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Figure �� �a� Projective plane labeled with conorms for �� �b� Conorms for dual lattice ���

��



References

	�
 J� H� Conway� R� T� Curtis� S� P� Norton� R� A� Parker and R� A� Wilson� ATLAS of

Finite Groups� Oxford Univ� Press� ����

	�
 E� S� Barnes and N� J� A� Sloane� The optimal lattice quantizer in three dimensions� SIAM

J� Alg� Discrete Methods � ������ ������

	�
 A��M� Berg�e and J� Martinet� Sur un probl�eme de dualit�e li�e aux sph�eres en g�eometrie

des nombres� J� Number Theory �� ������ ������

	�
 P� Buser and P� Sarnak� On the period matrix of a Riemann surface of large genus�

preprint� �����

	�
 J� H� Conway and N� J� A� Sloane� Sphere�Packings� Lattices and Groups� Springer�Verlag�

New York� ���

	�
 J� H� Conway and N� J� A� Sloane� Low�dimensional lattices I� quadratic forms of small

determinant� Proc� Royal Soc� London A ��� ����� ������

	�
 J� H� Conway and N� J� A� Sloane� Low�dimensional lattices II� subgroups of GL�n�Z��

Proc� Royal Soc� London A ��� ����� �����

	
 J� H� Conway and N� J� A� Sloane� Low�dimensional lattices VI� Voronoi reduction of

three�dimensional lattices� Proc� Royal Soc� London A ��� ������� �����

	�
 K� L� Fields� The fragile lattice packings of spheres in three�dimensional space� Acta Cryst�

A �� ������ ��������

	��
 G� T� Kennedy and V� Pless� On designs and formally self�dual codes� preprint�

	��
 A� Patterson� Crystal lattice models based on the close packing of spheres� Rev� Sci�

Instrum� �� ������� ��������

	��
 E� Selling� Ueber die bin�aren und ternaren quadratischen Formen� J� Reine Angew� Math�

�� ������ ��������

	��
 H� N� Ward� A restriction on the weight enumerator of a self�dual code� J� Comb� Theory

�� A ������� ��������

�



lattice In�� perpendicular to the vector � �n to the sublattice of In�� perpendicular to the

vector �n�� �the latter is An���� obtaining an isodual lattice in dimension �n� ��

Dimensions �	 and ��� Several ���dimensional isodual lattices have ���� � �� for example

the lattice D�
�� 	�� Chap� �
� or a scaled form of the lattice Q�� associated with the �duads�

and �synthemes� of the symmetric group S�� This lattice is most simply obtained by applying

Construction A 	�
 to the 	��� �� �
 binary code with generator matrix

�
������

� � � � � �
� � � � � �

� � � � � �
� � � � � �

� � � � � �

�
������ �

The dual of this code is a permutation of itself 	��
� 	��
� In this form� Q�� has determinant

���� minimal norm �� kissing number ��� and automorphism group ��� � S�� This lattice may

also be obtained by gluing ���Q���� to ��� where Q���� was de�ned in 	�
�

In dimension �� our isodual lattice is a scaled form of the lattice Q�� associated with the

simple group G���� 	�� p� ��
� The lattice Q�� has determinant �	� minimal norm �� kissing

number ���� and automorphism group G������ � It may also be obtained by gluing a scaled

copy of the lattice Q����� of 	�
 to ���





For the c�c�c� lattice� R � �
p
�� � ������ � � � � �i� For a decomposable lattice de�ned by ���

we �nd

R �
�

�
f�� � � �� h� h��� h��� � h�g �

which has a minimum of �
p
��� � ��� � ������ � � � in the region ���� �ii� Let � be an inde�

composable lattice de�ned by ��� and with conorms ���� The minimum in ���� is attained �I�

at p��p��p��p�� if � � ��� � ����� � ��� or �II� at p��p��p��p�� if � � ��� � ����� � ��� In

each case we �nd that R has no local minimum in the interior of the region� and that on the

boundary there is a unique local minimum at � � � � ��p
�� �

�� Higher�dimensional isodual lattices

Dimensions 
����� Our constructions of isodual lattices in dimensions � �see x��� �� � and

� �see Table I� can be described in a uniform manner� In each dimension� we �nd a path in

lattice space leading from the absolutely extreme lattice � to its dual ��� coordinatized by a

parameter �� with � � s �resp� � � s�� corresponding to � �resp� ���� Then the isodual

lattice has � �
p
ss��

In dimension �� using the terminology of Chapter � of 	�
� we construct a one�parameter

family of lattices by gluing the root lattice D� to a scaled copy cA� of the root lattice A�� We

denote the glue vectors of D� by 	�
� 	�
� 	�
� and we let v�� v�� v� be three minimal vectors of

cA� that add to zero� Then M�c�� c 	 �� is generated by D�� cA� and the vectors �	i
� ���vi��

