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ABSTRACT. The descent algebra X(W) is a subalgebra of the group algebra QW of
a finite Coxeter group W, which supports a homomorphism with nilpotent kernel
and commutative image in the character ring of W. Thus X(W) is a basic algebra,
and as such it has a presentation as a quiver with relations. Here we construct
X (W) as a quotient of a subalgebra of the path algebra of the Hasse diagram of
the Boolean lattice of all subsets of S, the set of simple reflections in W. From this
construction we obtain some general information about the quiver of X(W) and
an algorithm for the construction of a quiver presentation for the descent algebra
X (W) of any given finite Coxeter group W.
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1. INTRODUCTION.

The descent algebra L(W) of a finite Coxeter group W of rank n is a remarkable 2™-
dimensional subalgebra of the group algebra QW, which supports a homomorphism 0
with nilpotent kernel and commutative image in the character ring of W. Therefore,
Y (W) is a basic algebra, and as such it has a presentation as a quiver with relations.
In this article we construct (W) as a quotient of a subalgebra of the path algebra
of the Hasse diagram of the power set of S, the set of simple reflections of W. From
this construction we obtain general information about the quiver of (W) and an
algorithm, which for a given finite Coxeter group W computes a quiver presentation
for the descent algebra L(W).

Solomon [21] has defined the descent algebra L(W) in terms of distinguished coset
representatives of the standard parabolic subgroups of W. Bergeron, Bergeron,
Howlett and Taylor [2] have obtained a decomposition of £(W) into principal in-
decomposable modules. More recently, Bidigare [3] has identified £(W) with the
fixed point space under the action of W on the monoid algebra of the face monoid
of the hyperplane arrangement associated to the reflection representation of W. In
this approach, the descent algebra L(W) is a subalgebra of a quotient of a path
algebra. Brown [8] discusses this construction in the wider context of semigroups
of idempotents. The face monoid algebra of the reflection arrangement of a finite
Coxeter group W is called the Solomon-Tits algebra by Patras and Schocker [13].
Schocker [18] discusses the descent algebra of the symmetric group and its quiver in
this context.

More results concerning the quiver of (W) have been obtained for particular types of
finite Coxeter groups, mostly for type A,,. Garsia and Reutenauer [9] have performed
a very detailed analysis of the descent algebra of the symmetric group, and described
its quiver in terms of restricted partition refinement. Atkinson [!] has determined the
Loewy length of the descent algebra of the symmetric group. Bonnafé and Pfeiffer [0]
have determined the Loewy length of (W) for the other types of irreducible finite
Coxeter groups with the exception of type D,, for n odd. An argument which settles
this case has been put forward by Saliola [15], based on his investigation of Bidigare’s
geometric setting [16].
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In this article, we present an alternative approach to Z(W). We construct a quiver
with relations for £(W) in three steps. The point of departure is the path algebra
A of the Hasse diagram of the power set P(S) of a finite set S, partially ordered by
reverse inclusion. Then we use a partial action of W on P(S) to exhibit a subalgebra
of A, and a quiver presentation for it. Finally, a quotient of this subalgebra, formed
with the help of a difference operator on A, is shown to be isomorphic to Z(W).

This article is organized as follows. In Section 2 we recall the definition of the descent
algebra in terms of the distinguished coset representatives of parabolic subgroups of
W and some combinatorial properties of these transversals. Section 3 introduces
quivers and their path algebras, and shows how monoid actions, in particular of a
free monoid, produce examples of quivers. In Section 4, the conjugation action of W
on its parabolic subgroups is described as an action of a free monoid on the standard
parabolic subgroups of W. In Section 5 we obtain the Hasse diagram of the power set
of S from the take-away action of the free monoid S*. The paths in this particular
quiver are called alleys and they form a basis of a path algebra A. Prefixes and
suffixes of paths define in a natural way two rooted forests on the set of all alleys. In
Section 6, we apply the conjugation action from Section 4 to the alleys of Section 5.
An orbit of alleys is called a street and the streets (identified with the sums of their
elements) form a basis of a subalgebra = of A. Prefixes and suffixes of alleys induce
two rooted forests on the set of all streets, which in particular decompose = into
projective indecomposable modules. We furthermore conjecture that = is a path
algebra. In Section 7, a difference operator A on A is used to map = surjectively
onto the grade 0 component Ay of A. In Section &, we use the difference operator to
define a matrix representation of = on Ay. In Section 9, we prove in Theorem 9.3 a
key result about right multiplication in Z(W). We then identify Ay with the descent
algebra L(W), and show as our Main Theorem 9.5 that with this identification A
becomes an anti-homomorphism from = onto L(W). In Section 10, we derive some
properties of the quiver of (W) from this construction. Finally, in Section 11, we
present an algorithm which computes, for a given finite Coxeter group W, a quiver
presentation for L(W). For each of the series A,, B,, and D, of irreducible finite
Coxeter groups, we state some general properties of the quiver of Z(W) and give one
example of a quiver presentation.

Throughout, we use the symmetric group on 4 points for the purpose of illustration.
The constructions, however, work for all types of finite Coxeter groups. Concrete
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results for particular types will be the subject of subsequent articles. Computer
implementations of data structures corresponding to some of the combinatorial and
algebraic objects introduced here have helped us to produce the examples and figures,
and to verify conjectured theorems in many cases. They are available in the form
of the GAP [19] package ZigZag [11], which is based on the CHEVIE [10] package for
finite Coxeter groups and Iwahori-Hecke algebras.

2. DESCENTS AND PARABOLIC TRANSVERSALS.

In this section, notation and some basic concepts are introduced, mostly following
Geck and Pfeiffer [11]. Let W be a finite Coxeter group, generated by a set S of
simple reflections. Let {: W — Ny be the usual length function on W. The (left)
descent set of an element w € W is the set

(2.1) D(w) ={s € S: L(sw) < {(w)}.

For each subset ] C S, the subgroup W; = (J) is called a (standard) parabolic
subgroup of W, and the set

(2.2) X;j=weW:Dw)nJ] =g}

is a transversal of the right cosets Wjw of the parabolic subgroup Wy in W, consisting
of the elements of minimal length in each coset. For a fixed subset ] C S, each element
w € W can be written as a product w = u-x for unique elements u € Wj and x € Xj.
A product wiw; - - - wy of elements wi, Wy, ..., Wy, € W is called reduced if

(2.3) Lwiwy - -wy ) =L(wq) +L(wa) + -+ + L wye).

If this is the case, we sometimes write a product like wiwows as wy - wy - w3 in
order to emphasize the fact that the product is reduced. For example, the product
u-x of an element u € Wj and a coset representative x € Xj is reduced. The longest
element of the parabolic subgroup Wj is denoted by wy, the longest element of W
also by wy. The elements wy are involutions. The quotient wf]wo = wWjWy is the
unique longest element of the transversal Xj.

The descent algebra of W is defined as the subspace (W) of the group algebra QW
spanned by the sums

(2.4) xp= ) xe€QW

xeXfI
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over the sets X]’1 = {x7" : x € Xj} of left coset representatives of W; in W, for
J € S. By Solomon’s Theorem [21], this subspace is in fact a subalgebra of QW with
structure constants as in equation (2.8) below. For J,K C S, one further defines

(2.5) Xjk =Xy N X' and  XJ = X; N Wk.

The set Xjk is a transversal of the double cosets of Wy and Wy in W. A parabolic
transversal Xj can in many ways be described in terms of other transversals, or as
a set of prefixes. Here, an element uw € W is called a prefix of w € W if l(w) =
L(u) + L(u="w). In that case we write u < w. The partial order defined in this way

on W is sometimes called the weak Bruhat order on W.
2.1. Proposition. Let J,K C S. Then
(i) X; = X[ - Xk if ] CK;
(ii) Xy = dXk if d € Xy and X are such that J¢ = K;
(111) XI = |—|d€X]K d- X]]<dﬂK’.
) X)

(iv ={w e W:w < wwyl. Thus, w € Xj whenever w < x for some

X € X].
Proof. ['l 1, (2.1.5), (2.1.8), (2.1.9), and (2.2.1)]. ]

For subsets J, K, L C S, we furthermore define

(2.6) Xk ={x e Xjx : J*NK=1L1L
The cardinalities

(2.7) ajkL = Xjki|

are the structure constants of the descent algebra: according to Solomon [21], for all
J,KCS,

(28) XXk = Z Xyank = Z ajkrL XL

deXjx LCS

Denote by 0 the linear map from (W) into the character ring of W (over Q) which
assigns, for ] C S, to x; the permutation character

(2.9) 0(x)) = 1%
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of the action of W on the cosets of the parabolic subgroup Wj in W. Then, according
to Solomon [21], 0 is a homomorphism of algebras with commutative image and
nilpotent kernel. It follows that the descent algebra X(W) is a basic algebra, and as
such it has a presentation as a quiver with relations.

3. QUIVERS, PATH ALGEBRAS AND MONOID ACTIONS.

A quiver is a directed multigraph Q = (V, E) consisting of a vertex set V and an edge
set E, together with two maps t,7: E — V| assigning to each edge e € E a source (or
initial vertez) (e) € V and a target (or terminal vertex) t(e) € V. A path of length
{(a) =1in Q is a pair

(31) a:(v;ehelw")el)
consisting of a source v € V and a sequence of 1 edges e, ez,...,e; € E such that
t(er) =vand t(e;) =T(ej_q) fori=2,...,L

Let A be the set of all paths in Q and let
(3.2) Ar={aeA:L(a)=1}

be the set of paths of length 1. We denote by @ the unique sequence of length 0
and identify a vertex v € V with the path (v; @) € Ay. We also identify an edge
e € E with the path (i(e);e) € A;. The following properties of path concatenation
are obvious.

