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KAZHDAN-LUSZTIG POLYNOMIALS FOR
321-HEXAGON-AVOIDING PERMUTATIONS

SARA C. BILLEY AND GREGORY 5. WARRINGTON

ABsTRACT. In [17], Deodhar proposes a combinatorial framework for deter-
mining the Kazhdan-Lusztig polynomials Pz . in the case where W is any
Coxeter group. We explicitly describe the combinatorics in the case where
W = &, (the symmetric group on n letters) and the permutation w is 321-
hexagon-avoiding. Our formula can be expressed in terms of a simple statistic
on all subexpressions of any fixed reduced expression for w. As a consequence
of our results on Kazhdan-Lusztig polynomials, we show that the Poincaré
polynomial of the intersection cohomology of the Schubert variety correspond-
ing to wis (1 + QVNASV if and only if w is 321-hexagon-avoiding. We also give a
sufficient condition for the Schubert variety X,, to have a small resolution. We
conclude with a simple method for completely determining the singular locus
of X, when w is 321-hexagon-avoiding. The results extend easily to those
Weyl groups whose Coxeter graphs have no branch points (By, Fy, G2).

In memory of Rodica Sitmion

1. INTRODUCTION

In n.w.m__f Kazhdan and Lusztig constructed certain representations of the Hecke al-
gebra associated to a Coxeter group W in order to elucidate representation-theoretic
questions concerning W itself. To do this, they introduced a class of polynomials
now known as the Kazhdan-Lusztig polynomials. These polynomials were quickly
seen to play an important role in Lie theory. For instance, they give a natural
setting for expressing multiplicities of Jordan-Hoélder series of Verma modules (see
@“ m.mt Introductions to these polynomials can be found in E.H.r ".H.m"“ N.w.m

While there are many interpretations of, and uses for, these polynomials, their
combinatorial structure is far from clear. Kazhdan and Lusztig originally defined
the polynomials in terms of a complicated recursion relation. In @.muf it was con-
jectured that the coefficients of these polynomials are non-negative. This has been
proved for many important W (such as (affine) Weyl groups) n.wumy but not for arbi-
trary Coxeter groups. There has been limited success in finding non-recursive for-
mulas for the Kazhdan-Lusztig polynomials. Brenti @“ m.@ has given a non-recursive
formula in terms of an alternating sum over paths in the Bruhat graph. Lascoux
and Schitzenberger Eu have given an explicit formula for Py ., in the case where W
is the symmetric group and z,w are Grassmannian permutations. Zelevinsky [56]
has even constructed a small resolution of X,, in this case. Lascoux @.m__ extends
the results of E to twisted vexillary permutations. Finally, Shapiro, Shapiro and
Vainshtein @ and Brenti and Simion E.M_ find explicit formulas for certain classes
of permutations.

1991 Mathematics Subject Classification. 05E15 (Primary); 2055, 32545, 14M15 (Secondary).
1



2 SARA C. BILLEY AND GREGORY S. WARRINGTON

Deodhar E.@ proposes a combinatorial framework for determining the Kazhdan-
Lusztig polynomials for an arbitrary Coxeter group. The algorithm he describes
is shown to work for all Weyl groups. However, the algorithm is impractical for
routine computations. In this paper, we utilize Deodhar’s framework to calculate
Py for 321-hexagon-avoiding elements w € &,. For these elements, Deodhar’s
algorithm turns out to be trivial. As a result, in these cases we get a very explicit
description of the polynomials. The algorithm consists of calculating Deodhar’s
defect statistic on each subexpression of a given reduced expression. We also show
that the property of w being 321-hexagon-avoiding is equivalent to several nice
properties on w in the Hecke algebra and in the cohomology of the corresponding
Schubert variety X,,. In particular, we have the following (the necessary definitions
can be found in Section _N and Section .N.v

Theorem 1. Let a = s;, ---s;. be a reduced expression for w € &,,. The following
are equivalent:

1. w 1s 321-hexagon-avoiding.
2. Let Py denote the Kazhdan-Lusztig polynomaal for x < w. Then

AHV w&%c = MUQ&AQV

where d(o) is the defect statistic and the sum is over all masks o on a whose
product is .
3. The Poincaré polynomual for the full intersection cohomology group of X, is

(2) M.U&Bamﬁxsi = (14 ¢)®),

4. The Kazhdan-Lusztig basis element C!, salisfies Cl, = Ct .- ("

Sip S5,

ot

The Bott-Samelson resolution of X, ts small.
6. TH.(Xy) = H.(Y), where Y is the Bott-Samelson resolution of Xy.

Remark 1. Fquivalence &a"m.w W @:me 1s tmplicit in Deodhar E.Ng

Remark 2. Lusztig ﬁuwup_ and Fan and Green FME have already studied those ele-
ments w for which @@1& of the main theorem hold. In the terminology of these
papers, such a w is “tight.” Also, Fan and Green show the implication W — w.. of
Theorem w"

Remark 3. For concreteness, this paper refers only to &,,. However, 2 through 6
hold for all Weyl groups. In addition, our combinatorial characterization &aw__ <=
"m can be extended to the other “non-branching” Weyl groups By, Fy, Ga (see @.@x
One need simply replace “321-avoiding” by “short-braid-avoiding” wn any state-
ments made (e.g., “321-hexagon-avoiding” — “short-braid-heragon-avoiding”). The
characterization in w fails to hold for D,, Eg, E'7, s primarily due to failure of
Lemma w An appropriate analogue of hexagon-avoiding for these other Weyl groups
would fix this deficiency.

The organization of the paper is as follows. In Section w._ém introduce necessary
background definitions. In Section w we introduce the notion of pattern avoidance
and 1n Section w_“ we present Deodhar’s combinatorial framework. A critical tool
used to prove Theorem M__ is the defect graph explored in Section w In Section wﬁEm
graph is used to prove Theorem wh Section unu contains an application of meonanm“
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to a conjecture of Haiman. Section w_amﬁmﬁbiam the singular locus of Schubert
varieties corresponding to 321-hexagon-avoiding permutations. Finally, Section M
contains a table enumerating the elements of &,, for which meonamh applies. We
do not know a closed form for this sequence.

2. PRELIMINARIES

Let &,, denote the symmetric group on n letters. Choose the standard presen-
2

gios@:”??..imzlwm&Hf&.@.”&.m&moﬁ_ﬁlm._mesams.ms.tms.H
si415iSi41). Let S = {s;}ieq1..n—1] denote the generating set for &,,. An expression
is any product of generators s;. The length {(w) of an element w € &, is the
minimum 7 for which we have an expression w = s;, ---s;,. A reduced expression
w = 8;, -+ 8, is an expression for which l[(w) = r. If v, w € &,, then v < w will
signify that v is below w in the Bruhat-Chevalley order (see, e.g., [24]). This order
is characterized by v < w if and only if every reduced expression for w contains a
subexpression for v.

For the remainder of this section, all of our definitions apply to any finite Weyl
group W. However, following this section, we will restrict our attention to the case
where W = &,,.

In order to define the Kazhdan-Lusztig polynomials, we now recall the notion of
the Hecke algebra H associated to a finite Weyl group W. #H has basis T, indexed

by the elements of W. For all generators s of W, we have
(3) TsTw = Ty if {(sw) > l{w),
(4) 17 = (¢ 1T + 4Tt

(where e is the identity element of W). This is an algebra over A = Q(q'/?).

