (2)

Also, wn contains ui as a subword in a prefix

p2i|(i − 1)(i − 2) · · · (i + 1)i|(i + 1)(i + 2) · · · (i − 1)i|.
where p2i is concatenated from ψ-blocks. This means that

f(p2)f(ui) is a prefix of wn. (3)

By assumption, |f(ψ(1))| > n. Since |f(ψ(1))| ≡ 0 (mod n), |f(ψ(1))| ≥ 2n.
Since ui is concatenated from two ψ-blocks, we have |f(ui)| ≥ 4n. Thus by
Corollary 3.6, f(ui) is unambiguous. From (2) and (3) then find that |f(p2)| ≡
|f(p1)| (mod n). Since |f(p1)| ≡ |f(p2i)| = |f(p2)| + |f(i)| ≡ 0 (mod n), this
implies that |f(i)| ≡ 0.�
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