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ABSTRACT� It is not di�cult to estimate the function ��x� y�� which counts

integers� x� free of prime factors � y� by �smooth	 functions whenever y � log��� x

or y is a 
xed power of x� This can be extended to y � log��� x� and y � log��� x
under the assumption of the Riemann Hypothesis� The real di�culty lies when y is a

xed multiple of log x and� in this paper� we investigate the set of integers � x� free
of prime factors � t log x� by estimating various functions related to ��x� t log x��

�� INTRODUCTION�

De
ne S�x� y� to be the set of positive integers � x� composed only of prime factors
� y� The cardinality of this set� ��x� y�� is called the Dickman�De Bruijn function
and has been extensively investigated by many authors �see ��� for a review�� In
this section we will give some well�known results about ��x� y� and sketch proofs of

smooth asymptotic estimates when y � log��� x and when y is a 
xed power of x�

We also indicate how� in the literature� these have been extended to y � log��� x�
and to y � log��� x under the assumption of the Riemann Hypothesis�

It has not yet been possible to get a �smooth	 asymptotic estimate for ��x� y�
when y is a 
xed multiple of log x though� as we shall see� Hildebrand and Tenen�
baum ��� have recently given an estimate in terms of certain functions of prime
numbers� however at y around log x� these functions seem to be very dependant on
the �local	 distribution of primes and so probably can�t be estimated by a �smooth	
function� Moreover� as has been noticed by many authors �and as we shall indicate
in this section�� the actual behaviour of ��x� y� changes quite drastically at y around
log x�

In this paper we will investigate the set S�x� t log x� for 
xed t � � as x��
by estimating the order of magnitude of various functions related to ��x� y�� In



Section � we introduce these functions and give short proofs of the estimates when
y� log x� � or � as x���

When y � t log x such estimates are more di�cult to prove� though by using
a method of Erd�os �� together with some elementary combinatorial arguments we
do this in Sections � and �� Finally� in Section �� we show that the question of
estimating the order of magnitude of the subset of k�free integers in S�x� t log x��
for arbitrary t and k� is equivalent to a notoriously di�cult problem in entropy
theory�

We start with an argument� due to Ennola ��� for estimating ��x� y� when y
is small�

Let p� � p� � � � � � pn denote the primes up to y� It is clear that pa�� pa�� � � � pann
� x if and only if a� log p� � a� log p� � � � �� an log pn � log x� Therefore ��x� y� is
precisely the number of �integer� lattice points inside the n�dimensional tetrahedron
de
ned by the bounding hyperplanes�

X� � �� X� � �� � � � �Xn � �� ���

and
X� log p� �X� log p� � � � ��Xn log pn � log x� ��a�

Thus ��x� y� is the volume of the shape S given by constructing a unit box to
the right and above each such lattice point� It is easy to see that the tetrahedron
de
ned by ��� and ��a� lies completely inside S� which itself lies completely inside
the tetrahedron de
ned by ��� and

�X� � �� log p� � � � � � �Xn � �� log pn � log x� ��b�

Thus we have the bounds

� � ��x� y��
�

��y��

Y
p�y

log x

log p
� �� � 	���y�� ���

where 	 � 
�y�� log x and 
�y� �
P

p�y log p� as usual�

Now� by the prime number theorem� �� � 	���y� � � �O� y�

log x log y � whenever

y � log��� x� and so� by ���� we have the estimate

��x� y� �
�

��y��

Y
p�y

log x

log p
f� �O�

y�

log x log y
�g ���

throughout the range

� � y � log��� x� ���

Unfortunately the bounds in ��� certainly do not give us a good estimate for

y � log����� x� though Ennola �� managed to prove a similar type of formula to

��� for y � log��� x� but by a di�erent argument�



When y is large compared to x one can approach the question of estimating
��x� y� by a totally di�erent method� We sketch a proof of Dickman�s result ��
that for any 
xed u � ��

��x� y� � x��u� �as x ��� y � x��u�� ���

where ��u� is the continuous solution of the di�erential di�erence equation

u���u� � ��u� �� � � �u � ��� ���

with initial values

��u� � � �� � u � ��� ���

We 
rst prove that ��� holds for � � u � �� if u � � then ��x� y� � x� for
y � x��u� For � � u � �� we have ��u� � �� log u by ��� and

