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Abstract

The minimum number of k�subsets out of a v�set such that each t�set is

contained in at least one k�set is denoted by C�v� k� t�� In this paper� a com�

puter search for �nding good such covering designs� leading to new upper

bounds on C�v� k� t�� is considered� The search is facilitated by predeter�

mining automorphisms of desired covering designs� A stochastic heuristic

search �embedded in the general framework of tabu search� is then used to

�nd appropriate sets of orbits� A table of upper bounds on C�v� t � �� t�

for v � �� and t � � is given� and the new covering designs are listed�
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� Introduction

A t��v� k� �� covering design is a pair �X�B�� where X is a v�set of points and

B is a family of k�subsets of X� called blocks� such that each t�subset of X is

contained in at least � blocks� The minimum number of blocks in such a family

B is denoted by C��v� k� t�� If � � �� we omit � and write C�v� k� t�� �A more

general de�nition of covering designs is discussed� for example� in ��� �	� 
��� The

methods in this paper can straightforwardly be generalized to that approach�

For recent surveys of covering designs� see ��
� ��� 
���

The problem of determining values of C��v� k� t� is highly nontrivial even for

relatively small values of the parameters� Hence� exact values are known only in

special cases� For other sets of parameters� there is a gap between the best known

lower and upper bounds� Upper bounds are obtained by explicitly constructing

covering designs� In some cases� the best known designs can be obtained by

combinatorial or algebraic methods� whereas in other cases� the record�holders

have been found by computer search� In ��	�� for example� the authors used a

stochastic heuristic called simulated annealing to �nd good covering designs�

Many of the bounds in ��	� are still the best currently known� Unfortunately�

the performance of the method used in that study deteriorates with increasing

value of v� Here we shall see how we can attack this problem by predetermining

a structure �automorphism group of the covering design� Furthermore� another

stochastic method apparently superior to simulated annealing� tabu search� is






used in the search� Note that due to the heuristic nature of the search method�

if there exists a �not necessarily optimal covering design with given parameters

and automorphism group� we may still fail to �nd it� Also� the choice of auto�

morphisms a�ects the outcome of the search� Similar results for packing designs

�constant weight error�correcting codes have recently been reported in �����

Covering designs with predetermined automorphisms are discussed in Section


 and the search method is outlined in Section �� Old bounds and constructions

that give new bounds from old ones are considered in Section �� Finally� the

search results are presented in Section �� where the new covering designs are

listed and an updated table of C�v� t� �� t� for v � ��� � � t � � is given�

� Covering Designs with Given Automorphisms

The �rst extensive results on computer search for covering designs were presented

by Stanton and Bate �
��� who used exhaustive search� By using exhaustive

search� we are guaranteed to �nd the exact value of C��v� k� t�� Unfortunately� this

approach is too time�consuming to be useful for all but the smallest parameters�

When exhaustive search is not fast enough� we can try a partial search� as in this

work� If such a search is successful� a covering design is found� and the number

of blocks gives an upper bound on C��v� k� t��

The idea of using a stochastic heuristic was used by Nurmela and �sterg�rd

in ��	�� where simulated annealing was applied to �nding covering designs� Sev�
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eral of the bounds that were obtained �for v � �� are still record�holders� as

can be seen from Table II to be presented later� Unfortunately� not even that

approach�in which one tries to explicitly �nd all blocks of the covering design�

is a panacea� and there is a point where it is not e�ective any more� Namely� if

there are too many blocks in the desired covering design� then the search needs an

unreasonably long time to �nd solutions �if these are found at all�use of shorter

running times in these cases will lead to convergence to con�gurations that are

not coverings� One remedy� which will be developed here� is to predetermine a

structure �automorphism group� and� instead of searching for a set of blocks�

search for a set of orbits under this automorphism group�

The approach of predetermining an automorphism group is a well�known

approach used extensively in searches for t�designs since it was introduced by

Kramer and Mesner ����� It is known that it can be used to search for packing

designs �see� for example� �
� ���� Here it is analogously carried over to the

problem of �nding covering designs� introducing some novel ideas in the way the

search is carried out�

In the search� we �rst take a permutation group G acting on the point set

X� The blocks of a design are derived from base blocks B�� � � � � Bs by taking the

