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Abstract

While in the univariate case solutions of linear recurrences with constant coefficients
have rational generating functions, we show that the multivariate case is much richer:
even though initial conditions have rational generating functions, the corresponding
solutions can have generating functions which are algebraic but not rational, D-finite
but not algebraic, and even non D-finite.

1 Introduction

The aim of this paper is to study the nature of multivariate generating functions

F(Z’l,---,xd) = Z Q... nd;ﬁfl .. .xgd = Z anx™

nl,...,ndzo nZO

whose coefficients satisfy a linear recurrence relation with constant coefficients

Un = ChyGnihy t Chylnihy + "+ Chylnyn, form >s,

with adequate initial conditions. The univariate case (d = 1) is well-known to give rise to

rational generating functions. We shall show that the multivariate case is much richer.

We start by an existence and uniqueness theorem that actually applies to recurrences of

a more general form

ap — @(an-i-hla An+thos - - an-}-hk) for n > s,

where the values of a,, for n # s are given explicitly. In particular, we show that the lattice
points in the first orthant (i.e., m > 0) can be enumerated in such a way that for all n
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the points n + h; precede m in this enumeration, if and only if the convex hull of the set
H = {hy, hs, ..., h;} does not intersect the first orthant (Section 2). This condition on H,
which ensures existence and uniqueness of the solution, is assumed to be satisfied in the
sequel.

For linear recurrences with constant coefficients, we show that when initial conditions
grow at most exponentially, the same is true of the solution, which is consequently analytic
in a neighbourhood of the origin (Section 3).

Next, we study the algebraic nature of the generating function of the solution of such
recurrences (Section 4). We define the aper of H as the componentwise maximum of the
points in H U {0}. When the initial conditions have rational generating functions and the
apex of H is 0, the generating function of the solution is rational and given by an explicit
formula. When the initial conditions have algebraic generating functions and the apex of
H has at most one positive coordinate, the generating function of the solution is algebraic
and is given explicitly in terms of the solutions of an algebraic equation. We give various
applications to the enumeration of lattice paths that generalize Dyck paths.

When the apex has more than one positive coordinate, and the initial conditions have
rational generating functions, the generating function of the solution need not be algebraic,
which we demonstrate on the problem of Young tableaux of bounded height. However, the
solution here remains D-finite. We conclude the paper with a simple example showing that
non-D-finite solutions (and even, hypertranscendental solutions) might also occur.

The main tool that we use is the so-called kernel method which permits to solve certain
systems of linear functional equations that seem to contain too many “unknowns”. It works
by restricting the equations to algebraic varieties on which some of the unknown terms
vanish, thus providing the “missing” equations (see Section 4 for more detail).

Notations. We use N to denote the set of nonnegative integers. We write u =
(w1, ug, . .., ug) for d-tuples of numbers or indeterminates, 0 = (0,0,...,0), 1 = (1,1,...,1),
u > v when u; > v; for 1 < ¢ <d, and u > v when u; > v; for 1 < i < d. The monomial
zy' -+ -xy? is denoted x*. For u,v € Zd, the scalar product uyvy + - - - +ugvg is denoted u - v.
The convex hull of a set H C R? is denoted conv H.

2 An existence and uniqueness theorem

Let A be a nonempty set. We consider d-dimensional recurrence equations of the form

an = P(anihy» nihys - - -5 Anin,)  form >s, (1)

where @ : NY — A is the unknown d-dimensional sequence of elements of A, ® : A* — A is
a given function, H = {hy, hy, ..., h;} C Z% is the set of shifts, and s € N? is the starting
point satisfying s + H C N%. A given function ¢ specifies the initial conditions:

an =¢(n) formn>0, n%s. (2)

We think of the h; as having mostly (but not necessarily only) negative coordinates, and of
the point n as depending on the points n + hy,n + hs, ..., nn + hy as far as the value of a,,
is concerned.



The objective of this section is to characterize the sets H for which there is an ordering
of N of order type w such that the points n + hy,n + ho,...,n + hj, precede n in this
ordering. Then there exists a unique solution of (1) — (2), and for any n € N it is possible
to compute the value of a,, directly from (1) — (2) in a finite number of steps.

We first define a dependency relation on the points of N, induced by the set H.

Definition 1 For H C Z¢ and p,q € N¢, let

p<ugq ifandonlyif peq+HCN.
The transitive closure <3; of <y in N¢ is the dependency relation corresponding to H.
Lemma 2 Let p,q,u,v € N°. Then

p=5q u<hv implies p+u<},q+v.

Proof: Clearly <y is translation-invariant: if p <y q, then p +r <y q + r. Therefore <}
is translation-invariant as well, so p <% ¢ implies p + u <}; ¢ + u and u <} v implies
q +u <} q+ v. By transitivity, p + u <} q +v. -

Recall that a binary relation R C A x A is well-founded if it is transitive and has no
infinite descending chains in A (there exists no sequence (a,),>1 of elements of A such that
an+1 R a, for all n). Note that a well-founded relation is irreflexive and asymmetric.

Theorem 3 Let H C Z% be a finite set, and <% the corresponding dependency relation.
Then the following are equivalent:

(i) <4 is well-founded in N,
(i) {x € RY £ >0} N convH = 0,

(iii) there exists v € N, v > 0, such that v - h < 0 for all h € H,

(iv) <3 can be extended to an ordering of N¢ of order type w.

First we establish a lemma about rational points in convex subsets of RY (a point is rational
if it belongs to Q7).

Lemma 4 Let X C R? be a finite set of rational points, and p € conv X. Then p is rational
if and only if it can be expressed as a rational convexr combination of points from X.

