THE NUMBERS OF SMALL RINGS
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1. NUMBERS OF RINGS

The textbook [LW80] contains an overview on number theorems for small rings
on pages 133 - 141; we quote the main theorems and sources (always let m,n € N
and p a prime):

First, we notice that it suffices to consider rings of prime power order:

Theorem 1. [Sho38] Every finite ring R can be uniquely (up to isomorphism)
decomposed into a direct sum of rings of prime power order.

Theorem 2. [Bead8] There are n + 1 non-isomorphic rings with additive group
Zipn. Only one of them has an identity.

Theorem 3. [Rag69] There are 8 non-isomorphic rings with additive group Z, &
L.

From these theorems, it follows that there are 3 + 8 = 11 non-isomorphic rings
of order p?.

Theorem 4. [FWT74, LW80] There are (3p + 4)n — 4p + 11 non-isomorphic rings
with additive group Zpn & Z, (n > 2) if p is odd and In + 2 if p = 2.

Theorem 5. [FW74, LW80] There are p + 27 non-isomorphic rings with additive
group L, ® Ly ® Ly if p is odd and 28 if p = 2.

These two theorems give a total of 3p + 50 non-isomorphic rings of order p* for
odd p and 52 for p = 2.
This result is also obtained by [AE83].

2. RINGS WITH IDENTITY

Theorem 6. [Rag69] There are 11 rings with identity of order 8 and 12 rings with
identity of order p* (p an odd prime).

Theorem 7. [Wie74] If p is an odd prime, m > 1, n > 0, r = L”T'HJ, and s =
|2t | then there are

B (m—2(n—r)+1)p”_r+’£%11+3pnp_:f1+m if n <m and
(m—2(m—s)+1)pm’s+pps%f+3%+m ifn>m
rings with identity with additive group Zpm+n ® Zpm.

Theorem 8. [Wie85] If m >1,n >0, r = [2L], and s = | L | then there are

dm +3n—2 ifn<m-—2andn € {0,1}
N— 2rF 4+ (m —2(n —r) +3)2" " +4m — 17 f2<n<m -2
) 4m -1 ifn>m—2 and m € {1,2}
25TL 4 (25 —m +5)2m % +4m — 17 fn>m-—2>0

rings with identity with additive group Ziom+n ® Ziom.
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3. SUMMARY

These theorems allow us to determine the numbers of small rings (as long as
their order is not divisible by a fourth prime power — for rings of order p*, we are
only aware of partial solutions, e.g. [KP69, Flo73, Wie88]).

The result on the number of rings with identity on Z4 & Z, & Z» was obtained
by computer calculation.

The numbers with the question mark are computer generated and need to be
checked.

additive group total number of rings | rings with identity
Ty 2 1
7 2 1
7y 3 1
Ly ® 7> 8 3
T, 2 1
Zg 4 1
A 2 1
Zg 4 1
YRSV 20 3
Zio® Lo ® Lo 28 7
Zy 3 1
L3 D Zg 8 3
Z10 4 1
711 2 1
YAD) 6 1
Zio® Lo ® L3 16 3
713 2 1
714 4 1
715 4 1
Z16 5 1
Ly D Lo 29 3
Lia® Ly 66 6
Zis® Lo® Lo 170 15
Lio® Uio® o ® Zig 120 25
717 2 1
713 6 1
Zio® L3 ® L3 16 3
VAT 2 1
Zoo 6 1
Lo ® Lo ® Ls 16 3
Zio1 4 1
Zi9 4 1
Zio3 2 1
Zioyg 8 1
Z4a®Zo® Ls 40 3
Ly®ZLo® Lo ® Ls 56 7
Zos 3 1
L5 D Zs 8 3

And so on...
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