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Abstract

Five conjectures on the gaps between consecutive primes are formulated�
One expresses the number of twins below a given bound directly by ��N��
These conjectures are compared with the computer results and a good agre�
ement is found�

�� Introduction�

In ���� Hardy and Littlewood ��� have proposed about �� conjectures� The con�
jecture B of their paper states�

There are in�nitely many primes pairs 	p� p�
� where p� � p � d� for every even

d� If �d	N
 denotes the number of pairs less than N � then

�d	N
 � �c�
N

log�	N


Y
pjd

p � �

p � �
� 	�


Here the constant c� is dened in the following way��

c� �
Y
p��

�
�� �

	p � �
�

�
� ������� � � � 	�


The computer results of the search for pairs of primes separated by a distance
d and smaller than N for N � ���� ���� � � � � ��� � ��� � ���� are shown in the Fig���
The characteristic oscillating pattern of points is caused by the product

J	d
 �
Y

pjd�p��

p� �

p� �
	�


appearing in 	�
� The above notation �d	N
 denotes prime pairs not necessarily
successive� In this paper we are interested in the investigation of a behaviour of the
number of pairs of consecutive primes pn� pn�� with di�erence pn���pn � d� To make
more clear distinction from the case treated by the Hardy�Littlewood conjecture�
we exchange the appearance of index d and N in our notation�

De�nition ��

hN 	d
 � number of pairs pn� pn�� � N with d � pn�� � pn� 	�


�The author believes there should exists heuristic explanation why the value of c� is so close to
����



Here the letter h stays as an abbreviation for �histogram�� We note that� skipping
the only triple 	�� �� �
 of three consecutive primes separated by �� the identities
�d	N
 � hN 	d
 hold for d � � 	Twin primes
 and d � �� which is naturally to name
�Cousin primes��

The problem of the appearance of gaps between consecutive primes has a long
history� Two main questions related to that problem can be distinguished� One
concerns the estimation of the di�erence�

dn � pn�� � pn� 	�


The growth rate of the form dn � O	p�n
 with di�erent � was proved in the past� The
Riemann Hypothesis implies � � �

�
�� for any � � � and a few results with � closest to

��� are� the result of Mozzochi ��� � � ����
����

� Lou and Yao obtained � � ���� ��� and
recently Baker and Harman have improved it to � � ����� ���� The second group of
papers deals mainly with rst appearance of a given gap of length d� see e�g� ���� ����
���� ��� or the explicit formula giving the largest gap between consecutive primes ����
����� ����� ����� In ���� there appeared the paper by Brent ����� where the statistical
properties of the distribution of gaps between consecutive primes were studied both
theoretically and numerically� Brent have applied the inclusion�exclusion principle
and obtained from 	�
 the formula for hN 	d
 	in his notation QN	r

� However his
result 	formula 	�
 in ����
 had not a closed form and he had to produce on the
computer the table of constants appearing in his formula 	�
�

In this paper I am going to formulate four conjectures on the gaps between
consecutive primes and a new formula giving the number of twins below a given
bound N expressed directly by the number of primes smaller than N �

�� Gaps between consecutive primes

I have counted on a computer the number of gaps between consecutive primes
up to N � ��� � ���� � ����� During the computer search the data representing
the function hN	d
 were stored at values of N � forming the geometrical progression
with the ratio �� i�e� at N � ���� ���� � � � � ���� ���� Such a choice of the interme�
diate thresholds as powers of � was determined by the employed computer program�
because the primes were coded as bits� The resulting curves are plotted on the
semi�logarithmic axes in the Fig��� The straight lines are the least�square ts of the
assumed exponential decrease of hN 	d
 with d to the actual values�

In the plot of hN 	d
 in the Fig�� a lot of regularities can be observed� The pattern
of points in Fig�� does not depend on N � for each N the arrangements of circles is
the same� only the intercept increases and the slope decreases� Comparison of the
Fig�� and Fig�� and the fact that the points in Fig�� lie around the straight lines on
the semi�logarithmic scale suggest the following Ansatz for hN	d
�

hN 	d
 � B	N

Y

pjd�p��

p � �

p � �
e�A�N	d� 	�


The essence point of the present consideration consists in a possibility of determi�
ning the unknown functions A	N
 and B	N
 by assuming only the above exponential