3.1. Proposition. The set A = Ulgo Ay together with the partial multiplication
defined as

(vier,...,e1)o(Vier,...,el) = (v;er,...,e,er,...,el),

provided that t(e1) =V, is (the set of morphisms of ) a category with object set Ay.
The category A is the free category generated by the quiver Q. Ewvery path a € A of
length £(a) > 0 is a unique product of elements in the set Aj.

The category A of all paths in Q can be used as formal basis of a vector space. For
1> 0, let Ay = Q[A4, the Q-vector space with basis A;. The path algebra A of the
quiver Q is defined as

(3.3) A =QlAl =PA,

120
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where aoa’ = 0 if the product aoa’ is not defined in A, and otherwise multiplication
is extended by linearity from A. The path algebra A is a graded algebra, since we
have Ay oAy C Ay, for all Lk > 0.

3.2. Monoid Actions. A good source for examples of quivers and categories are
monoid actions. Suppose M is a monoid acting on a set X via (x, m) — x.m, then
the set X x M together with the partial multiplication

(3.4) (x,m)o (x',m’) = (x,mm’),

whenever x,x’ € X and m,m’ € M are such that x.m = m’, is a category with
object set X.

If M is generated by a set S C M, then the action graph defined as the directed
multigraph with vertex set X and edge set X x S is a quiver with t(x,s) = x and
T(x,s) = x.s for all (x,s) € X x S. If M is the free monoid S*, then the category
X x M is the free category generated by the action graph (X, X x S).

In the following two sections, we consider two different, but related, examples of
actions of the free monoid S* on the power set P(S) of a finite set S. In section 06,
we apply one action to the path algebra arising from the other.

4. SHAPES.

Let W be the finite Coxeter group from Section 2 and let S € W be its set of simple
reflections. Here we regard W as a quotient of the free monoid S* consisting of all
words over the alphabet S. The empty word will be denoted by &; the identity
element of W by id. Beyond that, we make no notational effort to distinguish a word
in S* from a product of simple reflections in W.

The conjugation action of W on itself induces a conjugation action of W on its
subsets which partitions the power set P(S) C P(W) into classes of W-conjugate
subsets. We write

(4.1) A~B
if A,B C W are such that B = A" for some w € W and call the class

(4.2) Jl={KCS:K~TJ}
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of a subset ] C S the shape of ] in W. Moreover, we denote by
(4.3) A={[]]:]C S}

the set of all shapes of W. The shapes of W correspond to the conjugacy classes
of parabolic subgroups of W, since, for J,K C S, the parabolic subgroup Wy is a
conjugate of Wy if and only if K is a conjugate of J [11, (2.1.13)].

4.1. Example. Suppose W is the symmetric group Sym(n+1) of degree n+1. Every
parabolic subgroup of W is a direct product of symmetric groups, whose degrees form
a partition of n+ 1, if fixed points are counted as factors of degree 1. Two parabolic
subgroups are conjugate in W if and only if the corresponding partitions are the
same. In this way the shapes of a Coxeter group of type A, correspond to the
partitions of n + 1.

In a similar way, the shapes of a Coxeter group of type B,, correspond to the partitions
of all m € {0,...,n} [I1, (2.3.10)]. The shapes of a Coxeter group of type Dy
correspond to the partitions of all m € {0,...,n — 2}, and the partitions of n, with
two copies of each even partition of n [11, (2.3.13)].

In order to decide whether a parabolic subgroup Wy of W is a conjugate Wy of a
parabolic subgroup Wy, it clearly suffices to consider elements x € Xj which conjugate
] C S to a subset of S. For ] C S we denote

(44) Xt} = {X € X] : ]X - S} = |_| X]KK-
K~J

Certainly id € XL} for all ] € S. And it is easy to see that XﬁL C Xt} forall JCLCS.
In general, the elements of X? can be described as reduced products of certain longest
coset representatives. Given ] C S and s € S, we let L = J U {s} and denote

(4.5) w(],s) =wywr € X'},

the longest coset representative of Wy in Wi. Clearly, if s € J then w(],s) = id.
Note that

(4.6) w(],s) " = w(r, s™).
4.2. Lemma. Let ] C S and let x € X;.

(i) x 1 e X,
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(i1) If ] is a mazimal subset of S then x =id or x = wywy.

(iii) If s € D(x) then w(],s) is a prefix of x. Moreover, w(J,s) 'x € X?(, where
K = JoU.s)

(iv) There exist elements s1,...,8x € S such that
x=w(J1,s1) - w(]z,s2) - w(]s,sr)
is a reduced product, where J1 =] and Jxy1 = ];f(]k’sk) forT<k<r.
Proof. (i) If J* = K C S then clearly K = J] € S. It remains to show that

x e Xy =we W:KND(w) = @). But if there exists an element s € KND(x™ ")
then s¥ ' =xsx~ ' €N D(x), contradicting x € Xj.

(if) [11, (2.3.2)].

(iii) Let L = JU{s}. Using Proposition 2.1(i), we can write x = x; - x for (unique)
elements x; € X]L and x; € Xp. Clearly x; € X? and x7 # id since s € D(x7). With
(ii), this forces x; = wywy, since | is a maximal subset of L.

(iv) follows by induction on £(x) from (iii). O

The preceding lemma motivates the following definition of an action of the free
monoid S* on the power set P(S). For ] C S and s € S we set

(4.7) J.s =J@Us),

Most of the following properties are obvious.

4.3. Lemma. Let ] CS,se€S and L=]JU{s}. Then
(i) J.s =T if s €J;
(ii) J.ss =].s;

(iii) s™t €S and J.ss™t =7].
Proof. (ii) If J.s # ] then s € J.s. (iii) See equation (41.6). O

Lemma 4.3(iii) shows that all the effects of S* on P(S) can be undone. There-
fore, the S*-orbits on P(S) form a partition of P(S). In fact, as a consequence of
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Lemma 4.2(iv), these orbits coincide with the shapes of W. The following theorem
states some known properties of normalizers of parabolic subgroups in terms of the
conjugation action of S* on the power set P(S).

4.4. Theorem (Howlett). Suppose S* acts on P(S) as defined above.
(i) The orbits of S* on P(S) form a partition of P(S) and, for all ] C S, the
S*-orbit of | coincides with the shape [J] in W.
(ii) The stabilizer
Ny={xeX;j: " =]} =Xy

of | is a complement of Wy in its normalizer Ny (Wj) = Wy x Nj.
Proof. [12]; see also [11, Theorem 2.3.3 and Proposition 2.1.15]. O

According to Section 3.2, this action gives rise to a category P(S) x S*. We will
ignore the obviously trivial elements (], s) where s € J (see Lemma 4.3(i)) and define
the action graph of S* on P(S) as the quiver with edge set

(48) {(],S):IQS,SGS_]},

where ((]J,s) =] and T(],s) = J.s. We then define a category € as the subcategory
of P(S) x S* which is generated as a free category by this action graph.

4.5. Example. Figure | illustrates the action graph and the category € for the
type Az generated by a set S = {1, 2, 3} of simple reflections, where 1 commutes with
3. Here the vertices are the subsets of S, written with braces and commas omitted.
Multiple labels (like 1,2, 3) on arrows indicate multiple arrows, one for each label.

The fact that the effects of the monoid $* on any subset ] C S can be undone
manifests itself further in the form of a closely related groupoid. Note that if ] ~ K
then Xjxx = {x € Xj : J* = K}. From Proposition 2.1(ii) it follows that, if ] ~ K~ L
then dXxrr = Xjrr for all d € Xjkk, and hence that XjxxXxrr = Xjrr. Recall that
X’} = [ Jx-; Xjkx. Then the set of pairs

(4.9) §={U,x):7CS,xeX}}
forms a category with respect to the partial multiplication

(4.10) (J,x)(K,y) = (J,xy)



A QUIVER PRESENTATION FOR SOLOMON’S DESCENT ALGEBRA. 11
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FIGURE 1. S* acting on P(S) of type Aj.

if ,KCS, xe Xt} and y € X$< are such that J* = K. Each pair (J,x) € G has an
inverse (J*,x~ 1) € G, since by Lemma 4.2(i) x € Xt} implies x ' € X%,. Therefore,
the category G is in fact a groupoid.

There exists a unique functor w from the category P(S) x S* to the group W,
regarded as a one-object category, extending the map w: P(S) x S — W as defined
in equation (4.5). Then,

(4.11) Jom = JeUm)

for all ] € P(S) and all m € S*, and conjugation by w(], m) induces a bijection
(4.12) s > sl

from J to J.m.

4.6. Proposition. The map (J, m) — (], w(]J, m)) together with the identity map on
the object set P(S) is a functor from the category P(S) x S* onto the groupoid G.

Proof. Let ] C S. We only need to show that w(]J,m) € X; for all m € S*. If
m = & then w(]J,m) = id and there is nothing to show. Otherwise m = sm’ for
some s € S and m’ € S*. Let d = w(],s). Then w(J,m) = dw(J¢, m’), where
w(J4,m’) € Xja, by induction on the length of m’. By Proposition 2.1, dX;a = Xj,
whence w(J,m) = dw(J4, m’) € X;j. O
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Brink and Howlett [7] have given a presentation of G as a quotient of the free category
C in terms of the generating set

(4.13) {(J,w(],s)): ]S S,s€S—TJ}

corresponding to the edges of the action graph. Before we formulate the relations,
we introduce the notion of a reduced expression for elements of G.