��x� y� � x��
X

x�p�y


x

p
�

� x�� �
X

x�p�y

�

p
� �O���x��

� x�� � log u� �O�
x

log x
�

by the prime number theorem�
Now let U be the set of values of u for which ��� fails and choose u � U within

��� of the in
mum of U � if U is non�empty� By the �Buchstab identity	�

��x� x��v � � ��x� x��u� �
X

x��v�p�x��u

��
x

p
� p� ���

for v � u� �� we see that

��x� x��u� � x���v� �
X

x��v�p�x��u

�

p
��

log x

log p
� ���f� � o���g ����

as log x�p
log p

� log x
log x��u

� � � v �in
mum U �

Now� by using a Riemann�Stieltjes integral we see that

X
x��v�p�x��u

�

p
�

�
log x

log p
� �

�
�

Z v

t�u

�

x��t
��t� ��d��x��t�

�

Z u

t�v

��t� ��

t
dt� o���



by the prime number theorem�

� ��v�� ��u� � o��� by ����

and ��� follows from substituting this into �����
By replacing ��� with the identity

��x� y� log x �

Z x

�

��t� y�

t
dt�

X
pm�x
p�y

��
x

pm
� y� log p�

Hildebrand �� has shown that one may extend the estimate ��� in the form

��x� y� � x��u��� �O��
u log�u� ��

log x
�� ����

for the range x � y � x��u � �� y � log��� x where � � � is 
xed� under the
assumption of the Riemann Hypothesis�

We�ve seen that it�s possible to obtain good estimates for ��x� y� by �smooth	

functions whenever y � log��� x or y � log��� x� However� it has proved di�cult to
do this in the range

log��� x � y � log��� x� ����

and it may be impossible �Hildebrand �� conjectured that ��� does not hold for
y � log��� x�� We review what is known�

In ���� Rankin ��� gave the following simple but e�ective method to 
nd an
upper bound� Fix any  � �� Then

��x� y� �
X
n��

P �n��y

�
x

n
�� � x���� y� ����

where
��s� y� �

Y
p�y

��� p�s����

By elementary calculus we can see that in order to minimize the right hand
side of ���� we should pick  � ��x� y� to be the solution of

log x �
X
p�y

log p

p��x�y� � �
�

Actually Hildebrand and Tenenbaum ��� recently gave the estimate

��x� y� �
log�� � y� log x�

log y
f� �O�

log log�� � y�

log y
�g� ����



throughout the range
x � y � �� ����

�An estimate given� but not proved� by De Bruijn ���
In fact Hildebrand and Tenenbaum succeeded in estimating ��x� y� throughout

the range ���� though� in terms of functions of prime numbers �such as in the right
hand side of ����� which are di�cult to estimate in terms of smooth functions�
Essentially they showed that one can estimate ��x� y� asymptotically� by dividing
x����� y� through by

p
��u log� y

log x� when y
log x ��p

��u�� � �
t � log�� � t� when y � t log xp

��y� log y when y
log x � �

����

as x�� where u � log x� log y � Note how the behaviour of ��x� y��x����� y� is
quite di�erent depending on the behaviour of y� log x as x���

Actually this di�erence in behaviour� depending on the ratio y� log x� is easily
seen in the following theorem of De Bruijn ��� which measures only the order of
magnitude of ��x� y��

Theorem A The estimate

log ��x� y� � log x

log y
log�� �

y

log x
� �

y

log y
log�� �

log x

y
� ����

holds uniformly in the range

x � y � �� y � x��u� ����

We de
ne� for each t � ��

F �t� � log�� � t� � t log�� � ��t��

Then Theorem A may be stated as

Theorem � The estimate

log ��x� y� � uF �y� log x� ����

holds uniformly in the range �����
This estimate was derived in an elementary way by Erd�os and Van Lint �� who

gave the more aesthetically pleasing formula

��x� y� �
�
u� ��y�

u

���o���
����



throughout the range �����
Remark �� It is important to note that the ratio y� log x � ��y��u as y ���
Remark �� In ��� �pp� ������ Norton criticizes both of the results ���� and ����
given above� suggesting that neither hold for 
xed u� Of course this is quite untrue
for ����� and also for ���� if one allows u� � ��u � �� for any positive real u�

Hildebrand and Tenenbaum ��� account for the change in behaviour of ��x� y�
at y around log x� as follows� If y � y��� and ky � �� � �� log x then �

Q
p�y p�

k �
x by the prime number theorem� and so the numbers that do not have a prime
factorization with exceptionally high powers contribute little to ��x� y�� whilst this
feature does not occur when y� log x is large�

 From this it seems logical to expect that the behaviour of the distribution
of !�n� �the number of prime factors of n� counting repetitions� in the set S�x� y�
would change as y varies around logx� However� Hildebrand ��� has shown that if

� � y � exp�log���� x� then the distribution of !�n� on the set S�x� y� is roughly

Gaussian with mean u and standard deviation V � u���

min�logu�log y� �� � log x
y �����

�i�e�
�

��x� y�

X
m�S�x�y�
��m��t

� 	 �p
��

Z �t�u��V

��

e�s
���ds��

This distribution does not display a signi
cant change in character as the ratio
y� log x grows from � to �� �i�e� the distribution of !�n� depends more on u than
��y�� and so we must search for other explanations�

�� THE MAIN RESULTS

In this section we examine a number of other functions that count certain aspects of
the set S�x� y�� In particular these functions are very �sensitive	 as y� log x grows
from � to �� Here we shall estimate these functions when y� log x� � as x��
and when y� log x � � as x � �� and in the next section we investigate them
when y is a 
xed multiple of log x�

The 
rst function that we consider is �����x� y� which counts the number of
squarefree integers in S�x� y�� Fix � � ��

If
y	 � y � �� � �� log x ����

then
Q

p�y p � x by the prime number theorem� and so� throughout the range �����

�����x� y� � ���y�� ����

By Theorem � this gives
�����x� y� � ��x� y�o��� ����



uniformly when
x � y � �� y� log x� � as x��� ����

For large y it is well known that �����x� x� � x����� and Ivi"c and Tenenbaum
��� have shown that the estimate

�����x� y� �
��x� y�

�����
f� � o���g� ����

holds uniformly when
x � y � log��� x ����

where � � ��x� y� is given by �����
We have the trivial bound �����x� y� � ��x� y� and� when y� log x � � and

u�� as x���

�����x� y� � #f choices of u� distinct primes � yg �

�
��y�

u�

�

�
�
��y� � u

u

���o���
� ��x� y���o��� by �����

Combining this with ���� for when u is bounded we have the estimate

�����x� y� � ��x� y���o��� ����

uniformly in the range

x � y � �� y� log x�� as x��� ����

Comparing ���� and ���� in the ranges ���� and ���� respectively we see that the
value of log������x� t log x��� log���x� t log x�� goes from � to � �as x � �� as t
ranges from � to �� This is precisely the sort of �threshold function	 that we have
been looking for�

De
ne

F ����t� �

�
t log � t � �
F�t��� t � �

We shall show

Theorem � The estimate

log �����x� y� � uF ����y� log x� ����

holds uniformly in the range �����

In Figure �� we give the graph of

F ����t�

F �t�
� lim

x��

log������x� t log x��

log���x� t log x��
as t ranges from � to ��



In Section � we generalize this approach and try to estimate the order of mag�
nitude of the function ��k��x� y� �for each k � ��� which counts the number of k�free
integers in S�x� y�� It turns out to be very di�cult when y is around log x�

The second function that we examine is ��x� x� � y�� which counts the number of
ordered pairs �m�n� of coprime integers where m � S�x� y� and n � S�x�� y�� This
was introduced by Gunderson �� in his Ph�D� Thesis� who gave an explicit lower
bound similar to ���� Elsewhere �� we will show that in the range ���� with x � x�

we have the uniform estimate� for n � ��y��

��x� x�� y� �
�

n�
Q

p�y log p

nX
j�	

�
n

j

��
logj x logn�j x�f� �O�

y�

logx log y
�g

In particular� if x � x� then by ��� we have

��x� x� y� �
�
���y�

��y�

�
��x� y� ����

in the range ����
Now if the pair �a� b� is counted by ��x� x� y� then n � ab � S�x�� y�� But any

such integer n can be factored in at most ���y� distinct ways into an ordered pair of
coprime integers �a� b�� and so ��x� x� y� � ���y���x�� y�� But then� as ��x� x� y� �
��x� y� we see from Theorem � that