�



decrease of hN 	d
 with d and employing two identities ful�lled by hN 	d
� First of all�
the number of all gaps is by � smaller than the number of all primes smaller than
N � X

d

hN 	d
 � �	N
� �� 	�


where �	N
 denotes the number of primes smaller than N � The second selfconsi�
stency condition comes from the observation� that the sum of di�erences between
consecutive primes pn � N is equal to the largest prime � N and for large N we
can write� X

d

hN 	d
 d � N� 	�


The problem is that for the Ansatz 	�
 I am not able to write down in the closed
form the selfconsistency conditions 	�
 and 	�
� because the product 	�
 behaves
very erratically� However� J	d
 takes small values of the order �� e�g� for N � ��� it
takes values between � and ��� 	��� appears only when d � ���� d � ��� or d � ���
� the largest gap for N � ��� was ���
� To calculate the sums in 	�
 and 	�
 I
replace the product J	d
 in 	�
 by its mean value s dened as�

s � lim
n��

�

n

nX
k
�

Y
pj�k�p��

p � �

p � �
� 	�


Summing up geometrical series from the above identities 	�
 and 	�
 I get�

A	N
 �
�	N


N
� 	��


B	N
 � �
��	N


sN
� 	��


Comparison with the Hardy and Littlewood conjecture for Twins d � � for log	N
 �
d gives ��s � c�� In this heuristic way we arrive at the identity�

lim
n��

�

n

nX
k
�

Y
pj�k�p��

p� �

p� �
�

�Q
p��	�� �

�p��	�



� ����� � � � �

This equality indeed can be rigorously proved� it follows e�g� from the eq�	��
 in ����
or eq� 	�����
 in ���� in the limit N � �� It can be also shown to be true by an
application of the Ikehara�Delange theorem �����

Finally we state the main

Conjecture �

hN 	d
 � �c�
��	N


N

Y
pjd�p��

p � �

p � �
e�d��N	�N � error term	N� d
 for d 	 � 	��


�



while for Twins 	d � �
 and Cousins 	d � �
 the identities hN 	d
 � �d	N
 hold� The
formula 	��
 consists of three terms� The rst one depends only on N � the second
only on d� but the third term depends both on d and N �

Putting in 	��
 �	N
 � N� log	N
 and comparing with the original Hardy�Littlewood
conjecture we have that the number hd	N
 of successive primes 	pn��� pn
 smal�
ler than N and of the di�erence d 	� pn�� � pn
 is diminished by the factor
exp	�d� log	N

 in comparison with all pairs of primes 	p� p�
 apart in the distance
d 	� p� � p
�

hN 	d
 � �d	N
e�d� log�N	 � error term	N� d
� for d 	 �� 	��


The above relation is illustrated by the Figures � and �� Taking N very large at
xed d 	such� that log	N
 � d
 we get from 	��
 the intuitively obvious relation
hN 	d
 � �d	N
 � the plots in the Fig�� tend to the horizontal line for increasing
N �

By the Prime Number Theorem with the smallest error term obtained under the
assumption of the Riemann Hypothesis we have

�	N
 �
Z N

�

du

log	u

�O	N��� log	N

� 	��


On the other hand 	�
 is being generalized as

�d	N
 � �c�
Y
pjd

p� �

p� �

Z N

�

du

log�	u

� �c�

Y
pjd

p� �

p� �
Li�	N
 	��


where the error term is unknown� Taking into account 	��
 and 	��
 we see that the
above equality 	��
 does not hold in higher orders of �� log	N
 because�

�

N

�Z N

�

du

log	u


��


�
Z N

�

du

log�	u

� 	��


However it is tempting to compare the number of Twins predicted by the term
��	N
�N appearing in front of exponent in 	��
 with the actual values of Twins
obtained from the computer search� It turns out that the di�erence ��	N
���	N
�N
is of positive sign and on the log�log plot the points obtained from the computer lie
almost perfectly on the straight line of the slope ���� � ���� see Fig��� It has to be
contrasted with the fact� that ��	x
� �c�Li�	N
 changes sign� already at low values
of N of the order ���� see ���� and up to N � ��� there are over ����� sign changes
of the ��	N
 � �c�Li�	N
 ����� Additionally we know from the Littlewood theorem
that the di�erence �	x
�Li	x
 changes innitely often the sign� Comparison of the

regular behaviour of the di�erence ��	N
 � �c�
���N	
N

seen on the Fig�� with these
facts leads to the conjecture

Conjecture �

��	N
 � �c�
��	N


N
� �N��� � error term	N
� 	��


�



where � � �������� was obtained from tting the parameters in the Fig��� Let me
notice that the ratio of the above estimation 	��
 for the number of Twins with
�	N
 given by 	��
 and the usual one given by

