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Abstract.

Recently, Kalpazidou, Knopfmacher, and Knopfmacher asked if there exist
rational numbers whose “modified Engel-type” expansion is neither finite nor
ultimately periodic. In this note we answer their question by explicitly providing
an infinite sequence of such numbers.

In a recent paper [3], Kalpazidou, Knopfmacher, and Knopfmacher discussed expan-

sions for real numbers of the form

A n 1 1 1 n 1 1 (1)
T w41 ay  (ag+1)(ap+1) as

which they called a “modified Engel-type” alternating expansion. Here ag is an integer
and a; is a positive integer for ¢ > 1. If a;41 > a;, this expansion is essentially unique. To

save space we will abbreviate Eq. (1) by

A= {ao,al,ag,...}.

They say, “The question of whether or not all rationals have a finite or recurring

expansion has not been settled.” (By “recurring” we understand “ultimately periodic”.)

2
2r+1

Engel-type expansions that are neither finite nor ultimately periodic.

In this note, we prove that the rational numbers (r an integer > 2) have modified

1



Theorem.

Let r be an integer > 1. Then

2
2r + 1

= {ao,al,az,...}

where ag = 0, and az;—1 = b;, az; = 2b; — 1 fori > 1, and by = r, b,41 = Qb% — 1 for
n>1.

Proof.
As in [3], we have ag = |A], 4 = A — ag, a, = [1/A,| for n > 1 and A,41 =
(1/an — Ap)(a, + 1) for n > 1.

= 0.

From this we see that ag = L—QTQ_HJ

We now prove the following four assertions by induction on n: (i) Azp—1 = ﬁ; (ii)
Aop—1 = by; (ill) Agy, = %; and (iv) az, = 2b, — 1.

It is easy to verify these assertions for n = 1, as we find

(i) A1 = 5757 = 55/

21 26,417

(ii) a; = L%J =r =by;

At 2 _ r+1 _ bi1+1 .
(iii) Ay = (5 — 2r+1)(r +1)= r(2r+1) — b1(2b1+1)°

() @ = |45 | = | "2 = [2r =14 5| =2 -1 =20 - 1.
Now assume the result is true for all ¢ < n. We prove it for n + 1:

(1)

A2n
1 by + 1
- <2bn —1 bn(2b, + 1)) (26n)
2
T4 — 1
2
T 2y + 1



(i)

S T N O =P o
2n+1 A2n+1 9 n+1-

(i)

1
Aspyo = ( — A2n—|—1> (aznt+1 +1)

Aan+1
1 2
(bn—l—l 2bp41 + 1) (brs )
bn—l—l + 1

- but1(2bpq1 +1)

1
A2pn42 =
A2n—|—2

| g1 (201 + 1)J
bn—l—l + 1

1
= |2by41 — 1+ 7J

L bn—l—l + 1
= 2b,4+1 — 1.
This completes the proof. N
Corollary.
For r > 2, the rational numbers # have non-terminating, non-ultimately-periodic

modified Engel-type expansions.

Additional Remarks.

e For r = 1, the theorem gives the ultimately periodic expansion

2/3=10,1,1,1,1,...}.

e For r > 2. the expansion is not ultimately periodic; e.g.
2/5=140,2,3,7,13,97,193,18817,...}.
In this case, we have the following brief table:
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n an b, A,

1 2 2 2/5

2 3 7 3/10

3 7 97 2/15

4 13 18817 8/105

) 97 708158977 2/195

6 193 1002978273411373057 98/18915

o The sequence by, by, ... = 2,7,97,18817,708158977, ..., corresponding to r = 2,

appears to have been discussed first by G. Cantor in 1869 [1], who gave the infinite product

A=(e) 0 04)

For more on this product of Cantor, see Spiess [9], Sierpiniski [7], Engel [2], Strate-
meyer [10,11], Ostrowski [6], and Mendes France and van der Poorten [5]. The sequence
2,7,97,18817, ... was also discussed by Lucas [4]. It is sequence #720 in Sloane [8].

o The sequence by, by,... = 3,17,577,665857, ..., corresponding to r = 3, was also
discussed by Cantor [1], who gave the infinite product

Ao d) ()

Also see the papers mentioned above. The sequence was also discussed by Wilf [12]. It
sequence #1234 in Sloane [8].

o It is easy to prove that b,11 = Bon where Bo =1, By =r,and B, = 2rB,,_1 — B, _»

for n > 2. This gives a closed form for the sequence (b, ):

(r+vr? — 1)2n + (r—Vvr?— 1)2n
5 )

bn—l—l =
e 3/7 is the “simplest” rational for which no simple description of the terms in its
modified Engel-type expansion is known. The first forty terms are as follows:
3/7=10,2,4,5,7,8,10,25,53,62,134,574,2431,13147, 27167, 229073, 315416,

435474, 771789,1522716, 3853889, 7878986, 7922488, 8844776, 9182596, 9388467,
14781524, 135097360, 1374449987, 1561240840, 4408239956, 11166053604, 12014224315,
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23110106464, 553192836372, 900447772231, 1189661630241, 2058097840143484,
6730348855426376,12928512475357529, - - -}.

More generally, it would be of interest to know whether it is possible to characterize the

modified Engel expansion of every rational number.

[1]

References

G. Cantor, Zwei Satze tuber eine gewisse Zerlegung der Zahlen in undendliche Pro-

ducte, Z. Math. Phys. 14 (1869), 152-158.

F. Engel, Entwicklung der Zahlen nach Stammbriichen, Verhandlungen der 52sten
Versammlung deutscher Philologen und Schulmanner, 1913, pp. 190-191.

S. Kalpazidou, A. Knopfmacher, and J. Knopfmacher, Liroth-type alternating series
representations for real numbers, Acta Arithmetica 55 (1990), 311-322.

E. Lucas, Considérations nouvelles sur la théorie des nombres premiers et sur la
division géométrique de la circonférence en parties égales, Assoc. Fran¢aise Pour

L’Avancement des Sciences 6 (1877), 159-166.

M. Mendes France and A. van der Poorten, From geometry to Euler identities, Theor.

Comput. Sci. 65 (1989), 213-220.

A. Ostrowski, Uber einige Verallgemeinerungen des Eulerschen Produktes [T, (1 +
x?) = 11:7 Verh. Naturforsch. Gesell. Basel 11 (1929), 153-214.

W. Sierpinski, O kilku algorytmach dla rozwijania liczb rzeczywistych na szeregi,
C. R. Soc. Sic. Varsovie 4 (1911), 56-77. In Polish; French version appeared as Sur

quelques algorithmes pour développer les nombres réels en séries, in Oeuvres Choisies,

V. I, PWN, Warsaw, 1974, pp. 236-254.

N. J. A. Sloane, A Handbook of Integer Sequences, Academic Press, 1973.

O. Spiess, Uber eine Klasse unendlicher Reihen, Arch. Math. Phys. 12 (1907), 124-
134.

G. Stratemeyer, Stammbruchentwickelungen fur die Quadratwurzel aus einer ratio-

nalen Zahl, Math. Zeit. 31 (1930), 767-768.

5



[11] G. Stratemeyer, Entwicklung positiver Zahlen nach Stammbriichen, Mitt. Math. Sem.
Univ. Giessen 20 (1931), 3-27.

[12] H. Wilf, Limit of a sequence, Elementary Problem E 1093, Amer. Math. Monthly 61
(1954), 424-425.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