Proof: 1f p is a rational convex combination of rational points then clearly p is rational.
Conversely, let p € conv X be rational. Let S C X be a minimal subset with the property
that p € conv S. Let e be the affine dimension of S. By Carathéodory’s theorem (cf. [21,
Thm. 17.1]) and by minimality of S, we have |S| < e+ 1. But e + 1 equals the maximum
number of affinely independent points in S, by definition of e. So |S| = e+1 and S is affinely
independent. Therefore conv .S is an e-simplex containing p.
Let S ={qy,qy,---,q.} and S; = SU{p}\{q,;}, fori =0,1,...,e. Then p =35, \; g,

where | S,
_ cvolleonv5) 01
e-vol(conv S)



(see, e.g., [11]). Since the volume of a simplex is a fraction of a determinant whose nonunit
entries are the coordinates of its vertices, any simplex with rational vertices has rational
volume. It follows that all the \; are rational. -

Proof of Theorem 3: If H is empty then <} is the empty relation and all four assertions are
trivially true. Now assume that H is nonempty.

(i) = (ii) Let K = {& € R% = > 0} N conv H. Assume that K is nonempty. Then
K is a convex polytope with rational vertices. Let ¢ € K N Q% By Lemma 4, q is a
rational convex combination of points from H. Let N be the least common denominator of
the coefficients in this combination, and z = Nq. Then z > 0 and z = >, .y ptp b where
ir € N are not all zero. Let s € N? be such that s + H € N% Then s + h <y s for all
h € H. Let M = ¥ ey pin- By repeated application of Lemma 2, up s + pup b <3 pp s for
allh € H,and Ms+2z <}; Ms. Let z;, = Ms+k z. Note that z;, € N’ for all k € N. Using
Lemma 2 it follows by induction on k& that zj; {{I z, for all kK € N. Thus the z; form an
infinite descending chain in N, contradicting the well-foundedness of <%. Hence K = 0.

(ii) = (iii) As {z € R% z > 0} and conv H are disjoint convex polyhedra they can be
separated by a hyperplane which meets neither of them. Therefore there are u € R?\ {0}
and b € R such that w-x < b for all * € conv H and u - > b for all * > 0. In particular,
u-h <b<O0forall h € H. If u; <0 for some i then = (0,...,0,b/u;,0,...,0) > 0 but
u-x=">b%0b. It follows that u > 0.

As H is finite, and {w € Q*: w > 0} is dense in {u € R’ : u > 0}, we can change
u slightly into a vector w > 0 with rational coordinates, still satisfying w - h < 0 for all
h € H. Multiplying w by a suitable integer gives a vector v with positive integer coordinates
satisfying v-h < 0 for all h € H.

(iii) = (iv) Let v € N, v > 0, be such that v - h < 0 for all h € H. Let L be any linear
ordering of N’ (e.g., the lexicographic one). Define a new linear ordering L, of N* by

plLy,q <= wv-p<wv-q or (v-p=v-q and pLq).

Note that the equation v - & = k has only finitely many solutions & € N for any k € N,
because it implies that 0 < z; < k/v; for all i. Therefore L, is of order type w, and since
p <% q implies v - p < v - q, the dependency relation <}; can be embedded into L.

(iv) = (i) Any ordering of type w is a well-ordering, therefore any transitive relation
embeddable into it is well-founded. -

Additional assertions equivalent to those in Theorem 3 are given in [19, Sec. 3.3, Cor. 2|.
Now it is easy to state and prove an existence and uniqueness theorem for recurrences of

the form (1) — (2).

Theorem 5 Let H C Z% be a nonempty set which satisfies any of the equivalent conditions
of Theorem 3. Then there exists a unique d-dimensional sequence a : N® — A which satisfies

(1) = (2).

Proof: Write H = {hy, ha, ..., h;}. Theorem 3 implies the existence of a well-ordering <y
of N of order type w which extends the dependency relation <% Let p: N — N? be a
bijection satisfying

i<j=p;<u Dj (3)
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The sequence (a,) satisfies (1) and (2) if and only if the sequence f : N — A defined by
f(i) = ap, satisfies

N e(fepH(pi+hi), fop Hp;+ ha),...,fopTHp;+ hi)) ifp; > s,
f(”—{so(p» itp, s (¥

We are going to prove, by induction on i, that (4) defines a unique sequence f(i). The unique
solution of (1) — (2) can then be recovered from f using a, = f o p~*(n).

Step 0. Let us show that Eqn. (4) completely defines f(0), by proving ab absurdo that
py # 5. If p, > s, then p, + H C N? (because s + H C N? by assumption). In other words,
Py + hj < py and hence py + h; <y p, for 1 < j < k. As H is nonempty and 0 ¢ H, this
contradicts Property (3). Thus p, ? s and Eqn. (4) determines f(0) = ¢(py).

Step i, ¢ > 0. Assume f(0),..., f(i—1) are determined uniquely by (4). If p; * s, then (4)
forces f(i) = ¢(p;). Otherwise, for 1 < j <k, we have p; + h; <y p;, hence p; + h; <y p;
and by (3), p~!(p; + h;) < i. This means that the values of f o p™'(p; + h;) have already
been computed, and f(i) is then uniquely determined by the first equation of (4). -

This theorem generalizes the result of [23] where d = 2 and it is assumed that all h € H
satisfy ho < 0, or ho = 0 and hy < 0.

Example 1: The knight’s walk

We study walks on the lattice N® that start anywhere on the lines z = 0, z = 1, y = 0, or
y = 1, take only two kinds of steps: (—1,2) and (2, —1), and remain in the region x > 2,
y > 2 once they have left their starting point. For m,n > 0, let a,,, denote the number of
such walks ending at (m,n). We have

a — Am+4+1,n—2 + Am—2,n+1 if m,n Z 27 (5)
e 1 otherwise.