��x� x� y� � ��x� y���o��� ����



in the range �����
For large y it is well known that ��x� x�x� � x������ as x � �� and� by

using methods similar to Ivi"c and Tenenbaum ���� one can show that the estimate

��x� x� � y� �
��x� y���x�y�

���� ���
f� �O��

�

log x�
�

log log�y � ��

log y
�g

holds uniformly in the range

x � x� � �� y � �log x log x������

where � � ��x� y�� �� � ��x�� y��
In particular� taking x � x� we have

��x� x� y� �
��x� y��

�����
f� � o���g ����

uniformly in the range �����
Of course ��x� x� y� � ��x� y�� and

��x� x� y� � #fpairs of disjoint subsets A and B of fp�� � � � � png of size bucg

�
�
��y�

�buc
��

�buc
buc
�

� ��x� y���o��� as ��y��u�� and u���

by ����� Combining this with ���� for when u is bounded we have the estimate

��x� x� y� � ��x� y���o��� ����

in the range ���� and so the value of log���x� x� t log x��� log���x� t log x�� �as x �
�� goes from � to � as t ranges from � to ��
De
ne

F��t� � log��� � t����� � t� � t log��� � ��t����� � ��t��

We shall show

Theorem � The estimate

log ��x���� x���� y� � uF��y� log x�

holds uniformly in the range �����

In Figure � we give the graph of

�F��t���

F �t�
� lim

x��

log ��x� x� t log x�

log ��x� t log x�
as t ranges from � to ��



If we look at the function ��x�� y� then we see� from Theorem �� that ��x�� y� �
��x� y���o��� in the range ����� and ��x�� y� � ��x� y���o��� in the range ����� as
x � � and so� from ���� and ����� it makes sense to compare ��x� x� y� with
��x�� y� rather than with ��x� y�� By Theorems � and � we see that

��x�� y� � ��x� x� y���o��� if y� log x� � or �

and that if

G�t� � lim
x��

log���x���� x���� t log x��

log���x� t log x��

then G�t� � F��t��F �t�� Thus G���t� � G�t� and so we get a function that reaches
its maximum at t � �� which is symmetric about t � � �logarithmically�� In Figure



� we present the graph of G�t��

Evidently this graph is very interesting as the main �di�erence	 between
��x���� x���� y� and ��x� y� seems to occur at y 	 log x� To interpret this we
may write

��x� y� �
X

n�S�x�y�

�

and

��x���� x���� y� �
X

n�S�x�y�

#fab � n � �a� b� � � and a� b � x���g�

The graph in Figure � tells us that for an $average� element n of S�x� y�� the
number of pairs of coprime divisors of n� both less than x���� is signi
cant when
compared to the cardinality of S�x� y�� only when y is a multiple of log x� most
signi
cant when y � log x�



Given this interpretation it seems logical to investigate

���x� y� �
X

n�S�x�y�

#fab � n � �a� b� � �g

�
X

n�S�x�y�

�	�n��

Now
��x� y� � ���x� y� � �	��x� y�

where

� � max
n�S�x�y�

��n� � minf��y�� �� � o����
log x

log log x
g

by the prime number theorem� and so �	 � ��x� y�o��� by Theorem �� Therefore
���x� y� � ��x� y���o��� in the ranges ���� and ����� and we shall show

Theorem � The estimate

log ���x� y� � uF��y� log x�

holds uniformly in the range �����

Together with Theorem � this gives

log ��x���� x���� y� � log ���x� y�

throughout ����� a result which is not too surprising given the respective de
nitions
of these functions� The 
nal function that we consider is the next step up from
���x� y�� namely