Following ﬁ.@“ we define an involution on A by ¢'/2 = ¢~/2. Extend this to an
involution on #H by setting

(5) WD awTy) = a(Ty-1)™"

From n.w.m__f we have that the Kazhdan-Lusztig polynomials are determined uniquely
by the following:

Theorem 2 (Theorem 1.1, m.wuuj. For any w € W, there is a unique element C), €
H such that
L Cy =gty
2 (Ol =,
where Py € A is a polynomial in q of degree at most wQASV —l(x)=1) forz < w,
Pyw=1 and Py =0 tf ¢ L w.

Prwly, and

z<w

As mentioned above, it is conjectured in ww.ﬁ that the coefficients of P, ., are
non-negative.

Several of the conditions in Theorem E require some notation regarding cohomol-
ogy. So let W be the Weyl group of some semi-simple algebraic group GG with Borel
subgroup B. (', will denote the Schubert cell in the flag variety GG/B correspond-
ing to w € W (see, e.g., @v X will denote the corresponding Schubert variety,
Xuw = Uy<ywCy. For any variety X (such as some X, ), we let Eﬁ.@mv denote the
t-th Tﬁam_mv intersection cohomology group of X. Suppose that f:Y — X is a
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resolution of singularities of X. The map f 1s said to be a small resolution if for
every r > 0,

(6) codim{z € X :dim f~*(x) > r} > 2r.

A commonly used resolution of the singularities of X, is the Bott-Samelson reso-
lution (see ﬁ“ mmc M@SQ&E@. yields an easy criterion for determining when such
a resolution is small.

3. PATTERN AVOIDANCE AND HEAPS

It will be useful to view elements of &,, as permutations on [1,2,...,n]. To this
end, we identify s; with the transposition (é,4+1). Let w(?) be the image of ¢ under
the permutation w. Hence, we have a one-line notation for a permutation w given
by writing the image of [1,2,...,n] under the action of w: [w(1),w(2),...,w(n)].

The results of this paper pertain to a particular set of elements of &,,. This sub-
set will be defined using the notion of pattern avoidance. Let v € Sy and w € 5.
Say that w avoids v (or is v-avoiding) if there do not exist 1 <4 < -+ < 4 </
with w(i1), w(iz),...,w(ix) in the same relative order as v(1),v(2),...,v(k). We
are interested in two particular instances of pattern avoidance. The first 1s where
v =[3,2,1]. Tt is shown by Billey-Jockusch-Stanley m& that the 321-avoiding per-
mutations in &,, are precisely those for which no reduced expression contains a
substring of the form s;s;415;. In the context of reduced expressions, 321-avoiding
permutations are called short-braid-avoiding (terminology due to Zelevinsky, ac-
cording to nw.m_t Short-braid-avoiding permutations have been studied by Fan and
Stembridge E@m N.m“ m.m“ M.mu

The second instance of pattern-avoidance with which we will be concerned 1s most
easily visualized via a poset associated to w. So let w € &, be 321-avoiding and
fix some reduced expression a = s;, ---s;, for w. By ﬁmﬂ@“ all reduced expressions
for such a 321-avoiding w are equivalent up to moves of the form s;s; — s;s; for
|i — j| > 1. This allows us to associate a well-defined poset to w (rather than just
to a, see [31]). Let the generators {s;, "=y in our reduced expression label the
elements of our poset. For an ordering, we take the transitive closure of

Si; =80, A0S, Si 1 Sie = 80, Siiq - Si_, and 88, + 84,54 ;-
We now wish to embed this poset in the plane in a very particular way. Effectively,
what we do is send a generator s;; to the point in the plane (i;,1vl(s;;)) where
Ivl(s;;) measures the maximal length of a chain s;, < ... < s;; over all b < j.
However, in order for our embedding to have the properties we need, this procedure

needs to be adjusted slightly.

So, as above, embed this poset in the plane via s;; — pt(j) Lf (i5,1v1(sq,)),

where we define 1vl(s;;) as follows: Let k be as small as possible in the interval
[1,...,j] such that s;; commutes with s;, for all [ with & <1 < j. Now, initially,
define a level function by: Ivlp(s;;) = 0if & = 1 and Ivlg(s;;) = Vlp(ss,_,) + 1 if
k> 2.

For most purposes, Ivlz () gives us what we’d like. However, with lvlg(-) as the
level function, “connected components” do not necessarily abut. Figure wh_ gives an
example of the embedding (i;,1vlz (s;,)) and how it can be improved by coalescing
“connected components.”

So, we first define connected components by imposing an equivalence ~ on the
generators in our expression for w: Let s;; ~ s;, if 4 = 7 £ 1 and _ihﬁmﬁ.v =
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FIGURE 1. Let w = sgs¢575352515352545586. Lhe left image shows
the result of the embedding s;; — (4;,1vlL(si;)). On the right is
the result of pushing the “connected components” together.

Ivlz(s;,) £ 1. Extend this equivalence transitively. Now, since we are assuming
that w 1s 321-avoiding, the components have a canonical partial order. It is then a
simple matter to uniformly adjust the levels of all members of a particular connected
component to allow distinct components to abut as much as possible and hence
“coalesce.” Define Ivl(s;,) to be this adjustment of the level lvlz (s;;).

We will refer to the realization s;, — (i;,1vI(s;;) of our poset as Heap(w). The
notion of Heap(w) is due to Viennot [34], see also the work of Stembridge [31] in
the context of fully-commutative elements. Note that s;; can cover s;, if and only
if |i; — i = 1.

We are now ready to introduce the second class of patterns that we wish to avoid.
Say that w is hexagon-avoiding if it avoids each of the patterns in

- {4,6,7,1,8,2,3,5],[4,6,7,8,1,2,3,5],
" [5,6,7,1,8,2,3,4],[5,6,7,8,1,2,3,4]}.

If we set

(8) U = $359515554535256555453575655,

then the permutations in A.ﬂv correspond to u, usa, Sau, S4US4.

FIGURE 2. Heap(u) for u as in Am..v

The heap of any hexagon-avoiding permutation must not contain the hexagon in
Figure M Permutations that are 321-avoiding and hexagon-avoiding (321-hexagon-
avoiding) can, in fact, be characterized as those for which no reduced expression
contains a substring of either of the forms

(9) u =5j435)425)115j155;445j43542 -
5546554555445 435475465545 forany j >0,
(10) s;sj+15; for any j > 1.

It is this characterization of 321-hexagon-avoiding elements that we will use in
the rest of the paper.
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Remark 4. Computationally, it is much more efficient (polynomial time) to recog-
nize 321-hexagon-avoiding patterns via pattern avoidance rather than by scanning
through all reduced expressions for a particular subexpression (exponential time).

The heaps of 321-avoiding elements have a very important property that will be
exploited in the proof of Theorem H To develop this property, it will be useful to
define the following two subsets of the unit integer lattice for each j, 1 < j <r:

The lower cone: Conen (j) = {(i; + o, IVl(s;,) — B) € Z* : |a| < B}.
The upper cone: Cone” (j) = {(i; + o, Vl(s;;) + 3) € Z%: |o| < 8}

The boundary of Conen(j) (or ConeY (j)) corresponds to the points in this cone
where |o| = | 8| (see Figure ).

F1GURE 3. Heap(u) overlaid with Cone, (6) and Cone¥ (6). The
white nodes are in Heap(u). The black nodes are in one of the
cones, but not in Heap(u).

The following lemma yields a very nice property of 321-avoiding permutations.
In Remark w“ we interpret this result visually in terms of Heap(w).

