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Abstract. Correction networks are comparator networks that sort inputs differ-
ing from sorted sequences of length N in a small number of positions. The main
application of such networks is producing fault-tolerant sorting networks. We
show the lower bound 1.441og, N on the depth of correction networks settling an
open problem from [7]. This bound is tight since the upper bound 1.44log, N is
known.

1 Introduction

Sorting is one of the most fundamental problems of computer science. A classical ap-
proach to sort a sequence of keys is to apply a comparator network. Apart from a long
tradition, comparator networks are particularly interesting due to potential hardware
implementations. They can be also implemented as sorting algorithms for parallel com-
puters.

In our approach the elements (keys) to be sorted are stored in registersr,ra,...,rn.
A comparator [i : j] is a simple device connecting registers ri and r; (i < j). It compares
the keys they contain and if the key in r; is bigger, it swaps the keys. The general prob-
lem is the following. At the beginning of the computations the input sequence of keys
is placed in the registers. Our task is to sort the sequence of keys applying a sequence
of comparators. The sequence of comparators is the same for all possible inputs. We as-
sume that comparators connecting disjoint pairs of registers can work in parallel. Thus
we arrange the sequence of comparators into a series of comparator layers which are
sets of comparators connecting disjoint pairs of registers. The total time needed by such
a network to perform its computations is proportional to the number of layers of called
the network’s depth.

Much research concerning sorting networks was done in the past. Its main goals
were to minimize the depth and the total number of comparators. The most famous
results are asymptotically optimal AKS [1] sorting network of depth O(logN) and
more ‘practical’ Batcher [2] network of depth ~ %IogzN (logarithms in this paper
are binary). Due to a very large constant hidden behind big O in AKS, Batcher net-
work has much smaller depth for practical input sizes N. Another well known re-
sult is Yao’s [8] construction of an almost optimal network to select t smallest (or
largest) entries of a given input of size N (t-selection problem). His network has depth
logN+ (1+0(1)) logt loglogN and ~ N logt comparators which matches lower bounds
for that problem (t <« N). The analysis of comparator networks is most often based on
the following useful lemma [4]



Lemma 1.1 (zero—one principle). A comparator network is a sorting network if and
only if it can sort any input consisting only of Osand 1s.

This lemma is the reason, why we consider inputs consisting only of Os and 1s in
the analysis of comparator networks. In this paper we deal with the problem of sort-
ing sequences that differ by a small number of modifications t from a sorted sequence.
These modifications can be either swaps between pairs of elements or changes on single
positions. Such sequences we call t-disturbed. A comparator network that sorts such se-
guences we call a t-correction network. There are some potential applications in which
we have to deal with sequences that differ not much from a sorted one. Assume we have
a large sorted database with N entries. In some period of time we make t modifications
of the database and want to have it sorted back by a comparator network. It can be better
to design a specialized network of small depth to ‘repair’ the ordering and avoid using
costly general sorting networks.

For the analysis of a t-correction network we can consider only t-disturbed se-
quences consisting of 0s and 1s. We note, that 0-1 sequence Xi,...,Xy is t disturbed
if for some index b called the border at most t entries in X1,...,X, are 1s and at most t
entries in Xp1,...,Xy are 0s. These 1s (0s) we call displaced. We have a useful analog
of zero-one principle for t-correction networks.

Lemma1.2. A comparator network is a t-correction network if it can sort any t-
disturbed input consisting of Os and 1s.

The problem of construction t-correction networks arose when construction of fault-
tolerant sorting networks was concerned. A comparator suffers a passive fault if it does
nothing instead of sorting two elements. Assume that our aim is to construct a sorting
network that is resistant to passive faults of any t (or less) of its comparators. One of
approaches to this problem is to notice that if a 0-1 input is processed by an arbitrary
sorting network suffering t passive faults, then the resulting output is t disturbed (see
[6,9]). The idea is to add to this sorting network an additional t-correction unit in order
to produce a fault tolerant sorting network. An additional requirement for this unit is
that it has to be resistant to errors present in itself. Detailed conditions assuring fault
tolerance of the whole network can be found in [7].

A nice construction of such a unit of depth ~ 2logN for one fault can be found in
Shimmler and Starke paper [6]. Later Piotrow [5] pipelined this network to obtain a unit
fort > 1 of depth O(logN +t) having O(Nt) comparators. The exact constants hidden
behind these big O-s were not determined, but since Piotrow uses network [6] in his
construction the constant in front of logN in O(logN +1) is at least 2. The best result
as the constant in front of logN is concerned is included in [7] in which a network of
depth alogN(1+-¢€) 4 ct /e is described for any € > 0. In this paper we denote ® = %
oa=1/logd=1.44....