���x� y� �
X

n�S�x�y�

#fab � ng

�
X

n�S�x�y�

� �n�

where � �n� is the divisor function� In this case we have

��x� y� � ���x� y� � ���x� y�

where

� � max
n�S�x�y�

� �n� � minf��x� y�� ����o���� log x
log log x g�



The second of the bounds is due to Wigert ��� and implies that ���x� y� �
��x� y���o��� in the range ����� the 
rst comes from observing that any divisor
of an element of S�x� y� must itself be an element of S�x� y�� We thus have

���x� y� � ��x� y�� ����

in the range ����� and so� as

��x���� y�� �
X

n�S�x�y�

#fab � n � a� b � x���g

� ���x� y��

we have� from Theorem �� that

���x� y� � ��x� y���o���

in the range ����� We shall prove

Theorem � The estimate

log ���x� y� � uF ��y� log x�

holds uniformly in the range �����

The pairs of functions ���x� y� and ��x���� y��� and ���x� y� and
��x���� x���� y� have been seen to be closely related� We make the following�

Conjecture We have

� � ���x� y�

��x���� y��
� log��o���x

and

� � ���x� y�

��x���� x���� y�
� log��o��� x

uniformly throughout �����
Note that the lower bounds are both trivial� and that an upper bound of

��log x� is obtained when y � x� It seems plausible that the 
rst of these two may
succumb to the saddle point method employed in ���� though the second seems to
be much more di�cult�



�� THE METHOD OF PROOF WHEN y IS A FIXED MULTIPLE OF
log x�

We generalize a method of proof� used by Erd�os in ��� when he 
rst estimated
log��x� y� for y a 
xed multiple of log x� Let R�x� y� represent ��x� y�� �����x� y��
��x���� x���� y�� ���x� y� or ���x� y�� according to which theorem we�re proving�
Fix y � t log x� z � y� log y and v � log x� log log x� We de
ne R�x� �z� y�� as
the function we had before� but only summing over integers composed of prime
factors from the interval �z� y�� We have the inequality

R�x� y� � R�x� z� R�x� �z� y��� ����

Now de
ne

M�v� n� �
X

a��			�an�v

��

M ����v� n� �
X

a������an�v
each ai��

��

M�
v

�
�
v

�
� n� �

X
a������an�v��
b������bn�v��

aibi�	 for all i

��

M��v� n� �
X

a��			�an�v

�
fi�ai 
�	g

and
M��v� n� �

X
a��			�an�v

�a� � ���a� � �� � � � �an � ���

where in each sum the ai�s are non�negative integers�
If p� � � � � � pn are primes then it is clear that

�i� If a� � � � �� an � log x
log pn

then pa�� pa�� � � � pann � x�

and
�ii� If pa�� � � � pann � x then a� � � � �� an � log x

log p�
�

If we let S�v� n� represent M�v� n�� M ����v� n�� M�v��� v��� n�� M��v� n��
M��v� n� respectively� then� from �i�� we have the lower bound

R�x� y� � S�u� ��y�� ����

and from �ii�� the upper bound

R�x� �z� y�� � S�
log x

log z
� ��y� � ��z�� ����



In Proposition � we shall estimate each of the functions S and see that� for y
and z as given�

S�u� ��y��� S�
log x

log z
� ��y� � ��z�� � S�v� ��y����o��� ����

and that log S�v� ��y�� 
t u�
 From the results in Sections � and �� we have estimated R�x� z� in each case

�as z
log x � � as x ��� and seen that R�x� z� � exp���u���
Putting together this estimate of R�x� z� with ����� ����� ����� ���� and the

