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ABSTRACT. In this paper we establish some new congruences involving
Catalan numbers as well as central binomial coefficients. Let p be a prime
and let a be any positive integer. We show that

a
—1
1P

Cn

a1
Cpantr =1-3(n+1) (p ) (mod p?)
k=0 3

for every n = 0,1,2,..., where C,, is the Catalan number (QV:Ln)/(m + 1),
and (3) is the Legendre symbol. We also determine Zpa_l 2k ) and

; k=0 \k+d
Z:Bl k(k%fd) modulo p? for alld =0,1,...,p.

1. INTRODUCTION

For n € N={0,1,...}, the nth Catalan number is given by

o= ()= - ()

Here is an alternate definition:

Co=1 and Cpy1=)» CpCng (n=0,1,2,...),
k=0
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The Catalan numbers play important roles in combinatorics; they arise
naturally in many enumeration problems (see, e.g., [St, pp. 219-229]). For
example, (), is the number of binary parenthesizations of a string of n+ 1
letters, and it is also the number of ways to triangulate a convex (n+2)-gon
into n triangles by n — 1 diagonals that do not intersect in their interiors.

In 2006 H. Pan and Z. W. Sun [PS] employed a useful identity to deduce
many congruences on Catalan numbers. For example, by [PS, (1.16)-
(1.17)], for any prime p we have

p—1 p—1
3(8)—1 1—(2)
C,=—3" " (mod and kC, = 37 (mod ,
2 k 5 (mod p) g—o k (mod p)

where the Legendre symbol (§) € {0, £1} satisfies a = (§) (mod 3).

In this paper we establish some further congruences for Catalan num-
bers and related central binomial coefficients. For an assertion A, we adopt
Iverson’s notation:

1 if A holds,
4] = {

0 otherwise.
Here is our first theorem.

Theorem 1.1. Let p be a prime and let a,n € N with a > 0. Then

1 R a_q
& O Cpne =1-3(n+1) (p 3 ) (mod p?) (1.1)

n

k=0
and
1 A
" k=0 (1.2)
=1-p")n+ GBp'n+1)(n+1) (p 3_ 1) (mod p?).
Also,
3 "
en > K2 Chenk
" k=0 (1.3)

[ =p*(n—2)(3n+1) —5n—2 (mod p?) if p* =1 (mod 3),
:{ —p*(9In? +n—2)—4n —1 (mod p?)  if p* =2 (mod 3).

Remark 1.1. Note that (1.1)-(1.3) are congruences modulo p?, different
from those congruences obtained by Pan and Sun [PS].

Theorem 1.1 in the case n = 0 yields the following consequence.
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Corollary 1.1. Let p be any prime, and let a € ZT = {1,2,3,...}. Then

a

p®—1

@1\ 3(E)-1
ZC’kzl—?)(p )E%(modpz)
k=0

3

and

S ic= (U) —al == 21 o 52
k=0

Provided p > 3, we also have

p*—1 a_1

(B—=)—2 1 (p® 1
Z k*Cy, = % =—s\3) 3 (mod p?).
k=0

Actually we deduce Theorem 1.1 from the following more general result.

Theorem 1.2. Let p be a prime and let a € Z+ and m,n € N withm > n.
(i) If p# 2 and d € {0, 1}, then

m_lpaz_l pm + 2k _gmon
n — pn+k+d n+1

= (p“;d) — [p = 3]pd(m +n + 1) (mod p?).

If p> 3 and d € {0, 1}, then

) A v
=2 (= () + (55 080t ) ) (smod 2.
(1.5)

S

(ii) For every d=0,...,p we have

LS () o ()

n k=0

=((m—n)?>+ (m+1)(n+2))p*Sy — [p = 3] (g) p(n+1)(m+n+1)

+[p=2&3td—(-1)"]pm(n+ 1) (mod p*),
(1.6)
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where Sq is a rational p-adic integer given by

si- Y S (450, (1.7

0<k<d

i particular,
1 2 20%n + 2k d p® —d
— — e 1
Cn (= <p“n+k+d) "(3) (vt )< 3 )

—p(n + 1)(3n + 2)S4 — [p = 8lp(n + 1) (g) (mod p?).

(1.8)

Remark 1.2. If p =2 and d € {0, 1}, then we should add
plp=2]d2tn—a & 2| a(m—1)]4+ (1 —=d)[21m or 2{n])

to the right-hand side of the congruence (1.4). For p € {2,3} and d €
{0, 1}, we also find a suitable term that should be added to the right-hand
side of the congruence (1.5).

Let p be a prime, and let a € Z* and d € {0, ... ,p}. In 2006 Pan and
Sun [PS, Theorem 1.2] showed that

S (2 )= (55 tmoan (19

k=0
By (1.8) in the case n = 0, we have
p®—1
2k p* —d d 9
— = - 2p* d p°). 1.1
S (4ra) = (557) =31 (5) +2si tmodsty. 110
Note that 2p®Sy = 0 (mod p?) if a > 2 or p = 2. Also,
3 S 5) 21

So=51=0, 5 =1, S=—0, Sa=¢, S5 =15, %=—5;
(1.10) in the case a = 1 and d = 0 implies the following observation of
A. Adamchuk [A] (who told the second author that he could not find a
proof): If p > 3 then

p+(Z)
2k
Z ( ) =0 (mod p?).
k
k=1
(Recall the Wolstenholme congruence %(2;’) = (2;’__11) = 1 (mod p3?) for

p > 3.) Recently, (1.10) with p > 3, a = 2 and d = 0 was posed by D.
Callan as a problem in [C]; in fact, (1.10) with p > 3, a € {2,3,4} and
d = 0 was also observed by A. Adamchuk [A] slightly earlier who could
not provide a proof.

(1.10) in the case a = 1 and d = 0, together with the first congruence
in Corollary 1.1, suggests the following open problem.
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Problem 1.1. Are there any composite numbers n % 0 (mod 3) such that

> ()= ) ot

k=0

Are there any composite numbers n Z 0 (mod 3) satisfying

n—1
ZCkzl—?)(n;l) (mod n?) ?
k=0

Remark 1.3. It seems that the answers to Problem 1.1 are negative. We
have confirmed this for n < 5,000 via Maple.

Here is one more theorem.

Theorem 1.3. Let p be a prime and let a > 1 be an integer. For any
de{0,1,...,p}, if p# 3 then

z_:k<k+d> 2<pa3_d) i)

() (52

when p = 3 we have

kz_: <k+d) =-(4d+1) (g) —3[a=2]+[d=3] (mod 3%). (L.12)

Remark 1.4. Let p > 3 be a prime. For a € Z* and d € {0, 1} we have

S =30 (5)) () et

by applying (1.5) with m = n = 0. This coincides with (1.11) when a > 2.