� � i � �� It is easy to verify that M��� is equivalent to the root lattice E�� M����� to E�
� �

and that M�
p

���� is an isodual lattice with determinant �� minimal norm � � ��
p
�� kissing

number �� center density 
 � ������� � � � �only slightly worse than the densities ������� � � � of

E� and ������� � � � of E�
��� and automorphism group of order ��������� � �����

There are similar constructions in dimensions � and �� Let ��c�� denote the one�dimensional

lattice of determinant �c generated by a vector v of norm �c� We de�ne L�c� to be the lattice

generated by A� � ��c�� and �	�
� ���v�� where 	�
 � ����������������������� is the �rst glue

vector for A�� Then L��� is equivalent to D
� L����� to D�

� and L��� is an isodual lattice

with determinant �� minimal norm ���� kissing number ��� and center density 
 � ������� � � � �

Similarly� in dimension � we glue E� to ���

Dimensions 
�������� The isodual lattices in dimensions �� � �again� and �� �� in Table I

also have a uniform description� for n � �� �� �� � we glue the sublattice of the simple cubic

�



Proof� 	
 also introduced quantities called the Voronoi norms or vonorms associated with

a lattice �� These are the minimal nonzero norms of the classes of ����� The conorms

mentioned in x� are� apart from a scale factor� the discrete Fourier transform of the vonorms�

The minimal nonzero vonorm is equal to the minimal nonzero norm ���� of the lattice�

�i� If � is decomposable and de�ned by ���� there are just four nonzero conorms� which we

can take to be p�� � �� h� p�� � � � h� p�� � �� p�� � h� Therefore ���� � ��

�ii� Suppose � is indecomposable� de�ned by ���� and has the conorms given in ���� The

corresponding vonorms p�j���� p�j���� p�j��� and p�j��� are respectively equal to

��

�D
�

��� � ��� �� � ���

�D
�

��

�D
�

��� � ��� �� � ���

�D
� ����

For the c�c�c� lattice� when � � � � � � p
�� all four quantities are equal to � � �

p
���� the

other three vonorms are
p
�� and � � ������ � � � �

It is now an elementary calculation to verify that the sum of the four quantities ���� is

maximized over the region � � � � � � � at the point � � � � �� p
�� At all other points it

is strictly smaller� Therefore for any other lattice some vonorm is strictly less than � ��
p

����

and the density is less than that of the c�c�c� lattice� �

�� The most e�cient three�dimensional isodual covering lat�

tice

Theorem �� The c�c�c� lattice is the unique most e�cient three�dimensional isodual lattice

covering�

Proof� Let � be a three�dimensional lattice with conorms �� p��� � � � � p�� �where we allow some

of the pij to be zero�� It is a consequence of Eqns� ����� ���� of 	�
 that the squared covering

radius R of � is given by

R �
�

� det�
�S� det �� S� � �S�� � ����

where

S� � p�� � p�� � p�� � p�� � p�� � p�� �

S� �
X

pW pXpY pZ �

the sum being taken over all products of four conorms in Fig� �a whose support is the comple�

ment of a triangle� and

S� � minfp��p��p��p��� p��p��p��p��� p��p��p��p��g � ����

�



These vectors have Gram matrix ����

�� The central centered�cuboidal lattice

This is the case � � � � � � p
�� � �

qp
�� � of ���� ��� but can be obtained more

simply as follows� Consider the lattice generated by the vectors ��u��v� �� and ����v��v�
for real numbers u and v� If � �� u�v � � this is equivalent to the face�centered cubic lattice�

if � �
p

��� to the body�centered cubic lattice� and if � �
�p��� to what we call the central

centered�cuboidal �or c�c�c�� lattice�

When scaled so that it has determinant �� the c�c�c� lattice has integral basis

�q
����

�
q

���� �

�
�

�q
���� ��

�
q

���

�
�

�
��

�
q

����
�
q

���

�
� ���

Gram matrix

���

�
� � �

p
� �� ��

�� � �
p
� ��p

�
�� ��p

� � �
p
�

�
� � ����

minimal norm � ��
p

���� center density 
 � ������ � � � �between that of the face�centered and

body�centered cubic lattices�� covering radius ��
�����
� kissing number � theta series

