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ANOTHER SHORT PROOF OF RAMANUJAN’S

MOD 5 PARTITION CONGRUENCE, AND MORE

Michael D. Hirschhorn

We present another novel short proof of Ramanujan’s partition congruence
p(dn+4) =0 (mod 5)

in addition to that given by John L. Drost [2], and go on to prove rather more.

Ramanujan made the remarkable observation from a table of values of p(n), the number
of partitions of n, that p(5n+4) is divisible by 5. He observed and conjectured much more,
and his conjectures turned out in the main to be correct. He gave a simple proof, based on
identities of Euler and Jacobi, of the above conjecture, and his proof is essentially the one
reproduced in Hardy and Wright [3] and referred to by Drost. Ramanujan’s proof relies
on manipulating power series, and considering coefficients modulo 5. It is my intention
to give a proof of a similar sort, using only the identity of Jacobi mentioned above, and
which is more transparent than that of Ramanujan. And further, with a little extra work
including the use of Jacobi’s triple-product identity, we prove remarkable congruences for

the partition function due to Atkin and Swinnerton-Dyer.

As is usual, write (¢)o = H(l —¢"). Then
n>1

> p(n)g" = L

n>0 (@)oo

We begin with Jacobi’s identity [3, Theorem 357],

(@2 = > (~1)"(2n + 1)g" D/,

n>0

Each coefficient is congruent modulo 5 to 0, +1 or +2. Specifically, the coefficient is
congruent to 1 when n =0 or 9 (mod 10), —1 when n =4 or 5 (mod 10), +2 when n =1
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or 8 (mod 10), —2 when n =3 or 6 (mod 10) and 0 when n =2 or 7 (mod 10). Thus we
find that, modulo 5,

(q)io = Z qIOn(10n+1)/2 _ Z q(10n+4)(10n+5)/2 _ Z q(10n+5)(10n+6)/2 + Z q(10n+9)(10n+10)/2

n>0 n>0 n>0 n>0
+2 Z q(10n+1)(10n+2)/2 —92 Z q(10n+3)(10n+4)/2 —92 Z q(10n+6)(10n+7)/2 +2 Z q(10n+8)(10n+9)/2
n>0 n>0 n>0 n>0

= Z q50n2+5n - Z q50n2+45n+10 - Z q50n2+55n+15 + Z q50n2+95n+45

n>0 n>0 n>0 n>0
2 2 2 2
) Z q50n +15n+1 _ 2 Z q50n +35n+6 _ 2 Z q50n +65n+21 ) Z q50n +85n+36.
n>0 n>0 n>0 n>0

Observe that in the first four sums the powers of ¢ are congruent to 0 (mod 5) while in

the latter four sums the powers of ¢ are congruent to 1 (mod 5). Thus we have
(@)% =X +2qY

where each of X, Y is a series in powers of ¢°.

Also

(q)S — H(l _qn)S — H(l_5qn+10q2n_10q3n+5q4n_q5n) = H(l _an) = (q5)oo-
n>1 n>1

et — L@ _ (@3)° _ ((9)3)° _ (X +2¢Y)°
DI T 7y (7 e e A P

n>0

X34+ 6gX%Y +12¢°XY? +8¢°Y3
N (@®)%

X3+ gX?Y +2¢°XY? + 34373
N (@)% '

Comparing terms containing powers of ¢ congruent to 4 modulo 5 on both sides, we see

that
Zp(im +4)¢™ ™ =0 (mod5). W

n>0



Notice that, at no extra cost, we obtain the congruences

D opn)g = X3/ ()%, Y pn+ 1) = gX7Y/ (%)%

n>0 n>0
D p(n+2)¢"" T =2¢° XY? /()2 and Y p(5n+3)¢"" = 3¢°Y?/(¢°)%
n>0 n>0

It is not hard to show that each of X, Y is an infinite product. Indeed, as we shall see,

X = H 25n 15 (1 _ q25n710)(1 _ (]2571)7

n>1

Y = H 25n 20 (1 _ q25n75)(1 _ q25n).

n>1

It follows that

n_ T =)0 - ) (0 - ¢")
n%%p@n)q = };[1 1— @ a2(1—gn-1)2
n_ (1—q™ _ 1-q")
Zp(5n+1)q = H (1— (1 _q5n T Zp bn+2)q" = H 5n 3)(1 — ¢on2)
n>0 n>1 n>0 n>1
1 _ q5n 4 1— q5n—1 1— q5n
wd Spton+ 0" =3 [] S
>0 b Pa—a)

These remarkable results are due to Atkin and Swinnerton-Dyer [1, Theorem 1].

We now show that X, Y are infinite products as claimed.
We have

_ 50n245n 50n24+45n+10 50n2+55n+15 50n24+95n+45
X=>4q - - + 4 :

n>0 n>0 n>0 n>0

In the first sum, replace n by —n, in the third replace n by —n — 1 and in the fourth
replace n by n — 1. Then we find

_ 50n2—5n 50n2+45n+10 50n2445n410 50n2—5n
X=>4q - - +>q

n<0 n>0 n<—1 n>1

> 2 > 2
_ Z q50n —5n Z q50n +45n+10
—0o0 —o0o
o0
_ Z(_l)nq(25n2—5n)/2.
—0o0
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(The terms for n even in the final sum correspond to the first sum on the line above, the
terms for n odd to the second sum.)

In the same way, we find

_ 50n2+15n 50n2435n+5 50n2 4651420 50n2485n+35
Y=>4q - - +> a

n>0 n>0 n>0 n>0
_ 50n2—15n 50n2435n4+5 50n2+35n+5 50n2—15n
=2 a - -2 q + 4

n<0 n>0 n<—1 n>1

o0 oo
_ Z q50n2—15n _ Z q50n2+35n+5
—0o0 — 00
o0
_ Z(_l)nq(25n2—15n)/2.
—00

To complete the proof, we now invoke Jacobi’s triple product identity [3, Theorem 352],

in the form

ST (=1)mang™ 2 =TT - ag™ (1 —a g1 — )
—00 n>1

with ¢ replaced by ¢?° and a replaced by ¢'° and ¢° respectively.
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