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ABSTRACT. We collect here various conjectures on congruences made by
the author in a series of papers, some of which involve binary quadratic
forms and other advanced theories. Part A consists of 100 unsolved con-
jectures of the author while conjectures in Part B have been recently con-
firmed. We hope that this material will interest number theorists and
stimulate further research. Number theorists are welcome to work on
those open conjectures; for some of them we offer prizes for the first correct
proofs.

INTRODUCTION

Congruences modulo primes have been widely investigated since the
time of Fermat. However, we find that there are still lots of new challenging
congruences that cannot be easily solved. They appeal for new powerful
tools or advanced theory.

Here we collect various conjectures of the author on congruences, most
of which can be found in the author’s papers available from arxiv or
his homepage. We use two sections to state conjectures and related re-
marks. Part A contains 100 unsolved conjectures of the author while Part
B consists of conjectures that have been recently confirmed. Most of the
congruences here are super congruences in the sense that they happen to
hold modulo some higher power of p. The topic of super congruences is
related to the p-adic I'-function, Gauss and Jacobi sums, hypergeomet-
ric series, modular forms, Calabi-Yau manifolds, and some sophisticated
combinatorial identities involving harmonic numbers (cf. K. Ono’s book
[O]). The recent theory of super congruences also involves Bernoulli and
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Euler numbers (see [S11b, S1le]) and various series related to = (cf. [vH],
[S-7] and [T1]). Many congruences collected here are about Zi;(l) ap/m*
modulo powers of a prime p, where m is an integer not divisible by p and
the quantity ay is a sum or a product of some binomial coefficients which
usually arises from enumerative combinatorics.

For clarity, we often state the prime version of a conjecture instead of
the general version.

We also include several challenging conjectures on series related to =
or the Dirichlet L-function which arose from the author’s investigations of
congruences, see Conjectures A3, A5, A40, A44.

For some conjectures we announce prizes for the first correct proofs, see
remarks after Conjectures Al, A39, A44, A46, A48.

Now we introduce some basic notation in this paper.

As usual, we set

N={0,1,2,...} and Z* =1{1,2,3,...}.

The Kronecker symbol 6,, » takes 1 or 0 according as m = n or not. The
rising factorial (x),, is defined by (z),, = Z;S (x+k), and ()¢ is regarded
as 1. For an integer m and a positive odd number n, the notation ()
stands for the Jacobi symbol. For an odd prime p, we use g,(2) to denote
the Fermat quotient (2P~ — 1)/p. For a prime p and a rational number

x, the p-adic valuation of x is given by
vp(z) =sup{a € N: 2 =0 (mod p*)}.

For a polynomial or a power series P(z), we write [x"]P(z) for the coef-
ficient of ™ in the expansion of P(zx). For kq,...,k, € N, we define the
multinomial coefficient

ki +---+k, ._(]{;14_...4_]{;”)!
ki,... ko ) EkyleoE,!

Harmonic numbers are given by

(n=1,2,3,...).

| =

Hy=0 and H, = Z
k=1

For n € N, C,, denotes the Catalan number n%rl(zr’:) = (2:) — (nzfl) and

07(12) stands for the (first kind) second-order Catalan number ﬁ(gg) =
(3") — 2(n3f1). Note that if p is an odd prime then

n

2k 2k)! 1
(k:):( )Eo(modp) foreveryk:]%,uwp—l'
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Bernoulli numbers By, By, Ba, ... are rational numbers given by

" /n+1
By=1 and B,=0 forneZt={1,2,3,...}.
: > (")m (1,2.3,..)

It is well known that Bg, 1 = 0 for all n € Z* and

x > x"
— = ZOBRH (|x| < 2m).

eI

Euler numbers Ey, E1, Es, ... are integers defined by

Ey=1 and Z (Z)En_k =0 forneZ" ={1,2,3,...}.
k=0
20k
It is well known that Es, 1 =0 for all n € N and
0 2n

secr = Z(—l)"Egn én)' <|x\ < g) .

n=0

Bernoulli polynomials and Euler polynomials are given by

n

Bu(z) =Y <Z) Brz" " and E,(z) = Zn: (Z) % <x - %)n_k (n € N).

k=0 k=0

For A, B € Z we define the Lucas sequences u,, = u,(A, B) (n € N)
and v, = v, (A, B) (n € N) as follows:

up =0, uy =1, and u,41 = Au,, — Buyp—1 (n=1,2,3,...);

vo =0, v1 =1, and v,,41 = Av, — Bu,—1 (n=1,2,3,...).

PART A. CONJECTURES THAT REMAIN UNSOLVED

Conjecture A1l ([S11b]). Let p be an odd prime. Then

)
k
k=0

{4x2—2p (mod p?) if () =1 & p= 22+ Ty? with x,y € Z,

P
7
0 (mod p?) if (8) =—1, i.e., p=3,5,6 (mod 7).
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Remark. (a) It is well known that p = 2% + 7y for some z,y € Z if p is an
odd prime with (£) = 1. The congruence modulo p can be easily deduced
from (6) in Ahlgren [A, Theorem 5]. Recently the author’s twin brother
Z. H. Sun [Su2] confirmed the conjecture in the case (%) = —1. I'd like to
offer $70 (US dollars) for the first correct proof of Conj. Al in the case
(%) =1.

! (b) Let p be an odd prime. By [S1le, Theorem 1.3] or [S-7, Theorem
1.5], Conjecture A1l implies that

p—1 3
2k
3§:k<k>
k=0
_{ %(3}9—41’ ) = 32y% — Ep (mod p?) if(%)zl&pzlz-i-?y2 (z,y € Z),
=\ 2 (mod 52 (3= -1

N3

_ 3
We ever wrote that the author was unable to guess Zi:{l) k(zkk) mod p
p

in the case (£) = 1 though we formulated Conj. Al on November 13,
2009. After reading this remark, on Nov. 28, 2009 Bilgin Ali and Bruno

Mishutka guessed that for p = 22 + 7y? with x,y € Z we have

e 2k 3: 11y2/3 — 22 (mod p) if 3 |y,
Ezk(k)'_{4w2—waﬁ(mMUﬁ if 31y.

k=0
Since 22 = —7y? (mod p), we can simplify the congruence as follows:
p—1 3
2k\° 32 22 = 32 5
Z;k(k) =gt =gy (medp)

Conjecture A2 ([Slle]). (i) If p is a prime and a is a positive integer
with p* = 1 (mod 3), then
L3p°)

2k ’ a a+5+(—1)?
Z (21k +8) L) = 8p® (mod p ).
k=0

.. . e n—1 2k\3 _
(ii) Any integer n > 1 satisfying the congruence ), _,(21k +8) ( k) =
8n (mod n*) must be a prime.

Remark. (a) The author [S1le] proved that for any prime p and positive
integer a we have

1 "= 2k
i;-jgj (21k + 8) ( ) =8+ 16p°B,_3 (mod p*),
k=0
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where B_; is regarded as zero, and By, By, Bs, ... are Bernoulli numbers.
(When p > 5, the congruence even holds mod p° if we replace 16p>B,_3
by —48pH,_;.) See Conj. Al for our guess on Zi;é (2,:“)3 mod p?.

(b) The author [S-7] proved that for any prime p > 3 we have

(p—1)/2 2L\ 3
Z (21k + 8) ( ) ) =8p+ (—1)P~V/232p3 F, 5 (mod p?),
k=0
which has the following equivalent form:
(p—1)/2

21k —
Z — 8 _ (_1)(p+1)/24Ep_3 (mod p) (for any prime p > 3).
L3

Note that Y r- | (21k—8)/(k? (2:)3) = ((2) = w2 /6 by [Z] (see also [HP1, (7)]).
(c) The author has verified part (ii) of Conj. A2 for n < 10%.

Conjecture A3 ([Slle]). (i) Set

n—1

1 4k

Ay 1= 35k + 8 81" 17k forn e zZt.

Then a,, € Z unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.
(ii) Let p be a prime. If p > 3, then

k 4k 41
— Z 35k +8 ( ) =8+ —Gp?’Bp_g (mod p*)  for all a € ZT,

81k \k,k, kK 27
and 1)/
p—1)/2
35k +8 /[ 4k
=8p x 3P~ ! d »?).
S () =0 ¥ o)

If (8) =1, i.e., p=1,2,4 (mod 7), then

p—1 3 p—1 4k
2k\" (kkkk)
g ( . ) = E_O 1 (mod p?)

and

If (£) = =1 and p # 3, then
= Gopn)
) ) ) — 2
g k= 0 (mod p~).

k=0

(iii) We have

oo

k
Z (35k —8)81* _ . 5
k=1 (k:k:k:k:)
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Conjecture A4 ([S1lb, Slle]). (i) For everyn =2,3,4,... we have

n—1 2
- +11>(27?) kzzo(uk +3) (2:) <3:) 61k c 7
(ii) Let p be an odd prime. Then
pz_:l ) ()
64k

{aj —2p (mod p?) if (&) =1& 4p=2>+11y* (z,y € Z),

0 (mod p?) if (&) =-1, e, p=2,6,7,8,10 (mod 11).

=

Furthermore,

11k 2k k
_Z +3( ) (3)53+zp33p_3 (modp4) fO?”allan'i‘.

64% k 2

(iii) If p > 3 is a prime then

(p‘zli/z (11k — 3)64* , 0

—532(]()——])23 3(modp)
p) p p—
=1 K? (Zkk) (gkk) 3

where q,(2) = (2P~ — 1) /p.

Remark. 1t is well-known that the quadratic field Q(v/—11) has class
number one and hence for any odd prime p with ({5) = 1 we can write 4p =

332

+ 11y? with z,y € Z. Concerning the parameters in the representation

4p = 2% + 1132, Jacobi (see, e.g., [HW]) proved the following result: If

p
T

= 11f + 1 is a prime and 4p = 22 + 11y? with 2 = 2 (mod 11), then
_ (65 (3F\ /(Af
= (3f)(f)/(2f) (mod p).

Conjecture A5 ([Slle]). (i) Forn € Z* set

— 2k\ “ /3k
= § 10k + 3) gn—1-k,
! <2n+1 L ( )(k)

Then a, € Z for alln =2,3,4,....

