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ABSTRACT

A simple bijection is given between dissections of a convex 
n���
gon with
d diagonals not intersecting in their interiors and standard Young tableaux
of shape 
d� �� d� �� �n���d��
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For � � d � n� �� let f
n� d� be the number of ways to draw d diagonals
in a convex 
n���
gon� such that no two diagonals intersect in their interior�
For instance� f
n� n� �� is just the Catalan number Cn �

�

n��

�
�n

n

�
� A result

going back to Kirkman ���� Prouhet ���� and Cayley ��� 
with Cayley giving
the �rst complete proof� asserts that

f
n� d� �
�

n � d� �

�
n� d� �

d� �

��
n� �

d

�
� 
��

K� O�Hara and A� Zelevinsky observed 
unpublished� that the right
hand
side of 
�� is just the number of standard Young tableaux 
as de�ned� e�g��
in ��� p� ���� of shape 
d��� d��� �n���d�� where �n���d denotes a sequence
of n � � � d ��s� It is natural to ask for a bijection between the polygon
dissections and the standard Young tableaux� If one is willing to accept the
formula for the number of standard Young tableaux of a �xed shape 
either
in the original form due to MacMahon or the hook
length formula of Frame

Robinson
Thrall�� then one obtains a simple proof of equation 
��� In this
note we give a simple bijection of the desired type�

First we recall that there is a well
known bijection ��� between dissec

tions D of an 
n � ��
gon with d diagonals and integer sequences �
D� �

a�� a�� � � � � an�d��� such that 
a� either ai � �� or ai � �� 
b� exactly
n terms are equal to ��� 
c� a� � a� � � � � � ai � � for all i� and 
d�
a� � a� � � � � � an�d�� � �� This bijection may be de�ned recursively as
follows� Fix an edge e of the dissected polygon D� When we remove e

from D� we obtain a sequence of dissected polygons D�� D�� � � � � Dk 
where
k � � is the number of sides of the region of D to which e belongs�� ar

ranged in clockwise order� with Di and Di�� intersecting at a single vertex�
If Di consists of a single edge� then de�ne �
Di� � ��� and set recursively
�
D� � 
k��� �
D��

�� �
D��
�� � � � � �
Dk���

�� �
Dk��� where �
Dk�
� denotes

�
Dk� with a �� appended at the end�

Given a sequence 
a�� a�� � � � � an�d��� as above� de�ne a standard Young
tableau T of shape 
d � �� d � �� �n���d� as follows� We insert the elements
�� �� � � � � n�d�� successively into T � Once an element is inserted� it remains
in place� 
There is no �bumping� as in the Robinson
Schensted correspon

dence�� Suppose that the positive ai�s are given by b�� b�� � � � � bd��� in that
order� The insertion is then de�ned by the following three rules�

�



� If ai � �� then insert i at the end of the �rst row� 
We write our
tableaux in �English� style� so the longest row is at the top��

� If ai � �� and the number of ���s preceding ai is given by b� � b� �
� � �� bj for some j � �� then insert i at the end of the second row�

� If ai � �� and the number of ���s preceding ai in not of the form
b� � b� � � � �� bj� then insert i at the bottom of the �rst column�

It is an easy exercise to check that the above procedure yields the desired
bijection�

Example� Let the sequence corresponding to a dissection D 
with n �
��� d � �� be given by


�� �� � �� �������� �������� �� �������������������� ������������

We have 
b�� � � � � b�� � 
�� �� �� �� �� �� ��� We have printed in boldface those
���s that are preceded by b� � � � �� bj ���s for some j� The corresponding
standard tableau �
D� is given by

� � � � �� �� ��

� � �� �� �� �� ��

�

�

�

��

��

��

��

References

��� A� Cayley� On the partitions of a polygon� Proc� London Math� Soc�
��� �� 
����������� ��������

�



��� I� M� H� Etherington� Some problems of non
associative combinations

��� Edinburgh Math� Notes �� 
������ ����

��� T� P� Kirkman� On the k
partitions of the r
gon and r
ace� Phil� Trans�
Royal Soc� London ��� 
������ ��������

��� E� Prouhet� Question ���� Nouvelles Annales Math� � 
������ ����

��� B� E� Sagan� �The Symmetric Group�� Wadsworth � Brooks�Cole�
Paci�c Grove� CA� �����

�



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