This recurrence is of the form (1) — (2), with H = {(1,-2),(—2,1)} and s = (2,2). The
conditions of Theorem 3 are satisfied: for example, if we take v = (1,1) we have v-h < 0
for both h € H. Hence the recurrence has a unique solution whose terms can be computed
inductively, for instance diagonal by diagonal. The first few values are given in the following
array.

— = e e e = 3
H-
e}
—_ =
O

e e e
=N NN W W Ot
=N DN O
— = W RO

= = o Ot

— = Ut =3 -



Our restriction to sequences defined in the first orthant might seem a serious limitation of
applicability of our results. However, other wedge-like domains can be easily mapped onto
the first orthant by a linear transformation, after which our approach applies. For example,
if v1,...,v, € Z% are linearly independent vectors and C is the convex cone spanned by these
vectors then an appropriate transformation could be multiplication by the integer matrix

M=detV .-V7!

where V' = [vyq, ..., v,4] is the matrix whose columns are the v;’s. This transforms a recurrence
equation in C, with the set of shifts {hi,..., h;}, into one in the first orthant, with the set
of shifts {Mhy,..., Mh;}. A transformation of this type is used in Example 5 below. A
similar (but slightly different) linear transformation is used in Example 4.

3 Linear recurrences with constant coefficients

In the rest of the paper, we focus our attention on multivariate linear recurrences. Let A be a
field of characteristic zero. Let H be a finite nonempty subset of Z? satisfying the condition

{x e RY, x> 0}N convH = 0. (6)

We study the recurrence relation

Z ChlOnih forn > s,
o(n) form>0andn # s

where (cp),cy are given nonzero constants from A. The function ¢ provides the initial
conditions, and we assume that

seN' and s+ H C N (8)

It is natural to ask how restrictive Condition (6) is. The following discussion suggests
that the correct answer is: “not at all”. Let G be a finite nonempty subset of Z¢, and let us
consider the linear relation

Z bgtn+g =0,

geG

where the b, are given nonzero constants from A. This relation can be written in |G| different
ways in a form reminiscent of (7): For each g € G,
by

ap — — Z 7 Onig'—g — Z Ch On+ih
g'cG\{g} 9 heHg
with ¢, = —by /by and Hy = {g' — g; g’ € G,g' # g}. The following proposition implies
that at least one of these relations will allow us to compute inductively the numbers a,,,
starting from suitable initial conditions.



Proposition 6 Let G C Z% be a nonempty finite set. There exists a point g € G such that
the set Hy = {g' — g; g' € G,g' # g} satisfies the equivalent conditions of Theorem 3.

Proof: Let g be the largest point in G' with respect to the lexicographic ordering of Z°.
That is, for all g’ # g, there exists ¢ € {1,...,d} such that

G =01, 9_1=gi—1, and g; <g;. (9)

Then Hy satisfies the equivalent conditions of Theorem 3. Let us prove for instance the third

one. Let

M = max |¢; — ‘
1255 195 — 95
g'eGq

Let v be the vector ((1+ M) ... (1+ M) (1+ M)). Let g’ # g, and assume (9) holds.
Then

d d
v-(g'—g):Zvj(g;—gj)g—vi+M > vy =—(1+M).
= j=it1
| |

Observe that there can be several “good” choices of g. Take for instance the linear equation

Am,n = Amon+1 + Am+41,n

where H = {(0, 1), (1,0)} and the conditions of Theorem 3 are not satisfied. Both equivalent
relations

Ammn = Gmp—-1 — Am41n—1 and Ammn = Am—1,n — Am—1,n+1
do satisfy these conditions and hence allow an inductive evaluation of the sequence a,,,.
Note however that by (8), we need s > (0,1) in the former case and s > (1,0) in the latter.

This means that different sets of initial values are required by these two relations: (@, 0)m>0
by the former, and (ag,,)n>0 by the latter.

We now prove an analyticity result.

Theorem 7 Take A = C. Let (ay) be the unique solution of (7). If there are constants
m > 0 and u € R? such that |p(n)| < m*™ for all n # s, then the generating function of

(Gn)
F(x) = Z>:0 anx"

15 analytic in a neighborhood of the origin.

Proof: By Theorem 3(iii), there exists v € N’ such that v > 0, and v-h < 0 for all h € H.
Since H is finite there exists an € > 0 such that v-h < —¢ for all h € H. Let

1

; .
M = max({1, (Z |ch|) ’E%m%
717

hcH



We are going to prove that |a,| < M¥™ for all n € N, using induction on the well-founded
set (N7, <}).
If n #? s then

UINT o, U2N2 ugng

an| = Jp(n)] <m*™ =m"MmE o

up vini ug v2m2 ug Vdng
— (m”l) (mvz) ---<m“d) SMvn

Otherwise we assume inductively that |a, | < M¥ "R for all h € H. Then

Z Chln+h

S Z |Ch|M'v'(n+h) S Z |Ch|Mv-n—e

heH heH heH
— Mv-nfe Z |Ch| S ]\4'0-717
heH
proving the claim. It follows that F(zy, 2o, ...,z4) converges when |z;| < 1/M". -

4 The nature of the solution

Let a be the unique solution of the recursion (7). In this section we investigate the nature
of the generating function

Fy(z) = a,z™°.

n>s

Let us first recall a few definitions.
Definition 8 Let A be a field of characteristic zero. Let F(x) = 3,50 anx™ be a formal

power series in the variables xy,xs, ..., xq with coefficients in A. The series F' is said to be
e rational if there exist polynomials P and Q) in Alxy,...,x4] such that
P(x
Flz)= D2,
Q(z)

e algebraic if there exists a nontrivial polynomial P in d 4+ 1 variables, with coefficients
in A, such that
P(z1,...,z4,F(z)) = 0.

e D-finite if the partial derivatives 0*F/0x® of F, for o € N, span a finite-dimensional

vector space over the field A(xy,. .., xq); or, equivalently, if for 1 < i < d, a nontrivial
linear differential equation of the form
oFF oF

holds, where the polynomials Py, have their coefficients in A.