(ii) Let p be an odd prime. Then
-1 (2k\2 (3k
pz () (i)
k
e
42?2 — 2p (mod p?) if (=
0 (mod p?) if (

)—1&p—az + 292 (r,y € Z),
) =—1.

=]
”@|mw
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Also, for any a € Z* we have

lOk 3 (2k 3k 49
_Z + < )<k>53+§po3(modp)

(iii) We have

i (10k — 38’“ 7r_2
k=1 k?’ k:) 2

Conjecture A6 ([Slle]). Let p > 3 be a prime. If p =1 (mod 6) and
p = 2% + 3y? with x,y € Z, then

p-1 2k)3 (Zk) A2
=42°% -2 d d =p_- — d
2 168 x p (mod p?) an Z 6k P 3 (mod p<)
If p=>5 (mod 6), then
p—1 2k 3 p—1 2k 3
k p
(1k6?“ =0 (mod p?) and Z (1’(;13 =3 (mod p?)
k=0 k=0
Furthermore,
15 3k +1 2k ° 7
e 1;;; <k> =1+ gprp—g (mod p*) for all a € Z,
=0
and
(p—1)/2 (2k)3 1
Z (3k+1) 1k6k =p+2 (?) p*E,_3 (mod p*).
k=0
Also,
1 n—1 o 3
2 (zn) Z(3k+1)<k) 16"k cZ foralln=23,4,....
") k=o

Remark. Z. H. Sun [Su2] confirmed the conjecture that y ;_ (Qk) /16% =
0 (mod p?) if p is a prime with p = 5 (mod 6). Also, the first 1dent1ty of J.

Guillera [G3] in the case a = 1/2 gives > o~ (3k—1)16% / (k> (Zkk)?’) =72 /2.
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Conjecture A7 ([Slle]). Let p be an odd prime. Then

p—1 2k\ 3
Z(?)k +1) <(_k8))k =p (_?1) +p*E,_3 (mod p*)
k=0

and furthermore

1 n—1 2% 3
ay, = o (3 Z(?;k—l— 1)(}{) (—8)”_1_k eZt foralln=23,4,....
n(n) k=0

Remark. Note that a; = 1/4 and (2n+1)a,+1+4na, = (3n—|—1)(2” 1) for
n=1,2,3,.... Also, the third identity of Guillera [G3] with a = 1/2 gives

S 1Bk — 1)(—8)F/ (k3 (Qkk)g) = —2@G, where G is the Catalan constant
defined by G = Y77 ((—=1)%/(2k + 1)? = 0.915965594 . . ..

Conjecture A8 ([Slle]). (i) Forn € Z* set

n—1 2
1 2k 3k
= ———e Y (5k+1 ( ) ( ) —192)" 1k,
n(2n+1) (") k:0< k) k)19
Then a,, € Z forn = 2,3,4,... unless 2n+1 is a power of 3 in which case

3a, € Z\ 3Z.
(ii) Let p > 3 be a prime. Then
@1

15 5k+1 2k\ ° (3k p® P\ 5, 1 5
2 =(Z B d
7 (L) ()= (5) (75 ) seroes (5) ot

for any a € Z+. We also have

pi (3)

— —192)%
_{ 2 _2p (mod p?) ifp=1 (mod 3) & 4p = 2> +27y* (z,y € Z),
~ | 0 (mod p?) if p=2 (mod 3).

Remark. 1t is well known that for any prime p = 1 (mod 3) there are unique
x,y € ZT such that 4p = 22 + 27y? (see, e.g., [C]). Also, Ramanujan [R]
found that

i 5k1) ( ) /20 (1({:;2;@(2/3% -y (5—7332)1’“ (2:)2<3:) -

k= k k=0
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Conjecture A9 ([S-12]). Let p > 3 be a prime. Then

—1 (6k k
& G Geew)
—06)3kF
— (—96)
[ (5P)(@® = 2p) (mod p?) if (f5) =1 & dp=2®+19y? (2,y € Z),
~ | 0 (mod p?) if (§5) = —1.
Also,
p—1
342k 4 25 (6k 3k \ —6 3
Z —06)5F < )(k,k,k):25p<p) (mod p°).
k=0
Furthermore, for any n = 2,3,... we have
n—1
1 6k 3k
n = 342k + 25)(—96° ”—1—k< ) < ) S/
T anEn+ 1) (™) kz_o( (=969 3k) \ e,k &

unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.

Remark. 1t is well known that Q(1/—19) has class number one and hence
for any odd prime p with ({5) = 1 there are unique positive integers
and y such that 4p = 22 + 19y2. The conjectured congruences modulo p
have been confirmed by Z. H. Sun [Su3]. D. V. Chudnovsky and G. V.
Chunovsky [CC] obtained that

i342k+25 6k\ [ 3k \ _ 32V6
= (=96)% \3k/) \k, k& oo

See also [BB| and [G5] for more Ramanujan-type series involving 1/7.

Conjecture A10 ([S-12]). Ifp > 5 is a prime, then

p—l 3k
Z Sk k k, k)
— —960) (—960)3k

_{ (%)(w2 —2p) (mod p?) if ({3) =1 & 4p=2?+43y* (2,y € ),
~ L 0 (mod p?) if (3) =—1
Also, for anyn = 2,3,... we have

1 d 6k\ [/ 3k
= 5418k + 263)(—9603 ”—1—k< )( ) Y/
T onzn 1 1) () kz_o( )(=960°) 3k) \ ke, k. k

unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.
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Remark. 1t is well known that Q(v/—43) has class number one and hence
for any odd prime p with (j5) = 1 there are unique positive integers =
and y such that 4p = 22 + 43y>. The conjectured congruence modulo p
has been confirmed by Z. H. Sun [Su3]. D. V. Chudnovsky and G. V.
Chunovsky [CC] showed that

i 5418k + 263 [ 6k 3k 640\/7
(—960)3k \3k) \k, k, k 3

k=0

and Zudilin [Zu] suggested that for any prime p > 5 we should have

1

p
5418k + 263 [ 6k 3k —15
- =" =2 —_ d p?).
.~ (960)" <3k> <kkk) o3 < P ) tmod 7°)

Conjecture A11 ([S-12]). Let p > 5 be a prime with p # 11. Then

e
Il

—1 (6k\( 3k
”Zl (31) Gt
rt (—5280)3k
_ (%)(az2 —2p) (mod p?) if(G—p7) =1&4dp=2°+67y° (z,y € Z)
~ | 0 (mod p?) if (g7) = —1.
Also,
p—1
261702k + 10177 (6k 3k —330
=10177p [ —— d p?).
£ (—5280)F (3%) <k k, k) Y < p ) (mod 77)
Furthermore, for any n = 2,3,... we have
— 6k 3k
n = (261702k-+10177)(—52803)"~1=* Y/
T (2n+ (") ,; 017 ) <3k:) (k:k:k:)

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.

Remark. 1t is well known that Q(1/—67) has class number one and hence
for any odd prime p with (Z%) = 1 there are unique positive integers x and
y such that 4p = 22 + 67y2. The conjectured congruences modulo p have
been confirmed by Z. H. Sun [Su3|. It is known that (cf. [CC] and [G5])

oo

(261702k + 10177)(—1)*(1/2)4(1/6)4(5/6)s
kz_% 4403F

Z 261702k + 10177 6k\ [ 3k \ _ 3 x 4407
—5280)3 3k) \k,k, k) 7330
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Conjecture A12 ([S-12]). Let p > 5 be a prime with p # 23,29. Then

p—1 3k )
k k,k
640320 (—640320)3k
{ < 10005)@2 —2p) (mod p?) if (&) =1 & 4p = 2% +163y? (z,y € Z),
0 (mod p?) if (1§3) = —1.
Also,
p—1
545140134k + 13591409 [ 6k 3k —10005 3
= 13591409 dp”).
2 (—640320)3F <3k:) (k; k, k:) P ( D ) (mod p7)
Furthermore, for n = 2,3, ..., if we denote by a, the number

n—1
! 6k 3k
545140134k+13591409) (—640320° ”—1—k< )( )
I+ D) 2= ! " ) U

then a,, € Z unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 37Z.

Remark. It is well known that the only imaginary quadratic fields with
class number one are those Q(v/—d) with d = 1,2,3,7,11,19, 43,67, 163.
For any odd prime p Wlth (163) = 1, there are unique positive integers x
and y such that 4p = 22 + 163y%. The conjectured congruences modulo
p have been confirmed by Z. H. Sun [Su3]. D. V. Chudnovsky and G. V.
Chudnovsky [CC]| got the formula

i": 545140134k + 13591409 (6K [ 3k \ _ 3 x 533602
(—640320)3k 3k) \k,k, k) 27/10005

which enabled them to hold the record for the calculation of 7 during
1989-1994.

Conjecture A13 ([Slle]). (i) If p > 3 is a prime, then

k=0

)
41' —2p (mod p?) ifp=1,4 (mod 15) & p = 22 + 15y? (z,y € Z),
=¢ 2022 —2p (mod p?) ifp=2,8 (mod 15) & p = 522 + 3y? (x,y € Z),
0 (mod p?) if () = —1.
Forn € Z" set

2n(2n i 1)) nf(lf’k +4) (2:) 2 (3:) (—27)"1k,

k=0
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Then a,, € Z unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.
(ii) For any prime p > 3 and a € Z*, we have

1 "= 15k +4 [2k\* (3k p? P\ 4, 1 .
— 4= —p?B, o | = d
= o (n) (o) =1 (5) (5 g2 (5) mots®

1 p“—1 5k +1 4k B pa pa_l 5 , 1 .
P 2 (—144)* (kkkk) - <§)+< 3 ) 5P Br—2 <3> (mod p*).

i (5k — 1)(—144)F 45

=GN ’

Y

< (k
K =1 (2, (—3)) =y %”—2) — (0.781302412896486296867187429624 . . . .
k=1

Remark. (a) Let p > 5 be a prime. By the theory of binary quadratic
forms (cf. [C]), if p = 1,4 (mod 15) then p = x? + 15y for some z,y € Z;
if p=2,8 (mod 15) then p = 522 + 3y? for some z,y € Z.

(b) Concerning the first congruence in Conj. A13(ii), K. Hessami
Pilehrood and T. Hessami Pilehrood [HP2] proved it modulo p for a = 1.