We call (J,m) € C with m = s7s,---sx € S* a reduced expression for (K,x) € G if
(])w(lym)) = (K,X) and

(4.14) x=w(J1,81) - w(Jz,82) - w(Jk, sk)
is a reduced product in W in the sense of equation (2.3), where J; = J.s182+--si_1,
fori =1,...,k. In particular, for ] C S, the pair (J, @) € C is the unique reduced

expression for (J,id) € G.

By Lemma 1.2(iv), each element (J,x) € G has a reduced expression. Suppose ] C
L C M CS. Then clearly wpwp, € Xt} and (J,wiwm) € G has a reduced expression.
The following result by Brink and Howlett [7] is concerned with a situation where
this reduced expression is unique.

4.7. Proposition. Let ] CS and s,t € S—] be such that s #t. Let L =] U{s} and
let w e Xt} be a prefix of w(L,t). Then the element (J,w) € G has a unique reduced
expression. In particular, the reduced expression for (J, w(L,t)) € G is unique.

Proof. Without loss of generality we may assume that L U{t} = S. Then, by Propo-
sition 2.1(iv), w is a prefix of w(L,t) if and only if w € X.

The claim is certainly true for w = id. Otherwise, w € Xt} N Xp is such that
L(w) > 0. If follows that D(w) = {t} and hence, using Lemma 4.2(iii), that each
reduced expression for (J,w) € G begins with (], t) € C.

Let K=JU({t}. A straightforward comparison of lengths shows that the product

(4.15) (w(J,t) " w(L,t) - w(],s)*EY = ((wiwi) T wiwg) - (wywy )Wee

= WxWp = (,U(K, S)
is reduced in W. Therefore the element

(4.16) w =w(,t) 'we X,
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is a prefix of w(K,s). By induction on the length £(w), the pair (J.t,w’) € G has a
unique reduced expression. This shows that

(4.17) Jw)=(0 w(,t) - Jt,w)eS

has a unique reduced expression. O

The last result implies that (J, wywpm ), where M = JU{s, t}, has exactly two reduced
expressions, (J,smp) and (], tmy), where mp, mg € S* are such that (J.s, m;) € Cis
the unique reduced expression for (J.s, w(L,t)) € G and (]J.t, mg) € € is the unique
reduced expression for (J.t,w(K,s)). These two reduced expressions for the same
element give rise to a relation

(418) (],Sm]_) = (])th)
It is a remarkable fact, that these relations together with relations of the form
(4.19) (J,ss™) = (J,9),

which are consequences of (4.6), are sufficient for a presentation of the groupoid §
as a quotient of the free category C.

4.8. Theorem (Brink-Howlett). Let = be the congruence generated by all the rela-
tions of the forms (/.19) and (4.18) in C. Then C/= is isomorphic to G.

5. ALLEYS.

In this section we introduce a particular quiver Q on the vertex set P(S), whose
paths will be called alleys. The quiver Q arises from the take-away action of the
free monoid S* on P(S) defined by (L,s) — L — {s}. We exhibit various structural
properties of the category A of all alleys and of the corresponding path algebra A of
the quiver Q. There are two natural partial orders on A, which turn the set A into a
rooted twofold forest. In subsequent sections, the S*-action on P(S) from Section 4
will be extended to an S*-action on A and a difference operator 6 will be defined on
the graded algebra A.

Let S be a finite set. For L C S and s € S denote

(5.1) Lo=L—{sh
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The map P(S) x S — P(S), (L,s) — Lg, defines an action of the free monoid S* on
the power set P(S). Ignoring the obviously trivial edges (L,s) where s € S — L, the
action graph of this action is the Hasse diagram Q of the power set P(S), partially
ordered by reverse inclusion. For a subset L C S and pairwise different elements
s,t,... € L denote by (L;s,t,...) the unique path with vertices

(5.2) L,L—{s}, L—{s,t}, ..., L—{s,t,...}

in Q, deviating slightly from the notation for quivers in equation (3.1). As before
in Section 3, we denote by A the category of all paths in Q, and by A = Q[A] the
path algebra of the quiver Q. We call the path a = (L;s,t,...) € A an alley from
its source ((a) = L to its target T(a) = L —{s,t,...}. The elements of the sequence
(s,t,...) are the segments of a, and the length £(a) of a is the number of segments,

ie., {(a) = #{s,t,...}.

5.1. Example. Figure 2 shows the quiver Q for S = {1,2,3}. As in Figure 1, the
vertices of Q are the subsets of S, written without punctuation.

123

FIGURE 2. The Alley Quiver Q for S ={1,2, 3}.

5.2. Counting Alleys. Let n = [S|. For 0 < 1 < n there are %—;n! alleys of length
n—1, since there are TLL—,' ways to choose n—1 segments and 2! ways to choose a target
from the remaining | elements of S. Hence there are

n 21
(5.3) Al=nl)_ T
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alleys in total. The values of |A| for n < 9 are as follows.

nl01 2 3 4 5 6 7 8 9
|1 3 10 38 168 872 5296 37200 297856 2681216

(5.4)

This is sequence number A010842 in Sloane’s online encyclopedia of integer se-
quences [20], which has exponential generating function e**/(1 — x).

5.3. Partial Order. The set A of all alleys is in two ways partially ordered as
follows. Let a,a’ € A. We say that a’ is a prefiz of a, and write

(5.5) a <. aq,

if a =a’oa” for some a” € A. By the unique factorization property of Proposi-
tion 3.1, each a = (L;sy,...,s1) € A of length £(a) = 1 > 0 has a unique longest
nontrivial prefix

(5.6) m(a) = (L;sy,...,81-1).

Thus A is a forest of rooted trees with roots L C S, where 7t(a) is the parent of a
if £(a) > 0. The alley a lies in the 7-tree with root L if and only if ((a) = L. The

mt-children of an alley a = (L;sy,582,...,8) are the alleys (L;sy,s2,...,S141) with
sip1 € L—{s1,...,s1}. The alley a = (L; sy, s2,...,81) is a t-leaf if L ={sq,...,s1}.
Note that

(5.7) t(a) = 7% (a)

for all a € A.

We furthermore say that a’ is a suffiz of a, or that a ends in a’, and write
(5.8) arqa’

if a =a” oa’ for some a” € A. By the unique factorization property of Proposi-
tion 3.1, each a = (L;s,t,...) € A of length £(a) > 0 has a unique longest nontrivial
suffix

(5.9) ola) = (Lg:t,...).

Thus A also is a forest of rooted trees with roots L C S, where o(a) is the parent of
a if £(a) > 0. Here the alley a lies in the o-tree with root L if and only if T(a) = L.
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The o-children of an alley a = (L;s,t,...) are the alleys (LU {r};r,s,t,...) with
r€S—L. The alley a = (L;s,t,...) is a o-leaf if L = S. Note that

(5.10) t(a) = 0" (a)
for all a € A.

Hence A together with the two partial orders <, and >, forms a rooted twofold
forest where the subsets L C S serve as roots for both forests. In terms of these
forests, the product of two alleys a,a’ € A can be described as the intersection of
the 7-subtree with root a and the o-subtree with root a’, provided that t(a) = t(a’);
in that case T(a) = t(a’) is the only subset L C S with a =, L <,; a’, otherwise
there is no such subset at all. In any case, this argument proves the following result.

5.4. Proposition. Let a,a’ € A. Then

aoa’ = E E a”.

LCS,a"eA
arslL=za’
azra’=sa’

6. STREETS.

As before in Section 4, let S be the set of simple reflections of a finite Coxeter
group W. In this section we relate the conjugation action of the free monoid S*
on the power set P(S) from Section 4 to the takeaway action of S* on P(S) from
Section 5, by extending the conjugation action to the set A of all alleys. Again, the
S*-orbits form a partition of A. An orbit of alleys will be called a street and ¥ will
denote the set of all streets. The two main results of this section show that ¥ is a
rooted twofold forest, and that the linear span of W forms a subalgebra = of A. The
partial order on streets allows us to identify a complete set of primitive orthogonal
idempotents for =. We furthermore conjecture that = is a path algebra.

The conjugate of a = (L;s,t,...) € A by an element w € W is the pair
(6.1) a” = (LY;s™,t",...),

consisting of a subset LY C W and a sequence of elements s tV, ... € L. The
conjugate ¢* of an element

(6.2) c= Z Cqa €A

acA
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is the linear combination
(6.3) cW = Z cqa",

acA
which only is an element of A if a® € A for all a € A with ¢, # 0. Clearly, a® € A if
and only if L'V C S. Usually we will only consider conjugates a* with w € XﬁL. Given
a,a’ € A with t(a) =L and x € XﬁL, by the definition of the partial multiplication
on A, the product a o a’ is defined if and only if the product a* o (a’)* is defined,
and in that case

(6.4) (aoa’)*=a*o (a)*.