Lemma 1 (Lateral Convexity). Label the generators of &, such that s;s; = s;s; if
and only if |1 — j| > 2 (the standard labeling). Then w € &, is 321-avoiding if and
only if any two occurrences of some s; in a reduced expression for w are separated
by both an s;i_1 and an s;y1.

Remark 5. Lemma w._ can be rephrased as follows. Suppose that w = s;, ---s;, 1s
321-avoiding and pt(j), pt(k) € Heap(w) with Wl(s;;) < Ivl(s;, ). Suppose further
that for each m € [i;,ix) (if i; < ix) or m € [ig,4;] (if i; > i), there is a point
(m,vl(s;,)) € Conen(s;, ) N ConeY (s;,) NHeap(w) for somel, j <l <k. Then the
entire diamond Conep (s;, )NConeV (s;,) is contained in Heap(w). This is illustrated
mn Figure K This interpretation relies on Lateral Convexity, that w is 321-avoiding,

and the “coalescing” performed in the embedding that defines Heap(w).

Proof of Lateral Convezity. Suppose w € &, is 321-avoiding. Choose a reduced
expression for w for which a pair of s;’s is as close together as possible for some
t. These two copies of s; must be separated by at least one of s;41, otherwise
our expression would not be reduced. But then our reduced expression looks like
U1SjU2S;+1Uuzs;ug where [(w) = 3 + Muwniﬁfv. If s;us = uss; and ugs; = s;us,
then w has a reduced expression ujus28;8;418;usus. Such a w is not 321-avoiding,
which is a contradiction. So either us or uz must contain s;z1.
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F1GURE 4. If it is known that the triangular nodes are in Heap(w),
then h@BB@E tells us that all the white circles are also in Heap(w).

For the reverse implication, suppose that every two copies of the same generator
s; in some reduced expression for w are separated by both an s;_; and an s;41.
It 1s a theorem of Tits ﬁm.wn_._“ that any two reduced expressions for w € &,, can be
obtained from each other by a sequence of moves of the following two types:

(11) Ci: osisj =s;8;, i |1 —j| > 1,
(12) Co: sis;8; = sjss5, ifi=j+£1.

But, under our hypothesis, we are never able to apply a C3 move for such a w.
So all reduced expressions for w must be obtainable by a sequence of €] moves.
Hence, w 1s 321-avoiding. O

4. DEODHAR’S FRAMEWORK

For 321-hexagon-avoiding permutations, we will give an explicit combinatorial
formula for the Kazhdan-Lusztig polynomials. This will be done in a framework de-
veloped by Deodhar E.N"_ (using slightly different notation). The necessary concepts
are reviewed in this section.

Our construction of the Kazhdan-Lusztig polynomials will be in terms of subex-
pressions of a fixed reduced expression a = s;, - - -s;,. To this end, we define a mask
o (associated to a) to be any binary word (o1,...,0,) in the alphabet {0,1}. Set

olj] = (01,...,05) for 1 < j<r. (So o =eo[r].) We'll use the notation

(13) s = ¢ o=,
b 1, if o; =0.

] def

q.
Hence, w°V! = s 7

7]
7(w?ll) denote the corresponding element of &,,. P(a) will denote the set of (2"
possible) masks of a. Note that P(a) can be viewed as the power set of {1,...r}.
Finally, for z € &, set P, (a) C P(a) to be the subset consisting of those masks o
such that m(w?) = x.

Define the defect set D(o) of the fixed reduced expression a and associated mask

o to be

(14) Do) =1{j:2<j<n, l(z(wV) . s5) <l(r(w V1))

is a (not necessarily reduced) subexpression of w. Let

Note that j’s membership in D(o) is independent of o, for k& > j. The elements of
D(o) are simply called defects (of the mask o).
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Example 1. Let w = s35251548352855483, o = (1,1,0,1,0,1,0,1,0). Then w” =

w7l = 5359545954, (W) = s3, and D(a) = {6,8,9}. If £ = s1s355, then
\st,ﬁmwv = AQ.\ = AO“O“ H“O“O“O“ H“O“ Hv“
o’ =(0,0,1,0,1,0,1,0,0),
(15) " o_
" =(1,0,1,0,0,0,1,0,0),

o =(1,0,1,0,1,0,1,0,1)}.
So, D(') = 0, D(c") = {9}, D(¢"") = {5,9}, and D(a"") = {5}.

Deodhar, in E.@“ Lemma 4.1, Definition 4.2, Proposition 4.5], gives a more com-
binatorial characterization of the Kazhdan-Lusztig polynomials. Specifically, he
proves that one can always find a subset § C P(a) that yields the Kazhdan-Lusztig
polynomials. This is an amazing result. However, in general, the procedure to find
this subset & is somewhat complicated. But we can restrict our attention to the
case where § = P(a). In this case, Deodhar’s result can be translated as follows:

Theorem 3. Let W be any finite Weyl group and a be a reduced expression for
some w € W. Set

(16) P,(a) = MU EColy

oEP(a)
If deg Py(a) < w (H{w) —l(z) = 1) for all x € W, then Py(a) is the Kazhdan-Lusztig
polynomial Py o, for all x € W.

Most of the content of Theorem M is that the P,(a) satisfy a recursive formula
equivalent to Theorem .m

5. THE DEFECT GRAPH

The purpose of the defect graph is to furnish us with a simple criterion for
ensuring that [P(o)| < $(I(w) —{(7(w)) — 1) as required by Theorem 3. However,
it is advantageous to first rephrase this inequality in another language. So again

we introduce some notation. Partition the defect set D(o) = P°(o) UD! (o) where
def

De(o) consists of those j € D(o) for which o; = ¢ € {0,1}. Let a[j] = s;, -- -5y,
for 1 < j < r. Also, set dj(o) = [D(a[j])], d(o) E [D(o)], 2[j] & n(wl)) and
wlj] Lf n(a[j]). Finally, set

def H{(w[g]) — U(=[j]) — 1 .
(1) Aoy 2 =D =1 o),

2
We write Ay for Agpp. Having Ay > 0 implies that the inequality in Theorem M
holds. The defect graph will allow us to show that a condition equivalent to A, > 0,
stated in the following lemma, holds whenever w is 321-hexagon-avoiding.

Lemma 2. Let a = s;, ---s;, be a reduced expression for some w € &,. Suppose

o= (01,...,0.) € P(a) with m(w) # w. Then Ay > 0 if and only if

(18) (# of 0’s in{oy,...,00}) > 2 [D%a)|+ 1.
Proof. Let k be the smallest index for which o = 0. Such a k& must exist by
our stipulation that m(w?) # w. Consider the sequence wlk], w[k + 1],.... Since

si, -+ - 5;, 1s reduced, D(a[k]) = 0. Hence, Ayppp = 0. We now investigate the
differences Ag[j] — Agpj—1) for j > k. There are four possibilities (note that in each
case, [{(w[j]) = Hwl[j —1]) + 1):
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1. j¢D(o), 05 =1. Then d;(o) = d;j_1(o), l(x[j]) =1(=[j —1]) + L.
So DQE - DQCIS =0.
2. j€D(o), 0; =0. Then d;(o) = d;_1(o), {(z[j]) =(=[j —1]).
So DQE - DQCIS = H\w.
3. j€D(r), 0;=1. Then d;(c) =d;_1(e) + 1, {(z[j]) =(=[j—1]) - 1.
So DQE - DQCIS =0.
4. je€D(o), 05 =0. Then d;(a) =d;_1(a) + 1, {(z[j]) = l(=[j - 1]).
So DQE - DQCIS = |H\w.
So, the only cases we need to consider are the second and the fourth. From this it
follows that for each j > k,

(19) Aoj] >0 <= #of Osin {ost1,...,05} >2-[D(a[f])].
The conclusion of the lemma follows by induction upon setting j = r. O

Recall that we need to show that ﬁ.mv is satisfied for 321-hexagon-avoiding per-
mutations for any choice of reduced expression. To do this, we define a graph G,
whose vertices are in one-to-one correspondence with the defects of DY(¢). In Lem-
mas w“w_““ and .m we develop some technical results relating the shape of Heap(w) to
the shape of G,. Then in Proposition E we show that G4 is a forest if w i1s 321-
hexagon-avoiding. The proof of this Proposition is rather intricate and is given as
a “proof by picture.” Finally, in Section "m we conclude by a simple combinatorial
argument that if G is a forest, then @.m..v 1s satisfied.