The series F' is transcendental if it is not algebraic. The coefficients of a D-finite series are
said to be P-recursive.

For properties of D-finite series, see [22] for univariate series and [15] for the multivariate
case. We shall clarify below the connection between our linearly recurrent sequences and
P-recursiveness.



4.1 From the recurrence relation to a functional equation

Let us now transform our recurrence relation into a functional equation satisfied by the
generating function Fy(x). Multiplying (7) by ™ * and summing over all n > s we obtain

Fs(x) = Z Ch Z pipx™ % = Z chx P Z anx”?

heH n>s heH n>s+h
= Y cnx " [Fy(®) + Pa(z) — Mp()] (10)
heH
where
Po)= > apz™ ®= > p(m)z™® and My(z)= > apz™ ®. (11)
nggih nggih n;gih

Note the simple relationship between Fy(x) and the full generating function F'(x):

Flx)=> apz" =2° D anx™ °+ ) anz"™ ° | = 2°(Fs(x) + P_s(x)).

n>0 n>s nxs
- - n>0

Now rewrite (10) in the form

(1 -y chm_h) Fy(z)= > cpz " [Py(z) — Mp(z)]. (12)

heH heH

To clear denominators on the left side of (12) we introduce the notion of aper which, as we
will show shortly, is related to the nature of the generating function.

Definition 9 Let H C Z* be a finite set. The apex of H is the pointp = (p1,pa, . . ., pa) € N
defined by
pi =max{h; : h€ HU{0}} (i=1,2,...,4d).

In dimension 2, the apex of H is the upper right corner of the smallest rectangle (with its
sides parallel to the axes) enclosing the set H U {0}.

Multiplying (12) by @P where p is the apex of H we obtain

Q) Fs(x) = K(x) — U(x) (13)
where

Qz) = aP - hZH el (14)

K(z) = hZH chaezp_hPh(:c), (15)

Ulxz) = ;ZHch:c””Mh(w), (16)



the series P, and Mp, being given by (11).

From the definition of the apex it follows that Q(x) is a polynomial in @ called the
characteristic polynomial or the kernel of the recursion. Note that the coefficients of Q(x)
and K(x) are given directly by the coefficients of the recurrence relation and by the initial
conditions, respectively. The coefficients of U(x) can of course be computed from (7) but
are not given explicitly. Therefore we call K(x) the known initial function and U(x) the
unknown initial function.

The functional equation (13) has a striking feature: on one hand, it is completely equiv-
alent to our recurrence relation, and thus defines uniquely the numbers a,, for n > s, and
hence Fs(z). On the other hand, there seem to be not one, but two unknown functions in it:
Fs and U. We shall show below on examples how to work with such apparently ambiguous
functional equations. If U(x) can be found explicitly then the generating function of the
unique solution to (7) is given by

(17)
Example 1 (continued): The knight’s walk

Let us go back to the recurrence (5). We have s = (2,2), H = {(1,—2),(—2,1)} and the
apex is p = (1,1). Using (11) — (17) we find

- - K(CC,y)—U(CC,y)
Fs xr,y)= am,nxm 2yn 2=
(.9) m%g Q(z,y)

where
Q(z,y) =zy —2° — ¢°,

the initial functions being

K(z,y) = ¢* Z (amoﬂcm_zgf2 + amem_zy_l) + 23 Z (agmx_zy"_z + al,nx_ly”_z)

m>3 n>3
1+y+1+x
= xy| ——
N\1=2 1—y)’

U([L‘, y) = Z a2,nyn+1 + Z am,2xm+1-

n>2 m>2
O
The above example shows a strong connection between the nature of the series Fy and

the nature of the unknown initial function U. We are now going to discuss this connection
in full generality. We first need to define the sections of a formal power series.

Definition 10 Let F(z1,...,x4) = >n>0 Gny,.ng ™ bE @ formal power series in d variables.
A section of F' is any “sub-series” of F' obtained by fizing some of the indices n;. For instance,

ng nq
Z @1998,n2,...ngL2" """ Lyq
n2,...,g >0

10



ng ,.nq ng
Z A14.n5,4m4,..0qT2 Ty """ Ty
n2,n4,...,ng>0

are sections of I, as well as F' itself and as4,... 24

This terminology is due to Lipshitz. It is not difficult to prove that all sections of a rational
(resp. algebraic, D-finite) series are also rational (resp. algebraic, D-finite). We refer to [15]
for a proof in the D-finite case.

Proposition 11 Let Fs(x) be the generating function of the unique solution of (7). Then
the series Fs(x) is rational (resp. algebraic, D-finite) if and only if both its known and
unknown initial functions K(x) and U(x) are rational (resp. algebraic, D-finite).

Proof: If K and U are rational (resp. algebraic, D-finite), then (17) shows that Fy is also
rational (resp. algebraic, D-finite): the three families of power series under consideration are
closed under the sum and the product, and contain rational functions.

Conversely, observe that, for h € H, the series My, defined by (11), and consequently
the series U, are finite linear combinations of sections of Fs. Hence if Fj is rational (resp.
algebraic, D-finite), then so is U(x). Eqn. (17) implies that the same holds for K (x). -

Note. The series K(x) is a linear combination of sections of the full generating function
F(x) = Y p>0 anx™, but not of sections of Fj.

The above proposition tells us that determining the nature of Fs boils down to determin-
ing the nature of U (the nature of K is perfectly controlled because K is explicitly given). We
give below examples of recurrence relations leading to rational, algebraic irrational, D-finite
transcendental, and finally non-D-finite generating functions.

4.2 Rational solutions

Theorem 12 Assume the apexr p of H is 0. Then the generating function Fs(x) of the
unique solution of (7) is rational if and only if the known initial function K(x) itself is
rational.