� � q
����

p
��� � �q

p
� � �q� � �q�

p
� � q��

p
� � ��q

����
�
p
� � � � � �

automorphism group of order ��� and is isodual�

Incidentally� if we take � �
p

��� we obtain another interesting lattice� the �axial centered�

cuboidal� lattice� After rescaling this has Gram matrix

�
� � � �
� � �
� � �

�
� �

determinant ��� minimal norm �� center density 
 � ��� and kissing number ��� It can be

obtained by stacking layers of equal spheres placed in the hexagonal lattice �or A�� arrange�

ment� with the spheres in each layer placed over some of the cols �points midway between two

neighboring lattice points� of the layer beneath� Patterson 	��
 and Fields 	�
 have shown that

this is the least dense lattice with kissing number ���

�� The densest three�dimensional isodual lattice

Theorem �� The c�c�c� lattice is the unique densest three�dimensional isodual lattice�

�



Let � be an indecomposable three�dimensional isodual lattice� with dual ��� From x of

	
 the isoduality of � implies that just one of the conorms is zero� We denote the conorms

�as in 	
� by �� p��� p��� p��� p��� p��� p��� as indicated in Fig� ��a�� We also set pji � pij for

� � i � j � ��

The conorms for �� are shown in Fig� ��b� �see Fig�  of 	
�� where

pp � minfp��p��� p��p��� p��p��g � ���

ppijk � pijpjk � pjkpki � pkipij � ���

The minimum in ��� is attained just once� and without loss of generality we assume pp � p��p���

so that p��p�� � p��p�� and p��p�� � p��p���

The conorms in Figs� �a and �b must agree� up to an automorphism of the projective plane�

This means that for some permutation  of f�� �� �� �g we have a set of six equations

pp��� � pp � p���� � pp��� � pp � p���� �

pp��� � pp � p���� � pp��� � pp � p���� �

p��p�� � pp � p���� � p��p�� � pp � p���� �

to solve for p��� � � � � p��� In sixteen of the �� cases� e�g�  � f�� �� �� �g� there is no solution

with all pij 	 �� In four cases� e�g�  � f�� �� �� �g� there is a two�parameter solution which

after relabeling of the variables can be taken to be

p�� �
���� ��

D
� p�� �

��

D
�

p�� �
����� ��

�D
� p�� �

����� ��

�D
�

p�� �
���� ����� ��

D
� p�� �

���� ��

D
�

���

where D � � � �� and � � �� � � �� The corresponding Gram matrix is ���� There is an

obvious symmetry interchanging � and �� so we may assume � � �� In the remaining four

cases� e�g�  � f�� �� �� �g� there is one solution� the c�c�c� lattice �see x��� which is in fact the

case � � � � ��p
� of the two�parameter family� �

Remark� The indecomposable isodual lattice in �ii� is generated by the three vectors�
���

�
� ��

�

�

�
�

�
�

�
� �� �

�
�

�
�� �

�
���� �

�
� ��

where

� �

s
���

�� ��
�

�



The lower bounds for the Hermite constant are obtained from the lattices given in Table ���

of 	�
� The entries in the ��n column for n � � are taken from 	�
� The entries in the ��n column

for n � �� are based on the same lattices used for the Hermite constant� except for dimensions

�� �when we use D�
��� and �� �when we use the lattice Q����� of 	�
�� Decimal expansions have

been truncated to four places�

This paper makes use of the terminology for describing three�dimensional lattices intro�

duced in 	
�

	� The classi
cation of three�dimensional isodual lattices

Theorem �� �i� A decomposable three�dimensional lattice is isodual if and only if it is equiv�

alent to one with Gram matrix �
� � � �
� � �h
� �h �

�
� ���

where

�� � h� � � and � � �h � � � � � ���

�ii� An indecomposable three�dimensional lattice is isodual if and only if it is equivalent to

one with Gram matrix

�

�� ��

�
��������

��

�
��� ����� ��

��� ��

�

����� ��

�

����� ��
������ ��

�

��� � ��� �� � ���

�

�
��������

���

where � � � � � � ��

Proof� �i� is easily established using the fact that every one� and two�dimensional lattice

of determinant � is isodual� �ii� We recall the main result of 	
� which is that each three�

dimensional lattice is uniquely represented by a projective plane of order � labeled with seven

numbers� the conjugate norms or conorms of the lattice� whose minimum is � and whose

support is not contained in a proper subspace� Two lattices are isomorphic if and only if the

corresponding labelings di!er only by an automorphism of the plane� �The conorms are the

familiar Selling parameters 	��
 supplemented by �� but for several reasons " see 	
 " it is

preferable to work with a set of seven numbers rather than six��

�



We have also found reasonably dense isodual lattices in all dimensions up to ��� The best

of them are shown in Table I� The table also gives lower bounds for ��n and �n� We expect that

many of these bounds are in fact the exact values �although the lower bounds for ��� ���� ����

��
 are probably weak��

Table I� Highest minimal norm �n of n�dimensional isodual lattice� corresponding lattice ��
Berg�e�Martinet constant ��n� Hermite constant �n�

n �n � ��n �n

� � I� � �

�
p

��� � ������
p

���A�

p
��� � ������ ������

� � ��
p

��� � ������ c�c�c�
p

��� � ������ ������

�
p
� � ������

p
���D�

p
� ������

� � ��� � ��� �A����� � p
� ������

� � � �
p

��� � ������ �D�

p
���A��

� � p	�� � ������ ������

� � ��� � ������ �E����� � p
� � ������ �����

 � E� � �

� � ���� � ������ �A����� � p���� � ��� � �

�� � � D�
���Q�� � � � �����

�� � ��� � ���� �A	A���
� � � � ������

�� � p���� � ������ K�� � p���� � ������ � ������

�� � � �A��A��
� � p���� � ����� � ������

�� � p���� � ������ Q�� � p���� � ������ � ����

�� � � A�
�
 � p

� � ������ � ������

�� � p
 � ���� ��� � p

 � ���� � ����

�� � � O�� � p
�� � ������ � ������

�� � � ��� � � � �

The lattices are described using the notation of 	�
� 	�
� 	�
� In particular� if L is a lattice

with Gram matrix A� cL has Gram matrix cA� Also� �LM�� denotes a lattice obtained by

gluing together component lattices L and M �cf� 	�
� Chap� ���

The isodual lattices in dimensions ���� ����� �� mentioned in the table are given in x��

�



On Lattices Equivalent to Their Duals

J� H� Conway

Mathematics Department
Princeton University

Princeton� NJ ���� USA

N� J� A� Sloane

Mathematical Sciences Research Center
AT#T Bell Laboratories

Murray Hill� New Jersey ����� USA

�� Introduction

In a recent paper� Berg�e and Martinet 	�
 say that a lattice � is dual�extreme if it achieves a

local maximum of f���������g���� where �� is the lattice dual to � and � denotes the minimal

nonzero norm �or squared length�� and is dual�critical if it achieves the global maximum ��n

of f���������g��� over all n�dimensional lattices� They prove that the absolutely extreme

lattices in dimensions n �  are dual�extreme� and indeed are dual�critical for n � ��

We call a lattice isodual if it is isometric� or geometrically congruent� to its dual� i�e� if it

di!ers from its dual only by �possibly� a rotation and re$ection� A lattice that is geometrically

similar to its dual can always be rescaled to become isodual� when it will have determinant

�� While investigating lattices arising from Riemann surfaces� Buser and Sarnak 	�
 raised the

question of �nding the densest n�dimensional isodual lattices� or equivalently of determining

�n� the maximal value of ���� over all n�dimensional isodual lattices �� Clearly

�n � ��n � �n � ���

where �n is the Hermite constant�

The densest lattices known in dimensions ��������������� and � are isodual 	�
� and so in

particular we know the values �� � ��� �� � ��� �� � �� and �� � ���

In the present paper we classify all three�dimensional isodual lattices �Theorem �� and

show that the densest is a certain lattice we call the c�c�c� lattice �Theorem ��� thus proving

that �� � � ��
p

���� This lattice� which also makes a brief appearance in 	�
� is described in

x�� In Theorem � we show that it is also the most economical isodual covering�



On Lattices Equivalent to Their Duals�

J� H� Conway

Mathematics Department
Princeton University

Princeton� NJ ���� USA

N� J� A� Sloane

Mathematical Sciences Research Center
AT#T Bell Laboratories

Murray Hill� New Jersey ����� USA

January ��� ����

ABSTRACT

A lattice is called isodual if it is geometrically congruent to its dual� We show that the

densest three�dimensional isodual lattice is the �central centered�cuboidal� lattice� a lattice

which is in a sense the mean of the face�centered and body�centered cubic lattices� This lattice

is also the most economical three�dimensional isodual covering� We give a number of other

dense isodual lattices in Rn� n � ���

�This paper will appear in Journal of Number Theory
 It is also DIMACS Technical Report ���		 December
����
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