71 72 71 72

71 72 72 71

FIGURE 5. Overlay of string diagram corresponding to some o on Heap(w).

The edges of G will depend on how the various defects and zeros in o are
intertwined. To measure this intertwining, we overlay strings on Heap(w). In
particular, we will overlay the lines y = 2 + C for C € Z. At each point pt(j)
of our heap we will move these strings according to the following rule: If o; = 0,
then “bounce” the strings as in Figure m.m. If o; = 1, then “cross” the strings as
in Figure .m._u.

In either case, v; and 52 are said to meet at pt(j) and each of 1,7, is said to
encounter pt(j). If we number the strings from left to right along the bottom of
our heap, reading the order of the strings at the top gives the permutation m(w?).
Figure w gives an example.

Remark 6. In the heap model, defects occur when two strings meet that have pre-

viously crossed an odd number of times.

Remark 7. In our diagrams, we make the following conventions. First, every
diamond point is known to be a defect. Second, white nodes are known to be in our
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Y1 Y2 Y3 Ye V5 V4 V8 7

Y1 Y2 Y3 Y4 Vs Ve Y7 V8

FIGURE 6. Heap(w) overlaid with a string diagram for the re-

duced expression a = $4538251555453528655848756¢85 and o =

(1,0,1,0,1,1,0,1,0,0,0,1,0,0). Note that m(w?) = s4858457, giv-

ing the permutation [1,2,3,6,5,4,8 7]. The defects are repre-

sented by diamonds. As an illustration of our terminology regard-

ing strings, note that v4y7 meet at pt(9) (for our reduced expression
a). And 55 encounters pt(j) for j € {5,6,7,11} (also for a).

heap. Third, the inclusion of black nodes within the heap ts undetermined at the
time the picture is first referenced.

Suppose j € D(o). For the strings meeting at pt(j) to have previously crossed,
they both need to have changed direction at some point (see Figure {v Formally,
there must be a,b with 1 < a # b < j and a,3 > 0 such that (i;,Ivl(s;,)) =
(ia + o, WVI(s;,) + &) = (i — B, VI(ss,) + 5) where oy, = 03, = 0. Otherwise, the
strings meeting at (i;,1vI(s;,)) could not have previously crossed.

Choose a, b as above and as large as possible. Call lcz(j) = pt(a) the left critical
zero and rcz(j) = pt(b) the right eritical zero of j (or of pt(j)). In terms of the
heap, the left and right critical zeros (lcz(j) and rcz(j)) are the closest zeros to
pt(j) on the boundary of Cone, (j).

Now, for j € Do), {lcz(j),rcz(j), pt(j)} are the critical zeros of j. For this
reason, we will sometimes refer to pt(j) as the middle critical zero of j (denoted
mez(j vv A point pt(j) is shared if pt(j) is a critical zero for two separate defects.

O(pt(y) = mez(y)
HnN
lez(y

F1GURE 7. Heap showing necessity of existence of 0’s on boundary
of Conen (j) when j € D(o).

There 1s one final construct we will need to prove Theorem wh Define a graph
Go associated to o as follows. Let the vertex set of G4 be {ver(j)};epo(s). The
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edge set consists of those (ver(j), ver(k)) for which
(20) {Icz (), rez(f), mez(4) } N {lcz(k), rez(k), mcz(k)} # 0.

In Figure .my we give an example of a heap along with its associated graph G
The key fact we need in the proof of ﬁ.ﬁmv is that G4 does not contain any cycles.

Before proving this fact in Proposition .Hh_“ we first introduce some lemmas that

illuminate the structure of G». The first two lemmas are easy and stated only for

reference. The second and third give criteria for Heap(w) to contain a hexagon.

TN .
ver(y) ver(l)
k © © m
& o &
>
O
5 5 ver(k) ver(m)
ver(n)
O
O
a b. C.

Ficure 8. In a., we depict the permutation w =
[6,7,8,1,9,2,3,4,5] along with the mask o =
(1,0,1,1,0,1,1,0,1,0,1,1,1,0,0,0,0,0,0). In b., G4 is graphi-
cally overlaid on Heap(w). The critical zeros correspond to the
corners of the triangles. In c., we have an abstract realization of
the graph.

Lemma 3. Suppose w is 321-avoiding and k,1 € D°(o) with pt(l) = lcz(k). Then
pt({)+(1,—=3) € Heap(w). Similarly, if pt(l) = rca(k), then pt(l)—(1,3) € Heap(w).
(See, for example, Figure ...mnx

Lemma 4. Let w be a 321-avoiding permutation and pt(h), pt(k) € Heap(w) with
pt(h) € Conex (pt(k)—(0,6)). If h and k are encountered by a common string, then
Heap(w) contains a heragon. (See, for example, Figure "mmnx

Lemma 5. Let w € &, be 321-avoiding. Heap(w) contains a hexagon if any of
the following three situations are met:

1. The point lcz(r) = pt(m) = rez(l) with m,r,1 € D(a). (See Figure wm.@.x

2. The string vy encounters three distinct strings y1,va,vs at defects I, k,m € D°(o),
respectively. Furthermore, pt(m) = rcz(l), pt(l) = lcz(k) and pt(m) is on the bound-
ary of Conep (pt(k) — (0,2)). (See Figure @@x

3. We have pt(l) = lcz(k), pt(r) =rcz(k) and k,1,r € D(a). (See Figure ".N.mx

Parts 1 and 3 of Lemma W_ tell us that any three defects in a V-shape or a A-shape
imply that our heap has a hexagon. Part 2 of Lemma w tells us that, under certain
conditions, if one string encounters three defects, then we also have a hexagon.

Proof of part 1. A picture 1s given in Figure "m.m. The claim follows immediately
from Lateral Convexity by applying bmaamw to the pairs pt({), pt(m) and pt(r), pt(m).
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Y1 72

b. C.

FicUure 9. Illustration a. shows the situation of Lemma w\y_p. Il-
lustrations b.,c. refer to Lemma M.w. In these latter two pictures,
it is possible that pt(a) = pt(k).

Proof of part 2. TFirst consider the case where pt(m) = pt(k) + (6,—2 — ) for
d > 1. This is illustrated in Figure "mﬂ._u. By Lemma 8, pt(f) = pt(m) — (1,3) is
in Heap(w). Since pt(f) € Conen (pt(k) + (6 — 1, =5 —§)), Heap(w) contains the
indicated hexagon by Lemma wh

Alternatively, we can have pt(m) = pt(k) — (J,2+46) for § > 0. This is illustrated
in Figure w“.o. Recall that the 5; are assumed to be distinct. So, starting at pt(m)—
(1,1), v must move down to the right at least twice (to cross vz and v3), and move
down to the left at least once (to cross ;). Hence, the lowest of the three crossings
yv; must occur in Conex (pt(h)) = Conea (pt(m)—(0,4)) = Conep (pt(a)—(d,6+4).
By Lemma w_r Heap(w) must therefore contain a hexagon.