Proof: For each h € H we have h < 0, hence s+h < s and Mp(x) = 0. Therefore U(z) =0
and by (17),

K(z)
Fy(x) = . 18
@) = 5 (18)
As Q(x) is a polynomial in @, it follows that Fs(x) is a rational function of @ if and only if
K(z) is. -

Observe that when d = 1, we always have rational initial conditions and p = 0.

Note that any recurrence with constant coefficients — no matter what the apex — yields
a rational generating function under special initial conditions. Assume A is algebraically
closed, and take any u € A? such that Y pcy cpu® = 1. Such a u always exists because H
contains a nonzero point. Then a, = u™ satisfies a,, = > pcy Chan+n and the generating
function F(x) = ¥,e0 u”x™ = [I% (1 — u;z;)~" is rational, as well as Fj.

11



4.3 Algebraic solutions

Theorem 13 Take A = C and assume that the apex p of H has at most one positive
coordinate. Then the generating function Fs(x) of the unique solution of (7) is algebraic if
and only if the known initial function K (x) itself is algebraic.

Before we prove this theorem, let us first study a particular recurrence, which will illus-
trate the main ideas of the proof.

Example 2: Dyck paths

For m,n > 0, let a,,, denote the number of paths on N* that start from the origin (0, 0),
take only two kinds of steps: (1,1) and (1,—1), and never touch the horizontal axis once
they have left the origin. We are especially interested in paths that end on the line y = 1:
we call them Dyck paths. We have

am—l,n—l + am—l,n—i—l ]-f m7 n Z 17
Cmm = )
O(m.n),(0,0) ifm=0orn=0.

This is a linear recurrence with constant coefficients, with H = {(—1,—-1),(—1,1)} and
s =(1,1). The apex is p = (0,1). The first values of a,, are given below.

n

4

0000O0O0OT1O0 6 0
000O0O0O1O0S5 0 20
0000104014 O
000103209 0 28
0010205014 0
0101026035 0 14
1'00000O0O0OO0O 0 — m

Using (11) - (17) we obtain:

Fy(z,y) = Aty = :
S m%;l m,n Q(,f[," y)

with
Qz,y) =y — = — 2y,
the initial functions being
K(z,y)=y and U(z,y)= Z am1z™ = Ulx).
m2>1
In other words,

(y - — xyz) Fs(z,y) =y — Ul(x). (19)

Observe that U(z) is the length generating function for Dyck paths. We are now going to
use an idea that occurs in various places (e.g., [12, Ex. 2.2.1.4 and 2.2.1.11], [4], [17], [7].

12



[2]) and is sometimes called the kernel method [1]: let {(x) be the formal power series in
defined by

Q(z,¢(x)) = &(x) -z — 2¢(x)” = 0.
Replacing y by &(x) in (19) shows that
1 —+/1—4x?

Ul) = &) = — "

from which we can express Fs(z,y), which is also an algebraic function. O

We are now going to generalize the kernel method into a proof of Theorem 13.

Proof of Theorem 13: According to Proposition 11, if Fy is algebraic, then so is K. Let us
prove that the converse is also true.

If p = 0, then the proof is similar to that of the previous theorem. Assume now that
exactly one coordinate of p is positive. Without loss of generality, assume that p; = --- =
pi—1 = 0 and pg > 0. Then

Ul) = > cpz?™™ > apz™®

heH nxs

n¢s+h
sq+hqg—1
= Yoaert Y Y aen
hen nNg=sq (ny,.ng_1)=
hg>0 (815005 Sqd—1)

This shows that U(x) is a polynomial in x4 of degree at most p;— 1. Our functional equation
(13) reads
U(w) = K(.’I}) - Q(w)Fs(w)v (20)

where

Q(x) = 2t — Z cpxP

heH

is a polynomial whose degree in z,; is at least p;. We shall prove that Q(x) regarded as a

polynomial in z; admits (at least) pg roots &;(z1, ..., 24_1), counted with multiplicities, such
that

£(0,...,0) =0. (21)
Assuming for the moment that this is true, replacing =4 by &;(x1,...,24-1) in (20) tells us

that!, if & is a root of () of multiplicity m, then
U&) = K(&), U'&)=K'(&),.... UmD(E&) =K"1 (&)

the derivatives being taken with respect to x;. The py roots of () thus provide a total of py
equations for the polynomial U, of degree at most p; — 1. We can then reconstruct U by
means of the Hermite interpolation formula (see, e.g., [10, Sec. 6.1, Problem 10]), or, when

! Condition (21) is required to make the substitution of &; for x4 legitimate because as an equation between
convergent power series, (20) is valid only in some neighbourhood of the origin.

13



(2 has no double roots, by means of the well-known Lagrange interpolation formula. Because
the &’s are algebraic functions of xy,..., 24 1, this shows that U(x) is algebraic provided
K(x) is. The same holds for Fs(x).

To prove the existence of the roots &;, let us observe that

Q0,...,0,xzy) = abt — Z chxzd_hd.

heH
hy=-=hg_1=0
Because {x € R"; £ >0} N H = (), we have hy < 0 for all h € H such that by = --- =
hg—1 = 0. Therefore p; — hy > py for all such h, which implies that z; = 0 is a root of
Q(0,...,0,z4) of multiplicity pg. It follows that at least pg of the roots of @ satisfy (21). o

Remarks

1. The proof of Theorem 13 not only shows that under the stated conditions the generating
functions of the solution are algebraic, but also provides an algorithm to compute them.
They are given as rational expressions in the roots of the algebraic equation Q(x) = 0 and
hence belong to an algebraic extension of C(x). If the algebraic equations satisfied by the
generating functions themselves are desired, they can be obtained by some routine resultant
computations. However, in general the degree of these equations will be higher than the
degree of () in x,.