blocks B�
j for all � � j � s and � � G� Let Xi �i � n be the set of all i�subsets

of X� Given a permutation group G� we �rst construct a so�called Atk�matrix�

This is done by �rst labeling the rows and columns of this matrix with all orbits

under the induced action of G on Xt and Xk� respectively �note that these orbits
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partition all t�sets and k�sets� respectively� Then we set aij � u to denote that

the blocks in the ith orbit of t�sets are covered u times �u � 	 by the blocks

in the jth orbit of k�sets� Furthermore� to each column we associate a value cj

giving the number of k�sets in the corresponding orbit� We let c � �c� c� � � ���

Having obtained the Atk�matrix in the aforementioned way� we now want to

�nd a column vector x �with non�negative integer entries such that cx �which

gives the number of blocks of the covering design is minimized for Atkx � �J �J

is the all�one column vector�

If we are using a permutation group of large order so that the size of the Atk�

matrix is small� the problem of minimizing cx for vectors x such that Atkx � �J

can be solved exactly� However� for the cases considered in this work� the size of

the Atk�matrix has been as large as 

��� ���� so a stochastic heuristic search

�an implementation of tabu search� which will be discussed in the next section�

was adopted in the search�

The permutation groups G used in this work are mainly cyclic groups and

a�ne groups� In several designs we have one or more positions that are not

permuted� these are called �xed positions� Since groups may have several per�

mutation representations� the generators used are explicitly listed in Table III�
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� Search Method

Although only the case � � �� k � t�� is considered in Table II� in this paper we

shall discuss a search method that works for any t � k and is easily generalized

for � � ��

Tabu search �	� is a general framework for a class of local search algorithms�

where we start from an initial solution and then repeatedly modify the solution

slightly� in hope of �nally �nding a globally optimal solution� In tabu search we

always move to the best �lowest cost for minimization problems solution in the

neighborhood of the current solution� unless the move is forbidden� tabu�

To prevent looping around a local optimum� a tabu condition is used� A �re�

cency based tabu condition prevents the inverses of the latest few moves from

being used� The selections of a cost function� possible moves applicable to a so�

lution �that is� a neighborhood� and tabu conditions are rather tricky in di�cult

optimization problems� and they are usually based on some experimentation and

problem speci�c heuristics�

If there are k�set orbits of only one size r� we can try to �nd a covering with s

orbits such that sr � C� where C is the number of blocks in the best previously

known design� A solution is now a collection of s orbits of k�sets� The cost of a

solution is the number of orbits of t�sets that are not covered by any orbits of the

solution� This cost function is easily generalized for � � � using ��	� Eq� ���� If

the cost reaches zero� we have found a desired covering design�
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In most cases� however� there are k�set orbits of several sizes� Then we can �nd

all maximal combinations of orbit sizes that would improve the current bound�

We then try a search for each orbit size combination� In some cases there is a

too large number of possible orbit size combinations� then we have to concentrate

only on some of them�

In the search we use a neighborhood closely resembling that in �
��� To �nd

the neighbors of the current solution we check which orbits of t�sets are not

covered by the current solution� In the �nal solution each of these orbits should

be covered� We select one of the uncovered orbits and �nd all solutions such that

they

�� cover the selected uncovered orbit� and


� di�er from the current solution so that one orbit in the solution is changed

to another orbit of the same size�

Of these neighbors we select the one with lowest cost� If there are several equally

good neighbors� we pick one of them at random� The number of orbits and blocks

stays constant during one search process�

Usually there are more than one uncovered orbit and we have to select one of

them to compute the neighborhood of the current solution� The selection of the

uncovered orbit to consider can be done in many di�erent ways� We have used

an index variable that is incremented cyclically through all the orbits of t�sets�

The �rst uncovered orbit encountered is selected�
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To complete our tabu search implementation we specify a tabu condition�

when a move introduces an orbit to the current solution� then that orbit cannot

be changed to another orbit during the next l moves� Suitable values of l vary

depending on the parameters of the optimization instance� but� for example l �

s��	 often works reasonably well�

� Bounds and Constructions

��� Old Bounds

We shall now discuss some of the old bounds� We restrict Table II to t � ��

because trivially C�v� �� �� � dv��e� and Fort� Jr� and Hedlund ��� showed already

in the �	��s that C�v� �� �� � dv
�
dv��

�
ee�

In the two aforementioned cases� the so�called Sch�nheim lower bound is met�

This bound says that

C��v� k� t� � L��v� k� t� � d
v

k
d
v � �

k � �
� � � d

v � t� �

k � t� �
�e � � �ee

�where we write L�v� k� t� if � � �� The case C�v� 
� �� is settled except for a

�nite number of cases� Hartman� Mills� and Mullin ���� proved that C�v� 
� �� �

L�v� 
� �� for v � ��
��� The following result is due to Mills �����

C�v� 
� �� � d
v



d
v � �

�
d
v � �

�
eee for v �	  �mod ���� ��
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When k is close to v� it is a straightforward task to prove that

C�v� v� t� � � and �


C�v� v � �� t� � t� �� ��

but the case k � v� � is already more complicated� Tur�n �
�� was able to prove

that

C�v� v � �� t� � L�v� v � �� t�� ��

This case was actually settled for t � v�� by Mantel in �	�� �see �
��� Sch�nheim

�

� showed that if there is a t��v� k� �� design �that is� a Steiner system� then in

addition to C�v� k� t�� also C�v � �� k� t� meets the Sch�nheim bound�

Theorem � If there exists a t��v� k� �� design� then C�v��� k� t� � L�v��� k� t��

��� New Designs from Old Ones

In the sequel� some results are discussed where upper bounds �for example� the

new bounds from Table III are used to get other upper bounds� For example� it

is not di�cult to show that

C�v� k� t� � C�v � �� k� t� � C�v � �� k � �� t� ��� ��

In the next few bounds �cf� ��
�� the distribution of points a�ects the result�

For a covering design with M blocks� let a point occur in M� blocks and let a

	



�possibly di�erent point be absent from M� blocks� For any design� by suitable

point selection the following averaging formulas hold�

M� � b�v � k�M�vc� M� � bkM�vc� ��

If there is a covering design giving an upper bound on C�v � �� k � �� t � ��

that has a point occurring in M� blocks� then

C�v� k� t� �M�� ��

Sidorenko �see ��
� developed a construction leading to the following result�

We give the proof� since this construction is also used in a theorem to be presented

later� Assume that there is a �t�����v��� k��� �� covering design with M blocks

and a point that is absent from M� blocks�

Theorem � C�v� k� t� �M �M� � C�v � �� k� t��

Proof� Let D� be a �t � ����v � �� k � �� �� covering design and let D� be a

t��v � �� k� �� covering design� where the point set of D� is a subset of the point

set of D�� By considering the single point p that is not in the point set of D�

�any point of D� can be made this point by permuting the points and a new

point q� create the following new block set D�

�
from D�� adjoin q to all blocks

which contain p� and replace the other blocks �which do not contain p by two

blocks obtained by adjoining p only and q only� respectively� The covering design

D�

�

D� is then a desired covering design� the parameters of which are obvious �we
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can take D� to be an optimal covering design� the covering property is shown by

a case�by�case argument depending on whether a given t�set contains the points

p and q or not�

From Theorem 
 and ��� we get the following result�

Corollary � C�v� k� t� � b��v�k���C�v��� k��� t�����v���c�C�v��� k� t��

Occasionally� good bounds can be obtained by repeatedly applying Theorem 
�

In that case� the possible values of M and M� in subsequent combinations may be

a�ected by permuting the coordinates of the combined designs� This observation

leads to the following two�step �clearly� it can be generalized to any number of

steps Sidorenko construction�

For two given points� let Mij �i� j � f	� �g denote the number of blocks in

which these points occur �subindex � or do not occur �� in a �t�����v��� k��� ��

covering design with M blocks� So� for example� M�� is the number of blocks in

which the �rst point occurs� but not the second one� Furthermore� let M �

�
be the

number of blocks in which a given point does not occur in a �t�����v��� k��� ��

covering design with M � blocks�

Theorem � C�v� k� t� �M � �M�� �M�� �M�� �M � �M �

�
� C�v � �� k� t��

Proof� Let D� be a �t� ����v � �� k � �� �� covering design� let D� be a �t� ���

�v � �� k � �� �� covering design� and let D� be a t��v � �� k� �� covering design�

��



We essentially apply Theorem 
 twice� In the �rst step� we combine D� and D�

to get a �t � ����v � �� k � �� �� covering design� and then �nally combine this

with D� in the same way� From the proof of Theorem 
 it is clear that we get a

t��v� k� �� covering design� In the second step� we take neither p nor q �see proof

of Theorem 
 as the new p� Direct counting shows that the total number of

blocks is as stated�

To apply ��� Theorem 
� and Theorem �� we need to know how the points are

distributed in known covering designs� If these have even point distribution� we

can get the necessary parameters by ��� In Table I� we give the smallest number

of blocks in which some point in a known covering design occurs� minfM�g� and

in which some point does not occur� minfM�g �the total number of blocks is M�

the minimum value of an expression needed in Theorem � is also listed�

INSERT TABLE I HERE�

We conclude this section by discussing a case that needs more detailed con�

sideration�

Example �� From Theorem 
� we have that C���� �� �� � M �M� � C���� �� ���

where M is known ������� Equation �� gives M� � ����� but we can do

slightly better� The upper bound for C��
� �� � is obtained by ��� where two

�




covering designs giving the upper bounds C���� � �� � ��� and C���� �� � �

����� are taken and the new point is added to all blocks of the former covering

design� For the new point of the covering design constructed this way� clearly

there are ��	�
 blocks in which the new point does not occur� already this� as

����� � ����� indicates that the average among the rest of the points must be

smaller than ����� blocks� If this average for the other points is calculated it is

���������� ���������� � �
���� � � � and we get that C���� �� �� � �������

� The Results

The new covering designs found by the computer search are listed in Table III�

The base blocks are given in hexadecimal notation so that �� �� 
�� � � � 	� A� B�� � � �

F correspond to the binary sequences ����� ����� ������ � � � ����� ����� ������ � � �

����� respectively� Leading ��s are not shown� and the rightmost position is

numbered �� the leftmost n � �� The size of the orbit of a base block is shown

as a superscript� The permutation group is given in brackets� For the groups�

we have adopted the notation used in ���� The generating permutations �in the

cyclic notation for the group are also given� since they can be constructed in

many di�erent ways� Fixed positions �if any are those that are not listed in the

generating permutations�

In some rare cases new covering designs obtained by the search method in

Section � can be further improved by removing single blocks� In a preliminary

��



version of this paper we presented a covering design showing that C��
� �� �� �


�� Gordon ���� then pointed out that it is possible to remove a block to further

tighten the bound to C��
� �� �� � 
�� Indeed� there are two orbits of �ve blocks

�orbits �FF� and 
FF� in Table III such that any single block of these orbits can

be removed�

An updated table of upper bounds on C�v� t � �� t� for v � ��� � � t � � is

given in Table II� where exact values are indicated by a period� For exact values�

the reference is to a proof of this value� For upper bounds� the reference is to

a general construction giving this bound� or� if no such construction exists� to

the paper where the result was �rst published in the scienti�c literature� Several

of the bounds with keys ui and vi were obtained by starting from codes in a

preliminary version of this paper and slightly improving these using heuristic

computer algorithms�

INSERT TABLE II HERE�

INSERT TABLE III HERE�
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TABLE I�

Covering design M Reference minfM�g minfM�g minf�M�� �M�� �M��g
������ �� �� ��	 ���� ��� ��� ���
����
� 
� �� ��� ���� �
� �� �
��
����� �� �� ����
 This paper ����� 
���� ����
�
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TABLE II�

vnt � � � � � �
� ��b

� ��c ��b

� ��d ��c ��b

� �
�e 	�d ��c ��b

� ���i 
��e �
�d ��c ��b

	 
��i ���g ���e ���d ��c ��b

�� ���i ��h ���g ���f 
��d 	�c

�� ���i ���s ���n ��j ���f 
��d

�
 ���i ����p ��
�s ���h �
�j ���f

�� ���i ���n 
���p 
��n 
	�n ���j

�� 	��i 
��u� ���a ���v� ���m ���a
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