Conjecture A14 ([Slle]). (i) Forn € Z" set

e (1) ()

and
n—1

1 4k
by = 8k +1 482 (n—1=k),
2n(2n +1)(3") ;0( )(k, k, k, k)

Given an integer n > 1, we have ay,,b, € Z unless 2n + 1 is a power of 3
in which case 3ay,,3b, € Z\ 37Z.
(ii) Let p > 3 be a prime. Then

”i CHCH
T R3k
k=0 63

422 — 2p (mod p?) ifp=1,7 (mod 24) & p = 22 + 6y? (z,y € Z),
8x2 — 2p modp ) if p=5,11 (mod 24) & p = 222 + 3y? (v,y € Z),
(mod p?) if (52) = —1i.e, p=13,17,19,23 (mod 24);
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and
B (o)
Z 482k
k=0

422 —2p (mod p?) ifp=1,7 (mod 24) & p = 2% + 6y> (z,y € 7Z),
={ 2p— 822 (mod p?) if p=>5,11 (mod 24) & p = 222 + 3y? (v,y € Z),
0 (mod p?) if (52) = —1i.e, p=13,17,19,23 (mod 24).

Also, for any a € Z* we have
6]€ +1 3k
Ha Z T3k k
1 Z '8k1( 4k
482k k k, k, k

and

(5)- (5 e (3) o
(5)- () e (3) o

1 sk+1/ 4k \ ,
il Z T <k,k,k,k) =0 (mod p).

a
p pe/2<k<p®

Remark. (a) Let p > 3 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if p = 1,7 (mod 24) then p = x? + 6y? for some
x,y € Z; if p= 5,11 (mod 24) then p = 222 + 3y? for some z,y € Z.

(b) Ramanujan [R] found that

63k

— 2k(1) — k k 0
and

= (1/2)k(1/4)k(3/4)r  ~~8k+1( 4k _2V3

kZ_O(Sk+ D 9k(1)3 B kz_o 482k (k:k:k:k:) oo

Conjecture A15 ([Slle]). (i) Forn € Z" set

n—1
1 4k
= 20k + 3 —l0yn=1-k,
T Snn 1) () kz_o( >(k,k,k,k)( )

Then (—1)""La, € ZT for alln =2,3,4,....
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(ii) Let p be an odd prime. Then
S s
k=0
422 —2p (mod p?) if p=1,9 (mod 20) & p = x> + 5¢y% (x,y € Z),
={ 2(p—2?) (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y? (v,y € Z),
0 (mod p?) if (52) = —1, i.e., p=11,13,17,19 (mod 20).

Remark. Let p # 2,5 be a prime. By the theory of binary quadratic forms
(see, e.g., [C]), if p = 1,9 (mod 20) then p = 22 + 5y? for some x,y € Z; if
p = 3,7 (mod 20) then 2p = x? + 5y? for some z,y € Z. See also [S-2] for
a p-adic congruence mod p* which is an analogue of the Ramanujan series
i 20k+3( 4k ) _8

(—219% \k, k., k, k) 7
k=0
Conjecture A16 ([Slle]). (i) Forn € ZT set

n—1
1 4k
= 10k + 1 124(n—1-k)
T nen+ 0)() 2 ><kkkk)

n k=0

Given an integer n > 1, we have a, € Z unless 2n + 1 is a power of 3 in
which case 3a,, € Z \ 3Z.
(ii) Let p > 3 be a prime. Then

1A 10k +1 /7 4k ) 2\ p? 1
I =(Z2) - LR 3
v 2 () = (57) ~ (50) o (3) moa s
foralla=1,2,3,.... We also have
1 4k
X (kkkk)
Z 124k
k=0
422 — 2p (mod p?) if p=1,9,11,19 (mod 40) & p = 2% + 10y? (z,y € Z),
={ 2p— 822 (mod p?) if p=17,13,23,37 (mod 40) & p = 222 + 5y? (x,y € 7Z),
0 (mod p?) if(_Tlo) =—1, die., p=3,17,21,27,29,31,33,39 (mod 40).

Remark. (a) Let p > 5 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if (_72) = (&) = 1 then p = 2® + 10y? for some
x,y € Z; if (_72) = (2) = —1 then p = 22? + 5y for some z,y € Z.

(b) Ramanujan [R] obtained that

= (1/2)k(1/4)k(3/4)r  ~~10k+1 [ 4k 92
;(1%“) k81k(1)k§ : _kz_o 124k (kkkk) T4
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Conjecture A17 ([S-12]). Let p > 3 be a prime. Then

pz: (k:k:k:k:)
( 21034)1:
k=0
422 — 2p (mod p?) if(%) = (_71) =1& p=2a?+13y?,
={ 2p —22% (mod p?) if(%) =(5)=-1& 2p = x? + 13y?,
0 (mod p?) if (1) = —(21).

We also have

p—1
260k +23 [ 4k “1\ 5, )
TR0k =23p( — | + 2p°E,_ d o).
§)<—82944>k (kkkk) p( P ) T3P Ep-s (mod 1)

Furthermore, for n = 2,3,4,... we have
n—1
1 4k
= 260k + 23 —82944)" 1"k c 7
2n(2n + 1) (2") kz_o( ><k, k. k, k)( )

unless 2n + 1 is a power of 3 in which case 3a,, € Z\ 3Z.

Remark. Ramanujan (cf. [Be, p.353]) found that

i (260k + 23)(1/2),(1/4)k(3/4)k i 260k + 23 ( 4k ) 72
Z }13182k — (—82944)F \ ks k., o,
Conjecture A18 ([S-12]). Let p > 3 be a prime with p # 11. Then

pi (s )
158425

42? = 2p (mod p*) if (1) =(3) =1 & p =2 +22y°,
={ 2p —8z?% (mod p?) zf(#) = (%) = —1 & p =22+ 11y?,
0 (mod p?) if (57 =—(2).

We also have

p—1
280k +19 [ 4k ,
> (k;k;k;k;) = 19p<11) (mod p7).

15842k
k=0
Furthermore, forn =2,3,4,... we have
n—1
1 4k
p = 280k + 19 15842(n—1=kK) ¢ 7,
2n(2n + 1) (") ,;)( )<k:, kK, k:)

unless 2n + 1 is a power of 3 in which case 3a,, € Z\ 3Z.
Remark. Ramanujan (cf. [Be, p.354]) found that

>, (280k 4+ 19)(1/2)(1/4),(3/4 = 280k + 19 4k 2 x 992
Z( )(/)k(/)k(/)kzz < >_

13902k 2k - ’
— k1399 £ 158428 bk, kk) /1T




16 ZHI-WEI SUN

Conjecture A19 ([S-12]). Let p > 3 be a prime with p # 7. Then

p—1 (4k )

Z k,k,k,k
(_210214>k

ka2—2p(modp2) if(%):(_?l)—l&p:xz-i-?)?y,
={ 2p— 222 (mod p?) zf(%):(_?l):—l & 2p = 2% + 372,
0 (mod p?) zf(_T?”) =-1
Furthermore, forn =2,3,4,... we have
Uy 1= ! Z 21460k + 1123)< ik )(—210214)"—1—k €7
2n(2n+1)(2§ — k,k,k,k

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.
Remark. Ramanujan (cf. [Be, p.353]) found that

L (21460k + 1123)(—1)F(1/2)1(1/4)1(3/4)1
k138822k

k=0
B Z 21460k + 1123 [/ 4k 23212
210214k \k, k. k, k) '

™

Conjecture A20 ([S-12]). Forn € Z" set

n—1

" e (E) ()

k=0

Given an integer n > 1, we have (—1)""ta,, € Z* unless 2n+1 is a power
of 3 in which case 3a, € Z \ 37.
(ii) Let p > 3 be a prime. Then

B () () (55 s 2)

for every a € Z". We also have

p—l 3k)
k
123)k
k=0

{w —2p (mod p?)  if (%)

=1& 4p = 2? +51y? (z,y € Z),
=—1& 4p = 322 + 17y? (v,y € Z),

I
—~
s Sk
N—

2p — 322 (mod p?) if (
(mod p?) if (

wie wie wik
N
I
—~
—
I
s ~—

~—
||
/\
i
IN|
~—
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Remark. (a) Let p > 3 be a prime. By the theory of binary quadratic

forms (see, e.g., [C]), if (§) = (&) = 1 then 4p = 22 + 51y for some

z,y € Z; if (§) = (&) = —1 then 4p = 3z + 17y for some z,y € Z. (b)

Ramanujan [R] obtained that

= (1/2)(1/3)y 2/3 o 51k +7 (2k\" 3K\ 12V3
D ) P ST e pT ( )(k)‘ .

Conjecture A21 ([S-12]). Let p > 3 be a prime with p # 11. Then

pz_:l (s i )
3964k
k=0

422 — 2p (mod p?) if(%) = (_72) =1& p= 2%+ 587,
2) = (

0 (mod ?) if (222 = -1
Furthermore, for n = 2,3,4,... we have
— 1 = 4(n—1-k)
e P @ kz_o(26390k +1103) (k . k) 396 ez

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.
Remark. Ramanujan (cf. [Be, p.354]) found that

=, (26390k + 1103)(1/2)x(1/4)x(3/4)y
D k13994k

k=0

o0

22639%—1—1103 4k 99?
3964k kkk k) 272

Conjecture A22 ([S-12]). Let p > 3 be a prime. Then

’i GO

48 (_4AR)3k

k=0

=0
2?2 —2p (mod p?)  if (

) = (%):1&4p:a:2+123y2,
2p 322 modp) if (B) =(F)=—1& 4p = 3% + 41y,

(mod p?) if (155) = —1.

whs ol
I

—

[y

Also,

1 2 15k+53 UNZ /3N %\ (NN 5 1 ;
2 e (1) (1) = (5) (55 ) 8 () oar’

k=0
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for any positive integer a. Furthermore, for n = 2,3,4,... we have
n—1 2
1 2k 3k
=) (615k+53 —48)3(n=1=k) ¢ 7,
n(2n +1)(*") kz_o( )<k) (k)( )

unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.
Remark. It is known (cf. [G5]) that

(615K +53)(—1)*(1/2)(1/3)k(2/3)s
L13910k

k=0
_Z6l5k+53 2K\~ (3k\ _ 96v3
48)3k k) ow
Conjecture A23 ([8—12]). Let p > 5 be a prime. Then

’i(k) ()