2. It happens quite often, in recurrence relations coming from enumerative combinatorics,
that the known initial function K () itself is a polynomial in z,4. In this case, the polynomial
K — U has at least pg roots (namely, &, ...,§,,). The polynomial U having degree at most
pq — 1 (in z4), this implies that K has degree at least py. If K has exactly degree pg, then

Pd

K(z) - U(z) =lc(K) [] (24— &)

i=1
where lc (K') denotes the leading coefficient of K with respect to x4, and Eqn. (20) implies
that

le(K)
Fs(z) = (zg — &). (22)
o 1
The degree of @ in 4 is pg + 7, where r = max{—hy,h € H U {0}}. Assume @) factors as
Pa r
Q) =1c(Q) I[ (za—&) II (xa — p).
i=1 i=1
Then we can rewrite the series Fy as
_le(K) £ 1

Fy(z) (23)

le (Q) i:HlﬂUd—Mz"
Eqns. (22) and (23) show that the two cases p; = 1 and r = 1, corresponding respectively
to maxhy = 1 and minhy; = —1, are especially favourable. In both cases, the series Fy(x)
is, up to an explicit rational-function factor, equal to (r4 — x)*!, where y is a solution
of Q(x1,...,24 1,x) = 0. In this case, we can write immediately the algebraic equation
satisfied by Fg(x). Examples will be given below.
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Example 3: Generalized Dyck paths

In the problem of generalized Dyck paths [14, 13, 5|, we are given a finite set of steps
S =A{(r1,s1),---, (T, sr)} where r;,s; € Z and r; > 0. Let b,,,, denote the number of paths
going from (0,0) to (m,n), using only steps from S and staying within the first quadrant.
We are mainly interested in the numbers b,, o = b,,. Obviously, the numbers b,, ,, satisfy

> bn—rim—s; if myn >0 and (m,n) # (0,0),
1 if m=n=0.

This does not fit (7), but can be easily brought into the desired form. Let r = max;<j<j 7;
and s = maxi<;<j 5;. Attach r columns of zeros to the left of the array b, and s rows of zeros
below. Call the resulting array a and number its rows and columns starting with 0. Then

bm,n = Um+r,n+s for m,n > 0.

Let (p, o) be any step in & which is maximal with respect to the partial order < (e.g., the
lexicographically largest step). If a,_, s, is reset to 1 then a satisfies

a — Am—ry,n—s1 +e+ Am—ry,,n—sp, if m > and n > S,
e O(mon),(r—p,s—0) ifm<rorn<s.

This clearly fits (7) with H = {(—=r1,—s1),..., (=", —Sk)}, 8 = (r,s), and ¢, = 1 for all
h € H. From the fact that r; > 0, it follows that {x € R, = > 0} N convH = 0.
Hence the conditions of Theorem 3 are satisfied. The apex of H is p = (0, max{0,¢}) with

t = —min{sy,...,sx}. We distinguish two cases.

o If s, > 0 for all 4, then the apex is (0,0). We can use formula (18) with Q(z,y) =
1—a"y*t —. .- —z"y* and K(z,y) = 1. We obtain the rational (and expected!) generating
function

e 1
Glz,y) = 2;0 b g™ y" = Z: A" Y" T = Fe(w,y) = 1 — ariyst — oo — gleysk’

n>s

The generating function for paths ending on the horizontal axis is

g(z) = > bpa™ = G(z,0) = !

m>0 1-— Z "

e If there exists ¢ such that s; < 0, then the apex of H is (0,¢) with ¢ > 0, and the
corresponding generating functions are algebraic. Using (11) — (15) we find

Qz,y) =y —a"y" ™ — =Ty K (2,y) =y
We are now in the framework described in the second remark that follows the proof of
Theorem 13. The polynomial () has degree t + s in y, with leading coefficient — x'i

i:8;=8
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(We assume s > 0 to avoid trivial cases.) Let & (x),. .., &(z) be t solutions of Q(z,{(z)) =0
satisfying £(0) = 0. Let py(x),...,pus(z) be the s remaining solutions. We find explicit
expressions for the desired series:

G([L‘,y) = Z bm,nxmyn = Fs(xvy) = Q(;, y) 1:[1 (y - 51(37)) == Zl 2" lily _ /iz(x)
1:8;=8§ (24)
and t ot s+l s
o) = T b = Gn0) = S ML 6 = S

An alternative solution to this problem is given in [5] in terms of a system of algebraic
equations defining g(z).

As indicated in the remark above, two particular cases happen to be especially simple
(and combinatorially equivalent, as far as g(z) is concerned). If t = 1, i.e., mins; = —1, we
find g(z) = =& (z)/Q(z,0), so that the algebraic equation satisfied by g is

Q (CC, g(.fC) Zi:sizfl xri) = 0.
In other words, denoting = g(x) >;.,.— 2"

k
g—> gttt =0. (26)

i=1

If s =1, i.e., maxs; = 1, we find g(z) = (u1(x) S4.s.—1 )71, so that a similar algebraic

equation holds:

918

In other words, denoting §(z) = g(x) X;.,,—1 2", and after a multiplication by g**:

k
g—> g =0. (27)

i=1

The transformation (r;, s;) — (r;, —si), which boils down to reading the paths from right
to left, shows the combinatorial equivalence between the two problems, reflected by Eqns.
(26) — (27).