As a supplement to Theorem 1.3, we can also determine Zz;é k( lff d) mod

p? foralld =0,...,p (see Remark 4.1) but the result is very complicated.

We will give an auxiliary theorem in the next section, and establish
a result close to (1.10) and Theorem 1.3 in Section 3, and then prove
Theorems 1.1-1.3 in Section 4. The last section contains three conjectures
and an announcement of some new results.
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2. AN AUXILIARY THEOREM

Now we introduce some basic notations throughout this section. For
m,n € N, by (m,n) we mean the greatest common divisor of m and n.
For a prime p and an integer m, we define

ord,(m) = sup{a € N: p* | m}

(and thus ord,(0) = +00). A congruence modulo +oo refers to the corre-
sponding equality.

Lemma 2.1. Let p be any prime, and let m,n € N with m > n. Then

(pm) / (m) =1+ [p=2]pn(m —n) (mod p?+ordr(m), (2.1)

pn n

Proof. (2.1) holds trivially when n is 0 or m. Below we assume 0 < n < m.
Observe that

pn—1 . n—1 .
pm pm — j pm — pi p(m—n))
(pn) pn—7 i—0 pn —pi (

=0 0<j<pn pn=J
plJ
Thus
1 1
(pm)/<m)51+p(m—n) Z - =1+ p(m—n) Z -
pn n —  pn — j —
0<g<pn 0<i<pn
pli pfi
n—1p—1 1 p—1 1
El—l—p(m—n)zz =1l4+pm—-n)ny —
q:Ok:1PQ+k il
=1+ [p = 2p(m — n)n (mod p>Tordr(m=—n))
since . .
p— p—
1 1 1
2% " - = S )= .
- Z(k—f—p_k) 0 (mod p)
k=1 k=1
Similarly,
pm m\ pm m
pn n)  \p(m—n) m—n
=1+ [p=2]pn(m —n) (mod p>+°rdr(),

We are done. [

Remark 2.1. Lemma 2.1 can be further strengthened. By a deep result of
Jacobsthal (see, e.g., [Gr]), if p > 3 is a prime and m > n > 0 are integers,
then (1;7;) = (") (1 + p*mn(m — n)u) for some p-adic integer u.
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Lemma 2.2. (i) If n > 1 is an integer relatively prime to 6, then for any

a € Z we have -
Z(Z) (k;:a) —0. (2.2)

k=1

(ii) If p > 3 is a prime, then for e € {0, £1} we have

l’i (?) ”i k(k: +2;]-€+ a) =p[3tp—1+¢| —|elp (mod p).

=1 ) =

Proof. Let n € Nand r € Z, and let w denote the cubic root (—1+4+/—3)/2
of unity. As observed by E. Lehmer [L] in 1938,

SO SR

k=r (mod 3)

_{2n+2—1)n if 3| n4r
Sl2v— (-1 if3tn+r

We will use this basic result in our following proofs of parts (i) and (ii).
(i) Concerning the first part, as

() () (559

it suffices to show (2.2) for a = 0, 1. Since (6,n) = 1, we have

HEOE)-_= O 2 ()

SO 2 @) x ()i

C2n 1l 241
= —=

0.



8 ZHI-WEI SUN AND ROBERTO TAURASO

This proves part (i).

(ii) Clearly p | (?) forall j=1,...,p— 1. In view of [PS, (1.5)],
p—1

S ()5

T:Z(f)( (P ) - i-du+a).

T. (mod p2),

< kS
L7
7 N\
]
~_
/—\
I
m
|
m
~_
7
—
/—\
\/

k=1
Therefore
R0 5 0 5.0
3]:1 j—1 3j:1 J o<j<p M T o<j<p M
3lp—j—¢ 3|lp—j—¢
—1
e (00 8 0
0<k<p 0<k<p
3lk—e 3lk—e
Note that
bty > (M 1)-)
k=0 (mod 3)

p,_ or—1 1
Lot -p (B - pte- 1) = Bie- 1
For ¢ = £1 we have

_ 2P —2
T€:§(2p1—1)+a 3
p—1 p
w2 )AL, () e)
k=e (mod 3) k=e (mod 3)
20 — 2 2r—1 1
Lt o) 4 —p(T—l—[i’)\p—l—i—a])

~e(E 4 Brr+ed-Blp-4)

—pBlp—1+el.
This concludes the proof. [

Remark 2.2. The evaluation of }7, _ 04 12) (}) withn e Nand r € Z
can be found in [Su].
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Theorem 2.1. Let p be any prime, and let m > n > 0 be integers.
Provided d € {0,1}, we have

() B (i) (5 o= )

k=0

B B — [ 2k
=+ p=2pnm =3 ()

+[p<3lp (n (jigcz) +(m—n) (1%1) ) (mod p*Tordr(mm)),

(2.3)
and
—1p—1
m pm + 2k m-—n
(n) k_0k<pn+k:+d) —dp—1) n+1
[p = 2]pd(m —n)(m —n—1)
B B oS 2k
=+ lp=2pnm =) k(%)
N { (251 )p(m(=1)" + dn) (mod portr (™) ifp >3,
pm([p = 2)(1 —d) — [p = 3]) (mod p**ordr(mm) if p € {2,3}.
(2.4)
Moreover, for any d =0,1,...,p we have
n—i—lp_1 pm + 2k B 2l ook
(™) kzzo (pn+k+d) ("+1)k20 (k-i—d)
=(m-—n = n m—mn— S 2k
=n=m(L =2+ m—n =13, 2 ) .
2 2 p d— 2.5
+ (m® — (m — 1)n+n?) Z <k) <T)

0<k<d

+plp < 3)(n + 1)(n (7%5) ) (}?—Td))

(IIlOd p2—|—ordp(m,n) ) )

Proof. Fix d € {0,1...,p}. Clearly (2.3)-(2.5) hold trivially when m =
n = 0. Below we assume m > 0.
By the Chu-Vandermonde convolution identity (cf. [GKP, (5.22)]),

(pm—l—Qk)_Z(pm)( 2k )
p+k+d) pm—j3)\k+j+d

JEZ
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for any k € N. Thus, for r = 0,1 we have

SO - (0

where

Ra(r) = Z (pf;? j) 5 (l:j) (k: +2f— d)

p<j<p+d k=0
S I PS4 (O
0<j<d +1 )+J r)\k+j+p—d

Note that Ry4(r) =0 if d € {0,1}.
By Lemma 2.1, there are p-adic integers v and v such that