(—300)3F

k=0

2? —2p (mod p?)  if (§) = (&) =1 & 4p = 2 + 267y,
=¢ 2p—3z? (mod p?) if (§) = (&) = —1 & 4p = 3z® + 89y?,
0 (mod p?) if (567) = —1.
Also,
p“—1 2
1 Z 14151k + 827 [ 2k 3k
Pt = (—300)3k k k
a a—1
P P 13 5 1 3
=827 | — —p°B, o | =
87<3)+(3)150p pg(g (mod p~)
for any positive integer a. Furthermore, for n = 2,3,4,... we have
n—1 2
1 2k 4k
U = = Y (14151k + 827 ~300)*"=17R ¢ 7
) 2 () (o)

unless n — 1 is a power of 2 in which case 2a, is an odd integer.
Remark. Tt is known (cf. [G5]) that

2. (14151F + 827) (= 1)*(1/2)1(1/3)£(2/3)x
2. k!35002k

k=0

B i 14151k + 827 <2k>2 <4k) 1500/3
£+ 7(=300) k) \ok -
and W. Zudilin [Zu] suggested that for any prime p > 5 we have

p—1 2
14151k + 827 (2k\ 2 [ 3k p ;
i ik = 827p (L d pd).
2 (—300)3%* (k) (k) 8 7p(3) (mod p7)

k=0
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Conjecture A24 ([Slle]). (i) Forn € Z" set

1 — Ak
an = 28k + 3 —3 x 2t3)n=1-k,
2n(2n + 1) (") k:o( ><k, k. k, k)( )
Then we have (—=1)""ta, € Z* for alln =2,3,4,....
(ii) Let p > 3 be a prime. Then
1

1% 28k +3 ak N "\ [P\ 5 1 ,
5 2 o (o) =2 (5)+(5) 252 (5) tmods?

k=0
for everya=1,2,3,.... We also have
—1 Ak
pz (kkkk)
£ (=3 x 212)F
(—1)l#/%) (40® —2p) (mod p?) if12|p—1&p=a®+y* 4|z -1 &2]y),
=q —4(%)zy (mod p?) if12|p—5&p=a?+y* 4]|z—-1&2]|y),
0 (mod p?) if p=3 (mod 4).
Remark. Ramanujan [R] obtained that
= 1/2)5,(1/4)x(3/4 — 28k +3 4k 16v/3
2(28k+3)( [ /k)k(i’)/ L Z +12 k( ) - \/7'
pars (—48)F(1)3 = (=3 x 22)F \k, k. k. k 3
Conjecture A25 ([Slle]). Let p > 5 be a prime. Then
~1 Ak
pz: (kkkk)
_oldg4n\k
P (—214345)

e(x)(dz? —2p) ifd|p—-1, (§)=1, p=2*+y* & 21w,
=q 4y (mod p*) ifd|p-1, (§)=-1, p=a?+y* &5|z+y,
0 (mod p?) if p=3 (mod 4),

where e(x) takes —1 or 1 according as 5 | x or not. We also have

p—1
644k +41 [ 4k -5 5
S — =141 — .
2 (—211315)F <k k. k, k) p( p ) (mod p)

k=0
Furthermore, for n = 2,3,4,... we have
n—1
1 4k
= 644k + 41 —ol3i5yn=i=k c 7,
2n(2n + 1) (*") ,;)( )<k, k,k, k)( )

unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.
Remark. Ramanujan (cf. [Be, p.353]) found that

= (1/2)k(1/4)(3/4)r <= 644k + 41 4k 288
kzzo(644k+41) k1B(—5)k722k kzzo (—214345)k <kkkk) NG
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Conjecture A26 ([Slle]). (i) Forn € Z" set

n—1
G 3k 15\n—1—k
kzzo (154k + 15) <3k) (kkk)( 219) .

10n(2n +1)(

TL

Given an integer n > 1, we have (—1)"ta, € Z* unless 2n+1 is a power
of 5 in which case ba,, € Z \ 5Z.
(ii) Let p be an odd prime. Then

iz‘: 154k + 15 /6K / 3k
pa (—215)F \3k) \k, k, k

=0

k
—2 2\ 15 1
o () (720 B ()

for any positive integer a. We also have

—1 (6k 3k
() (o)
S

{ (=2)(2® = 2p) (mod p?) if () =1 & 4p = 2® +11y° (2,y € ),

—

—

Remark. The last congruence mod p has been confirmed by Z. H. Sun
[Su3]. Ramanujan [R] obtained that

> 27)% (1/2)1(1/6)x(5/6)k  ~— 154k + 15 (6k 3k \
;;28“3 2 (1) =2 (3%) <kkk)‘

Conjecture A27 (i) ([S11b, S-3]). Ifp > 5 is a prime withp = 1 (mod 4),

then
3

Z k =0 (mod p**) foralla=1,2,3,....
P 64

Moreover, if p is an odd prime, m € Z* and p=m — 1 (mod 2m), then

T ( ”m) =0 (mod p?)

kO

for alln=3,5,...,2(m —dp3m-1) — 1.

1
0 (mod p?) if ({5) = —1, i.e., p=2,6,7,8,10 (mod 11).

32v/2

™
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(i) ([S11j]) Let p > 2 be a prime and let n > 2 be an integer. Assume

that © is a p-adic integer with x = —2k (mod p) for somek € {1,...,|(p+
1)/(2n+1)|}. Then we have

Sr() 20 i

p—1 (2k)3 - .
Z 6k4k = a(p) (mod pz), where Z a(n)q™ = q H(l . q4n)6
k=0 —~ a4

This was proved by many authors, see, e.g., L. van Hammer [vH] and E.
Mortenson [M2]. In 1892 F. Klein and R. Fricke proved that if p = 22 + 1>
with x odd and y even then a(p) = 422 — 2p (see, e.g., Ishikawa [I]). The

author [S11b] determined Y 7 _, LkP (%) /64* modulo p. Recently Z. H. Sun
[Su2] confirmed the first congruence in Conj. A27(i) in the case a = 1,
and the author [S-3] proved the second congruence for n = 3. Concerning
part (ii) the author [S11j] proved that if p > 3 and z is a p-adic integer
with x = —2k (mod p) for some k € {1,...,|[(p—1)/3]} then

pf(—w(jf)s =0 (mod p?).

r=0
Conjecture A28 ([Slle]). Let p be an odd prime. If (72) =1 (ie.,
p=1,3 (mod 8)) and p = 2% + 2y? with z,y € Z, then
—1 2k\ 3 p—1 4k
—1)1)2 () (ko) 2 2
— = o = 42° — 2p (mod p?).
_ G4k Z 4k p p
( p ) & (—64)F ~ £ 8
If (3%) = —1 (i.e., p= 5,7 (mod 8)), then
p—1 (2k)3
k _ 2
=0 (mod p?)
_ k !
=0 (764)
and
T (ko)
Z 28‘“‘3 =0 (mod p*) provided p # 7.
k=0
Also,

' 40k + 3 4k p? p®~ 1\ 5p? 1 3
_ =3(2)- Pp o= d
Z Togik (kkkk) 3(3) < 3 ) 3oa P2 (3 ) (mod )



22 ZHI-WEI SUN

for all a € Z* provided that p # 3,7. Moreover,

n—1
1 4k
Q= 40k + 3 284(n—1-k)
2n(2n +1)(*") ;( )<k:, k, k, k:)

are integers for alln = 2,3,4,....

Remark. (a) E. Mortenson [M4] proved the following conjecture of van
Hamme [vH]:

(p—1)/2 —1/2 3
Z (4k + 1)( . ) = (—1)®=Y/2p (mod p?®) for any odd prime p.
k=0

(Note that (_;/2)3 = (Qkk)3/(—64)k for k = 0,1,2,....) See [S-2] for a
further refinement. Recently Z. H. Sun [Su3| confirmed the conjecture
that Zi;é (Qkk)S/(—Gél)k = 0 (mod p?) for any prime p = 5,7 (mod 8). In
[S11g] the author proved that

# ()

;0(4k +1) (2:)3(—64)”—1—k

foralln =2,3,....
(b) It is known (cf. [G5] and [G2]) that
> 4k+1(2k:)3 > (4k — 1)(—64)*
> = —16G
61" Z ,
k::O( 64) k — k3 Qk)

where G := Y77 (—1)%/(2k + 1)? is the Catalan constant. Ramanujan
(cf. [Be, p.354]) found that

= (1/2)k(1/0)k(3/r  ~~40k+3 [ 4k 49
D_(40k +3) AERE =D 5 (kkkk) T 33

k=0
Conjecture A29 ([Slle]). Let p be an odd prime. If p = 1 (mod 3),
then .
p— 2
Ok +2 2K\ [ 3k ,
— =0 d p?).
;0 108F (k) (k) (mod p7)

If p=1,3 (mod 8), then

p—1
16k+3/ 4k ,
orTS = d p?).
D o568 <kkkk) 0 (mod p7)
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If p=1 (mod 4), then

p—1
36k +5 (6k\ [ 3k \ _ ,
> <3k) (kkk) =0 (mod p7).

k=0

Remark. A related conjecture of Rodriguez-Villegas [RV] confirmed by
Mortenson [M2] and the author [S11i] together states that for any prime
p > 3 we have

G () 15121004 D),
0 (mod p?) if p=2 (mod 3),

) =1&p=2>+2y* (v,y € Z),
0 (mod p?) if (_72) =—1, i.e.,, p=5,7 (mod 8),

pi (1) (k:k:k:) :pi : (6k)! 1798k

— 123k —~ 3k)!(k!)3
_{ (§)(4z® —2p) (mod p*) if4|[p—1&p=2a®+y* (212, 2|y),

Z. H. Sun [Su3| confirmed the congruences in Conj. A29 modulo p.
Conjecture A30 ([Slle, S-7]). Let p > 5 be a prime. If p > 7 then

p—1 (2k) 9 13 p—1 1
k) _ 4
~L=——H, 1 — — — (mod p%)
3 2 tp 3
k=1 p 27 k=1 k
We also have
p—1 p—1
1 H,_ 4 7 1 7 9
o\ 3 Z_S = —7¢PBp—s (mod p),
k=1 k4( k) p bdp k=1 k 45