As special cases, this example includes some well-known lattice-path enumeration prob-
lems. For instance, these paths are called:

e Dyck paths, it S = {(1,-1),(1,1)}. In this case, Q(z,y) = y — xy* — z, and from (25),

1 — 1 — 422

g(z) = 5.7
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e Motzkin paths, if S = {(1,-1),(1,1),(1,0)}. In this case, Q(z,y) =y — zy*> — = — VY,

and from (25),
l—2—+1—2z—3a?

g(z) = 503

e Schroder paths, if S = {(1,—1), (1,1),(2,0)}. In this case, Q(z,y) = y — zy*> — v — 22y,

and from (25),
1— a2 —\/1—6$2—|—x4

212

g(z) =

In the same way we could count generalized Dyck paths with coloured steps — then the
corresponding coefficient ¢, would equal the number of colours available for step h. This
approach generalizes without significant change to higher-dimensional paths if the steps
have positive coordinates in all but perhaps one (fixed) dimension. In all these cases, the
generating functions are algebraic. a

The next example is actually an application of the previous one.

Example 4: Directed paths above a line of rational slope

Let p and ¢ be positive integers. Consider the problem of counting lattice paths with
steps (1,0) and (0, 1) which start at the origin and stay on or above the line qy = px. Using
the linear transformation £ : (i,7) — (¢ + j,qj — pi) we obtain the equivalent problem of
counting lattice paths with steps (1, —p) and (1, ¢) which start at the origin and stay within
the first quadrant. This is because £ maps the “forbidden” region below the line qy = px into
the region below the line y = 0. We are thus back to Example 3, with S = {(1, —p), (1,9)}.
The apex is p = (0,p) and we are in the algebraic case, with ¢t = p and s = q. We have
Q(z,y) = y* —xy?™? — z and the relevant generating functions can be derived from (24) and
(25):

1 Ld 1

G(x,y)=yp_$yp+q_xn(y il :_El:lly Mz( )’
g(z) = %ﬁl Si(z) = (_1:2q+ ,ql uix)

The series G and g can be understood in terms of the original paths (with unit steps) as
follows: G(x,y) counts these paths according to their length (variable z) and an additional
statistics that describes some kind of “distance” between the endpoint of the path and the
line pz = qy. The series g(z) is the length generating function for paths ending on that line.

The cases p =1 and ¢ = 1 are especially simple; moreover, they are equivalent, as far as
the evaluation of g(z) is concerned. If, for instance, p = 1, then g(z) = {(z)/x where &(z) is
the unique power-series solution of

fzx(l—i—fq“).

The Lagrange inversion formula gives then

I 1 K

250 m>0 1+ mgq m
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Note that by,(441) equals the number of paths from the origin to the point (mg,m) in our
original problem. We have thus recovered a classical result (e.g. |6, Thm. 2]).

By changing the initial conditions, we could count the paths that start at the origin and
stay above the line pr = qy (if ¢ = 1, then this question is equivalent to the initial one; for
the case p = 1, see [9, Theorem 5.5]). Instead of the steps (1,0) and (0,1) we could take any
set of steps with nonnegative components, and still obtain algebraic generating functions. O

4.4 D-finite transcendental solutions

According to the two previous subsections, the solution of (7) can only be transcendental if
the apex p has more than one positive coordinate (unless of course the known initial function
K(x) is already transcendental).

Example 5: Ballot problems, Young tableaux and involutions avoiding long in-
creasing subsequences

In an election, d candidates CY, ..., Cy receive respectively my, ..., mq votes, with m; >
--->mg > 0. The problem is to determine the number b, of ways one can count the votes
so that at any stage, C; has at least as many votes as C; 1, for 1 <17 < d.

Clearly, such counting processes can be encoded by paths on the lattice N? that start
from the origin 0, end at m, take unit steps in the d positive directions, and have all their
vertices in the wedge x1 > x5 > - > x4 > 0.

These paths are known to encode Young tableaux of height at most d: a step of the
path going in the ith direction means that an entry is added to the ith row of the tableau
(Figure 1). Equivalently, via the Robinson-Schensted correspondence, these paths encode
involutions of the symmetric group S, that avoid the pattern 123...(d + 1), i.e., have no
increasing sub-sequence of length > d.

14|15

10]11] 112312211331144
6

2| 5] 8] 91213

\'

=W

Figure 1: A Young tableau of height 4 and the word — or path — that encodes it (a letter i
in the word indicates that the path takes a step in the ith direction).

The numbers b,,, for m € Z%, satisfy:

bm =

d

> bm_e, ifmg>--->my>0and m#0,
i—1

Om.0 otherwise

where e; denotes the unit vector (0,...,0,1,0,...,0) with the 1 in ith position. We can
transform this recurrence into a recurrence of type (7) by setting

Ap = bn1+n2+~~~+ndfd,...,nd,1+nd72,nd717
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1 which we find convenient to reset to 1. Then for n > 0,

Z A+ h ifn Z 1,
Ap =

except for the value ag;

.....

heH
On,0,1,.,1) Otherwise

where
H={(-1,0,...,0),(1,-1,0,...,0),(0,1,-1,0,...,0),...,(0,...,0,1,—1)}.

The set H satisfies Theorem 3(iii) with v = (1,2,...,d), and thus the recurrence defines a
unique sequence. The apex is (1,1,...,1,0).

Proposition 14 The generating function Fi(x) = 3,51 anx™ ! is D-finite for all d. It is
rational if d = 1, algebraic of degree 2 (quadratic) if d = 2, and transcendental if d > 3.

Proof: This ballot problem was solved by MacMahon [18, Sec.III, Chap.V, 103|:

d .
bm = [ (mi—m;+j—i) d(zilml)'

1<i<j<d y (mi+d — i)l

This gives, forn > 1,

(Ztiin — ('3)!
= Sl ol (7 .
(7% 1<i1;[j<d(nz J 1) ngl (nl T+ g — 1)'

We prove that this d-dimensional sequence is P-recursive by combining the P-recursiveness
of some elementary sequences with the fact that the class of P-recursive sequences is closed
under the Hadamard product (see [15] for details). Hence Fj is D-finite.