Any unit making a sorting network resistant to t faults has to be a t-correction net-
work, but we can have better t-correction networks. A nice result here is network of
Kik, Kutytowski, Piotrow [3] of depth 4logN + O(log?t loglogN). The best result con-
cerning t-correction networks if we consider the leading constant is included in [7]. The
network described there has depth ologN(1 +€) + c(e) log?t log? N.



As we mentioned our goal is to reduce the constant in front of logN in the depth
of correction networks, which is most essential if t is small and N big. The best results
concerning constructions of correction networks suggest o as a candidate for the tight
bound for this constant. We prove in this paper that it is the case. Doing this we settle
an open problem from [7].

2 OneDisplaced Element

In this section we consider the simplest possible case of correction network. Consider
0-linputs xq,...,Xy that differ from sorted sequences by a single displaced 1. We call a
comparator network sorting all such inputs a simple correction network. Note that sort-
ing such an input means moving the single displaced 1 to the border register r , in which
at the beginning we have a 0. In this section we remind the construction from [7] of a
simple correction network Fy of depth ~ alogN. Obviously a t-correction network for
any t has to be a simple correction network. Any lower bound on a simple correction
network is also a lower bound on any correction network. Conversely all the construc-
tions of correction networks with leading constant o are based on the construction of
Fn. This section serves mainly to introduce the denotations. Note, that in this section
we describe Fy and the upper bound it gives in a more precise manner, than in [7].

To make easier understanding of the construction we first introduce the notion of
odd-even comparator network. We view the registers with the smallest indexes to be on
the top and those with the largest indexes to be on the bottom. A comparator [i : j] has
two end-registers: top r; and bottom rj. A comparator network is odd-even if it fulfills
the following conditions:

— every comparator connects an even indexed register with an odd indexed register;
— in odd layers the bottom register of each comparator has an odd index;
— in even layers the bottom register of each comparator has an even index.

We assume, that our simple correction network Fy for inputs having a single dis-
placed 1 is an odd-even network. Let the distance between registers r; and r; be the
value |j —i|. Let the length of a comparator [i : j] be the distance between r; and r;. To
construct simple correction network Fy we make additional assumptions how it should
look like:

— layer I consists of all possible comparators of length a; (whose bottom register has
parity of I);

— the sequence of comparator lengths a; decreases as quickly as some geometric pro-
gression.

Following these additional assumptions we can formulate a necessary and sufficient
condition for such a network to sort any input with a single displaced 1. Let the distance
of displaced 1 contained in register r; from the border b be the value b—i (bis the border
index). Assume that in some layer | the displaced 1 is hot moved by the comparator of
length & because it is compared with a non displaced 1. In the next layer it is also not
moved because it can be only in the bottom register of a comparator. Starting from the
next layer it can start moving layer by layer with comparators of lengths a| 2,43, .. ..
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Fig. 1. Network Fy4




The network sorts the input if and only if this 1 always gets to the border (or covers the
distance a; — 1). This can be expressed by the inequality

a-l<aztaist -+ad

Now we should assign explicit values to the sequence a; which is the sequence of
comparator lengths.
First we recall the definition of Fibonacci numbers fy:

fo="f1=1,
fk = fkeo + k-
We define the numbers @k and yy behaving similarly to fy:

Go=01=VYo=Vy1 =1,

k-2
Yk=k2+ V-1 =1+ Y, @i,
i—0

@k = the largest odd number smaller or equal yy.

Define LG(n) to be the smallest k such that yy > n. The network Fy consists of
d = LG(N) subsequent layers. The length of comparators in layer | is aj = @q_j. We
can check that our inequality

a—-1<a,+a3+---+ag

now holds, because
Qd-1 —1<VYd1 —1=0d-1-2+@d-1-3+ -+ Po.

At the beginning of the computations each displaced 1 is able to reduce its distance to
the border to 0, because the largest distance to be covered is N — 1 and the latest layer
on which a 1 has chance to be moved is 2. So we can check that

N—1<wyg—1<@Qd_2+@d—3+- -+ Po.

This short justification proves, that Fy is indeed a simple correction network. We can
note that the length @q_1 of the comparators of the first layer was not used in the proof.
In practical implementations we can exchange layer 1 of Fy by a layer consisting of
comparators of length 1 which can reduce the layout of the network.

The depth d of Fy is ~ aclog N because of the following fact

Fact 2.1 d=LG(N) < alogN+alog(5)/2+1

Proof. We have N < yq and yq—1 < N. Itis easy to prove the following inequalities:
fiu1 <y < fk. Thus fg_2 < wyq_1 < N. But fy is the integer closest to ®**1/+/5. So
®91/\/5<Nandd < alogN +alog(5)/2+ 1.0

So we can formulate the following theorem

Theorem 2.2. The network Fy is a simple correction network of depth d such that
d < alogN+alog(5)/2+ 1.