<pm) _ <m> (14 [p = 2lp(m — n)n + p*(m — n)u)

pn n

and

(p(T];Tl)) N (nTJ (1+[p=2p(n+ 1)(m —n—1)+p*(n + 1)v)
- (m) (m_n+[p=2]p(m—n)(m—n—1)+p2(m_n)v).

n n+1

If n # m, then for j =1,... p— 1 we have
< pm ) _ (pm)! y Hong(pm—pn—i)
pn+j (pn)'(pm pn) (pn + 1) (pn +7)

_(pm p(m
(pn) pn+j OIL pn+2
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and hence

bnts) _ Gn)
P

also,

(n 4 1) () +5) —(m—n) (pn't1)15)

(w) (1)
=(m—n)(m—n-—1) (f) (mod p?Fords(m=—n)),

Similarly, if n # 0 then

() _ (p(mm) ) _ (p) (mod p?)
J

n(y)  (m—(m=n)(,",)

for every j=1,...,p—1.
Combining the above, we find that (n + 1)Rq(r)/(™) is congruent to

(m—mn)(m—n—1) 0§<d< ):;:Q) <k+jfp d)

modulo p?tords(m=n) and

(m)_lpil(k:)(pm—i—%)
n =\ m+k+d
1

wreamenE()(4) -4

n

_ <’:;IL +lp=2]p(m—n)(m—n— 1)) ”i (lj) (/c +2;— d)

>
Il

k=0
5:1 < ) pz:;) (r) <n </€ -|—2f—|— d) +(m=n) <’f "‘2;6_ d>)
(mod p2+ordp(mm)>.

In light of (1.9) and Lemma 2.2(i),
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Also,

A
Q.
<
~
x~
Il
o
N\
o
+
&.
m
\_/
Q.
AM
<
A
=
/‘\
\_/
M7
ML
VRS
el
+
(S
I
\_/

is congruent to

( )(=2)- 2 0 57)

1

£ (O((42)- (54 £0) (4

0<g<d J

=(1=plp=3) (j) (dgj)-l-p[p 3)(~1)P~1 (p%))d)

0<j<d
modulo p?, and (n+ 1)Rq(0)/("") is congruent to

(m—n)m-n-1) > (1;) (p—(j;p—@)

0<j<d

modulo p?+°rdr(m=n) Tn view of these and (2.6), (2.5) follows, and (2.3)
holds for d =0, 1.
Now suppose d € {0,1}. By (2.6) in the case r = 1,

k(IR ) 1k = 2 )

1

2k
(i)
< \k+d

p

(]

(n)k:O pn+k+d k=
- (Bt + b= om - -n-0)e-n(, T )

is congruent to

T jé 6) (np::k(k +2f+ d) tim = n)pi:k <k +2f— d))

k k=
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modulo p?t°rd»(m:1) - Note that ( 2p 2 ) =d. If p > 3, then by Lemma
2.2(ii) we have

S = np(31p—1+d —d)+ (m—n)p(31p—1—d - d)
{ pm(25h) (mod p?rorde(mn)) if d =0,

—p(m — )(pTl) (mod p?terde(mn)) if ¢ = 1.

For p € {2,3}, it is easy to verify that
2 =pm([p = 2)(1 - d) - [p = 3]) (mod p**+erdrmm),
Therefore (2.4) is valid, and we are done. [

3. A THEOREM CLOSE TO (1.10) AND THEOREM 1.3

Lemma 3.1. Let p be a prime, and let a € Z*. Then, for any d =
0,1,...,p we have

()

k=0

(pa; d) (mod p). (3.1)

Proof. We use induction on a.

By (1.9), we have (3.1) for a = 1.

Now let a > 1 and assume the corresponding result for a — 1. In view
of (2.5), (1.9) and the induction hypothesis,

p”f( ) azlpzl(2pn+2k:)

= k+d = = pn+k+d
(e-4))
‘ k+p—d

pa—1l_1 _
Sy (S (%) e

=3 (D)5 (1)6)

(5 (5 (7)) o

Thus, it suffices to show the equality

()5 () (@) (55 oo

|
—

p

>
Il
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Clearly (3.2) holds when p = 3.

Now we consider the case p # 3. Write p® — d = ep (mod 3) with
e € {0,£1}. Then

() () () ()

() ) () (452)
—(5) (=) (=) (=) 6)
:€<§>_< 3 )

So (3.2) is valid, and we are done. [

Lemma 3.2. Let p be a prime, and let a € Z*. Then, ford € {2,... ,p}
and P(x) € Z[z], we have

p*—1 a—1

P 2k
2 gyt (0)
{k}p<d—2 (3.3)

d—2
T 2k 2
=la=2&3|p+ 1]3pk§:0P(k) <k—|—p—d) (mod p?),

where {k}, denotes the least nonnegative residue of k modulo p.

Proof. Let L denote the left-hand side of the congruence (3.3). In the case

a =1, clearly
d—2
L= P(k =0.
CIOWARL

k=0

Below we let @ > 1. Observe that

pa71—1 1 d—
p* 2pn + 2k
1S AT e ()

?r
| o

d—2
P 2pn + 2k 9
=— E Pk d )
n <)<pn+k+d) (mod p7)
0<n<pe—1 =0
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By the Chu-Vandermonde identity, for each k =0,... ,d — 2 we have

2pn+2k) Z(Qpn)( 2k ) <2pn)< 2k )
= . . +) . .
(pn-l—k-l—d So\en—J k+j4+d = pm+j)\k—j+d
_2"21( 2pn )( 2% )
pn+j3)\k—7+d
] 2pn <2pn—1)< 2k )
m+j\pn+7—1)\k+75—d

= Z
(TLQfl) (k ﬁ;_ d) (mod p).