Now, if Fy(x) is algebraic, then so is its section

— n __ n
= Z ai,..,1n 2 = Z bn—l,...,n—l o,

n>1 n>1

corresponding to Young tableaux of rectangular shape. But

(dn)! Vd dm

d—1
d—i _ \7W d 12
at,..1n+1 = ZHIZ HZdJ(njLZ) ZHl (27-()(d /2 pd2-1)/2

by Stirling’s formula. For f(z) to be algebraic, it is necessary (see [8, Thm. D]) that

d2—1

¢ {1,2,3,...},

which rules out all odd values of d, except d = 1, and that

Mo Vd (3=
II: (2m)@=D/2 ' 9

=1

19



be an algebraic number. If d is even, then I' (#) is, up to a rational factor, equal to
I'(1/2) = /7. The above condition reads “7%2! is algebraic”, and forces d = 2. Thus F} is
transcendental when d > 3.

If d =1, then a,, =1 for n; > 1. Hence F; = 1/(1 — x1) is rational.

If d = 2, then the apex is (1,0) and the known initial function is rational. We apply the
technique of Section 4.3 to obtain

1 2LE1—1+\/1—4ZL‘2

F =
(1, 22) 2 xp—ai—m

Note that this calculation is completely equivalent to that of Example 2, as ballot paths are
merely left factors of Dyck paths.

4.5 Non-D-finite (hypertranscendental) solutions

Our last example is a variation on the knight’s walk (Example 1). It shows that the solution
of (7) need not be D-finite, even though the initial conditions are rational.

Example 6 Let (a,,)mn>0 be the sequence defined by:

a — Am41,n—2 + Am—2,n+1 — Am—1,n—1 if m,n Z 27
mn —0(m,n),(1,1) ifm<lorn<I1.

The first few values of a,,, are given below.

n

4

0 0 0 0 .

0o 0 -1 0 0 1

o o o o0 -1 0 -

o 0 o0 -1 0 0 0

o 0o 1 0 0 —-10

0o -1 0 0 0 0 O

o 0 0 0 0 0 0 —m

This is a problem of type (7) with H = {(1, —2),(—=2,1),(—=1,—-1)}, s = (2,2),and p = (1, 1).
We find, using (11) — (17)

Q(z,y) = (xr —y*)(y—2%), K(z,y) ==y, and U(z,y)=G(z)+G(y)
with
G(z) =) A2t ™t

m>2
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We have used the symmetry of the problem in m and n. As usual, let Fy(x,y) =
Y2 Gmn® ™2y 2. Then we have from (13)

[z =] [y = °] Falw,y) = 2y — G(2) — G(y). (28)
Replacing y by z? in (28), we obtain the following equation defining G-
* —G(z) -G (xz) =0,

Iterating this equation shows that, for n > 1,

|
—

n

G(r) = (-1)'a*? + (=1)"G (+*") .

<
Il
o

By definition, G(z) = O(z*), and therefore

G(z) =S (-1)z*%.

i>0

The series G is a lacunary series; in particular, its coefficients ¢, do not satisfy any non-trivial
recurrence relation of the type

Py(n)e, + Pi(n)ep, 1+ - -+ Pe(n)c, =0,

where the P;(n) are polynomials in n. Such recurrence relations characterize D-finite series:
hence G(z) cannot be D-finite. Consequently, the series Fs(z,y) itself is not D-finite.

We can actually state a stronger result: according to [16, Thm. 4|, the series G is hy-
pertranscendental, meaning that it does not satisfy any algebraic differential equation of the
form

P(z,G(z),G' (z),G"(x),....G®(z)) =0

where P is a polynomial with complex coefficients of k + 2 variables.

The numbers a,,, actually belong to {0,—1,1} and we could write down an explicit
expression for them. But the following table, where the zero entries are replaced by dots and
the nonzero entries are replaced by their signs, shows the underlying lozenge pattern and
makes a long formula short.
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Example 1 (continued): what about the knight?
Let us recall the functional equation we have obtained for this problem:
vy — 2* — | Fs(z,y) = K(z,y) — G(z) - G(y) (29)

where

1 1
K(z,y) =xy <ﬂ + i x) and  G(z) = Y apx™

1—=x 1—y et

We have used the symmetry of the problem in m and n. We are going to show that the kernel
method allows once again to solve completely this functional equation. Let £(z) = O(z?) be
the formal power series in = satisfying

& —a® - =0.

The Lagrange inversion formula, applied to &(x)/z, provides an explicit expression:

3m

o) = X 50 (M)~ o

m>0

Replacing y by &£(z) in (29) gives a functional equation that defines G(x):
K(z,{(z)) - G(x) = G(E(x)) = 0.
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As G(x) = O(z?), we obtain, after iterating this equation infinitely many times

G(w) =Y (1)K [¢D(x), £ ()]

i>0

where ¢ = € o... 0 ¢ is the 4th iterate of £. Replacing G(z) by the above explicit value in
(29) gives an expression for Fs. It has been proved that G is irrational [20]. It is in fact not
D-finite [3]. O

Final remarks
1. The approach of this paper can be generalized without any significant alteration to
recurrence relations involving an inhomogeneous term:

ap — Z Chn+h T bna
heH

where (by,)n>s is a given d-dimensional sequence in the field A. The inhomogeneous term
only affects the known initial function K (x), which becomes

K(z) =Y cpa® "Py(z) + B(z),  with B(z) = > byz™ .

heH n>s

2. Some of the results and techniques presented in this paper do not require H to be a
finite set. If H is infinite, the initial conditions have to include a,, = 0 for n 2 O.

3. We used the kernel method to prove Proposition 13 and solve Examples 6 and 1.
More examples suggest that the roots of the kernel will always provide enough information
on the unknown initial function U(x) to characterize it completely, thus yielding some kind
of solution of the recursion; this could, at least in the two-dimensional case, allow for a
complete classification of the recursions according to the nature of the associated generating
function.
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