3 Lower bounds

We prove two lower bounds. First we prove, that any odd-even simple correction net-
work has at least as many layers as Fy. Then we prove that any correction network has
the depth bigger than

ologN — % log3

Theorem 3.1. The network Fy has the smallest depth amongst all odd-even simple
correction networks.

The proof is based on the following lemma.

Lemma 3.2. Assume that an odd-even comparator network is a simple correction net-
work. Assume that by is the maximum length of a comparator that is used in layer
d—ktomovea lfor someO-1input withasingledisplaced 1. Then we haveby_k < @x.

Proof. Induction on k. Assume the lemma is true for k’, k' < k and prove it for k. Let
the maximum length comparator in layer d — K is [i : j]. There is some input in which
the single displaced 1 is the xn, entry and this 1 is moved by comparator [i : j]. In such
case j < bwhere b is the border index. Let us take a new input in which the displaced
1 is Xm, but the border is j — 1. For such an input the displaced 1 is again in r;j, when
[i: j] from layer d —kis used. But the 1 is not moved by this comparator. Then this 1 is
forced to cover the distance bq_x — 1 = j —i — 1 using the next layers. It is not moved
by the layer d — k+ 1. It can be moved by any of further layers d — k' by the distance at
most by_ < @y. So

bg—k—1<DBg (k-2)+byg-k3)++bs <Ok2+ Q3+ +Po <wy—1

Since by_k is an odd number it has to be not bigger, than ¢. O

Proof of the Theorem. Assume that we have an input having N — 1 0s and a single 1
inr1. The 1 is not moved by the first layer of an odd-even network because it cannot be
on the top of a comparator at this layer. So it has to be moved to r y by the next layers.
Thus

N—-1<by+bs+...bg <@g2+@4-3+ -+¢ <yg—1.

But d = LG(N) is the minimal depth, such that N — 1 <y — 1.0

Now we formulate the main result of this paper. Note that the previous lower bound
is exact and this bound is not. There is some constant gap between
alogN + alog(5) /2 + 1 which the upper bound given by Fy and the lower bound we
find. In fact there are examples of simple correction networks of slightly smaller depth
than that of Fy.

Theorem 3.3. Any simple correction network has depth bigger than

ologN — % log3
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Fig. 2. The network F5 has depth 4 and the optimal simple correction network for N = 5 has depth
3.

Proof of the Theorem. Assume we have an arbitrary (not necessarily odd-even) sim-
ple correction network on N registers. Its depth is d. Following the reduction made by
Lory$ (personal communication) we assign a value v; to each pair (i,l), wherer; is a
register and | is a layer of the network. This value is the number of indexes j such that
if the single displaced 1 is in r; at the beginning of computations, then for some setting
of border bit is in r; just after the layer I. Let vj o =1 is this value at the beginning of
computations. Note, that v; g =i for all i.

Fact 3.4 Ifin|-th layer the comparator [i : j] is present, then
Vi <Vij—r and vj; <V +Vj-1

Proof. Only these 1s that were in rj or rj just before layer | can be in rj just after
layer|. O

In fact vi| = vj _1, but we do not need this equality and its proof would require a
few words of explanation.

Lemma 3.5. Ifinl-th layer the comparator [i : j] is present, then

VA + Ve <@ (V) +VE )

Proof. Consider a linear operator A(v, w) gef (W,v+w) on R%. Euclidean norm of a

vector (v,w) is defined as follows

[(v,W)|| = V/ V2 + W2,

Note, that if (v,w) = (vji—1,Vij—1), then

\/Viz,l +V) < \/Vﬁ|71+ (Vij—1+Vji-1)2 = [[AV}1-1,Vi)-1) |

It is easy to check, that A has two eigenvalues: @, —1/® for orthogonal eigenvectors:
(1,@),(—®,1). Due to this fact

AV W) < @[ (v W)



Thus
VA V5 < AV -1, Vig 1) 12 < @2 (vig-1, Vi) 1P = @2+ VF ) o).

0
Summing up inequalities from the last lemma over all comparators of the layer and
adding values for not connected registers we get the following corollary

Corallary 3.6.
2V|2| < q’sziz,pl
| |

To end up the proof of the theorem we note that ; vﬁo =N and

1 1 1 1
Ei vz,,d Ei i 3N +2N +6N>3N.

From the corollary we have

PAFEL PNt
i i
or
13 2d
=N? < ®N
3
SO o
d>0c|ogN—§IogS
d

4 Conclusions

We proved, that a correction network for a single displaced 1 has depth bigger, than
alogN — log3. An open question remains how many layers we have to add to deal
with 2,3,4,...displaced 1s. In [7] we give a construction of 2-correction network of

depth
ologN +c+/logN.

Does any 2-correction network have to have at least oclogN + c+/logN layers?
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