( 2pn ) ( 2k )
pm+p/\k+p—d
[herefore

L=- ), p”n— (n+1):_2p <k+p d)(mOdp2>'

O<n<pe—1 0

With the help of Lemma 3.1,

> Hr)- = ()- = (1)

O<n<pe—1 O<n<pe—1 O<n<pe—1
p*Tt-1 p* -1
2 2
- () ()
n=0 n n=0 n+
a—1 a—l_l
= (%) 1= (B ) = -umt1 mod )
Thus
d—2 2]€
L=3p*! a=l 1 P(k d p?
w81 PR () med )

and hence (3.3) holds. O

Theorem 3.1. Let p be any prime, and let a € {2,3,...} and d €
{0,1,...,p}. Then

= <pa3_ d) - (g) [p = 3]p—[a,d, p]3pD (mod p?), (3.4)

[a,d,p] =[a=2& 3 |p+1&2d>p+ (—1)P1]
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and
2k p+d
v 5 (ohoa)t (57
o<iTio k+p—d 3
Also,
P 2%k ,
d (d—2—k) + [a, d, p]3pD
P k+d
d— 14 (Pi=dtl (3.5)
21— 3[3 |p* — a4 1) L)
+plp = 3]([a = 2] = [d = p]) (mod p?),
where

D= ) (d—2—k)(k+2;_d)

0<k<<d—2

+g<d—1— <p+g_1>)(3[3|p+d—1]—1)-

Proof. By [PS, (1.2) and (1.3)], for any I,m € N we have

S () )

=[3tm - 1]<(ml/31) (2571/131)

e () (1) ()
o) (75
In the case | = p® — 1 and m = 2l + d, this yields
B ()

SR

and

(3.6)
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pa_l(_l)k+d pa_l 2pa_2+d_k 2k:
k pt 41 k+d

and

k=d 3.7)
p* —1\ [ 2k )
=(1+[8|d—p*—-1 ,
a+pra-p - ("o (R
where ko = [(2(p* — 1) +d)/3] > d.
Fix d < k < p®. Clearly
p*—1 j—p"
(M) = TS
o<j<k 7
N’ ;o a—1
= H P ip = H ! 1; (mod p?).
0<i<|k/p] p 0<i<|k/p]
Assume that d # 0 or k # p* — 1. Then k£ < p* — 2 + d and hence
<2pa—2+d—k>_<2pa—2+d—k)_ H p*+j
p* pr—2+d—k 0<j<pi—2+d—k J
a—1 :
= H pf—i—z (mod p®).
0<i<[(p* —2+d—k)/p]
Note that
“—24+d-k k k}, +2—d
\‘p J + \‘_J :pa—l + \‘_{ }p J :pa—l -1 — Ed.ks
p p p
where
1 ifd=0&pl|k+1,
Edk = -1 ifd>2+ {k‘}p,
0 otherwise.
Since

@ _(k—d+?2
Oggd,k‘i‘ \‘Z_]jJ :pa—l_l_ \‘p (k d+ )J <pa—1

p

and
paﬁ—l p° 1 ; 1<2pa—1) B alzf (gplzj':ll)
i=1 ¢ 2 pa_l 7=0 (QpPJJ)
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(with the help of Lemma 2.1), we have

a—1__ a—1_
29 —24+d—k\ "y ptl4i i— i
o - H % X H pa—l +1
i=1 i=p*~l—cq—Lk/p]

eantlk/pl L1 .
pt =i «
E(—l)p_l H F (IIlOd pmln{a,Z})'

. 1
=1

Therefore

Rl

(i —p* Hp*~' i)

I
T
—_
~—
1
iy
QY
&
>
i

(—1)p_1ed,k (mod pz),

P
0<i<|k/p] i(2p 1)

where
p* ' —(k+1)/p _ a—l eog
i)y ~ L T Gty Hd=0&p[k+

— 2 a_l—l_k/ J . a—1 .
€d,k 7;171_%/;] =1+ 75 if d > 2+ {k},,

1 otherwise.

Ifd>2ork#p*—1, then k < p* —2+ (d — 1) and hence

) )
:2p“—2—|—d—k:(_1)k(pa—1) <2pa—2+<d—1) —k)

pa +1 k pa
=(d—2—k)(—1)P"teq_1 & (mod p?).

In the case d = 0 and k = p® — 1, clearly

(kj—l—d) =p Ca_1:0(modp )

When d =1 and k£ =p* — 1, we have d — 2 — k = —p“ and

a-z-n( ) = (7 7%) =0 moas),

Ifd=0andp|k—+1, then

(ki’fd) = (k +1)C = 0 (mod p);
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ifd=1andp|k+1,thend—2—k=0 (mod p).
In view of the above,

(=1)P~! " _1(_1)k (P“k— 1) <2p“ - ij d— k) <k2fd>

k=0
p*—1 (3.8)
2k
= L
(k—i—d) + Lo (mod p*)
k=0
and
P T 1\ (2" —2+d—k\ [ 2k
(0t Cor(” g
— k p*+1 k+d
p*—1 (3.9)
2
= (d—2—k) i + Ly (mod p?),
kE+d
k=0
where
a—1
P 2k
o 2 ()
2 T b d
{k}p<d—2
=la=2&3|p+1]3p Z 2k (mod p?)
N k+p—d
0<k<d—2
(by Lemma 3.2)
and
a—1
P 2k
Li= Y (d—2—k:)a_1—< )
pt— [/p] \k+d

{k}p<(d—1)—-2

pa_1 2k
2 =2 k) <k+d)

0<k<p®
{k}p<d—2
=la=2&3[p+13p Y (d—2-k) 2k (mod p?)
k+p—d

0<k<d—2
(by Lemma 3.2).
Note that kg := (2p* —2+d')/3 > d’, where

“ a1 d if d=p®—1 (mod 3),
d’:d+1+<%): d+1 ifd=p®+1 (mod 3),
d+2 if d=p® (mod 3).
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If d € {0,1}, then d’ € {0,1,2,3} and hence

2(p* = 1)+ d’

ko = 5

# —1 (mod p).

In particular, kg # p* —1lord >d > 2.
By the above,

()G

B -1 2pa—2+d—]€0
—(_1\p—1+ko
- ( ko )( )
<d —

a—1
=eq ko = 1+ [{ko}p < d’ ] p

2
~Thofp] 47

and

r(p* —1 2k
()
(=1) < ko p®+1

=(—1)P~L+ko (pa - 1) (2pa —2+d - ko)
k?() pa —+ 1

=(d' —2—ko)eq—1,k, = (d' —2 — ko) <1 + [{ko};afﬂl_llio;j]pa_l)

a—1

=(d' =2~ ko) + (d' =2~ ko)l{ko}p < &' 2] b (mod p?)

~1 = [ko/p]
provided d’ > 0. If d = 0, then d = 0 and kg = 2(p® — 1)/3, hence we

have
()
(o

o é(zﬂﬁ)/s i (pal—_f/s b

= R =
L4t 1)3 (o432
3 (r-1)/3 p*=4)/3 3 7
=-— g(—l)”_1 = (-1)P"(d" — 2 — ko) (mod p?).