Y2 v
T Mv 74
(A
o Q
/7 a AN
'Y o o °
N N,
Y o Ts#
oo d ad
o----o
f o9
h
a b. C

FIGURE 10. Situation of Lemma mw
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Proof of part 3. By ﬁmaamm“ in order to avoid a hexagon in Heap(w), we need at
least one of pt(l), pt(r) to be a distance of exactly v/2 from pt(k).

Suppose first that both pt(l) = pt(k) — (1,1) and pt(r) = pt(k) + (1,—1). Then
we are in the situation of Figure m.@.m. Note that if 0, = 0 then a € D%(o) and
we can appeal to Lemma M.H. So we can consider only the case where there is a
crossing at pt(a). If v is either 41 or 73, then it still needs to cross a string currently
to its right (either v2 or 74, respectively). This can only happen in Conep (f). The
only alternative is that v = 4"/. But then 7;v; cannot cross until Cone, (f). Either
way, pt(f) € Heap(w). Arguing analogously with v/, we see that pt(g) € Heap(w).
So Heap(w) contains a hexagon.

Now suppose that only one of pt(l), pt(r) is a distance of /2 away from pt(k).
Without loss of generality, we assume that this point is pt(/). We argue depending
on whether or not pt(r) € ConeY (pt(m) + (0,2)) where pt(m) = rcz(l).

Assume first that pt(r) € ConeY(pt(m) + (0,2)). We are in the situation of
Figure m.@._u. Since pt(r) # pt(k) + (1,—1), pt(m) = pt(k) + (6, =2 — §) for some
0 > 2. Hence, in order to avoid a hexagon, we must have y;7y, cross as shown. But
then it is easily seen that the crossing y3y4 must occur in Conen (h). This ensures
that Heap(w) contains the indicated hexagon.

If pt(r) ¢ ConeY(pt(m) + (0,2)), then we are in the situation of Figure ".ao
Since 2 must go left once below pt(m) — (1,1) (to cross 41) and 3 must go
right once (to cross 74), we see that the lowest of the crossings 4v; must occur
in Conep (h). If pt(r) # pt(a), then by Lemma ._mh“ Heap(w) contains a hexagon.
If pt(r) = pt(a), then we need the additional fact that pt(m) # pt(k) — (0,2) to
ensure that pt(h) € Conex (pt(k) — (0,6)). But this follows from the assumption
that pt(r) is not at a distance of /2 from pt(k). O

Proposition 1. If w is 321-hexagon-avoiding and o € P(a), then G4 is a forest.

Proof. Assume that G4 is not a forest — i1.e., G5 contains a cycle. We will assume
that w is 321-avoiding and show that if G contains a cycle then Heap(w) contains
a hexagon. Note that since w is 321-avoiding, h@BB@E (Lateral Convexity) holds.

Let V C DPY(o) be a minimal subset such that the subgraph G of G spanned
by V is a cycle. Hence, for each p € V, ver(p) € GL, has degree at least 2. Choose
C' € 7 as large as possible such that pt(j) is on the line y = 4+ C for some j € V.
Now choose | € V to be minimal among such j. By choice of V| pt(m) = rez(l)
must be shared and we must have pt(l) = lcz(k) for some k € V. So our heap looks
like Figure m.w".m.

In the discussion that follows, “shared” should be interpreted in the context of
GL.
Since V' is minimal, either pt(k) = lcz(u) for some u € V, or pt(p) = rcz(k) is
shared. In the first case, pt(p) + (1,1) must be in Heap(w) by Lateral Convexity.
Consider the second case — where pt(p) is shared. By Lemma Wy_.w“ pé&V. So
pt(p) = lez(r) for some r € V. So in both cases, we have the following fact which
we state for reference.

Fact 1. If pt(p) = rcz(k), then pt(q) = pt(p) + (1, 1) € Heap(w).

Two other simple facts we state for reference are the following.
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a. b. o
k

=&

=0
—~
[~

Boundary of Conex(pt(k) — (0, 2))

F1GURE 11. Configuration of Heap(w). Recall that diamond nodes
are known defects and white nodes are known to be in Heap(w) .

Fact 2. By Lateral Convexity, any point encountered by a string that still needs
to cross below that point must be in the heap (after pushing together connected
components). For example, if j € D(o), then pt(j) — (0,2) must be in the heap.

Fact 3. Recall that pt(m) is defined as right critical zero of the left critical zero of
pt(k) (see Figure ...N.ms If Heap(w) does not contain a hexagon, then the point m
must lie along the boundary of Conen (pt(k) — (0,2)).

We now show that, regardless of the characteristics of m (i.e., values of i,
Ivl(m), and whether or not m € D(o)), Heap(w) must contain a hexagon. Suppose
that m € V. By Lemma W.w“ the only way this can happen is if the other string
encountering pt(m) is vs. Since V' is minimal, we then need either lcz(m) or rcz(m)
shared. Consider Figure W.N__ Suppose pt(n) = lcz(m) is shared. By choice of pt(k)
on the line y = « + C, this implies that n € V. But then by Lemma w“ pt(h) €
Heap(w). Then by Lateral Convexity, pt(e) € Heap(w). The alternative is that
rcz(m) is shared. Again, this implies that pt(e) € Heap(w). Since pt(q) € Heap(w)
by Fact F_“ Heap(w) contains a hexagon.

Y2 VB

e

F1GURE 12. This figure depicts the case where pt(m) is not the
left critical zero of another defect in V.
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So we can assume that m &€ V. But by choice of [, pt(m) must be shared. This
implies that pt(m) = lcz(r) for some r € V. We now argue that Heap(w) must
contain a hexagon according to the position of pt(m) relative to pt(k).

Case I: pt(m) = pt(k) — (8,2 + §) for § > 0. There are three cases to consider.
Figure m.m.m. depicts the first. Here, v and 43 both encounter pt(r). Since V is
minimal, either rcz(r) or pt(r) must be shared. By choice of our line y = # + C
and the fact that p ¢ V', we see that, in fact, rcz(r) must be shared. But then
pt(b) € Heap(w). Since pt(q) € Heap(w), Heap(w) contains the indicated hexagon.

FIGURE 13.

The second alternative is that pt(r) € Conex (pt(k)) but v3 does not encounter
v along any of the nodes between pt(m). This is depicted in Figure m.mv Ifo. =0,
then ~y27vys must cross in Conea(g). If oo = 1, then 44" must cross in Conea (¢). In
either case, Heap(w) must contain the indicated hexagon.

The third possibility is that pt(r) & Conen (pt(k)) (Figure m.mhov In fact, this is
the only possibility for pt(r) when § = 0. Here we see that the path of y3 must be
as shown in order to avoid Conep (g). But then 4475 cannot cross until Conen (e).
So we have the indicated hexagon.

Case II: pt(m) = pt(k) + (6, =2 — 4) for some § > 1. The situation is depicted
in Figure M.wh.m. For both 74172 and 273 to cross outside of Conen(h), we need
¥273 to cross in Cone¥(m). This is shown in Figure mumv We mention three
additional assertions we have made in Figure Tu:u First, v; must cross v, as
shown in Figure Tu:u in order to avoid having Heap(w) contain a hexagon. Second,
pt(q) € Heap(w) by Fact E Third, since rcz(m) must be shared, pt(e) € Heap(w)
as shown. So, by Lateral Convexity, Heap(w) contains the hexagon indicated in
Figure 14.b. (It is possible that pt(a) = pt(p) or pt(a) = pt(k), but this does not
change our conclusion.) O
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Y2 Y3

FIGURE 14.