= —2B,_3 (mod p),

2k
= )
(p—1)/2 k
-1 2k o6

> ( k2> (k) = 15 PBp-3 (mod %),
k=1

2

) _ 21

Z ok = g He (mod p*).
p/2<k<p
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Remark. 1t is known that H, 1/p* = —B,_3/3 (mod p) for any prime
p > 3 and 22;1 1/k* = —8p?B,,_5 (mod p?) for each prime p > 5, and

that .
= (~1) 17
Z k3 (%) = __C and Z k4 ) = %C(@'

k=1

The first and the second congruences in Conj. A30 modulo p have been

confirmed by K. Hessami Pilehrood and T. Hessami Pilehrood [HP3]. Also,
k

[T1, Theorem 4.2] implies that Zz_i (—1612) (zkk) = —%po g (mod p?)

for any prime p > 5. Tauraso [T2] proved that » 7_ ( ) /(k16%) =
—2H(;,_1)/2 (mod p 3) for each prime p > 3. The author could prove that
the third and the fourth congruences in Conj. A30 are equivalent. By
[S1le],

(p— 1)/2( ) 8
> Lo oo S, a7
and
(p—zl)/2 1 4
= —1)(”_1)/2—E _3 (mod p)
2k ( p—3
= PG 3

for any prime p > 3. Mathematica (version 7) yields

[e’e} 2
5’ _8G
Zle =4log?2 -

k=1

where G = >"17 ,(—1)F/(2k + 1)? is the Catalan constant.
Conjecture A31 ([S1lb, S-7]). Let p be an odd prime. Then

p—1 2k
H_ 7
k) — (p—1)/2 2 3

k=1

When p > 3, we have
p—1 (2k) p—1 1
k) _
gk = -2 z (mod p?)

If p > 5, then
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Remark. The congruences were motivated by the following known identi-
ties (cf. [Ma] or using Mathematica):

= 2k = 3 > (k)_7r2—3log24
ST LEE e SR

Conjecture A32 ([S11b], [S-8]). Let p > 5 be a prime and let Hy,_; =
SP 1 1/k. Then

(p—3)/2 (2k) H, , 3p

k) (- b/2 el =B, d »°
1;) okt iek Y 12 160 (mod p7),
(p—3)/2 (zk)

_G) _jevp(Hm P g 4o
31Qk p=5 :
2o (2 +1)°16 (=1) 4p? -+ 35 (mod p)

We also have

(p—3)/2 (2k) H
k — tp—1 3
= d
kZ:O 2k 12(—6)F = 5p (med )
Z (Zkk) b 2
= —= B3 (mod p°)
2 P ;
o/acney ZEH12(=16)F — 4
~3)/2 _
CE aD i,
SR CIL S RS,
pars (2k+1)16 p /) 12p

where H( ) ZO<]<}€1/(2_]—1)

Remark. On March 6, 2010 the author [S11b] proved the first congruence
in Conj. A32 mod p2. It is known (cf. [Ma]) that

= (Zkk) m?
kZ:O 2k+1 T Z 2k + 1)2(—16)* ~ 10

which can be easily proved by using 1/(2k + 1) = fol x%*dz. In March

2010 the author suggested that >~ , (Qkk)/((Qk-i- 1)316%) = 773 /216 via a
public message to Number Theory List, and then Olivier Gerard pointed
out there is a computer proof via certain math. softwares like Mathematica
(Version 7). It is also known that (see [S-8], and use Mathematica 7)

)H(Q) B 7T3
2k-|— 1)16% 648"

Mg

k:l
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Using Morley’s congruence and the identity

> (W) e

k=0

the author got the following congruence (for primes p > 3)

(p—3)/2 (2k:)2

;) m = —20,(2) — pp(2)* (mod p?).

Conjecture A33 ([Slle]). Let p be an odd prime and let a € Z*. If
p=1 (mod 4) ora > 1, then

(2k)2 )
Z 1k6k = (—-1)®"=Y/2 (mod p*) forr=5,7.

Remark. The author [S1le] showed that ZEPZ/OQJ (2/:)2/16’C = (—1)p-1/2 4
p?E,_3 (mod p?) for any odd prime p.

Conjecture A34. (i) ([Slle]) For each n=2,3,... we have

n

1 n—1 2% 3
. (6k + 1)( ) 256" 1 F € 7,
2n(2 ) kZ:o k

1 = 2k ’ . n—1—k
() kz_:(mc + 1)<k) (—512) €z,

n 0

1 . 2k\°
- (42k + 5)( ) 4096 1% € 7.
2n(2 ) l;) k

n

(i) ([S1le]) Let p > 3 be a prime. We have

(p*—1)/2 3
1 42k + 5 (2k 1 3 }
-y 2o = (=) (5= 2pH,_ d

P 4096 <k> (pa) ( T 1) (mod 7°)
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for all a € Z*. Also,

p—1 3

6k + 1 (2k -1
E SEgE (k) =p (—) —p*’E,_3 (mod p*),
k=0

p
(p—1)/2 3
6k+1 (2k —2\  pP (2 A
R =(—)+2(2)E,
kz_o (—512>’“<7€> p<p>+4 (p) p-s (mod 77),

p—1 3
42k +5 (2k -1 3 4
—_—— =bp| — | —p°E,— d p®).
S22 ()
(iii) ([S-2]) For any prime p > 3 we have
p—1
Tk +1 4k -1 5 5 4
— =p|— | —=p’E,- d p*).
2 (k) 7 (5) s ot
Also, forn=2,3,... we have

n—1
1 4k

Tk +1 648" 1"k c 7
2n(2n +1)(>") kzzo( ) <k k. k, k)

unless 2n+1 is a power of 3 in which case the denominator of the quotient
15 3.

Remark. Those congruences in part (ii) mod p3 are van Hamme’s conjec-
tures (cf. [vH]) which are p-adic analogues of corresponding Ramanujan
series. For the congruence in (iii) the corresponding Ramanujan series is

i Th+1( 4k \ _ 9
648% \k,k k,k) 27’
k=0
Conjecture A35 ([S11b, Slle]). Let p be an odd prime. Ifp =1 (mod 4),
then
= () (-
1-— 7) =0 (mod p?).
_Q)k _Q\k
2\ o)
If p=3 (mod 4), then

p

and
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Remark. When p > 3 is a prime congruent to 3 mod 4, the author [S11b]

proved that
= p—1 (Zkk)g 2
kz_o( k ) = 0 (mod p*).

Conjecture A36 ([Slle]). Let p be an odd prime.

(i) We have
p—1 (2k:)3 (_2) p—1 (2k)3
kl_=(_Z k (mod p?)
_R\k _ k )
28\ ) & o12)
p—1 (2k 3 p—1 (2k\3
—1 (
ko = (—) k/_ (mod p?)
k= k
— 16 p )= 256

= (%)3 —1)\ & (k 12“2 k)
k = — - mod p3);
2 (—64)F ( » )kzzo 256k ¢ )
if p=1,2,4 (mod 7), then
B AN et 0 R o (R
(?) (k) = J006% = 2 (—3960)F (1mod P
k=0 k=0 k=0

Remark. The author observed that

-1

-(57) :_0 () (M@q%w)k (mod #)
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for any odd prime p and p-adic integer x #Z 0,—1 (mod p); this can be
easily deduced by taking n = (p — 1)/2 in the known identity

() RO

Z. H. Sun [Su2| proved that Zi;(l) (zkk)3/256k = 0 (mod p?) for any

prime p = 5 (mod 6), and Zz;é (2:)3/(—512)’“ = 0 (mod p?) for any
prime p = 3 (mod 4). See also Z. H. Sun [Sul] for his conjectures on
S (2 ) /mF mod p? with m = —144, 648, —3969 motivated by the
author’sﬂp’ai)ers [S11b] and [S1le].

Conjecture A37 (Discovered on March 2, 2010). Let p be an odd prime.
(i) If p=1 (mod 4) then

(p—1)/2 (2k)3 (p—1)/2 (2k)3

1 1 1
k Z == k -
> hE X 553 TN
k=0 k<j<2k k=0 k<j<2k
(p=1)/2  [2k\3
1<2) (%) 1 2
L)y G s L
3\p k=0 (—512) k<j<2k‘7

when p = 3 (mod 4) we have
(p—1)/2 (2k)3

1 7 1
k _ k 2
> w2 =75 e > - (modp?),
k=0 (=8) kej<2k 2 k=0 64 kej<2k
(p—1)/2 (2k)3 (p—1)/2  (2k\3
1 2 (%) 1
k — k 2
—=_(z - d
Z 64k L (p) Z (C512)F 2~ (mod p°),
k=0 k<j<2k k=0 k<j<2k

(p—1)/2 (2k:)3

1
Z :7,’“ Z EEO(modp)form:—S,—512 if p> 3.
k=0 k<j<2k

(ii) If p =1 (mod 3) then

3

(r—1)/2 (2k)3 1 1 /_1)\ P2 (2k) 1
k =2 (= k s 2
Z 16% Z j 2 ( ) Z 256k Z Jj (mod p©).

k=0 k<j<2k p k=0 k<j<2k

If p=2 (mod 3) then

(p—1)/2 (2k)3 (p—1)/2 (Qkk)g

1 1
Z 1k6k Z ;EO(modp) and Z SEor Z EEO(mOdpQ).

k=0 k<j<2k k=0 k<j<2k
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(iii) If p=5,7 (mod 8), then
(r—1)/2 (2k)3

D

k=0

(p—zlfﬂ ok 3
k

k=0

Z %EO (mod p?).

k<j<2k

Remark. During their attempt to prove Conjecture A1, M. Jameson and

K. Ono realized that ngz_ol)/z (zkk)32k;<j<2k 1/j = 0 (mod p) for any
prime p > 3 but they did not have a proof of this observation. When
p > 3 is a prime with p = 3 (mod 4), the author was able to show that

(p—1)/2 (2k:)3 (p—1)/2 (2k)3
Z 6]€4k Hyy = Z 6k4k Hj, =0 (mod p).
k=0 k=0

Now we introduce polynomials

Sy () = i (Z)4xk (n=0,1,2,...).

k=0

Conjecture A38 ([S-12]). Let p be an odd prime.