Now we distinguish three cases to discuss |ko/p| and {ko},.
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Case 1. p = 3.
In this case, d’ = 2 for d = 0,1. Thus we always have d’ > 2. Observe

that !
L?J 3" Jﬂ 3p J 3" P

and
d —2

<d -2

{kO}p =

Case 2. 3| p*~ 1 + 1.
In this case,

{@J C2prt -1 N {p-l—d'—QJ C2prl -1

p 3 3p 3 7
and
2 d
{ko}p—p—+§ d —2
= p-—2+d <3d -6
3
a2
Ifd > (p+3)/2,thend > d -2 > (p—1)/2. Clearlyd’—d+1:(p+1)/2
ford = (p—-1)/2,d = (p+1)/2 for d = (p+1)/2, and d’ > d for
d= (p+3)/2. Also, d = 3 for d = 1,2. Thus, no matter p = 2 or not,
d > (p+3)/2if and only if d > (p + (— )p 1)/2

Case 3. 3| p*~t — 1.
In this case, if d # p, then

ko _2pa_1—2+ 2p+d —2| 2prl—2
p 3 3p N 3

and

2(p—1 !
{kO}p:w>d/_2'

If d = p, then d = p® (mod 3) and d' =d + 2 = p + 2, hence

@ _ 2pa—1 +1
P 3
and

20p—1)+d’
{kO}p:%:p:d/_z
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e ()
=[3d—p)(—1)p 1+ (p b 1) (2;)

(e ),

in view of the above we have

o 0 G (e

Since

(75)- ()

+Bp* T +1&2d>p+ (=1)P7] (—p — d) pgf

= (pa;d) - (g) [p=3]p — [a.d,p] (pgd) 3p (mod p?)

and hence
2k (P - d
k+d 3

Eg) ip = 3lp — [, d, p] (pgd) 3p— Lo
(

g) [p = 3]p — [a,d,p]3pD (mod p?).

a

p*—

—

k=

This proves (3.4).
Let € = (L;ZH). Then d' — 2 = d — 1 + ¢, which is a multiple of 3 if
p = 3. Observe that

4 =2y = 2(d —2) - 2p0

2
3 3
d—1
E2XT+6+p[p:3&a:2] (mod p?).
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Similar to the proof of (3.4), we have

()P "1+ [B3|d—p" — 1])(—1)d(pak; 1) (pfljf 1)

=(1-3[3|p" —d+1))(-1)P~ (pak; 1) < o )

pr+1
=(1-3[3] p® — d+1])(d — 2 — ko)
[p=3Jp*~! B1p* ' +1&2d>p+ (—1)P 1 pe?
x |14+
prt —2p*1/3 pt = (2p*t =1)/3

=2(1-3[3|p* —d+ 1])%(1 + plp = 3] + [a, d, p]3p)

+ (1 =33 |p" —d+1))plp=3 & a =2|(1 +plp = 3))

=2(1-3[3 | p* —d + 1])%(1 + [a,d, pl3p) + A (mod p?),
where
A:p[p:3](1—3[3|d—1])<2>< d_%«%u[a:m)
=plp = 3](la = 2] - [d = p]) (mod p?).
Therefore

p*—1

2k d—1+¢
d—2—k —2(1 - C—d+1])———
S a-2-n () 20381 —ar )

—[a, d, p]3p(1 — 3[3 |p+d—1])§<d—1+ <_p%d+1)>+A—L1

=plp = 3([a = 2] — [d = p]) — [a,d, p]3pD’ (mod p?).

So (3.5) holds.
The proof of Theorem 3.1 is now complete. [

4. PROOFS OF THEOREMS 1.1-1.3

Lemma 4.1. Let p be a prime and let d € {0, ... ,p}. Then (1.10) holds
foralla=1,2,3,....

Proof. By Theorem 3.1, (1.10) is valid for a = 3,4,.... Below we show
(1.10) for a = 1, 2.
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24
In light of Theorem 2.1,
3_ 2 _
p21< 2k )_pzlpzl< (pn-i—k))
— k+d == pn+k+d
:p2_1 <2n)§< 2k)
_n:0 n) &= k+d
p’—1 p—1
—i—nZ_OnCn(l—i—[p:ﬂp(n—i—l )(n—1)) kzzo<k+p d)
Pl d—k
+Z4n—2n—1n+n0 Z()( )
0<k<d
r! p+d p—d
<3 1)nC, — d
#op <3 3 v o ((257) + (P57 ) mod s
Note that

_ 2n 2 N 2 . 2n _ 2n
nC’n—(n+1) and (4n” — (2n 1)n—|—n)Cn—3n<n) 2(7@—1—1)'

Also,

k 0<j<k J
So we have
pi( 2% ) ”i(gn)p‘l( 2% )_”i( Mm )I’i( 2% )
P k+d — \n /)= k+d n+1 — k+p—d
p?—1 p>—1
2n 2n
= —2 2
(3§n(n) 2 (n+1))p3d (mod p~)
(4.1)
Similarly,
pz‘l( 2% )_”‘1 (2n)p‘1( 2% )_pzl( Mm )f’i( 2% )
— k-+d =\n )= k+d by n—+1 — k+p—d
p—1 p—1
=13 n(Qn) -2 ( 2n ))de (mod p?)
n=0 n n=0 n+1
(4.2)
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By Theorem 3.1,

ol 2n
; (n + 5)

(?) — (g) [p = 3]p (mod p?) for 6 =0,1.

Also,

2 ()= () -Ze-n(D)
E—2<%2)—(2(1—3[3|p2+1])%p2‘°’+1>+p[p:3])
=- g[p#?)] [p = 3]p (mod p*)

and

pil <k2+kd) - <p33_d) - (g) lp =3lp (mod 7).

k=
Thus, when p # 3, (4.1) yields

("

p—1
E —|l— ) =2 .

In the case p = 3, as

NS () = s o)

k=0

that is,

-l 2n -l 2n
_ 2 _ 2
> (n)_o(modp)and nEZO (n+1) 1 —p (mod p?),

n=0
by (4.1) we have

1

—d d =
- p+(p+1)
3 3

k=0

and hence
< 2k )
‘ k+p—d

<k+p d) —2(—1 — p)pSa (mod p?)

3
5

<§) +2pSy (mod p?).

>
Il
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Therefore, if p = 3 then

5 (2 - (50) =25 (s (2)) oot

since S3 = —3/2=0= 5y (mod 3) and Sz —S; = S3 = 1. In view of the
above, (1.10) does hold for a = 1.
By [PS, (1.5)],

() - 2
— n 3

With the helps of this and (1.10) in the case a = 1, we deduce from (4.2)
that

(]

(£) —lp=3] (mod p).

N
E

SO
1) =) (9) =0 (5) )

2 (g) _3p=3] -2 (;%1)) pSy (mod p?).