6. PROOF oF THEOREM I}

We present one remaining needed lemma and then the proof of Theorem mh

In the following lemma, we let a = s;, - - - s;. be a reduced expression for w and
set s = s;,. Then let a/s denote the truncated reduced expression s;, - --s; _, for
ws.

Lemma 6. Let s € S, ws < w. Then

(21) Po(a) = ¢ @ Py(a/s) + ¢1 =@ P, (a/s),
(22) where ¢, (z) = L % T8 <@,
0, ifxs>ux.

Proof. Partition Py(a) = P2(a)UPL(a) where PE(a) consists of all masks in P, (a)
ending in ¢ for e € {0,1}. There are natural bijections Pl(a) a2 Pys(a/s) and
Po(a) ~ P.(a/s) given by o — o[r — 1]. So, to prove the lemma, we need only
compare |D(a)| to |D(a[r — 1])].

If ¢ € P2(a), then o[r — 1] € P(a/s). In this case, if s > z (¢s(z) = 0), then
r & D(o), so |[D(e[r — 1])| = |D(o)|. Alternatively, if zs < & (¢;(x) = 1), then
D(o) = D(o[r — 1)) U{r} and |D(o)| = |P(o]r — 1])| + 1. This accounts for the
first term in A".w.@

Since ¢5(xs) = 1 — ¢5(x), proof of the second term in AN.@ reduces to the above
case. O
Proof of Theorem w "M_ == ”nm

Assume w is 321-hexagon-avoiding. We need to show that the P;(a) are the
Kazhdan-Lusztig polynomials.

Now, every j € D%(o) has three critical zeros. Furthermore, by Lemma M“ no
point is a critical zero for 3 distinct defects. So the number of edges in G4 equals
the number of shared critical zeros. Hence,

(23) #of 0’sin {oq,...,0,} > # of critical zeros in {oy,... 0.}
(24) =3.D%0o)| — (# of edges in Gy).
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Now, by Proposition F_“ (i is a forest with |[D°(o)| vertices. Hence, G has at most
ID°(a)] — 1 edges (see, e.g., [d]). Hence,

(25) #of 0sin {o1,...,0,} >2- D) + 1.
<

So by Lemma .m"“ Ag > 0. Therefore the inequality |D(o)] wQASV —l(m(w))—1)
holds. Now apply Theorem w“ from which it follows that Py(a) = Py, for all
reW.

We shall prove (not i) = (not &). Assume w is not 321-avoiding. We can find a
reduced expression for w of the form a = vs;s;418;v" with l[(w) = [(v) +{(v') + 3.
Set

(26) o=

Then [P°(o)| = 1 and |{j : ¢; = 0}] = 2. By Lemma &, A, < 0. So P.(a) does
not satisfy the properties of the P, ., listed in ‘ESOHQB.M__.
Now assume w is 321-avoiding but not hexagon avoiding. Then we can write
w = vu/ v/ where v/ as in Section W_m:a l(w) =1(v) +1(v') + 14. Set
lv) v")

—_——
(27) o=(...,1,1,1,0,1,0,1,0,1,1,0,0,0,0,0,T, ..., 1).

The mask o is depicted graphically in Figure {i5. Then |P°(o)| =4 and |{j : 05 =
0}| = 8. By Lemma w"y Ay < 0. So Py(a) does not satisfy the properties of the
Py o listed in Theorem "N

FIGURE 15. Heap view of mask in AN.NU The black nodes are not
known to be in the heap.

We first appeal to a result of Kazhdan and Lusztig relating the intersection Poincaré
polynomial of the Schubert variety X,, to the Kazhdan-Lusztig polynomials Py .,
([24, Corollary 4.9]):

(28) M.U&Bams@gi = MU ¢ Py u(q).

z<w
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Now, we are assuming that Py(a) = P, for all x € &,. So we need only show
that
(29) > Pu(a) = (14 9)).

z<w

We proceed by induction, the result being obvious for [(w) = 1. Choose an s € S
such that ws < w. From [22, Lemma 7.4], we know that:

(30) If ws < w, then z < w <= xs < w.

Using AM.O_Y along with Lemma m"“ we can write

(31) Yo d P = Y U P(a)+ ¢ P(a)

z<w z<w, z<Ts

(32 C40) Y ) (Pala/s) + aPurla/s))
(33) —(40) Y dOP(afs) 44 Pr(afs)

z<w, v<rs

If P.(a/s) # 0, then « < ws, so this becomes

(34) =(1+9) Y ¢ Pu(a/s)
(35) = (14 )1+ @) = (14 ¢/,

The last line is by the induction hypothesis.
d=d:
Deodhar E@ proves that for any Weyl group W, we can always find a subset

S C P(a) such that
Awmv MU Q_UAQ.V_ == w&%c

oES
T(w )=z
for all z,w € W. (More generally, he shows that such an § exists when the coeffi-
cients of P ,, are already known to be non-negative. Due to their interpretation in
terms of dimensions of intersection cohomology groups, this is known for any Weyl
group.)
Hence, for such an &, we have the following string of equalities:

(1+ )™ =" dim(IH*(Xy))¢' = > ¢ Py
7 c<w
(37) = 3 g,
oES
T(w)=x
Setting ¢ = 1, we find that 2{(v) = |S]. But then S = P(a). So Py(a) = Py, for
all z,w € &,.
This follows from Deodhar E.Nr Proposition 3.5 and Corollary 4.8].
This is the content of Deodhar [[[7, Proposition 3.9].
b = a:

This is a standard result on small resolutions. See, for example, nw.m“ Section 6.5].
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6= 4
Recall that ¥ denotes the Bott-Samelson resolution of Xy, (corresponding to some
reduced expression a). By nmn“ Proposition 4.2],

(38) D dim(H*(¥))g' = (1+9) ).

We are assuming that H, (V) = IH.(Xy). By Poincaré duality, we know that
NM&GNVWHEMANSV.Ooa_uwism Am.m"v ,Sgﬁwwmwmoao%?maﬁmam

(39) > dim(IH* (X, ))g' = (149

as desired.
This completes the proof of the Theorem mh O

Corollary 1. If w = s;, - -5
z < w.

with i1, -+, ¢ all distinet, then P, = 1 for all

r

7. A CONJECTURE OF HAIMAN AND A (GENERALIZATION

Define ¢g-Fibonacci numbers by Fy,(¢) = Fr—1(q) + ¢Fn_2(¢q) where F,(q) = 0 if
n < 0 and Fy(¢q) = Fi(gq) = 1. Theorem wh_ gives us a simple proof of the following
conjecture of Haiman Qmm“ Conjecture 7.18]):

Corollary 2. Let wy; € &, have reduced exrpression
(40) A= SLSKL_15k+15k - S1851-1 € Gp, 2< k<l < n.
Then Pe w,, = Fi_r41(q).