(i) We have
p—1
Sk(12)
k=0
(—1)BI#l (422 — 2p) (mod p?) ifp=1 (mod 12) & p=a?+y> (4|2 — 1),
=¢ (%)4zy (mod p?) ifp=5 (mod 12) & p=122+y? (4 |z — 1),
0 (mod p?) if p=3 (mod 4).
And
p—1 3
> (4k +3)8p(12) = p <1 + 2 <—)) (mod p?).
k=0 p
Moreover,
n—1

1
— E (4k+3)Sk(12) € Z  foralln=1,2,3,....
n

k=0
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(ii) We have

p—1
> Sk(—20)
k=0
(—=1)P)(42? — 2p) (mod p*) if () =(§) =1 & p=2a®+y* (2fa),
=4 (§)4xy (mod p?) if (5)=—(8)=1, p=a"+y* (2t=, 5|zy—1),
0 (mod p?) if p=3 (mod 4).
And
= (-1 -5 )
;20(614 +5)9,(—20) = p (?) (2 +3 <?)) (mod p?).
Moreover,
%i(6k—|—5)5k(—20) €Z  foralln=1,2,3,....
k=0

Conjecture A39 ([S-12]). Let p be an odd prime.

(i) We have

p—1

> 5k(36)

k=0

(42? —2p (mod p?) if (3)=(§)=(§) =1 & p=2"+30y°
122 — 2p (mod p?) if (§) =1, (%) = (&) =—1 & p =32+ 1047,

=< 822 —2p (mod p?) zf(%) =1, (§) = (%) =—-1 & p =227+ 15y,

2~ 2002 (mod p?) i (2) =1, (2)= () = 1 & p =50 + 64,

[ 0 (mod p?) if (51%) = -1

And

S wension =p(2) (14(2)) o)

k=0
We also have

n—1

—Z (8k +T7)Sp(36) € Z  foralln=1,2,3,....
k=0
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(ii) We have

p—1
> 5k(196)
k=0

(42% —2p (mod p?)  if (2) = (§) = (5) =1 & p=2a® +T0°,
827 —2p (mod p?)  if (§) =1, (2) = (§) = —1 & p = 22® + 35y,
={ 2p—20z® (mod p?) if (§) =1, (%) =(8)=—1 & p =5z + 14y,
2872 — 2p (mod p?) zf(%) =1, (§) =(5) = -1 & p=T2" 4 10y?,
[ 0 (mod p?) if () =—1
And
iy ~14
3" (120k + 109)5,(196) = p (%) (49 +60 (7)) (mod p?).
k=0
We also have
1 n—1
- D (120k +109)Sk(196) € Z  for alln=1,2,3,... .
k=0

(iii) We have

p—1
> Sk(—324)
k=0

(42? —2p (mod p?) if () = (%) =({) =1 & p =2+ 85y,
2¢% —2p (mod p?) i (&) =1, (_71) = (&) = —1 & 2p = x* + 8512,
=< 2p —202? (mod p?) zf(_?l) =1, (5) = (&) =—1 & p=>52* + 17,
2p —102* (mod p?) if () =1, (_71) = (&) =—1 & 2p =52% 4+ 17y,
0 (mod p?) if (52)=-1

\

Provided p > 3 we have

§<34k +31)S(=324) = p () (” i (i)) mod )

k=0
Moreover,

n—1

1
- E (34k + 31)Sk(—324) € Z foralln=1,2,3,....
n

k=0
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(iv) We have

p—1
> 51(1296)
k=0
¢ A2 2 P (=2Y _ (Py — (D) — _ .2 2
4z —2p (mod p*) if (57) =(§) = ({5) =1 & p = 2" +130y7,
8% —2p (mod p?) if (F7) =1, (§) = ({5) = —1 & p = 22* + 65y°,
={ 2p—20z? (mod p?) if (§) =1, (_72) = (&) = -1 & p = 52” + 2632,
2p —402” (mod p?) if (&) =1, (_72) = (8) = -1 & p=102” + 1332,
[ 0 (mod p?) if(%) =1

Provided p > 3 we have

5(13074 +121)55,(1296) = p (_—2) (56 +65 (_—26)) (mod p?).

k=0 p p
Moreover,
! §(130k+ 121)S:(1296) € Z  for alln=1,2,3
02 & oralln=1,2,3,....
(v) We have
p—1
Sk (5776)
k=0
(4z% —2p (mod p?) if (2)=(}) = ({5) =1 & p =27 +190y%,
8z —2p (mod p?) if (2) =1, (§) = ({5) = —1 & p = 22* + 95¢°,
={ 2p—20z* (mod p?) if (&) =1, (%) = (8) = -1 & p =52+ 38y?,
2p — 4022 (mod p?) if (8) =1, (%) = (&) =—-1 & p =102 + 19y,
[ 0 (mod p?) if (1) = -1
And
=« p p
_ (P ya 2
kz_o(smk: +769)S,(5776) = p (95) (361 +408 (19)> (mod p?).
Moreover,
1 §(816k + 769)Sy(5776) € Z for alln=1,2,3
n i k — 9 P PECE

Remark. The reader may consult [S-12] for more conjectures of this type.
I'd like to offer $300 (300 US dollars) for the first correct proof of part (i)
of Conj. A39.
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Conjecture A40 (Discovered on April 5, 2010). (i) For any odd prime
p we have

p—1 2 4

28k= + 18k + 3 [ 2k 3k 7
> g (n) () =9 5 ms (o )
k=0

and
(p—1)/2

28k2 + 18k + 3 (2k\ * [ 3k ) 1\ .
=3 6| — |p E, d p?).
k=0 (—64)" <k> k v p P Ep—s (mod p7)
(ii) For any integer n > 1, we have
—1

> (28k+18k+3) (2:)4<3:)(—64)”—1—k =0 (mod (2n+1)n? (2:)2)

Also,

n

i (28k2 — 18k + 3)(—64)" 140(3)
4 —_— .
k=1 kS(Zkk) (Skk)
Conjecture A41 (Discovered on April 5, 2010). Let p be an odd prime.
(i) If p # 3, then
p—1 2 5
10k* + 6k + 1 (2K 5 7 & 6
_— =p°— =p’B,_ d

and
(p—1)/2

7
= p’> + p°B,_3 (mod p°).

10k2 + 6k + 1 <2k:)5
3

Zs T (-256F  \k
(ii) If p # 5, then

p—1 2 4
Z 4k= + 27k 2k k
7 + 27k + 3 ( ) (3 ) — 3p2 + 7p5Bp—3 (mod p6>

4096% k k
k=0
and
(p—1)/2 2 4
T4k* 4+ 27k 4+ 3 [ 2k 3k 9 9 3 7
=3p° —-p°H,_ d .
kz_o 096" (k) (k) p* = P Hy (mod p')
Remark. By [G3, Identity 8] and [G4], we have
— (10k% — 6k + 1)(—256)"
5 (2k
k=1 k (k)
and .
o TAK® + 2Tk +3 (2k\" (3K _ 48
4096+ k k) w2

k=0
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Conjecture A42 (Discovered on April 6, 2010). (i) For any prime p #
2,5 we have

1

p

21k3 + 22k2 + 8k + 1 (2k) 7

= 3 d 8
S5 Gk L p” (mod p°)

>
Il
=

and

(p—1)/2

168k3 + 76k2 + 14k +1 /2k\ "
220k k

<_—1> p® (mod p%).

k=0 p

(ii) For any integer n > 1, we have
n—1 7 3
2k 2
> (21K + 22k% + 8k + 1) ( k) 256" 17F =0 (mod 2n3( ") )
n
k=0

and

n—1

7 3
Z<168k3+76k2+14k+1><2:) 920(n=1-F) — (mod 2n? (2n) )

n
k=0

Remark. (a) B. Gourevich and Guillera (see [G1, Section 4]) conjectured

>\ 168k + 76k + 14k + 1 <2k) T3

220k k =
k=0
and
i (21k% — 22k* 4 8k — 1)256F  *
k() s

respectively. Zudilin [Zu| suggested that for any odd prime p we might
have

RV 168K3 + T6K2 + 14k + 1 2K\ [ —1\ . ;
Z 920k L] = ? p® (mod p"),
k=0

which is weaker than the second congruence in Conj. A42(i).
(b) Let a3 = 2 and

on —1\*
(2n+1)3a, = 32n3an_1+(21n3+22n2+8n—|—1)( " ) forn=2,3,....
n
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Then for any n € Z* we have

n 7
1 2
an = 5 > (21K® + 22k% + 8k + 1)256”"“( k)
16(2n + 1)3(%") k
1

n 7

2

— 5 ) (21K° + 22k + 8k + 1)256" < :) :
2(n + 1)3(2(7?4—:)) =0

The author created the sequence {a,}n>0 at OEIS as A176477 (cf. [S]).
We not only conjectured that a,, € Z* for all n = 1,2,3,... but also
guessed that a, is odd if and only if n = 2* for some k € Z*. We have a
similar conjecture related to the last congruence in Conj. A42.

Conjecture A43 ([Slle]). (i) For any prime p > 3 we have

s (1) ()0 = s st

n=0 k=

(ii) Let m > 1 be an integer. Then

= e S 2 (1) () () e

Moreover, a., is odd if and only if m is a power of two.

Remark. The reader may consult [S-11, S-12] for more congruences and
identities involving similar sums.

Conjecture A44 ([S-11]). For any prime p > 5, we have

S (B (5 (e

0 k=0

=y (%) (54 449 (1%)) (mod p?),
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and
LY I ) o+ 2k /2K
e 2(1g3n kz_o (k) < ;k ) (k ) (=324)""
(42 —2p(mod p?)  if(5H) = (§) = (B) = (§) = 1, p = 2% + 10542,
22 —2p(mod p*)  if(5H) = (%) =1,(§) = (§) = -1, 2p = 2% + 105y,
2p — 1222 (mod p?) if(51) = (§) = (8) = (§) = —1, p = 322 + 35¢%,
2p — 622 (mod p?)  if(5H) = (8) = =1, (§) = (2) = 1, 2p = 322 + 3542,
=¢ 20z% —2p(mod p*) if(H) = (§) =1, (§) = (§) = —1, p = 527 + 21y?,
102* — 2p (mod p?) if(TH) = (§) = 1, (§) = (8) = —1, 2p = 52” + 21y?,
2827 —2p (mod p*) if(S) = (§) = 1, (§) = (§) = 1, p = T2? + 15y,
142® — 2p (mod p?) if(TH) = (§) = —1, (§) = (§) = 1, 2p = Ta” + 15¢7,
| 0 (mod p?) if (552) =1

Also,
> 35T+ 103 [2n) <= (1 (1 + 2k [2k & 90
e —324)" 7k = =
ngo 2160 (n)kzzo(k)( 2k )(k:)( 324) m

Remark. The quadratic field Q(1/—105) has class number eight. I'd like to
offer $1050 for the first correct proof of all the congruences in Conj. A44,
and $90 for the first rigorous proof of the series for 90/ in Conj. A44.