The action of the free monoid S* on the power set P(S), together with the bi-
jections (41.12) induces an action of S* on the set A of all alleys as follows. For
a=(L;s,t,...) e Aand r € S we set

(65) (L;S,t,...),T‘ = (L;S,t,...)w(L’T),

Note that (L;s,t,...)°"") € A since w(L, 1) € XﬁL. Again, we ignore the obviously
trivial edges and define as the action graph of this action of $* on A the graph with
vertex set A and edge set {a —— a.r:a=(L;s,t,...) e A,reS—1L}

6.1. Proposition. Let a,a’ € A and let L = (a). Then am = a’ for some m € S§*
if and only if a* = a’ for some x € XﬁL.

Proof. Suppose first that a’ = a.m for some m € S*. Let x = w(L,m). Then
w(lL,m) € XtiL by Proposition 4.6 and a’ = a*. Conversely, suppose a’ = a* for
some x € XﬁL. Let (L, m) € € be a reduced expression for (L,x) € §. Then a’ = a.m,
as desired. O

As in Lemma 4.3, if a € A has t(a) =] and L = J U{s} then
(6.6) a.ss™t = a.

Hence the effects of S* on A can be undone and the action of the free monoid S*
partitions the set of alleys into classes of conjugate alleys. We call such an S*-orbit
a street and denote by

(6.7) l[a] = [L;s,t,...] ={am:m e S$*}
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the class of the alley a = (L;s,t,...) € A. Furthermore, we let

(6.8) Y ={[la]:a € A}

denote the set of all streets. The source of a street [a] is the shape

(6.9) la]) = [ua)l € A

and its target is the shape

(6.10) t([la]) = [t(a)] € A,

both being well defined by Proposition 6.1. The length of a street [a] is

(6.11) {([a]) =€(a).

We write

(6.12) a~a'

if a,a’ € A are in the same S*-orbit. Note that in general a™¥ = a’ for some

w € W does not imply a ~ a’. E.g., for the element w = sts € W(A,) =
(s,t:s* =t% = (st)3> =1) we have (S;s)™ = (§¥;s") = (S;t). But (S;t) is not
in the S*-orbit of (S;s) since Xs = {id} contains no element x with (S;s)* = (S;t).

P
3

1;]33 103

211 211

2:2 2

3112 3112

3;331 3D

2 2
13:13=13:31 13:12213:3 135
1212 12:21 121 122 12
Uy 2Ly AT R 1
23:23 2332 232 233 23
123:213 123231 123:21 123:23
123:123 123:132 || 123;12 123:13 || 123:2 | 123;3 123;1 | 123
123:312 123:321 123:31 123:32

FIGURE 3. Streets of As.
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6.2. Example. Figure 3 illustrates the streets for W type A3 as action graph
on the set of all alleys. Here a notation like 123;21 is used as a shorthand for
({1,2,3}5;,2,1) € A. The streets are arranged in a square grid using their sources
and targets as coordinates. (Some entries are highlighted in red in order to illustrate
Proposition 10.1.)

For L C S and a subset B C A, the set Lo B is the set of all alleys a € B with source
L and the set B o L is the set of all a € B with target L. Moreover,

(6.13) B=||LoB=]]BoL

LCS LCS

If, in particular, B is a street then even more can be said.
6.3. Proposition. Let a = (L;s,t,...) € A, let A = [L] and let &« = [a]. Denote by
Nge={xeNy:a*=a}

the stabilizer of a, i.e., the stabilizer of the tuple (s,t,...) in Ny. Then
x = |_| L'o«,
L'CS

where

(i) Lo =& unless L € A;

(ii) for each x € XﬁL, the map a — a* is a bijection from Lo o to L* o «;
(iii) Lo e = aNt 4s an Np-orbit of length [Ny : N|.
)

(iv) || =A[- Lo o] = Al - N : Ngl.

Proof. (i) and (ii) are clear. (iii) follows from Proposition 6.1, (iv) from parts (i), (ii)
and (iii). O

With the notation of Proposition 6.3, we call |A| the width of & and |L o | the depth of
«. Note that, by Proposition 6.3(iii), the depth of a street with source L is bounded
above by the order of the permutation group induced by N on the set L.

The stabilizer N, of an alley a € A can be described as intersection of normalizer
complements.
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6.4. Theorem. Let a = (L;sq,...,s1) € A. Then
Ns=Nr N N]_,{Sﬂ NN NL*{SM---,SL}'
In particular, if a,a’ € A are such that the product a o a’ is defined, then

Naoa’ :NaﬂNa’-

Proof. If £(a) = 0 then N, = N and there is nothing to prove.
Otherwise, £(a) =1>0. Let ] =L —{sy,...,s1}and let a’ = (L;s7,...,81_1). By
induction on the length £(a),

Na =N ONp 53N NN g6, s )
Clearly,

No NNy C{xeNg :J*=J={x €Ny :sf =s1}=Ng.
Conversely, from N C X1 € X € Xjj it follows that
Ne={xeNg:J*=]JCNgnN{xeX;:J* =] =NgnNXj; =Ng NNy.

Hence

Na — Na’ N N] - NL N NL*{S1} MN---N NL*{SM si—1} M NL*{SMM»SL}’

ey

as desired. 0

6.5. Products of Streets. From now on we identify a street o« € ¥ with the sum
2 ace @ of all its elements in A. Due to the unique factorization property of Propo-
sition 3.1, for each b € & o o’ there are unique factors a € « and a’ € «’ such that
b = a o a’. Therefore, the product @ o &’ € A coincides with the sum over the set
of products {aoa’:a € &, a’ € a’}. In fact, the product of two streets is a sum of
streets, as the next result shows.

6.6. Theorem. Let a = (L;s,t,...) € A and a’ = (L';s',t/,...) € A be such that
L'=L—{s,t,...}. Let D be a set of double coset representatives of Ng» and N in

Ny = |_| Na/dNy.

Then



A QUIVER PRESENTATION FOR SOLOMON’S DESCENT ALGEBRA. 21
Proof. 1t suffices to show that
Lolaola]=} Lolao(a)=Lo Y [aoc(a")].

deD deD

Then, using Proposition 6.3(i) and (ii), we can conclude that

Jolaolal=Jo Y lao(a’)]

deD
for all ] C S and hence the claim follows by equation (6.13).
Using Proposition 6.3(iii), we write
(6.14) Lofaolal=aNolal= ) a“old]],
neNL/Na

where N /N, denotes a transversal of the right cosets of N, in

(6.15) Ne= || Nam,

and first calculate a™ o [a’] for n € Ni. Then we form the sum over all these cosets
and derive the claimed formula.

Let n € Ni. From L’ C L follows N C X{ C Xy, and therefore [(a’)™] = [a’], by
Proposition 6.1. Hence,

6.16) (L) ola]= (L) ol(@)"] = (@)"Nerm = (/)" = (@) N,

We can thus conclude, writing a™ = (ao L’)™ = a™ o (L’)™, that

(617  a"ola=a"s (L) ola’)l=a" o (a)N" = (ae (a')N)",

which shows that

(6.18) a"olal= ) = (ao(a)™)"
n/eNy/ /Ny
a sum over the right cosets Ngmn’ of N’ in Ny..
Let D be a set of double coset representatives of N, and N, in Ny/. For each d € D,
the double coset Ny dN, is a union

(6.19) NgdN, = | | N dn”

nIIGNa/(NglmNa)
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of right cosets of N/, parametrized by the right cosets of N4, N N, in N,. By
Theorem 6.4,

(6.20) NS NNg=NgNNgna =Nggana.
Moreover, if n” € Ny, d € D and n” € N are such that Nomn’ = N dn” then
(6.21) ao(a)™ =a™ o(a )™ =(ao(a)H™".

Therefore, if we denote b(d) = ao (a’)? for d € D, then
(622) Z (Cl o (a/)n/)n _ Z Z b(d)n”n-
n/EN, /N deD n”eNg/Ny/q)

Now (n"n : n” € Ng/Nypa), n € N /Ng} is a transversal of the right cosets of
Np(a) in Np. Thus a summation over n € Ny /N, on both sides finally yields

(6.23)  LolaolalT=) >  b@m"

deD mGNL/Nb(d)

=Y @M= Lob(d]=Lo Y b(d)],

deD deD deD
as desired. 0
As an immediate consequence, we obtain a product formula for the depths of streets.

6.7. Corollary. Denote by dp(«) the depth of « € W. Suppose x, &’ € ¥ and
X1y...,00 €Y are such that xo o’ = o1 +---+ oy #0. Then

dp(e) - dp(e’) = dp(ocq) + -+ -+ dplou).
In particular, if dp(a) = dp(a’) = 1 then the product oo o, if defined, is a single

street.

Proof. With the notation from (the proof of) Theorem 6.6, we can derive from

(6.24) INL i Nal =Y [Ng: NG AN
deD
that
(6.25) dp([al) - dp([a’]) = INL: Na| - INL s Narf = ) [NC NG AN
deD

et Z ‘NL . Nao(a’]d} == Z dp([ao (a/)d])v

deD deD
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as desired. O

The action of S* on A is compatible with the partial orders from Section 5.3, that
is with taking prefixes and suffixes. This property can be used to formulate, in The-
orem (.11 below, an alternative product formula for streets in the spirit of Proposi-
tion 5.4.

6.8. Proposition. Let a = (L;s,t,...) € A and m € S*. Then
(i) m(a.m) = m(a).m and
(ii) o(a.m) = o(a).m’, where m’ € S* is such that (Ls,m’) € € is a reduced

expression for (Lg, w(L,m)) € G.

Proof. Let d = w(L,m). Then am = a¢ = (L4;s9,t4,...).

(i) Clearly, (a.m) = nt(a4) = 7(a)? = n(a).m.