() (5 (9)- (5

by (3.2). For p > 3, by Lemma 2.2(i) we have

o T P (S g O ()

(4.3)

0<j<p—d 0<k<p

B (—1)p=t=F 'k —d (—1)*t (k—d

=2 (=)t X — ;
d<k<p 0<k<p

S

k=1

;ZO( ") =0 tmoa .
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Therefore, (1.10) in the case a = 2 and p # 3, follows from (4.3). For
p=3,as Sp_a=Sq+ (%) (mod p), by (4.3) we have

”22‘:1< 2k)
£ \k+d

=(—1-p) <<§) —p <%d) +2p (g) + 2p5d) + (=p +2)pS4
(Z5) ()it

So (1.10) also holds when @ = 2 and p = 3. We are done. [J

Lemma 4.2. Let d and k be nonnegative integers. Then we have

(ke + 1><<k:2fd) - (k +2;+ 2)) = (d+ 1)<k2f;+22>‘ (44)

Proof. If k < d, then both sides of (4.4) vanish.
Now assume that & > d. It is clear that

2k 2k
(’f+d)_(k+d+2)
:<k:—d)!(fkkidw)x“’”“1><’f+d+2>—<k—d><k—d—1>>
C2(d+1)(2k+1)(2k)!  d+1[ 2k+2
- (k=) (k+d+2) _k:+1<k:+d+2)'

So (4.4) follows. O
Proof of Theorem 1.3. We first consider the case 0 < d < p = 3. By

Theorem 3.1,
391
2k ) (d) 9
Z =—4( =] (mod 3%)
— (k +d 3
and

El(d —2-k) (k:2+kd)

=2(1-3[3|d-1))
=2[d=3]+3(Ja=2] — [d=3]) = 3[a =2] — [d = 3] (mod 3?).
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Therefore

(2% ) =02 () - ble-3-a-)

=—(4d+1) (g) —3la =2] + [d = 3] (mod 3%).

This proves (1.12).
Below we assume p # 3. For d € {0,...,[(p+1)/2]}, by (3.5) we have

kz_: (d=2-k (k%fd)
%(1—3[3|p —d+1])< —1+<pa+l+1)) (mod p?).

(Note that if p = 2 and d = 1 then D’ =0 (mod p).) Combining this with

(1.10) we obtain (1.11) ford =0,1,..., |(p+1)/2].
Now we use induction argument. Assume that 0 < d < p—2 and (1.11)
holds. We want to show that (1.11) with d replaced by d+2 remains valid.

By Lemmas 4.1-4.2,

p}:z;)lk(k +2;+ 2) _pl:g:k(k%fd)
(E2) =3 (50) - (557 —ei=a(5) )
=_(d+ 1)12)1 (kf(lkjdll 1) =—(d+1) p 1 <k+2;+ 1)
e (P = (1)

e <2pa - 1) (mod p?)

p*+d+1\p*+d
and thus
pa_l pa_l
2k 2k
Zk(k d 2)_Zk<k d)
k=0 ta+ k=0 +

=_ (pa _:_2) + (pa;d) —(d+1) (pa%_l) (mod p?).
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This, together with (1.11), shows that 22(;61 k:(kfcﬁ_z) is congruent to

_2(ptmdy dptmd=1 dpt—dt]
3 3 3 3 3 3
pt —d—2 p* —d p* —d—1
(=) (57) e (=)
1 p* —d _d-|-3 p* —d+1 _2d+3 pt —d—1
3 3 3 3 3 3
modulo p?. Since

S () () o

we have

o) 3 ()

k=0

Ed-§2<<pa—(d;2)—1) B <pa—(d;2)+1)) (mod p?)

as desired. This concludes the induction step, and we are done. [

Remark 4.1. Let p be a prime. Similar to the proof of (1.11), for d €
{0,...,p— 2} we have

S<k+1)<k+2;+2) i ey (k%d)

k=0

_(d“) (k—i—d )

—1
2
(k-i—d-l—l) (mod p)

=0

bS]

=(—1)%12p — (d+1)
k

because
2 d+1) (2 -
(d+ 1)( 5 1) = %( p) P—J (=1)%2p (mod p?).
p+d+ p+d+1\p/ 22 p+]
So we can compute Zi;é k(lffd) mod p? for any d = 0,1, ... ,p, by means

of (1.10) and the forthcoming (4.6) with d € {0, 1}, though the result is
somewhat complicated.
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Proof of Theorem 1.2. We divide the proof into four steps.

Step I. Given d € {0,1} we prove (1.4) and (1.5) with a = 1 for p # 2
and p > 3 respectively.
By (2.3) and (1.10),

()5 (pi”iZ )
=(1+[p=2 (( ) ())
mem (757) ) tmod 57

m\ {2 pm + 2k m—n
(n) kzz()(pn+k+d)_dn+1
= <p;3d) —[p=3lpd(m+n+1)

+[p=2lp[d2tm & 2 | n] + (1 — d)[21m or 24 n]) (mod p?).

This proves ( 4) with a = 1 for p # 2. (4.5) for p = 2 will be used later.
Clearly ( d) 1 (—) =0and (—1)?2+d =2 (mod 3). Also, (Qqq)q =

3
¢(¢+1)Cy; =0 (mod 2) for any ¢ € N. Thus, in light of Theorem 2.1,
p’—1 p’—1p—1
2k 2(pq + k)
> k( ) > (pa+ k)(
— k+d g s pqg+k+d
p2—1 p—1
2 2k 2
=3 m((5) 2 (50 (1)
q=0 q k=0 T q+
n g\ (2 7 ok p—1
— —1)42
3 (DB L)+ (5 )t a)
q=0 k=0
p>—1 2
+d(p — mod p?
(p )q:o(q+1)( p)
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For p = 2,3 this can be verified directly. Now assume p > 3. By (1.10)
and Theorem 1.3,

Therefore, the last congruence before (4.6) yields

pgz_lk<k2+kd) B pilk(k%fd)

(25 v (250 ) =2

In light of Theorem 1.3,

S
-
L
=
VS
= R
~_
Il
|
Wl DN
/N
w3
~——
~~
=
o
Q.
=
N

and hence
p§1k<k2+kl) :igk@k) _1: <k2—|l—€1)
- 2(0)- (251
Thus -
S k() =5 0 (5) o)
and B
(%) =26 () (252 o
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Combining (4.6) with (2.4) we get
m —1102_:1k pm + 2k _d _1)m—n
n — \pn+ k+d P n+1

2 (o (2))-a(25) o

{(%)p(m( 1)4 + dn)nP=2 & 4=11 (mod p?) if p # 3,
p((=1)%

m) (mod p?) if p=3.
This proves (1.5) with a = 1 for p > 3. (4.7) in the case p € {2,3} will be
used later.

Step II. Assuming that (1.4) (with p # 2) and (1.5) (with p > 3) hold
for d = 0,1 with a replaced by a — 1 > 0, we show (1.4) and (1.5) for any
d e {0,1}.

