On conjecture no. 22 arising from the OEIS
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In [1] certain conjectures arising from the numerical data in the online en-
cyclopedia of integer sequences ([2]) are presented. Problem no. 22 is to
prove
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We will prove a more general result:

1 Theorem
Let p, ¢ = 2p + 1 be odd prime numbers and i, j € N. Then
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Proof:
We rewrite the sum in two ways (note that n is odd):
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So it suffices to show that if p is a prime, o € N with p f a, @ € N and
pu€f0,...,a-p' —1} then
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This is easy for u = 0, so we assume
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with p {v. By a corollary of Kummer’s theorem (cf. [3]) we have
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where frac(z) denotes the fractional part of x. Since
e
frac <a tp > =0
p

s > max{0,i —r}.

with p t 3. Let also

for t < i, we have

We have to show that '
st+a-p'—p>i
We consider two cases:
1. 7<i: Wehave a-p' —p=a-p'—3-p" > p" and so
sta-p—p>i—r4+p >i
2. r>i: Wehave a-p' —p=a-p' —3-p" > p' and so
sta-p—p>a-p—p>p>i
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