(i) We have o(a.m) = o(a?) = ((Ls)4;t4,...) = o(a)?, since (L) e = (Ls)4. From
d € Xy C Xy, and with Proposition 6.1 it then follows that o(a.m) = o(a).m’, as
desired. ]

In other words, the preimage of any street, under 7t and under o, is a union of streets.
The streets in the preimage of @ € W under 7 can be listed efficiently.

6.9. Proposition. Let a = (L;sqy,...,s¢) € A and let ] =L —{sq,...,sx}. Then
wlla) = || Misi,..o st

te]/Ng

where t ranges over a transversal of the Nq-orbits on J.
Proof. This follows from Proposition 6.3(iii). O

If we define relations <, and > on the set ¥ of all streets by
(6.26) «' <. «if a’ <, a for some a € x and some a’ € «’
and

(6.27) x =5 o if a’ >4 a for some a € «x and some a’ € «’
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for o, ' € ¥, then both <,; and = are partial orders. The set of streets W together

with the two partial orders <, and >, forms a rooted twofold forest with roots
AEA.

n|(01 2 3 4 5 6 7 8
An|1 3 8 27 108 536 3180 22113 176175
B, 10 34 136 648 3720 25186 196777
D, 123 579 3417 23387 184580
En 3347 23057 180570
Fa 136
H,, 8 30 120

TABLE 1. The number of streets for some types of Coxeter groups.

The streets of W can be efficiently enumerated by using Proposition 6.9 to span the
mt-forests. In Table | we list the number of streets [¥| for some types of Coxeter
groups W of small rank.

6.10. Example. Figure 1 shows the rooted twofold forest for type As. Here the
mt-forests grow horizontally towards the left and the o-forests grow vertically down-
wards out of the roots A € A on the diagonal. The other vertices can be identified
with the help of Figure 3. (Some vertices are coloured red in order to illustrate
Proposition 10.1.)

The product of @, a’ € W can be described as the intersection of the m-subtree
spanned by o and the o-subtree spanned by o', provided that T(a) = t(’); in that
case T(a) = (') is the only shape A € A with o =5 A <,; &, otherwise there is no
such shape at all. In any case, we have the following.

6.11. Theorem. Let &, «’ € ¥. Then

xooa = E E .
AEA, eV

O‘tcr)\jn“/
=g’ >0
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(2]

FIGURE 4. The rooted twofold forest for type As.

Proof. By definition,

(6.28) xoo = ZZ aoa.

acx,a’cex’
T(a)=t(a’)

[123]

25
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This sum is 0 unless T(a) = ((’). In that case, there is a unique A € A with & =4 A
and A <, o’ and

(6.29) Y o= > a”,
=g =g adaxra’>sa’ex’
that is the sum over all a” € A such that a <, a” for some a € x and a” =4 a’
for some a’ € «’, which is « o &’ according to (6.28). O
6.12. Corollary. Let « € W. Then
(i) the elements {&’ € ¥ : & <1 &} form a basis for the right ideal &= of =,
(ii) the elements {o' € W : &' =4 &} form a basis for the left ideal Za of =.

Moreover, the elements A € A form a complete set of primitive orthogonal idempo-
tents for the algebra = and the Cartan invariants of = are

dimAZA = #Ha e VA <, & =4 A,

for AN € AL

It follows in particular, that the matrix (dimAZA’)x a7 of Cartan invariants of = is
unitriangular.

Let us call « € W irreducible, if £(oc) > 0 and o« = o’ o ot for some ', ” € W implies
€(a') - €(a”) = 0. Then the algebra = has a presentation as a (not necessarily canon-
ical) quiver with vertex set A, edge set corresponding to the irreducible elements of
Y and the multiplication table of ¥ as its only relations.

6.13. Example. Figure 5 illustrates the quiver for = in the case A3. There are only
two irreducible streets of length greater than 1. The only relevant relation in this
case is [123;2] o [13; 1] = [123;21] 4 [123; 23]. This relation allows us to drop one of
[123;21], [123; 23] from the edge set. Hence = of type A3 is in fact a path algebra.
The calculations for other types of Coxeter groups suggest that this is always the
case.

6.14. Conjecture. For any type of finite Coxeter group, the algebra = is a path
algebra.
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[123]

[123;3]

[12] 23,21 [n23:23 [13]

[13;1
[12;71]

FIGURE 5. A quiver for = of type Aj.
7. DIFFERENCE OPERATORS.

In this section a grade decreasing difference operator is introduced and shown to
eventually map = surjectively onto the grade 0 component of A. In the next section,
this difference operator will be used to construct a matrix representation of =.

For i > 0, denote by

(7.1) & ={a—>ar:a=(L;s,t,...) e A;,re S—L}

the set of nontrivial edges of the graph of the action of S* on A;. Then the set of all
edges

(7.2) e=1]&

i>0
is in bijection to the set of alleys a € A of positive length.
7.1. Proposition. For each i > 0, the map

(L;s,t,...) — (Lg;t,...) == (Lg;t, ... ).s
is a bijection from A to & 1.

In what follows, we will use this bijection to identify edges with elements of A. Note
that, if n = |S| then A, has no nontrivial edges, and therefore &,, = @.
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We define the little difference operator 8: A — A as the linear map which maps an
edge a = (L;s,t,...) € A to the difference of its end points, i.e.,

Lg;t,...)— (Lg;t,...).s, if £(a) >0,
(73) 5(a) = (Ls ) — (Ls ).s, iff(a)

0, otherwise.
Then 6(A;) € Ai_; for all i > 0, and hence
(7.4) 54 (As) C Ao

for all i > 0. Based on this observation, we furthermore define the big difference
operator A: A — Ay as the linear map with

(7.5) Ala) =d'(a)

for a € Ai. Then, for all a € A, we have

(7.6) Ala) = a, if £(a) =0,
’ A(5(a)) if L(a) > 0.

We will use this latter description of A for inductive arguments. It also follows that
(7.7) 0=A(a) —A(8(a)) = Ala—d(a)),
whence a — 6(a) € ker A for all a € A with £(a) > 0.

7.2. Remark. The difference operator 6 does not turn A into a chain complex,
or a differential graded algebra, since neither 2 = 0 nor the graded Leibniz Rule
d(aob) =08(a)ob+ (—1)"Yao §(b) are satisfied in general.

7.3. Proposition. Let a = (L;s,t,...) € A and let x € XuL. Then
(i) 8(a*) =8(a)*,
(ii)) A(a*) = A(a)*.

Proof. (i) From 6(a) = o(a) — o(a).s it follows that
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as desired, since o(a*) = o(a)* by Proposition 6.8 and (o(a).s)* = o(a)*.s*.

(i) If J € L then X! C Xt}. Thus, by (i), if b € A has source t(b) = ] then
5(b*) = &6(b)*. By linearity, this is even true for all b € Z]g J o A. Noting that
ac ZIQL JoA implies 6(a) € Z}g JoA, the result follows by applying & sufficiently
often. O

The following graph theoretical lemma will help us to map = surjectively onto Ay =

QIP(S)].

7.4. Lemma. Let (V,E) be a connected simple graph with vertex set V and edge set
E, and let X = QI[V] be the vector space with basis V. Then X is spanned by YV
and the set B={u—v:{u,v} e E}.

Proof. Since the graph (V, E) is connected, for any choice of x,y € V, there is a path
(vo,V1,...,v) fromvy =xtovy =y in (V,E), i.e,{vi_1,vi) € Efori=1,...,1, and
X—y = 2221 (vi_1 — Vvi) is a linear combination of elements in B. Now let v € V.
Then [VIv=) V+ ZX#V(V —x) and it follows that the space spanned by >V and
B is all of X. O

Denote =, = ZN A, for 1 > 0. We conclude this section with the following important
result.

7.5. Theorem. Ay == @ d(A,1) for all1 >0 and Ay = @1>o A(Z) = A(Z).

Proof. Consider the action graph on the vertex set A, for some 1 > 0. Its edge
set corresponds to A;,1 by Proposition 7.1. The connected components of this
graph are the streets o« € W;. By Lemma 7.4, the space Ay = Q[A4] is spanned by
Y, U{d(a):a € Ay, 1}. Moreover, suppose an element

(7.8) c= Z Cql € Ay
(16./41

is contained in Z;Nd(A,1). Then ¢ € = implies ¢, = co» whenever a ~ a’, whereas
c € 0(A41) implies

(7.9) D ca=0
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for all @« € ¥,. It follows that ¢, = 0 for all a € A;, whence ¢ = 0 and
(7.10) AL=Z1DO(Ar1).

It now follows by induction from A, ,; = 0 that

(7.11) Ao =P8 (E) =P AEY = A=),

10 10

as desired. 0

8. A MATRIX REPRESENTATION.

In this section we use the big difference operator A to turn Ay = Q[P(S)] into a
module for the street algebra =. This yields an explicit matrix representation p of =.

For each a € A, we define a linear map p(a) € End Ay by setting
(8.1) L.u(a)=A(Loa)
forall L C S.

For an alley a = (L;s,t,...) € A this means that L.u(a) = A(a) and L’.u(a) =0
for all L’ C S with L” # L. For each street o € ¥, we get an endomorphism p(o) of
Ao with the property that

(8.2) Lu(o)= >  Ala)

aclox

for all L C S. The linear maps pu(«), for &« € ¥, have the following crucial property.