For ¢ € {0,1,... ,p— 1} we set

(o N

With the help of Lemma 2.1,

o — (]ZZ) H0<¢<2q(pm+i) (2q)! _ <2q

(™) Tlocjcqn+ i) m—n)+35) ~ dlgt ~ \q ) (mod p).

By (4.5) in the case d = 0,

; - (’Z); (74 20) = (5) 4ol = 22 mor 2 ] (mod 7).

(4.9)
(4.5) with d =1 gives

p—1

Zap —n —|—q m—n
qun—l—q—l—l n+1

q=
m _MZ:I pm+2¢\ m-—n
n g pn+qg+1 n+1

E(pgl) p=3p(m+n+1)+[p=2p21m & 2| n] (mod p?).
(4.10)
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In view of (4.7) in the case d = 0, we have

S (7))
— " \n pn+q

q=0

_2 p p—1 2
:3( (3))—|—< 3 )pm+p[p 3] (mod p?).
Also, by (4.7) with d =1, if p > 3 then

i pm—n)tq _ _m-n
— “a p+qg+1 P n+1

q
. qpn—l—q—l—l P n+1

2

3

=0

= ( —<§))+<p;1)(p(n—m)—1) (mod p?).
Let g € {0,...,p — 1}. Define

a—1

b _(pm+2q)_1pz_1 (p“‘l(pm+2Q)+2k)
T \pntg P Hpn+aq) +k+d

k=0
Pt 2a— (pntq)
pn+q+1

and

" _<pm+2q>_1p251k<pa_1(pm+2q)+2k)
a pn+q p*tpn+q)+k+d

k=0
e pm + 2q — (pn +q
—d(p*t —1) ( )
p+q+1

By the induction hypothesis, if p # 2 then

33

(4.11)

(4.12)

a—1 _ d
by— (197) = —[p = 3|pd(pm+2q+pn+q+1) = —[p = 3]pd (mod p?);

3
also, if p > 3 then

2 3 pa—l pa—l -1
r_“ a—1

7) P ((=1)Ypm + 2q) + d(pn + q))

w

—‘1)pa—1q<<—1>d2+d> (mod p?).
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In view of (4.9)-(4.10) and the congruence for b, mod p?, if p # 2 then
—1p°-1
m Z p*m + 2k _dm—n
n — \p*n+k+d n+1
1_
:<m)_1pzlpz (p m+ 2(p*~ 1q—|—k)) Jmon
n = = pin+pe~lg+k+d n+1
p— p—1
pm+2¢—(pnt+q) m-—
— b, +d _
Zaqq+ (q;)aq pn+q+1 n+1
a—1
(Y (P4 =
-1
-I-d((pT)—[p:?)]p(m-l-n-l-l))

= (pag_ d) — [p = 3]pd(m +n + 1) (mod p?).

This proves (1.4).
Observe that

-1p°—1
“ 2k —
m Zk pm + —d(p“—l)m n
n pn+k+d n—+1

k=0

Nk (2 )

= = (n) pon +pr~lg+k+d n+1

= — P(“L ”) q
a—1

= E p qa b —|—d—

4=0 1 ( 1 pn+q+1 )

p—1
DN AR 1>M) —dpt -
q=0

pn+q—+1 n+1

p—1
a1 m—mn)+q m-—n
_ S qagh, +d E: pim=—n)+4q . _4
g ( Haba ( T o )n+1))
q=0 q=0
= plm—n)+q m—n
+ Y agbl +d(p*~ .
qz_o“ (v (;O pn+q+1 n+1)

Thus, with the helps of (4.10), (4.12) and the congruences for b, and b;,



CONGRUENCES INVOLVING CATALAN NUMBERS 35

modulo p?, when p > 3 we have

_1pa—1
m pm + 2k a _(\m—n
(n) kzzok<p“n+k+d) dlp 1>n+1
p—1 a—1
_ 1 P AN e 2 () (Pt
=y () (56 - (557))
p—1 a—1 a—1
2 -1 p p -1
S pe—1 _dle=-
25 0= () (=)

+p! pilqaq (%) (D)2 4+d) +d(p** = 1) (7:)

q=0 3
1 = 2 a1 < p
=p*~1(1 = d) q;oqaq o (;aq - (5) d)

) B B o(25)

By (4.9) and (4.11),

:g:aq = (g) (mod p?) and anq = —% <—) (mod p).

Therefore (1.5) follows. (Note that p® = 0 (mod p?) since a > 2.)

Step III. Givend € {0,...,p}, we prove (1.6) in the case a = 1.
In view of (2.5) and Lemma 4.1,

o) ()~ ((75) -o=31(5) +20se)

=) ((5) ~p =3 (252) + 2050

+ (m? — (m — 1)n +n?)pSy
+plp <3)(n+1) (n (1%1) + (m —n) (%Cl)) (mod p?).

As in the proof of Lemma 4.1, Sp_g = Sq + [p = 3]($) (mod p) if p # 2.
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So we get

=((m —n)?+ (m+1)(n+2))pSq — p[p = 3] (g) (n+1)(m+n+1)

+pp=2& 31d+1]m(n + 1) (mod p?).

This proves (1.6) with a = 1.

Step IV. Assuming that (1.6) holds for d = 0,1, ... ,p with a replaced
by a — 1 > 0, we show (1.6) for any d € {0,1,...,p}.
Define
o — (n+1)ag

= forq=0,1,...,p—1.
T pn+qg+1 4 p

As aq = (qu) (mod p), a;, is a p-adic integer if 0 < ¢ < p — 1. Note that

2(p—1)
_ ap—1 — _
A p(pl)Jrcp_leZ.

For

._n—l—lp_l pPm + 2k
7= (m) I§)<p“n+k+d)’

clearly

p_lpa—l_l

3 (p”m+2(p”‘1q+k)
— pen+pe~lg+k+d

q=0

U_n-i—l
")

(m

_ga/pnﬂﬁlpz < p*~Hpm+2q) +k )
o a" (pm+2q\ _1 .
o (i) e et g) kit d

a—1
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Thus, by the induction hypothesis,

p—1

a—1
p' —d d
JEZa;((pn-l-Q‘i‘l) (T) +(pm +2¢ —pn —q) (g))
q=0
p—1
+ 7180 Y al((pm+2q — pn — q)* + (pm + 2q + 1) (pn + ¢ + 2))
q=0

d\ k=
—plp = 3] ( )Za (pn+q+1)(pm +2q +pn+2¢+1)

q=0
p—1
+plp=2&31d— (1) al(pm+ 2q)(pn+ g+ 1) (mod p?).
q=0
and hence
p—1 _
_ p*~ —d\ pm—n)+q(d
r=en S (F50) i (5))
p—1 p—1
P Y e a1+ 2) ol =31 () S0+ Dy
q=0 q=0

<<p“*%>—m=a<z>>w+w§%

p—1

+p* 1S, Za;(q +1)(3¢ + 2) (mod p?).
q=0

If g € {0,...,p— 2} then

(g+1(n+1)
pn+q+1

(q+1)ay, = a, = (n+1)a, (mod p).