Conjecture A45 ([Slle]). For any prime p > 3, we have

G (—1) 25

—ngp 3(modp)

and
p—1 6k: C( )

z% 432k :<§> (mod p*),

where C’( ) stands for the second-order Catalan number ( )/(Qk +1) =
(%) —2(2%).

Remark. A related conjecture of Rodriguez-Villegas [RV] proved by Morten-
son [M2] states that if p > 3 is a prime then

(Bk) ( k) — Z o (Gk)' !<2433)—k = <_?1> (IIlOd p2).
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Using the Gosper algorithm we find the identity
“ 6k\ [ 3k 6n\ (3n

36k + 5 432"7% = (6n + 1)(6n +5 N
> otk + (o) (e )zt =+ o+ () (3) e

which implies that

p—1
kZ:O 3?1];72:5 (gZ) <3:> = 5p® (mod p®)  for any prime p > 3.

Conjecture A46 ([Slle]). Let p > 3 be a prime.
(i) We have

= (k) _ { (&=))fs) (mod p?)  ifp=1 (mod 3),

p/ (SN (mod p?)  ifp =2 (mod 3).

(ii) When p =1 (mod 3) and 4p = 2% + 27y? with x = 2 (mod 3), we

may determine x mod p? in the following way:

p—1
k+2
ST (k . k) =2 (mod p?).

k=0

(iii) We also have

Remark. (a) I'd like to offer $27 (27 US dollars) for the first correct proof
of part (ii) of Conj. 46.

(b) It is known (cf. [HW]) that for any prime p = 1 (mod 3) with
4p = 22 + 27y? we have (2((;’__11))/33) = (£)(& — z) (mod p*). The author
[S-9] showed that for any prime p > 3 we have

. (kgkkk) D = (kSkkk) e
> o (5);(—216)’“ (mod p7),

k=0

— k(o) kG50 )
Z 2k =9 (1:;)];0( ;fﬁk) (mod p).

k=0

=

Recently Z. H. Sun [Su3| confirmed Conj. A46(i) modulo p.
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Conjecture A47 ([Slle]). Let p > 3 be a prime. If p =1 (mod 4) and
p=122+y? withz =1 (mod 4) and y =0 (mod 2), then

ST (5) (2= ) moa )

— 72k D x

x~ kS
L
—_
\]
t\?.vrl
™
VRS
= 2
~~
VOEERS
N s
ol
N~
Il
VR
[
~
8
—~
8
o
o,
=
N
\._/

=0
If p=3 (mod 4), then

p—1 (2k\ (4k
Z (k)(Zk) — (g) 2p (mod p2)
ko +1)/2 :
e P 3(E§+1§§4)
Conjecture A48 ([Slle]). Let p > 3 be a prime. Then

« () Giia)

48k

p
=0 (mod p?).

™

Ifp=1 (mod 3) and p = 2 + 3y? with x =1 (mod 3), then
ak
(2) _

1 (Qk) p
k 2
=92r — — (mod p

kS
I

e
Il

0

and we may determine x mod p* via the congruence

p—1
kE+1[2k\ [(4k
Z 137 (k:) <2k:) =2 (mod p?).

k=0

If p=2 (mod 3), then

p—1 (2k) (4k) 3
k) \ok) _ 14 2
= (mod p~).
o A8 ()

Remark. The author [S-9] proved that for any prime p > 3 we have

GG _ (=2) 82 (0 g
> o= () & il ot
and
CRECDE _ 12\ K2 REI G
> T =1 (5) g e

I’d like to offer $48 for the first correct proof of the first congruence in
Conj. A48.
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Conjecture A49 ([Slle]). Let p > 3 be a prime. If () =1 and p =
x? + Ty* with (£) =1, then

k=0
p—1
k+8 2K\ [4k p )
=8 (= d
kzzo(sfsk (k:)(%) 8(3)“”10 P)

S 6 _ 5 G _ ¢ 0a ),

Remark. Z. H. Sun [Su2] made progress on Conjectures 47-49 by obtaining
Zz;é (gz) (zkk) /m* mod p for m = 48, 63, 72 (see also Conj. B16).

Conjecture A50 ([Slle], [S-7]). Let p be an odd prime. For any a € Z*
we have

TG (2)- () % (3) s

and
= (M -1 -1
e ) G2k 2 3
ceak T (p_a> - (pa—l) 3 Bp-s (mod 7).
Also,
—1 (2k\ (4k
pz (i) () =—3H(y-1)/2 + ~p*Bp_3 (mod p®)
k=1 k64F P 4 i ,
(p—1)/2 2K\ (4k
(k:)(Qk:) =_3H _1) 9 — 2 - pE _3 (modpQ)
k=1 k64k (p=1)/ p i ,
p(p—zl)/z 64~ o ( ) 5 (mod p)
2k (4ky 24\ T, ) Fp3 ’
k=1 kg(k)(%)
(p—1)/2 k
64 -1 2
p > e =16 (pEp—S — (—) qp(Q)) (mod p©).
k=1 (Qk - 1)]{:2( k ) (Zk) b

Remark. Mortenson [M2] proved the following conjecture of Rodriguez-
Villegas [RV]: For any odd prime p we have

S = (=) st
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Conjecture A51 ([S11b]). Let p be an odd prime. If p = 1 (mod 3),
then

(p—1)/2 3
kC
E W:EQ}J—2 (mod p?).
k=0

If p=1 (mod 4), then

Remark. The author [11b] determined Zi;é C3/64% modulo any odd
prime p.

Conjecture A52 ([Slle]). Let p > 3 be a prime. Then for any a € Z*

we have
p*—1 ( 3k ) a a—1 2
kkk) _ (D P P 1
> TopE = <§) B ( 3 )?B”‘Q (5) (mod p°)

k=0
and
p*—1 (2k)0(2) a 9 a—1
)Yk _ (D p 2 1 2
Mk)TR (2 2 (2 B. o[ =
> 97k (3) 3(3)p p2<3) (mod p°),
k=0
where

oo (5) _ (3kY [ 3k
k 2k + 1 k E—1

is a second-order Catalan number (of the first kind). Furthermore,

p—1 2k\ ~(2)
l;)(élk + 1)7( k;;k = (g) (mod p?).

Remark. Mortenson [M2] proved the following conjecture of Rodriguez-
Villegas [RV] for primes p > 3:
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Conjecture A53 ([Slle]). Let p > 3 be a prime. Then

p—1 (2)
Z Cl;?: =2 (g) —p (mod p?)
k=0

and

p—1 ~(2)
OkOk _
g Sk = —7 (mod p),

~(2) _ 2 3k _ 9 3k _ 3k
Ch k’-i-l(k) k kE+1

18 a second-order Catalan number of the second kind. Hence

where

p—l 3k )

SIS () ot

k=1

and —1 ( 2k \/ 3k
X (k+1)(k+1) 2(1_9

e = 3) — 7 (mod p).

>
Il
MR

Remark. Note that

()E)-() ) B
) G2) = (CF) o) (3(F) -e)-

Mathematica yields that

- 9.

i C,CY 8143
b =

= 27 4m

Conjecture A54 ([S-1]). Let p be an odd prime. Then

p—1 ok

Zl * ( ) = —3pg;(2) (mod p?),

and

ppz_:l 1 { 0 (mod p?) if p=1 (mod 4),

—3/5 (mod p?) if p=3 (mod 4).
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When p > 3 we have

= 1 4 (2)
PY g = — 79(2)° (mod p?)
o k2R () 2 A
Also,
p—1
Z(25/€ + 3)k2" (3:) =6 (—1) — 18p (mod p?),
k=0
(p—1)/2
2%k —3 (-1 2\ 5p ,
p Z 3k E<_)_<_)_ (mod p*)
= 20 P p) 2
and )
P
25k — 3 (-1) ) A
=3 — |+ (Ep—3—9)p° (mod p*).
3k P
k=0 25(%) p

Remark. Gosper announced in 1974 that Y ;- (25k — 3) /(2" (3:)) =m/2.
In [ZPS] Zhao, Pan and Sun proved that $2_1 %(3:) = 0 (mod p) for
any odd prime p.
Conjecture A55 ([S-6]). Let p be an odd prime and let a € Z+.

(i) If p* = 1,2 (mod 5), ora > 1 and p # 3 (mod 5),

2p%]

o (2)-(3)

k=0

If p* =1,3 (mod 5), ora > 1 and p # 2 (mod 5), then

[2p?] 5
— mod p?).
( a) ( p°)

S (_1)k(2kk)

k=0

Thus, if p* = 1 (mod 5) then

2k
Z (—1)’“(}{) =0 (mod p?).
$pe<k<ipe
(ii) If p=1,7 (mod 10) or a > 2, then

s =<%a) (mod p?).

7
l15

bS]
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If p=1,3 (mod 10) or a > 2, then

L%P” (Qk)

>
Il
=

For any nonnegative integer n we have

1 (%) (1 (mod9) if3|n,
(2n+1)2(*") Z 12"“ - { 4 (mod 9) if34n.

k=0

. Also,
1 (3*=1)/2 (zk) B

3 > # = (-1)*10 (mod 27)
k=0

for everya=1,2,3,....

Remark. Let {F,},>0 be the Fibonacci sequence given by Fy =0, F; =1
and F11 = F, + F,—1 (n = 1,2,3,...). H. Pan and the author [PS]
proved that if p # 2,5 is a prime and a is a positive integer then

paz_:l(_l)k(Q:) _ (%a) (1 —2F,,_ %)> (mod p?),

k=0

which is Conjecture 3.1 of [ST]. The author [S-6] proved that for any prime
p#2,5and a € ZT we have

(P*-1)/2 (2K a F .,
2 e () 52t

k=0

He [S-6] also showed that Zkio/zj (Qkk)/16k = (p%) (mod p?) for any odd
prime p and a € ZT.