��	N
 � �c�Li�	N
 	��


tends to one when N ��� The comparison of theseconjectures 	��
 and 	��
 with
the actual computer datais provided in the Table I�

TABLE I

N ��	N
 c��
�	N
�N � �N��� ratio c�Li�	N
 ratio

��� ���� ���� ��������� ���� ��������
��� ����� ����� ��������� ����� ��������
��� ����� ����� ��������� ����� ��������
��� ������ ������ ��������� ������ ��������
��� ������� ������� ��������� ������� ��������
��� ������� ������� ��������� ������� ��������
��� �������� �������� ��������� �������� ��������
��� �������� �������� ��������� �������� ��������
��� ��������� ��������� ��������� ��������� ��������
��� ��������� ��������� ��������� ��������� ��������
��� ���������� ���������� ��������� ���������� ��������
��� ���������� ���������� ��������� ���������� ��������
��� ����������� ����������� ��������� ����������� ��������

The error term in 	��
 cannot be determined from the available computer data

� the di�erence ��	N
� �c�
���N	
N

� �N
�

� changes the sign� see the Table I� Let us

notice� that due to the special form of 	��
 the part
p
N of the error term in the

estimation 	��
 cancels with N in the denominator leaving only the uncertainties
contained in the unknown error term	N
 in 	��
 plus the termO	log�	N

 surviving
from 	��
�

For large N from 	��
 we get the remarkable equation

��	N
 � �c�
��	N


N
	��


relating ��	N
 directly with �	N
� Because Li	N
 in 	��
 as well as Li�	N
 in 	��

monotonically increases� while there are local �uctuations in the �density� of primes
and Twins� the above formula incorporates all irregularities in the distribution of
primes into the estimation for the number of Twins�

�� Two applications

As the application of the Conjecture � I can obtain the length G	N
 of the largest
gap between consecutive primes below a given bound N � Simply� the largest gap G

�



appears only once� so it is equal to the value at which hN	d
 crosses the d�axis on
the Fig���

hN	G	N

 � �� 	��


Using the general form of the functions A	N
 and B	N
 	��
 and 	��
 we obtain

Conjecture �

G	N
 � g	N
 �
N

�	N

	� log	�	N

� log	N
 � c�
� 	��


where c� � log	�c�
 � ������ The above prediction 	�
 expresses G	N
 directly by
�	N
 and for the estimation �	N
 � N� log	N
 conjectured by Gauss it gives�

G	N
 � g�	N
 � log	N
	log	N
 � � log log	N
 � c�
� 	��


To my knowledge the above dependence of G	N
 is new� the most similar I have
seen in ����� where Cadwell gave the heuristic arguments that

G	N
 � log	N
	log	N
� log log	N

� 	��


The formula 	��
 for large N passes onto the Cramer ��� conjecture 	see also ����
�

G	N
 � log�	N
� 	��


The examination of the formula 	��
 with the �experimental� results and the for�
mula 	��
 is given in the Fig��� Let me notice� that the values of N � ���� sear�
ched by direct checking are small for the asymptotic of eq�	��
� because log ���� �
����� � � � � log log ���� � ���� � � �� however large for modern computers� but neverthe�
less the agreement between the prediction and the actual data is quite good� The
Fig�� should be compared with the gure on the page �� in ����� To produce this
plot I have put in 	��
 the formula 	��
 for �	N
�

There are serious doubts about the validity of the Cramer conjecture ����� A�
Granville believes that the actual G	N
 can be larger than that given by 	��
�
namely he claims ���� that there are innitely many pairs of primes pn� pn�� for
which�

pn�� � pn � G	pn
 � �e�� log�	pn
 � ������� � � � log�	pn
� 	��


However� by assuming the Hypothesis H of Sierpinski and Schinzel ���� it can be
proven that for almost all prime gaps G	N
 � log�	N
� In connection with this let
me remark that on the Fig�� the curve G	N
 always lies below the Cramer conjecture
	��
 	what agrees with the corollary from the Sierpinski�Schinzel Hypothesis
 and
for 	��
 to be true there should be such regions were G	N
 � ����� log�	N
� In fact�
the estimation 	��
 I have obtained using the formula for hN 	d
 outside the regime
of its applicability � for large d the corresponding values of hN	d
 are small and
display large �uctuations 	see Fig��
� hN	d
 describes accurately only the �bulk�
values of the number of gaps� There are large �uctuations between actual data and