Recently, Brenti-Simion E.w._._ have independently proved this conjecture and gen-
eralized it to a class of elements that are not 321-hexagon-avoiding. In fact, the
corollary can be generalized to apply to any 321-hexagon-avoiding element for which
no generator appears more than twice.

v v v

FIGURE 16. It is clear that ¥ must remain in its column in order
for m(w?) = e. This is shown in a. Diagrams b. and c. show the
only two possibilities for the path of 5.
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Proof. As a permutation,
(41) w=[1,2,- k—=2k+1,--- I+ 1, k—1,k1I+2,-- n]

This is easily seen to be 321-hexagon-avoiding. So by Theorem w__“ P.(a) = Pew,,-

The claim is true for [ = k. The proof is by induction. The situation of the
general case is illustrated in Figure 16 for some o € P.(a). Let » = I(w). In
Figure "-_.m._u“ no new defect is introduced by v, so |D(e)| = |D(o[r — 2])|. In
Figure [6.c, we have |D(o)| = |D(o[r —4])| + 1. The claim follows by the induction
hypothesis. O

We give below the generalization where Heap(w) is a 3 x (I — k + 1) diamond
rather than a 2 x ({ — k+ 1) diamond.

Theorem 4. Suppose vi,; € &, has reduced expression
(42) A= SISI41514251— 1518141 * * - Sk Sk415k42

for some 1 <k <l<n—2. Then P.,,, € Zlq] is given by the cocfficient of z'=F+1
i the generating function

14 g2 4 3B

Ge(z) = .
(%) (14 gz4¢222) (=14 24+ gz + q22 + ¢222 + %23 — ¢*2%)
Y1 Y2 Y3 Y4 Y1 Y2 Y3 Y4 Y1 Y2 Y3 Ya Y1 Y2 Y3 Y4
o) o
@) Y4 ol 73 Y4 Y3
o Y3 o 74 o) Y2 0 Y2
Y2 Y2 Y3 Y4
7 , 71 , 71 , 71
2
\Uméw+: QNUmw+méw+: QNUEA+TE@+: q \Umw+umw+mg§+:
a. b. C. d.

FIGURE 17.

Proof. We only sketch the proof. We see that vy ; is clearly 321-hexagon-avoiding,
so by Theorem m__“ Prw = FPa. The idea is to use recursion on n = [ — k. From

Figure MN"“ it 1s easy to see that Pevis = Pevigrn T P51y viqan T 8P vnqan +
Qmﬁ?tmifewt .- Similar recurrences can be found for P, ,, , where x € &4. Solv-
. ? . r ?

ing these recurrences for P ,, , yields (4). O

8. SINGULAR LocI oF 321-HEXAGON-AVOIDING ELEMENTS

The Schubert variety X, is said to be singular at a point ¢ < w (or, more
properly, on the Schubert cell C; C X,,) if the Zariski tangent space to X,, at »
has dimension strictly greater than /(). The set of singular points forms a lower
order ideal in the Bruhat-Chevalley order A@v We define X5"8 to consist of the
maximal elements (under this Bruhat-Chevalley order) of the set {x € &, : z <
w and « singular}.
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The following theorem gives a complete description of X5 when w is 321-
hexagon-avoiding. In fact, this proves a conjecture of Lakshmibai and Sandhya ﬁ@
in this special case.

Theorem 5. Let w € &,, be 321-heragon-avoiding (hence Heap(w) is well-defined).
Then every diamond with vertices (z,y), (z —a,y—a), (z+5,y—p), (r—a+5,y—
a—f),a,6 >0 in the heap determines an element in X3™9. More explicitly, let

(43) T={(,kD)EZ3:1<jkl<r pt(j)=pt(k) - (a, ),
pt(l) = pt(k) + (8, —0) for some o, 3 > 0,
and Conen (j) N Conea (1) N Heap(w) # §}

and
Y={oceP(a):(jk,)eT, oj=0r=0,=0,

44
A v and oy = 1 for m # j k,1}.

Then the marimal singular locus X9 of Xy, is given by X9 = {r(o) : o € T}.

Proof. It has been proved by Deodhar E.@ that for W = &,, and v < w, X, is
smooth on the Schubert cell €, if and only if P, ,, = 1. By Theorem wh_“ Pe(a) = Py w
for every # € &,. So to show that X,, is singular, we need only show that P(a)
contains a mask of positive defect.

Let o € X correspond to (4, k,1) € T. Since every defect must have two critical
zeros (in addition to the defect itself), {(w) — {(w(o)) = 3. Lateral Convexity tells
us that if {(w) — l(n(e)) < 3 for some other & € P(a), then [D(o)| = 0. So for
o € ¥, if X, is singular at Cr(o), 7(o) is maximally singular. Now, the conditions
in @.@ imply that & € D(e). By Theorem ﬁ“ this implies that Pr(5) . # 1. So
{n(e) 10 € X} C X5in8,

The only fact that remains to be checked 1s that if y is a singular point of X,
then y < n(o) for some o € . So pick some o € Py(a) with |P(e)| > 1. Choose
b € D(o) and suppose pt(a) = lcz(b) and pt(c) = rcz(b). Now define a mask o’ by
setting

A%@v Q.\ _ M“ Smﬁ@“mfﬁwf
m 0, me{a,b,c}.

Using the characterization of Bruhat-Chevalley order in terms of subexpressions
(see, e.g., n.wm.? it is easily checked that w(o) < w(o’). Since ¢’ is in X, we are
done. O

Corollary 3. For w 321-heragon-avoiding, each element of X:™9 has codimension
S Xy,

Example 2. Here we give an example of calculating the singular locus as in The-
orem W... We have set w = $9815554535286855453. Fligure Nm tlustrates the eight
different points in the maximal singular locus of X,. Namely,

Xo" ={[3,1,6,2,7,4,5],[1,6,3,2,7,4,5],[3,1,6,4,2,7,5],
_HMW“ H_y“ my @“M“&J‘NH_“ _HH_V“ MW“N“M“Q“&J @H_“ _HMW“M“ my H“&”“‘N“@H_“
[3,2,6,1,5,4,7],[3,4,6,1,2,5,7]}.
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FIGURE 18.

Example 3. For vy 4 as in Theorem .&M _N%:m_ = 18.

Remark 8. Let w = [w(l),...,w(n)]. A result of Lakshmibai and Sandhya @.N““
Theorem 1] is that X,, is nonsingular if an only if w avoids [3,4,1,2] and [4,2,3,1].
It is shown n E.ﬁ that Xy, s non-singular precisely when P, = 1. So from
Theorem ik and Corollary i, we see that if w is 321-hexagon-avoiding and X, is

singular, then we must be able to find a [3,4,1,2]-sequence in w.

9. EXAMPLE AND ENUMERATION OF 321-HEXAGON-AVOIDING ELEMENTS

The following table lists both the number of 321-avoiding elements in &,, and
the number of 321-hexagon-avoiding elements in &,, for 7 < n < 13 (these numbers
are equal for n < 6). The number of 321-hexagon-avoiding elements has been
calculated by computer. The number of 321-avoiding elements is well-known to be
given by the Catalan numbers (see, e.g., @r N.@.“ _..w.@v

Below we give an example showing the use of Theorem wh for calculating Py ..
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n

7

8

9

10

11 12 13

321-avoiding 429 1430 4862 16796 58786 208012 742900

321-hexagon-avoiding 429 1426 4806 16329 55740 190787 654044

TABLE 1. Number of 321-hexagon-avoiding elements in &,,.

Example 4. Here we calculate Py, for w = s2s153525483. As a permutation, w
is [3,4,5,1,2], which is clearly 321-hezagon-avoiding. (Note that w = w4 in the
sense of Corollary ".mx It 1s a result of Deodhar that for each x < w, there exists
a unique mask in Py(a) of defect 0. The following table lists all of the o € P(a)
for which |D(o)| > 0. For this w, all of these masks happen to have |D(o)| = 1.
Hence, we see that for x < w,

$28153525483  m(w?) $28153828483  w(w?)
001001 e 111001 s9s1
100100 e 100001 so9s3
011001 s 101000 so9s3
101001 s 101101 s3s9
100000 s 100111 s4s3
100101 s3 100010 s984
001000 53 100011 5925483
100110 sy 101100 s98389
011000 5183 111000 59285183
TABLE 2. Computing Py ., using the defect statistic.