8.1. Proposition. A(a).u(a’) =A(ao ') for alla € A and all &’ € VY.

Proof. 1t suffices to consider an alley a € A. If £(a) =0 then a = A(a) C S and the
claim is just equation (8.1).

Otherwise £(a) > 0. Suppose that a = (L;s,t,...). Let d = w(Ls,s) and L’ =
L —{s,t,...}. Then §(a) = (Lg:t,...) — (Lg;t,...)% and A(a) = A(8(a)). By
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induction on {(a),

(8.3) Al(Lg;t, ... ))u(o') = A((Lg; t, ... ) o ')
:A< Yy (Ls;t,...)oa/>
a’el/oa’
= Y A(Lgt,...)o0d).
a’el’oa
Similarly,
(8.4) ALy, )9 () = A(Lg;t,.. )% 0 )
=A( Y (Lat..)%(a)?)
a’el/oa’
= Y Al(Lgt,...)0a")?).
a’el’/oa’
Hence

(8:5)  Ala).u(a) = (AL t,...) = Al(Ls;t, ... )Y) ()

= Y  A(lLgt,..)o0d) = A(((Lgt,...) 0 a)?)

a’el’oa’

D Alslaca’)

a’€l’ox’
=Alaoa),

31

using the facts that (Lg—{t,...})4 = L¢—{t4 ...} and that (a”)%(a’)? = (a”0a’)4

by equation (6.4).

O

We denote the restriction of the linear map p to the subalgebra = of A again by p.

8.2. Theorem. The map w: = — End Ay defined by
L.u(x) =A(Lo x)

s a homomorphism of algebras.

Proof. Let a € A and o’ € W. By Proposition &.1, we have

(86)  Lp(au(e) =A(Loa)u(a) = A(Loaoa’) = Lyulaoa),
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for all L C S. It follows that p(ao «

") =ula)u(a’) for all a € A and all &’ € ¥ and
thus, in particular, w(eo o') = p(o)pu(e’)

for all o, ' € V. 0]

9. MORE ABOUT DESCENTS.

In this section we identify the Z-module Ay with the descent algebra Z(W) and show
that the linear maps p(«) for &« € ¥ are endomorphisms of Z(W). It follows that
Y (W) is anti-isomorphic to =/ ker u = =/ ker A. This gives us the desired presentation
of (W) as a quiver with relations.

We first take a closer look at certain of the sets Xjx from equation (2.6).

9.1. Proposition. Lets € S and J,K,L,M C S be such that JU{s} =L and K = J4,
where d = w(],s). Then

(i) Xmyy N Xmxk = Xmre;

(11) (XM]] - XMLL)d = XMKK - XMLL-

Proof. (i) First note that ] C L implies X; C Xj and
(9.1)  Xmir={x eXmNX{' :M* DL} C{xeXpmNX;": M* D]} = Xy

Similarly, Xmrr € Xmkk. Conversely, let x € Xmyy N Xmkk. Then x € Xy, and
x e Xy NX ' =X, and M* D JUK = L whence x € Xpmrr.

(ii) Let x € Xpmyy — Xmrr. By (i) and by symmetry it suffices to show that xd C

Xmxx. We have xd € X]’1 d= XE] by Proposition 2.1(ii) and M*¢NK = (M*NJ)4 =
J¢ = K. It remains to show that xd € Xy. We distinguish two cases.

If x € X{l then x € Xpmr and x € Xpmyp — Xmrr implies M* N L = J. Hence, using
the Mackey decomposition of Proposition 2.1(iii),
(9.2) = || ®Xjon 2 XX}

beXmL
and xd € Xy, since d =wyw € X]L.
T and since x~! € X; and ]Xi] C M,
Lemma 4.2(iii) implies that d is a prefix of x'. Therefore, xd € Xp as xd then is
a prefix of x € Xy O

Otherwise, x ¢ Xf]. Then s is a prefix of x~
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Following Bergeron, Bergeron, Howlett and Taylor [2], we define numbers myy, for
K,LCS, as

(93) mgr = Z Cl]KL =

{|xK nXi, ifLCK,
J~L

, otherwise.

Then, for a suitable ordering of the subsets of S, the matrix (mgy)k Lcs is lower
triangular with nonzero diagonal entries

(9.4) MK = Z ajkx = #[K] - [Nk,
J~K

for K C S, and thus has an inverse (njx)j xcs over Q.

9.2. Proposition. The elements ey € Z(W), defined for ] C 'S as
(95) ey = ZTL]K XK,

K
form a basis of Z(W) with

(9.6) ey xXm = Z ajmk €x
K~J
for all ], M C S. Moreover, the elements ey, defined for A € A as
(97) 67\ e Z eL)
Lea

form a complete set of primitive orthogonal idempotents of L(W) with exepm = em
if M € A, and exem = 0, otherwise.

Proof. |2, Theorem 7.8 and Proposition 7.11]. O

We further define, for each alley a = (L;s,t,...) € A, an element f, € (W) as
er, if {(a) =0,

(9.8) fo=4 " if {(a)
fcf(a) _fO'(a),S) if ﬁ(a) > 0.

More generally, for a linear combination ¢ = )_ cqa € A, we define

acA

(9.9) fe=) cafa.
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Then fy = f5(q) for all a € A and f. = fa(c) for all ¢ € A. In particular, for each
street « € ¥, we have an element

(9.10) fo=> fa,

acx

and for each L C S we have

(9.11) floa = ) fa,

aclox

If we identify Ay with (W) by setting (L; @) = e, we even have f. = A(c) for all
cEeA.

By Proposition 9.2, right multiplication by xp maps ej to a sum of conjugates of ey.
The following key result generalizes this property to the elements f,. Recall from
Section 6 that, if a = (L;s,t,...) € A and x € XﬁL, then a* = (L*;s*,t%,...) € A.

9.3. Theorem. Let L M CS and a = (L;s,t,...) € A. Then

faXM = Z fQX.

xEX L

In particular, foxm = 0 unless L is contained in a conjugate of M.

Proof. 1f £(a) = 0 then f, = e; and by equation (9.6),

(912) eI XM = Z armkex = Z €LxAM — Z erx,

K~L xeXpm:L*EM xEX
since {x € Xpm : L € M} ={x € X3}, : M NL=L})= Xt -

Otherwise £(a) > 0 and fo = f(j.....) — f(k.r....), where ] = Lg, d = w(],s), K=7J¢
and t’ = t¢. By induction on {(a) and by Proposition 9.1, we have

(9.13) fe.xm = Z Tt
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and

(9.14) ficxm = > face,
yeXylkk
= ) fwwt D fpo
YEXMLL XGXK/J]]*XKA]LL

It follows with Proposition 7.3 that

(9-15> f(lXM == (f(Lty-.) _f(K,t/),))XM
- Z (f(]§t,...)x _f(K;t/‘,,,)X) — Z fax,
XEX M1 XEXMLL
as desired. .

9.4. Corollary. Let a = (L;s,t,...) € A, let « = [a], let A = [L] and let M C S. If
M € A then

) 1 . 1
(1) faeM = @fMoom (11) fLweM = WfMoa, (111) foceM = fMooc-

Otherwise, foem = 0.

Proof. Suppose first that M € A. (i) From equation (9.5), we have
1

(916) faeM = fa ZTLM]X] = Z T'LM]]CQX] = T'I,M)\/[]CQXM = 7fQXM
] JCM MMM

since, by Theorem 9.3, fox; = 0 unless L is contained in a conjugate of ] C M.
Moreover, mapmm = |Nr||A] and by Theorem 9.3, foxpm = [Nolfmon since M o
is the Npm-orbit of a € o and N, is its stabilizer. The claim now follows from
|l =[N : Ngl[A], see Proposition 6.3(iv).

(i) and (iii) follow easily from (i).
Now suppose that M ¢ A. With fy =) |, er, we have

(917) fo(f)\ = Z foceL/ = Z fL’ooc = foc-

L'eA L'eA
It follows that, for M ¢ A,

(918) foceM = focf?\eM - 0)

since faem = 0 unless M € A. O
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We identify Ay with Z(W) by setting

(9.19) L=(L;2) =e.

for all L C S and can now formulate the main result of this article.

9.5. Theorem. The linear map A: = — (W) defined by x — Alx) =y for x € ¥
is a surjective anti-homomorphism of algebras which induces a bijection between the
complete set of primitive orthogonal idempotents A € A of = and the complete set of
primitive orthogonal idempotents ex, A € A, of Z(W).
Proof. Let a, &’ € W and let M C S. Then
(9.20) foem = fmoa = A(Mo ) = M.p(ax) = em. ().
It follows that
(9.21) fofaem = forlem-u(a)) = (em-p(a)).u(ax’)

= em-(R(a)p(a) = em-ploo ') = foonrem.
Hence
(9.22) foc’foc - focooc’»
as desired. 0
Note that the linear map defined by a — f, in general is not an algebra homomor-

phism from A to X(W): the product of (J, @) and (K, &) in QA is zero unless ] = K
while ejex # 0 if ] ~ K by Proposition 9.2.

As an immediate consequence of Theorem 9.5, we derive some properties of the
Cartan matrix of (W) from the Cartan matrix of =.