�



the formula 	��
 seen in the Fig��� but there are also points� where the �staircase�
like plot of G	N
 crosses the analytical curve g	N
� thus there are sign changes of the
di�erence G	N
� g	N
� The open problem is whether discrepancies between G	N

and g	N
 will grow with N� If they do� the skepticism about Cramer conjecture can
be justied� But the opposite possibility is� that for much larger N the �uctuations
will become invisible� i�e� if the Fig�� can be plotted say for N � ������ on the same
sheet of paper� the discrepancies between actual data and the formula 	��
 	as well
Cramer conjecture
 will disappear � these three curves will collapse onto the one
curve�

The glance at the Fig�� suggests that the following �average� property may hold
true�

Conjecture �

lim
N��

RN
� G	x
dxRN
� g	x
dx

� �� 	��


The integral of the di�erence G	N
 � g	N
 oscillates and only the ratio of surfaces
below curves G	N
 and g	N
 has the chance to tend to ��

As the nal application of the formula 	��
 and our computer data we consider
the conjecture made by D�R� Heath�Brown in ����� see also problem A� in �����
Heath�Brown guessed that

X
pn�N

	pn � pn��

� � �N log	N
� 	��


Treating the product J	d
 exactly the same way as in derivation of 	��
 and 	��

from 	��
 I get�

Conjecture �

X
pn�N

	pn � pn��

� �

X
d

d�hN 	d
 �
�N�

�	N

� error term	N
� 	��


Again� the above formula involves directly �	N
 and for �	N
 � N� log	N
 pass
over onto the 	��
� The comparison with the computer data is given in Table II and it
suggests that 	��
 better reproduces data obtained by computer than 	��
� however
ratios of both predictions to the actual computer data tend to � with increasing N �

�



TABLE II

The sum of squares of gaps between consecutive primes� In the second column the
numbers obtained by a computer are given� while in the third one values obtained

from eq�	��
 and in the fth from eq�	��
 are presented� The fourth and sixth
column contains the appropriate ratios�

N
P
d�n eq�	��
 ratio eq�	��
 ratio

��� �������� �������� ������ �������� ������
��� ��������� ��������� ������ ��������� ������
��� ��������� ��������� ������ ��������� ������
��� ���������� ���������� ������ ���������� ������
��� ���������� ����������� ������ ���������� ������
��� ����������� ����������� ������ ����������� ������
��� ������������ ������������ ������ ������������ ������
��� ������������ ������������ ������ ������������ ������
��� ������������� ������������� ������ ������������� ������
��� �������������� �������������� ������ �������������� ������
��� �������������� �������������� ������ �������������� ������
��� ��������������� ��������������� ������ ��������������� ������
��� ��������������� ���������������� ������ ���������������� ������
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Figure Caption�

Figure � The plot illustrating the Hardy�Littlewood conjecture� There is a logari�
thmical scale on the y�axis � while on the N �axis there is a linear scale� There are
oscillations of the period � clearly visible� Additionally� there are structures of the
length �� overimposed� Let us mention �local� spikes at d � ��� ��� � � �� Especially
well profound are spikes at d � ��� � � � � � � � � and ����

Figure � The plot showing the dependence of the histogram hN 	d
 on d at N �
���� ���� � � � � ���� There is a logarithmical scale on the y�axis � while on the N �axis
there is a linear scale� The straight lines are the best ts obtained by means of the
least�square method� Let us mention �local� spikes at d � ��� ��� � � �� Especially well
profound are spikes at d � ��� � � � � � � � � and for N � ���� N � ��� and N � ���

at its multiplicity d � ����

Figure � The plot of the di�erence ��	N
� �c��
�	N
�N from the computer data�

For the least � square t a few rst points were discarded 	in fact only two points
determine a straight line�
�

�



Figure � Plot of G	N
 for N up to ���� � ����� The results from the computer
search are drawn by thin solid line� eq�	��
 is bold line and the conjecture of Shanks
	��
 is shown by dashed line� Most of the points plotted on this gure come from
my own search up to ��� � ���� � ����� Gaps larger than ��� I have taken from ���
and ����
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