1+ 2q,

1+gq,

if € {e, 9,83, 5983},
if © € {s1, 54,5153, 5251, $382, 5453,
Smfmﬁ»m?@mwm?@&mw?

otherwise.

10. ACKNOWLEDGEMENTS

We would like to thank Mark Haiman, Allen Knutson, and Rodica Simion. The
second author would like to personally thank the computer program GAP/CHEVIE.

REFERENCES

[1] ALAIN LASCOUX AND MARCEL-PAUL SCHUTZENBERGER, Polynomes de Kazhdan & Lusztig
pour les Grassmanniennes. (French) [Kazhdan-Lusztig polynomials for Grassmannians],
Astérisque, 87-88 (1981), pp. 249-266. Young tableaux and Schur functions in algebra and
geometry (Torun, 1980).

[2] A. V. B. SHAPIRO, M. SHAPIRO, Kazhdan-Lusztig polynomials for certain varieties of incom-

plete flags, Discrete Math., 180 (1998), pp. 345—355.

[3] A. BEILINSON AND J. BERNSTEIN, Localization of g-modules, C. R. Acad. Sci. Paris Ser. I

Math, 292 (1981), pp. 15-18.

[4] S. BiLLEY, W. JOCKUSCH, AND R. STANLEY, Some combinatorial properties of Schubert poly-
nomials, J. Alg. Comb., 2 (1993), pp. 345-374.
[5] S. BILLEY AND V. LAKSHMIBAL, Singular Loci of Schubert Varieties, no. 182 in Progress in
Mathematics, Birkhauser, 2000. In press.

[6] B. BoLLOBAS, Graph Theory, Springer-Verlag, 1979.



24 SARA C. BILLEY AND GREGORY S. WARRINGTON

[7] R. BoTT aND H. SAMELSON, Applications of the theory of Morse to symmetric spaces, Amer.
J. Math., 80 (1958), pp. 964-1029.

[8] N. BOURBAKI, Groups et Algebres de Lie, vol. 4,5,6, Masson, 1957.

[9] F. BRENTI, A combinatorial formula for Kazhdan-Lusztig polynomials, Invent. Math., 118
(1994), pp. 371-394.

[10] ———, Combinatorial expansions of Kazhdan-Lusztig polynomials, J. London Math. Soc., 55
(1997), pp. 448-472.
[11] ——, Kazhdan-Lusztig polynomials and R-polynomials from a combinatorial point of view,

Discrete Math, 193 (1998), pp. 93-116.

[12] F. BRENTI AND R. SIMION, Enumerative aspects of some Kazhdan-Lusztig polynomials,
Preprint, (1998).

[13] J.-L. BRYLINSKI AND M. KasHIwWARA, Kazhdan-Lusztig conjectures and holonomic systems,
Invent. Math., 64 (1981), pp. 387—410.

[14] J. B. CARRELL, The Bruhat graph of a Cowzeter group, a conjecture of Deodhar, and rational
smoothness of Schubert varieties, Proceedings of Symposia in Pure Math., 56 (1994), pp. 53—
61.

[15] M. DEMAZURE, Désingularization des variétés de Schubert généralisées, Ann. Sc. E.N.S., 4
(1974), pp. 53-58.

[16] V. DEODHAR, Local Poincaré duality and non-singularity of Schubert varieties, Comm. Al-
gebra, 13 (1985), pp. 1379-1388.

[17] V. DEODHAR, A combinatorial settting for questions in Kazhdan-Lusztig theory, Geom. Ded-
icata, 36 (1990), pp. 95-119.

[18] V. DEODHAR, A brief survey of Kazhdan-Lusztig theory and related topics, Proceedings of
Symposia in Pure Math, 56 (1994).

[19] C. K. FaN, A Hecke Algebra Quotient and properties of Commutative Elements of a Weyl
group, PhD thesis, MIT, 1995.

[20] ——, Schubert varieties and short braidedness, Trans. Groups, 3 (1998), pp. 51-56.

[21] C. K. Fan aND R. M. GREEN, Monomials and Temperley-Lieb algebras, Journal of Algebra,
190 (1997), pp. 498-517.

[22] J. E. HUMPHREYS, Reflection groups and Cowzeter groups, Cambridge University Press, 1990.

[23] D. KaZHDAN AND G. LUszTiG, Representations of Coweter groups and Hecke algebras, Inv.
Math., 53 (1979), pp. 165-184.

[24] ———, Schubert varieties and Poincar€ duality, Proc. Symp. Pure. Math., A.M.S., 36 (1980),
pp. 185-203.

[25] F. KirwaN, An Introduction to Intersection Homology Theory, Longman Scientific and Tech-
nical, London, 1988.

[26] D. E. KNuTH, The Art of Computer Programming, vol. 3, Addison—Wesley, Reading, MA,
1973.

[27] V. LaksHMIBAI AND B. SANDHYA, Criterion for smoothness of Schubert varieties in SL(n)/B,
Proc. Indian Acad. Sci. (Math Sci.), 100 (1990), pp. 45-52.

[28] A. Lascoux, Polynomes de Kazhdan-Lusztig pour les warietes de Schubert vezillaires.
(French) [Kazhdan-Lusztig polynomials for vewillary Schubert varieties], C. R. Acad. Scl.
Paris Sr. I Math., 321 (1995), pp. 667-670.

[29] G. LuszTic, Tight monomials in quantized enveloping algebras, Israel Math. Conf. Proc, 7
(1993), pp. 117-132.

[30] R. SIMION AND F. SCHMIDT, Restricted permutations, European J. of Combinatorics, 6 (1985),
Pp. 383-406.

[31] J. STEMBRIDGE, On the fully commutative elements of Coxzeter groups, J. Algebraic Combin.,
5 (1996), pp. 353-385.

[32] ———, The enumeration of fully commutative elements of Coxeter groups, J. Algebraic Com-
bin., 7 (1998), pp. 291-320.

[33] J. T1Ts, Le probléme des mots dans les groupes de Cozeter, SymposiaMath, 1 (1968), pp. 175—
185. Ist. Naz. Alta Mat. (1968), Symposia Math., Vol. 1, Academic Press, London.

[34] G. X. VIENNOT, Heaps of pieces. I. Basic definitions and combinatorial lemmas., Graph
theory and its applications: East and West, Jinan, (1986), pp. 542-570.

[35] G. S. WARRINGTON, In preparation, PhD thesis, Harvard University.

[36] A. ZELEVINSKII, Small resolutions of singularities of Schubert varieties, Functional Anal.
Appl., 17 (1983), pp. 142-144.



KAZHDAN-LUSZTIG POLYNOMIALS FOR  321-HEXAGON-AVOIDING PERMUTATIONS 25

E-mail address: billey@math.mit.edu

AUTHOR’S ADDRESS: DEPT. OF MATHEMATICS, 2-363C, MASSACHUSETTS INSTITUTE OF TECH-
NOLOGY, CAMBRIDGE, MA 02139

E-mail address: gwar@math.harvard.edu

AUTHOR’S ADDRESS: DEPT. OF MATHEMATICS, HARVARD UNIVERSITY, CAMBRIDGE, MA 02138




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