9.6. Corollary. The Cartan invariants of Z(W) are given by the dimensions of the
subspaces

e?\’z(w)e)\ - <foc DA jﬁ x io 7\/>Q

of Z(W), for all \\N' € A. Hence the matriz (dimex Z(W)ex)aaen of Cartan
invariants of (W) is unitriangular.
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Proof. By Corollary 6.12, the set {dx € ¥ : A <, « =, A’} forms a basis of the
subspace AZA’ of Z. Under the anti-homomorphism A, this set is mapped to {fy :
A = & =4 A’} which therefore spans the subspace

exX(Wey = A(AZN)

of L(W). O

10. THE QUIVER OF THE DESCENT ALGEBRA.

Denote by Q = (V,E) the quiver of X(W). This is a graph with vertex set V
corresponding to the shapes A of W, which, by Proposition 9.2, label the complete

set of primitive orthogonal idempotents fy = ex, A € A, of Z(W), and edge set E
consisting of dim ex/(Rad Z(W)/Rad? Z(W))e, edges from A’ to A for all A, A\’ € A.

We denote by < the partial order induced on A by subset inclusion and by < the
cover relation of this partial order, i.e., given A, A’ € A we write

(10.1) A <A
if L’ CLforsomeLeA L’€ A and
(10.2) A <A

if A’ < A and there isno p € A with A’ < p <A.

It follows from Corollary 9.6 that, if there is an edge e from A’ to A in the quiver Q
then A’ < A. Some further properties of Z(W) and its quiver Q follow easily from the
description of (W) as anti-homomorphic image of the streets algebra =Z. We can,
for example, find some streets in ker A. Recall from Proposition 7.1 that an alley
a = (L;s,t,...) corresponds to an edge from o(a) to o(a).s in the action graph
on A. If this edge is a loop then a and its S*-orbit [a] lie in ker A. In fact, each
street « which ends in [a] then lies in ker A, as the next result shows.

10.1. Proposition. Let a = (L;s,t,...) € A be such that £(a) > 0. Ifo(a) = o(a).s
then fo =0 for all x € ¥ such that x =4 [a].

Proof. We first consider the case o« = [a]. From o(a) = o(a).s follows d(a) = 0
and thus A(a) = A(d(a)) = A(0) = 0. Moreover, by Proposition 7.3, we have
A(a.m) =0 for all m € S*. Hence fo, = Ala) =) ., Ala) =0.

aco
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Now suppose o« = [a’] € V¥ is such that A(o(a’)) = 0. Then A(a’) = A(6(a’)) =0
and it follows as before that f, = 0. The claim for all « >, [a] then follows by
induction. O

10.2. Example. In Figure 3 and Figure 4, for W of type A3z, all those o € ¥ with
fo = 0 are highlighted in red. In this example, all cases of f4, = 0 can be explained
by Proposition 10.1

A street o may be in ker A for other reasons. By equation (6.0), an alley a =
(L;s,t,u,...) € A of length 1(a) > 0 corresponding to the edge (Lg;t,u,...) 2>
(Lg;t,u,...).s of the action graph has a reverse edge

(10.3) (Le;t,u,...).s =5 (Lat,u,...)

going in the opposite direction, where s’ = s™L. To this reverse edge corresponds
the reverse alley @ of a which we accordingly define as

(10.4) a=(L;s",t4ud,...),
where d = w(Ls, s). Clearly,

(10.5) d(a@) = —b(a)

and

(10.6) a* =a*

for all x € XﬁL. From this, the following properties are obvious.
10.3. Lemma. Let «x € W. Then
(i) x={a:ae€ o € ¥ with (&) = (x) and T(&) = T(x);
(ii) fo = —Tfa;
(iii) fo =0 if X = .
Lemma 10.3(iii) has consequences for the images of streets « of length {(x) =1 in
Z(W).

10.4. Proposition. Let s € L C S. If there exists a subset M with L C M C S
such that (L;s)"™M = (L;s) then fi.q) = 0. In particular, if the longest element wy
is central in W then fii.s) =0 for allL C S and s € L.
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Proof. The reverse of the alley (L;s) is (L;s™t). Clearly x = wiwpm € XﬁL. The
claim now follows with Lemma 10.3, since (L;s"t)* = (L"M;s"M) = (L;s). O

10.5. Reduction to Irreducible Finite Coxeter Groups. It has been shown [2,
Proposition 3.2], that if there are subsets J, K C S such that W is the direct product
W) x Wy then the descent algebra (W) is the tensor product of X(Wj) and Z(Wx).
The quiver Q = (V, E) of X(W) is then the direct product of the quiver Q; = (Vy, Ey)
of Z(Wj) and the quiver Qg = (Vi, Ex) of Z(Wx). It has vertex set V= Vj x Vi
and edges (x',y’) — (x,y) if X’ = x € Vy and y’ — y is an edge in Ex or if
Yy’ =y € Vg and x — x’ is an edge in E;. Moreover, in every square arising from
the product of an edge X’ — x in Ej and an edge y’ — y in Eg, the relation

(10.7) (", y") — (¥, y) — (5 y)) = (¥, ¥') — (4, y') — (x,y))
holds in X(W).

The problem of finding a quiver presentation for (W) is thus reduced to irreducible
Coxeter groups and we will, for the remainder of this section, assume that W is
an irreducible finite Coxeter group. The following property of maximal parabolic
subgroups is then easily verified in a case-by-case analysis.

10.6. Proposition. Suppose that W is an irreducible finite Coxeter group. Let L C S
and let s, s’ € L be such that Ly ~ Lgs in W. Then there exists an x € Ny (Wr) such
that LY = L/, unless W is of type Hz and Wy of type Ay x Ajy.

10.7. Corollary. Suppose that W is an irreducible finite Coxeter group not of type
Hs. Let AN’ € A be such that N’ < X and let &, ' € ¥ have common source A and
target N'. Then o' = & or &' = «&.

Proof. Let s,s" € L C S be such that L € A and Lg,Lgs € A’. Then, by Proposi-
tion 10.6, LY = Lg/ for some x € Nyw (W) =W xN. Let ] = L and write x =y-z
fory € X]L and z € Np. Then ] is a maximal subset of L and thus either y = id
or y = wywp, by Lemma 4.2. With Proposition 6.3(iii) it now follows that either
(L;s’) ~(L;s) or (L;s’) ~ (L;s™t). O

10.8. Remark. A direct inspection shows that, if A, A’ € A are such that A’ <A then
HaeW: A= a>=s A} e{1,2} holds for W of type H3 as well.

Each cover relation gives rise to at most one edge in Q.
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10.9. Theorem. Let A,\" € A be such that N <A and denote by nax: the number of
edges from N to N in Q. If there are s € L C M C S such that L € N\, Ly € A and
(L; s)"M = (L;s) then nax: = 0. Otherwise nyy < 1.

Proof. The number of edges from A’ to A is given by
(10.8) M = dimey/(Rad Z(W)/Rad? Z(W))e, = dimey Z(W)ey,

since clearly ex/Z(W)ey < RadZ(W) and ey Z(W)ex N Rad* Z(W) = 0. And by
Corollary 9.6, ex/Z(W)ey is spanned by {fy : A < & =5 A'}.

If W is of type H3 then the longest element wy is central in W and it follows from
Proposition 10.4 that nax = 0.

Otherwise, by Corollary 10.7 and Lemma 10.3(ii), the subspace ey, Z(W)e, is spanned

by a single element f, = —fg, which, by Proposition 10.4, is 0 if there are s € L C
M C S such that L € A, Ly € A and (L;s)"™ = (L;s). O
[123]

FIGURE 6. The quiver of X(W) of type A3. There are no relations.

10.10. Example. Figure 6 illustrates the case Az. The vertices of the quiver are the
shapes A of W, which in this case correspond to the partitions of 4. There are only
two edges, one mapping to f12.1) and the other to f(y23.1) in Z(W).
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11. EXAMPLES OF QUIVER PRESENTATIONS.
In this section we look at particular examples of irreducible finite Coxeter groups.
For each of the series A,,, B, and D,,, we list some general properties of the quiver

Q = (V,E) and give a presentation as a quiver with relations of (W) for the smallest
group W in the series for which the descent algebra is not a path algebra.

11.1. Algorithm. Based on Theorem 9.5 and the results of the previous section,
we can use the following algorithm to calculate a quiver presentation for the descent
algebra X(W) of a particular finite Coxeter group W.

e Given: a finite Coxeter group W.

e Compute: A quiver Q = (V,E) and a set R of relations between the paths
in Q such that the path algebra of Q modulo R is isomorphic to Z(W).

1. V.« A, the set of all shapes of W.
2. M—{xeV¥:1l(x)>0and A(x) # 0}

i 0.

-~ w

while M # &
1e—1+41;
Ei — M,

add to R a basis of the nullspace of A on (Eq U---UE;)g;

. e o

remove redundant elements from Eq;
9. M «— Moky;
10. Return (V,E;), R expressed in terms of E;.

In the resulting quiver, the edges are elements of ¥, so that an explicit isomorphism
between the path algebra of this quiver Q and the descent algebra (W) is obtained
by simply applying A.

11.2. Type A,. The shapes of a Coxeter group of type A, correspond to the parti-
tions of n+1. If A, A\’ € A are such that A’ <A then the partition q corresponding to
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A is obtained from the partition p corresponding to A’ by joining two parts of p. And
if there is an edge from A’ to A in Q then the two parts are distinct, by Theorem 10.9.
It turns out that there is in fact an edge in Q whenever the two parts are distinct.
It furthermore turns out that f, € Rad? Z(W) for all o € ¥ with £(x) > 1.