results in Proposition �� we get the proofs of Theorems ����� and ��

�� SOME COMBINATORICS

Proposition � For given positive integers v and n we have

�i� M�v� n� �

�
v � n

n

�

�ii� M ����v� n� �
vX

j�	

�
n

j

�

�iii� If v is an even integer then M�
v

�
�
v

�
� n� �

min�v���n�X
j�	

n��v�� � n� j��

j���n � j����v��� j��

�iv� M��v� n� �

min�v�n�X
j�	

�n� v � j��

j��v � j���n� j��

�v� M��v� n� �

�
v � �n

�n

�
�

Proofs� We write �c� of Xu	 to mean �coe�cient of Xu	�

M�v� n� �
vX

u�	

c� of Xu in �� �X �X� � � � ��n�i�

� c� of Xv in
�

�� �X�n��
�

�
v � n

n

�



�ii� M ����v� n� �
vX

u�	

c� of Xu in �� �X�n �
vX

u�	

�
n

u

�

M�
v

�
�
v

�
� n� �

v��X
u�	

v��X
w�	

c� of XuY w in �� �X � Y �X� � Y � � � � ��n�iii�

� c� of Xv��Y v�� in
�

���X��� � Y �

�
� �

X

��X
�

Y

�� Y

�n

�
X

i�j�k�n

�
n

i� j� k

��
v��

j

��
v��

k

�

�
nX

j�	

�
n

j

��
v��

j

�
�
n�jX
k�	

�
n� j

k

��
v��

k

�

�
nX

j�	

�
n

j

��
v��

j

��
v�� � n� j

v��

�

M��v� n� �

vX
u�	

c� of Xu in �� � �X � �X� � � � ��n�iv�

� c� of Xv in
�� �X�n

���X�n��

�

min�v�n�X
j�	

�n� v � j��

j��v � j���n� j��

M��v� n� �
vX

u�	

c� of Xu in �� � �X � �X� � � � ��n�v�

� c� of Xv in
�

���X��n��
�

�
�n� v

v

�

We shall now estimate these functions in each case� taking � 	 n�v�

Proposition �� Suppose that n and v are given positive integers such that
n � �vf� � o���g as v ��� Then we have the uniform estimates

log M�v� n� � vF �� �f� � o���g�i�



log M ����v� n� � vF ����� �f� � o���g�ii�

log M�
v

�
�
v

�
� n� � vF��� �f� � o���g�iii�

log M��v� n� � vF��� �f� � o���g�iv�

log M��v� n� � vF ��� �f� � o���g�v�

Proofs� �i� and �v� are immediate from the corresponding parts of Proposition ��
In each of the remaining parts� the sums in Proposition � have at most n terms�

and so by estimating the largest term in each sum we bring in an error of O�log n�
which is acceptable�
�ii� If v � n�� �i�e� �
��� then the term

�
n
n��

�
is the largest� giving the value

exp��v log �f�� o���g�� If v � n�� �i�e� � ���� then the term
�
n
v

�
is the largest�

giving rise to exp�vF ����� �f� � o���g��
�iii� and �iv� By comparing successive terms it is easy to show that in both cases

the maximum term occurs where

j

v
	 � � t�%

�
and % � �� � t������

In both cases this gives rise to a term of size exp�v�log�t�%��t log����t ��f��
o���g��

�� K	FREE INTEGERS�

Suppose k is a 
xed integer� with k � �� and de
ne ��k��x� y� to be the number of
k�free integers in S�x� y�� In this section we show how di�cult it is to estimate such
functions when y is a 
xed multiple of log x�

If y	 � y � � �
k�� � �� log x then

Q
p�y p

k�� � x by the prime number theorem
and so

��k��x� y� � k��y��

Thus we have ��k��x� y� � ��x� y�o��� in the range �����
Of course it is well known that

��k��x� x� � ��x� x����k�

and� by again imitating the methods of Ivi"c and Tenenbaum ��� it is possible to

show that if y � logk��k����� x then ��k��x� y� � ��x� y����k�� where � � ��x� y�
is given by �����



Actually� simply by noting the trivial inequality �����x� y� � ��k��x� y� �
��x� y� we can derive� from Theorems � and �� that ��k��x� y� � ��x� y���o��� in
the range �����

So we are now only interested in the case where y � t log x for some 
xed
value of t� Let p� � p� � � � � � p� be the primes up to y� and u � log x� log y�

Fix �� � � � � �� For any k�free integer pa�� � � � pa�� in S�x� y� we have a�� a��
� � �� an � u�� � �� by the prime number theorem for any x � x�� Therefore

��k��x� t log x� �
X

m�u�����

X
a��a������a��m
each ai�k��

�� ����

Also� if a� � a� � � � �� a� � u then pa�� � � � pa�� � yu � x and so

��k��x� t log x� �
X
m�u

X
a��a������a��m
each ai�k��

�� ����

In ���� and ���� we are summing over less than �u values of m and so by
estimating the largest term in each sum we bring in an error of ��log u� in the order
of magnitude� which is negligible� Now

