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This note answers to Florent Madeleine�s question �private communication� �Can
the sum of the sizes of binary subtrees of a perfect binary tree of size n be polyno�
mially bounded ��

I will show that the answer is no	
A binary tree is a tree whose each internal node have


 either two child which are internal nodes�

 or two child which are leaves	

Let bk be the number of binary trees with k internal nodes	 The binary trees
satis�es the following recursive de�nition

B  L ou B �N � B
�a binary tree is either a leaf L� or a node N with two binary subtrees B� hence�
giving weight � to leaves and � to internal nodes� one gets a functional equation for
the generating function B�z��

B�z�  � � zB�z��

and solving it gives the closed form formula

B�z� 
��p�� �z

�z
�

The smallest binary tree� which consist of a �root which is also a leaf�� has
height �	 Let Bh�x� 

P
k�� bk�hx

k be the generating function �in fact that�s a

polynomial�� for binary trees of height � h �and where n codes the size of the tree�
i	e	 its number of internal nodes�	

Then� one has the following recurrence�

Bh�x�  � �Bh���x�
�

B��x�  ��

A perfect binary tree �some authors say also �complete� binary tree� is a binary
tree for which all leaves are at the same height� say h	 Consequently� a perfect
binary tree has �h � � internal nodes	

The number of binary subtrees of this tree is the number of binary trees of
height � h� that is Bh���	 The sum of the size of the binary subtrees A is given by

X

h�A��h

jAj 
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k��

kbk�h  B
�
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The asymptotics of the bk�h�s is a non trivial problem� nevertheless it has been
solved by Flajolet � Odlyzko in ����	 It is related to the behavior of the Mandelbrot

�
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fractal zj��  z�j � � at z�  �	 The authors give

max
k��

bh�k � ��h�� exp��h�����������������������

Taking n � �h � � �input size� i	e	� size of the perfect binary tree� leads to the
upper bound

B
�
h��� � nmax

k��
bh�k 

C exp������������n�p
n

In conclusion�B�h��� � Bh��� � C
��h�
� where C�  ����������������������������������

�in fact one has B�h��� � C��
hBh��� where C�  ��������������������

Finally� one gets the following bounds for the number of subtrees of complete
binary tree of size n when n � �

���n � B
�
h��� � ����n�

This excludes any polynomial bound	
The following Maple lines easily compute the �rst few terms

B����L��� ��L���� ��

to 	 do B � ��x�B�� L���op
L��subs
x���B���L����op
L���subs
x���diff
B�x���

od�

Thus� the value for h � � of Bh��� are� �� �� �� ��� ���� ���		
� ��
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and for B�
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