Hence the vertices of quiver Q correspond to the partitions of m + 1 with an arrow
p — ¢ between partitions p, q of n+ 1 if and only if q is obtained from p by joining
two distinct parts of p. This quiver has an isolated vertex 1™ and a further isolated
vertex 2™2 if n is even. The remaining vertices form one connected component.
The descent algebra L(W) therefore has 2 or 3 blocks, depending on whether n is
odd or even. This description of Q has been given by Garsia and Reutenauer [J].
It also follows from the results of Blessenohl and Laue [1, 5], as pointed out by
Schocker [17]. A complete proof of this description in the present framework together
with a description of the relations in a quiver presentation for (W) of type A,, will

be the subject of a subsequent article.
11.3. Example. Consider the Coxeter group W of type As with Coxeter diagram:
1-2—-3—-4-5

Here, and similarly in the following examples, we identify the elements of the set
S ={1,2,...,5} with the simple reflections of W. The vertices v € V of the quiver

v type A | v type A v type A
1. 111111 [@] | 5. 222 [135] | 9. 42 [1235]
2. 21111 [1] | 6. 321 [124] | 10. 51 [1234]
3. 2211 [13]|7. 411 [123] [11. 6 [S]
4. 3111 [12] 8. 33 [1245]

e x e x e x
2—4, [12;1] | 6 —8. [1245;1]| 7 —10. [1234;1]
3—6. [124;1]| 6 —9. [1235;1]| 9 — 11. [S; 2]
4 —7. [123;1] |6 —10. [1234;2] |10 — 11.  [S;1]

TABLE 2. The quiver of X(W) for W of type As.

Q, correspond to the partitions of 6 and are enumerated in Table 2, together with a
representative L C S for each shape A = [L] of W. The edges e € E of the quiver Q
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are listed in terms of the vertex numbering and as a streets «. The only relation in
this case is

(11.1) 3—-6—-9—-11)=3—-6—10—11),

arising from the fact that fis.234) = fis.134) in Z(W).

11.4. Type B,. In the Coxeter group W of type B, the longest element wy is
central. Proposition 10.4 thus yields fo = 0 for all « € ¥ with {(x) = 1, and
therefore no cover relation A’ < A of shapes A\,A\’ € A gives rise to an edge of the
quiver Q!

v type A v type A v type A

1. 111111 [@] |11, 321 [235] | 21. 21  [1236]
2. 11111 (1] |12, 211 [125] |22. 51  [2345]
3. 21111 2] | 13. 411 [345] |23. 11  [1234]
4. 2111 (16] | 14. 111 [123] | 24. 4  [12456]
5. 2211 [26] | 15. 32 [1356]|25. 5 [13456]
6 3111 [45] | 16. 22 [1246]|26. 3  [12356]
7 1111 (12] | 17. 33 [2356]|27. 6 [23456]
8 222 [246] | 18. 31 [1256]|28. 2 [12346]
9. 221 [(146] | 19. 41 [1345] 1 29. 1  [12345]
10. 311 (145] | 20. 42 [2456] | 30. @ [S]

e x e x e x
3—13. [234;23] | 9 —28. [12346;23] | 12 — 29. [12345;34]
3—14. [123;12] |10 — 25. [13456;34] | 13 — 27. [23456;23]
4 —19. [1345;34] |10 — 29. [12345;23] |13 — 29. [12345;12]
4 — 23, [1234;23] |11 — 26. [12356;12] | 15 — 30. [S; 24]
5—20. [2346;23] |11 = 27. [23456;34] | 18 — 30. [S; 34]
5—21. [1235;12] |11 = 27. [23456;42] | 19 — 30. [S; 23]
5—22. [2345;34] |11 — 28. [12346;12] | 20 — 30. [S; 13]

6 — 22. [2345;23] |11 — 29. [12345;13] | 21 — 30. [S; 45]
6 — 23. [1234;12] |12 — 24. [12456;45] | 22 — 30. [S;12]
9 — 25. [13456;45]

TABLE 3. The quiver of X(W) for W of type Bg.
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The shapes of W correspond to the partitions of m € {0,...,n}. Experimental
evidence suggests that the edge set E of the quiver Q on this vertex set can be
described as follows. There is an e-fold edge p — g between two partitions p, q if q
is be obtained from p by either joining 3 parts a,b,c with e = [{a,b,c}|— 1, or by
dropping 2 parts a,b with e = [{a, b}/ — 1.

The graph described by these rules has five isolated vertices 1™, 11, 1n=2 2ln/2]
and 3l"/3) for n large enough, and a further isolated vertex 2"/?~1 if n is even. The
remaining vertices form two connected components, one on the partitions of odd
length and one on the partitions of even length. The descent algebra (W) therefore
has 4 or 6 blocks if n =2 or n = 3, and, for larger n, it has 8 or 7 blocks, depending
on whether n is even or odd. The quiver is illustrated with an example of type Bg
below.

We hope to give a complete proof of this description of the quiver together with
a description of the relations in a quiver presentation for (W) of type B, in a
subsequent article.

11.5. Example. Consider the Coxeter group W of type B¢ with Coxeter diagram:
1=2-3-4-5-6

The shapes of W, which serve as vertex set of the quiver Q, correspond to the
partitions of all m € {0,1,...,6} and are enumerated in Table 3, together with a
representative L C S for each shape A = [L] of W. The edges e € E of the quiver Q
are listed in terms of the vertex numbering and as a streets «. Note that there are
two edges between vertices 11 and 27, i.e., between the partitions 321 and 6 of 6,
which are distinguished by using the symbols — and - as arrows.

The only relation in this case is

(11.2) (5—20—30)=(5—22— 30),

arising from the fact that f[2346;23]f[5;13} = f[2345;34]f[5;]2] in Z(W)

11.6. Type D,,. If n is even then the longest element wy is central in the Coxeter

group W of type D, and, as in the case of type By, no cover relation A’ <A of shapes
A, A € A gives rise to an edge of the quiver Q.
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If n is odd, then the shapes A € A of W correspond to the partitions of m &

{0,1,..

.,m—2}U{n}in such a way that each part a of a partition p of m stands for

a direct factor of type Ay 1 of Wi, L € A, and if m < n then Wy also has a direct
factor of type D _m. And if A’;A € A correspond to partitions p, q in this set then
A < A if and only if q is obtained from p by either joining two parts or by dropping
one part. With Theorem 10.9, it can be shown that, if A’ < A and there is an edge
from A’ to A in the quiver Q, then A’ corresponds to a partition p of n, which has

exactly one odd part a, and the partition q corresponding to A arises from p by

either joining a and another (even) part of p or, if a > 1, by dropping a from p.

v type A v type A v type A

1. 111111 [@] [10. 111 [123] | 19. 11  [1234]
2. 21111 (1] | 11. 411 [134] [20. 4 12456]
3. 1111 [12] (12, 22 [1246]|21. 3 12356]
4, 2211 [4e] | 13. 31 [1256] |22. 2 12346]
5. 3111 [13] | 14. 33 [1356] |23. 6 [13456]
6. 222= [146] |15. 21 [1236] |24. 6" [23456]
7. 222" [246] |16. 42— [1346] | 25. 1 12345]
8 211 [124] | 17. 42+ [2346] | 26. @ [S]

9 321 [236] | 18. 51  [1345]

e x e o4 e x
2—10. [123;12] |8 — 25. [12345;34] | 11 — 23. [13456;13]
2—11. [134;13] |9 = 21. [12356;12] | 11 — 24. [23456; 23]
4 —14. [1356;15] | 9 = 21. [12356;15] | 11 — 25. [12345;12]
4 —15. [1235;12] | 9 = 22. [12346;21] | 13 — 26. [S; 34]

4 —16. [1346;13] |9 = 22. [12346;12] | 14 — 26. [S;41]
4 —17. [2346;23] | 9 - 23. [13456;34] | 15 — 26. [S;45]
4 —18. [1345;34] |9 = 23. [13456;41] | 16 — 26. [S; 23]
5—18. [1345;13] |9 — 24. [23456;42] | 17 — 26. [S;13]
5—19. [1234;12] | 9 = 24. [23456:34] | 18 — 26. [S; 21]
8 — 20. [12456;45] | 9 — 25. [12345;13] | 18 = 26. [S;12]

TABLE 4. The quiver of X(W) for W of type Dg.
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11.7. Example. Consider the Coxeter group W of type D¢ with Coxeter diagram:

1

|
2-3-4-5-6

The shapes of W, which serve as vertex set of the quiver Q, correspond to the
partitions of all m € {0,1,2,3,4,6}, with two copies of each even partition of 6,
and are enumerated in Table 4, together with a representative L C S for each shape
A = [L] of W. The edges e € E of the quiver Q are listed in terms of the vertex
numbering and as a streets «. Note that there are two edges between vertices 9 and
21, 22, 23, 24 respectively, and between vertices 18 and 26.

There are three relations:

(11.3) (4 —14 — 26) =—2(4 — 15 — 26),
arising from f[1356.15/f(s:.a1] = —2f(1235,12f[s:45) in Z(W),
(11.4) (4 —16—26)=(4— 18 = 26),

arising from f(1346,131f(s;23] = f11345;341f[s;217 in (W), and
(11.5) (417 = 26) = (4 — 18 = 26),

arising from f(2346,231f(s;13) = f(1345,341f(s5;12) iIn Z(W).

11.8. Exceptional types. The quivers Q of the descent algebras L(W) for Cox-
eter groups W of exceptional or non-crystallographic type have been computed with
Algorithm 11.1 and will be described in detail elsewhere.
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