P
a��a������a��m
each ai�k��

� is the coe�cient of Xm

in �� �X �X� � � � ��Xk���� � which gets larger as m gets closer to ��k���
� �

Therefore if u � ��k���
�

�i�e� t
� �
k��

� then we can take m � ��k���
�

�to 
nd the

largest term� which gives

log ��k��x� t log x� � t u log kf� � o���g� ����

Henceforth we assume that t�� �
k�� and so we take m � uf� � o���g which gives

log ��k��x� t log x� � log ��k� �� u�f� � o���g ����

where ��k� �� u�� the coe�cient of Xu in �� �X � � � ��Xk����� equals

X
n���n�������k���nk���u

n��n������nk����

�
�

n	� n�� � � � � nk��

�
�

This has� uk�� terms� and so to determine the order of magnitude we again need
only estimate the largest term in the sum�

Suppose that in the largest term we have nj � �j� for j � �� �� �� � � � � k� �� so

that
Pk��

j�	 �j � � and
Pk��

j�	 j�j �
u
� � �

t �
Then

log

�
�

n	� n�� � � � � nk��

�
� ��

k��X
j�	

�j log�jf� � o���g�



Thus the question that we have to answer is essentially�

minimize

k��X
j�	

�j log�j

subject to each �j � ��

k��X
j�	

�j � � and

k��X
j�	

j�j �
�

t
�

This is a classical problem in the theory of entropy which is notoriously di�cult
to solve in general�


� REFERENCES

�� N�G� de Bruijn� $On the number of positive integers � x and free of prime
factors � y�� Nederl� Akad� Wetensch� Proc� Ser� A� �� ������� ������

�� N�G� de Bruijn� $On the number of positive integers � x and free of prime
factors � y� II�� Nederl� Akad� Wetensch� Proc� Ser� A� 
� ������� ������� �
Indag� Math� �� ������� ��������

�� K� Dickman� $On the frequency of numbers containing prime factors of a certain
relative magnitude�� Ark� Mat� Astr� Fys� �� ������� �����

�� V� Ennola�$On numbers with small prime divisors�� Ann� Acad� Sci� Fenn� Ser�
A� I� �� ������� �� pp�

�� P� Erd�os� $Problem No� ����� Wisk� Opgaven� �� ������� ��������
�� P� Erd�os and J�H� van Lint� $On the number of positive integers � x and free

of prime factors � y� Simon Stevin� � ���������� ������
�� A� Granville� $On m�tuples of lattice points inside an n�dimensional tetrahe�

dron�� to appear�
�� N�G� Gunderson� Derivation of Criteria for the �rst Case of Fermat�s Last

Theorem and the Combination of these Criteria to produce a new lower bound
for the exponent� Ph�D� Thesis� Cornell University� �������

�� A� Hildebrand� $On the number of positive integers � x and free of prime
factors � y�� J� of Number Theory� �� ������ ��������

��� A� Hildebrand� $On the number of prime factors of integers without large prime
divisors�� J� of Number Theory� �� ������ �������

��� A� Hildebrand and G� Tenenbaum� $On integers free of large prime factors��
Trans� Amer� Math� Soc�� ��
 ������� ��������

��� A� Ivi"c and G� Tenenbaum� $Local densities over integers free of large prime
factors�� Quart� J� Math� Oxford� �� ������� ��������



��� B�V� Levin and A�S� Fanleib� $Application of some integral equations to prob�
lems of number theory�� Uspehi Mat� Nauk�� �� ������� ������� � Russ� Math�
Surveys �� ������� ��������

��� K�K� Norton� $Numbers with small prime factors and the least kth power non�
residue�� Mem� Amer� Math� Soc�� �
 ������� ��� pp�

��� R� Rankin� $The di�erence between consecutive prime numbers�� J� London
Math� Soc�� �� ������� ��������

��� S� Wigert� $Sur l�ordre de grandeur du nombre des diviseurs d�un entier�� Arkiv�
f�ur mat�� �� ������� ����



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