Forg=p—1,as a, = (2‘1) = pCp_1 =0 (mod p) we have
(q+1)ay = aqg = (n+ 1)ag (mod p).
With the helps of (4.9) and (4.11),

p—1

D ap(g+1)(3q+2) =(n+1) ) (3qaq + 2a,)

q=0

=(n+1) (—2 (g) +2 (%)) =0 (mod p).
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In light of (4.9) and (4.10), by the above we have

gz(n+1><<pa_%d) ~ Pl =3] (9)

< ((8) +plp =221 m or 2£n))

+ (g) (m—n—l—(n—l—l) (1%1) —[p=3]p(n+1)(m+n+1))
" (g) [p = 2Ap(n+ )24 m & 2| n]

=(n+1) p“g—d) + (m —mn) (g)

)(n-l—l)(m-i—n-l—l)

walp=2ztm 2] ((E570) + (§)) tmoas2)

Note that
2a—1 _ ¢ d
_ — 1 =1 2
( 3 ) + <3) (mod 2)

<= d=0(mod3)ord=2"""1=(-1)*"! (mod 3)
< d# (—1)* (mod 3).

So (1.6) holds.

In view of the above four steps, we have completed the induction proof
of Theorem 1.2. [

Proof of Theorem 1.1. By (1.8) in the case d € {0, 1}, we have

1 A 1 P 2(p%n + k) 2(p®n + k)
C_n kZ:O Opan+k_ C_n ZO (( pan+k ) B (pan+k+1))

k=

—(n+1) (%) - <n—|—(n+1) (pa3‘1> - [p:3]p(n+1))

—1—3(n+1) <pa3_ 1) (mod p?).

This proves (1.1). On the other hand, (1.8) in the case d = 0 yields

p*—1
1

R Y 0'n 4k +1)Cpongy = (n+1) <%a) (mod p*).

™ k=0
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So we have

1 R
O_ Z kOpan—l—k E(n—f— 1) <—
" k=0

)

p®—1

) R S
(%) 1) (1 _3(n+1) <pa3_ 1))

=(3p°n + 1)(n + 1) (p _1) —pn—

pn—|—1

=(n+1

3

+(n+1( P _1)+(%a)) (mod p?)
2<pa3_1>+<%a)=1—p[p=3],

(1.2) follows at once.
Now we assume p > 3. Applying (1.5) with d = 0 and m = 2n, we get

1 A= f2p0n 42k 2 P Pt —1 ,
_ =2 (- (= 9pin (L= .
w5 2 Cmar ) =3 (7= (5)) rom (B ot

Since

n

It follows that

1 2t
C- Z k(p“n+k+1)Cponik
" k=0

E%(n-i-l) ( “_ (%)) + 2 n(n + 1) (pa; 1) (mod p?).

Combining this with (1.2) we immediately obtain (1.3).
The proof of Theorem 1.1 is now complete. [

5. RELATED CONJECTURES AND RESULTS

In this section we pose three conjectures and announce three theorems.
To make this paper not too long, we’ll include the detailed proofs of the
announced theorems in a subsequent article on the basis of this paper, since
they involve more complicated computations and some new techniques.

As a supplement to Problem 1.1, we have the following conjecture.

Conjecture 5.1. Ifn € Z* is a power of 3, then
n—1
1 2k
3 Z (k:) =1 (mod 3). (5.1)
k=0

It is interesting to investigate the asymptotic behaviour of Y ;_, (%)
and Y ,_,Ck as n — +oo. Based on Stirling’s approximation formula
for n! and some numerical computations via Maple, we raise the following
conjecture.
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Conjecture 5.2. We have

EZ:O (Qkk) lim ZZ 0 Ck _ 4

lim —/—F——=~ =

n—to 4T[0 /(n/m) 3V

=0.7522527.... (5.2)

In view of (1.10), (1.11) and (3.5), for D’ in Theorem 3.1 we must have
D'=0 (mod p)if3|p+1and (p+1)/2 < d < p. Replacing d by p — d
we see that the following conjecture holds when a = 1 and p = 2 (mod 3).

Conjecture 5.3. Let p > 3 be a prime, and let a € Z+. Then, for every
d=0,...,min{p, (p* — 3)/2} we have

p:zjz(mdﬁ) (,ffd)
%(1—3[3|pa+d+ 1])<d+1—<pa%d+l)) (5.3)

172
+{a:2&d>%} SP(1=3B3[p+d+1)

X (d +3 - (%)) (mod pir{e2}y,

Now we announce some results close to this paper.

Theorem 5.1. Let p > 3 be a prime and let a € Z™. Then, for every
d=0,...,min{p, (p® — 3)/2} we have

kZdO | <k+d) <pa;d) (5.4)

1 :
— lGZQ&d>p2 } (p+d>p (modpmm{a,Z})'

3

Remark 5.1. Comparing (1.10) with (3.4) in the case a = 2, we obtain
Theorem 5.1 in the case a = 1 and p = 2 (mod 3).

Theorem 5.2. Let p > 3 be a prime. Then

”?
A
’U

2k -1 2k
( ) =0 (mod p?) and Z k;{:l) -3 <1%1) —3 (mod p?). (5.5)

>
I
—

Remark 5.2. The two congruences in (5.5) were shown to be true mod p
by Pan and Sun [PS, (1.6)].
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Theorem 5.3. Let p > 3 be a prime, and let a € Z". Let d € {0, ... ,p}
andr € {0,... ,p—1}. Then

(—1)rHett kZ:O (k S 1) <k2fd)
_ Z(—Uk( r+1 ) <2k +2(d—1+ 5)/3) (mod printe2h)

= 3k+1+¢ r

(5.6)

where € = (pa—73d+1)' Consequently, there is an explicit ¥, (p® mod 3) only
depending on the parameter r, and p® mod 3, such that

p*—1

Z k"Cl, = 1, (p® mod 3) (mod pminta:2}y,
k=0

Remark5.3. For aprime pand r € {0,1,...,p—1}, the sum Zi;(l) (kf’") Ck
modulo p was determined in [PS, Theorem 1.3].
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