Conjecture A56 ([Slle]). Let p > 3 be a prime. If p =7 (mod 12) and
p =22+ 3y? withy =1 (mod 4), then

2

:1) <§> ((—21525)’“ = (-nr <4y - %) (mod p?)

k
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and

p—1 2k 2

2 (g) (k—(fa))k = (1) (mod p?).
k=0

If p=1 (mod 12), then

O

k=0

Recall that the Pell sequence {P,},>0 and its companion {Q,, } >0 are
defined as follows:

P():O, Plzl, andP,H_l:QPn-i-Pn_l (n:1,2,3,...);

QOZQ, Ql :2, and Qn—l—l :2Qn+Qn—l (n:1,2,3,)

Conjecture A57 ([S-4]). (i) Let p be a prime with p = 1,3 (mod 8).
Write p = 22 + 2y? with z,y € Z and x = 1,3 (mod 8). Then

P. [2k 0 (mod p?) if p=1 (mod 8),
Z_: < ) N { (—1)®=3/8(p/(22) — 2z) (mod p?) if p=3 (mod 8).

> A (2’“) EDE (4 Y (anod 52).

2 2z
o (
(ii) If p=7 (mod 8) is a prime, then
p—1
-1 2k
= d p?).
,;( K )8k<k) 0 (mod £°)

Conjecture A58 ([S-4]). Let p be an odd prime.
(i) If p=3 (mod 8) and p = x? + 2y* with y = 1,3 (mod p), then

p—1 2
Py (26N _ w12 (o, _ P 2
i () =00 (2= 2 ) (o )

0

>
Il

(i) Suppose that p=1,3 (mod 8), p = % + 2y* with x = 1,3 (mod 8)
and also y = 1,3 (mod 8) when p =3 (mod 8). Then

kP( ) _ {(—1><p-1>/8<p/<4x>—x/2> (mod j2) ifp=1 (mod 8),

£ 32% (—1)@+D/2y (mod p?) if p=3 (mod 8).
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Conjecture A59 ([S-4]). Let p be a prime with p =1,3 (mod 8). Write
p =122+ 2y? with z,y € Z and x = 1,3 (mod 8). Then we have

! Qk (2]{3)
k_—O )
and

ik k Qs (%)
k:O

Conjecture A60 ([S-4]). Let p be an odd prime.
(i) When p = 1 (mod 8) and p = 2 + 2y* with v,y € Z and v =
1,3 (mod 8), we have

p—1
Z 39k ( ) = (—1)P~1)/8 (4x - g) (mod p?).
k=0

(i) If p= 1,3 (mod 8) and p = z*+2y? with x = 1,3 (mod 8) and also
y=1,3 (mod 8) when p =3 (mod 8), then

(—1)(96_1)/2 (433 — g) (mod p?)

{ 0 (mod p?) if p=1 (mod 8),
(=1)(P=3)/82(x + p/x) (mod p?) if p=3 (mod 8).

M |

{(—D@*V%Ww—lwhmﬂp5 if p=1 (mod 8),

— (—=1)@+1/22¢ (mod p?) if p=3 (mod B).

Conjecture A61 ([S-4]). Let p > 3 be a prime. If p =7 (mod 12) and
p = 2% + 3y? with y = 1 (mod 4), then

p—1 2
ur(4,1) (2k (p+1 D
= (=P 4y — 2} (m 2
ik (k) (=1) VT3, (mod p°)

and
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Conjecture A62 ([S-4]). Let p > 3 be a prime. If p =7 (mod 12) and
p =122+ 3y? with y = 1 (mod 4), then

uk(4v 1) 2k ? p 2
=2y — — (m
64k <k 4 6y (mod p7)

and

p—1 2
keur (4,1) (2k
E%(,{) =y (mod p?).

k=0
Conjecture A63 ([S-4]). Let p be an odd prime.
(i) If p=1 (mod 12) and p = 2 + 3y* with x =1 (mod 3), then

p—1

ve(4,1) (2K ? - z— p
(4k ) <k> = (—1) 1)/44+(z—1)/2 (41- _ x) (mod p?)
k=0

and .
p— 2
Uk(4, 1) <2]€) 1)/2 p 2
= (-1 4 (mod p?);
k
§aen (v (-1
also
= koy(4,1) <2k)2 ( 1>(p—1)/4+(m+1)/2 <4 2p) (mod 2)
; = (— r— — mod p
— A4 k x
and .
p— 2
kvk(4 1) <2k}) (z—1)/2 p 2
27’ =(—1)" /2 (9 — & (mod p*).
. (
prs 64 k ( a:)
(i) If p= 7 (mod 12) and p = 2% + 3y? with y =1 (mod 4), then
1y 2k
£l ( ) = (—1)P=3)/4 (12y — }—?) (mod p?),
k=0 4
p—1 2
4,1) (2
kvkik, ) <k/€> = (—1)+D/4 <20y _ %p) (mod p?)
k=0

and
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(iii) If p= 11 (mod 12), then
()R G

Remark. Recently Z. H. Sun [Su2| confirmed the first congruences in Con-
jectures 56-62 modulo p, and the first and the second congruences in Conj.
A63(i) and the first congruence in Conj. A63(ii) modulo p. See also Conj.
B12 for his progress on some of the author’s conjectured congruences.

p

0 (mod p?).

>
Il

Recall Apéry numbers are those integers
n 2 2
n n+k
An_;<k) ( ' ) (neN)

which play a central role in Apéry’s proof of the irrationality of ((3) =
S>> 1 1/n®. We also define Apéry polynomials by

Ay (z) = zn: (Z)Y”Z’“):k (n=0,1,2,...).

k=0

Note that A, (1) = A,.
Conjecture A64. (i) ([S11j]) Let p be an odd prime. Then

p—1
Ay,
k=0
_{ 422 — 2p (mod p?) ifp=1,3 (mod 8) and p = 2% + 2y* (z,y € Z),
~ | 0 (mod p?) if p=5,7 (mod 8);
and
p—1
> (—1)k4,
k=0
_{ 422 —2p (mod p?) if p=1 (mod 3) and p = 2? + 3y? (z,y € 7Z),
~ | 0 (mod p?) if p=2 (mod 3).

(ii) ([S11j]) Let p > 3 be a prime. If p=1 (mod 3), then

Z(—l)kAk = 1k6k (mod p?).
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If p=1,3 (mod 8), then

p—1 p—1 ( 4k )
_ k.k.kk 3
A = E SEGF (mod p°)
k=0 k=0

(iii) ([S11j]) Let p > 3 be a prime. If x belongs to the set

{1,-4,9, —48,81, —324, 2401, 9801, —25920, — 777924, 96059601}
3L 9 st 300
256" 167327 256

and x # 0 (mod p), then we must have

p—1 p—1 (2k\3
> (=D)FAk(z) = (1’“61 2*  (mod p?)

and that

p—1 p—l
A _ k:k:k:k: d
> 4= (5 )Z LALE (mod p)

for any p-adic integer z # 0 (mod p). Thus the two congruences in
Conj. A64(i) hold modulo p and also i;é(—l)kAk =0 (mod p?) if p =
2 (mod 3). For those z = —4,9, —48, 81, —324, 2401, 9801, —25920, —777924,
96059601, 81/256, the author had conjectures on Zi; (kkkk)/(256a:)

mod p? (see A3, A13- 19 A21 A24, A25, A28). Motivated by this, Z. H.
Sun [Sul] guessed Y 7_ (k Kok, k)/(256:z:) mod p? for x = —-%, 31 3969,

167327 256
Conjecture A65. (i) ([S11j]) For any prime p > 3 we have

p—1

7
Z(2k + 1Ay =p— §p2Hp_1 (mod p°),
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and
- 3 k _ Db (Db 3
k§:0:(2k+ D} 1)* A = -2 (g) (mod p?).

, (ii) (Discovered on Oct. 2, 2011) Let p > 5 be a prime. If ({) = —1,
then

p—1 p—1
> Apu(7,1) = ) Apwg(7,1) = 0 (mod p?),
k=0 k=0
p—1
_ b p
];)kAkuk(Z H=o (25 (g) + 27) (mod p?),
p—1
_ b p
kZ_OkAkvk(Z 1) = -3 <5 <§> + 3) (mod p?).

If p=1,4 (mod 15) and p = 2% + 15y? (z,y € Z), then

p—1
Z Akuk(7, 1) =0 (mOd p3)7
k=0

3p — 42?2

2
T (mod p?),

p—1
> kAu(7,1) =
k=0

p—1
ZAkvk(7, 1) = 822 — 2p (mod p?),
k=0

p—1
Z(2k + 1) Apvr(7,1) = 2p (mod p?).
k=0
If p=2,8 (mod 15) and p = 322 + 5y? (x,y € Z), then

p—1

Z Apug(7,1) = 2p — 1222 (mod p?),
k=0

1

(45k + 19) Apuy(7,1) = 26p (mod p?),

p

ol
o

|
i

p

(]

Apvp(7,1) = 8422 — 14p (mod p?),
0

kS
-
=l

(Tk + 3) Apvp(7,1) = —28p (mod p?).

>
Il
=
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(iii) (Discovered on Oct. 2, 2011) Let p > 5 be a prime. If p
3 (mod 4), then

p—1 p—1
> (—1)FAgur(14,1) = Y " (—1)F Ao (14,1) = 0 (mod p?),
k=0 k=0
-1
_ P p
];)(_1)kkf4kuk(14, D= (15 (5) +16) (mod p?),

p—1

S (—1)F kA (14,1) = p (5 (g) + 4) (mod p?).

If p=1 (mod 12) and p = 2® + 9y? (x,y € Z), then

p—1
Z(—l)kAkuk(lél, 1) =0 (mod p*),
k=0
., 3p — 42?2
(—1)*kApug(14,1) = — 8 (mod p?),

o
S
(=)
_

(]

(—1)F Apvp(14,1) = 822 — 4p (mod p?),
0

b~
|
|

(—1)F(2k + 1) Apvi(14,1) = 2p (mod p?).

>
Il
=

If p=>5 (mod 12) and p = z? + y? (v,y € Z), then

p—1
x
Z(—l)kAkuk(lél, 1) = —day <?y) (mod p?),
k=0
p—1
> (=1)F(48k + 17) Aguy (14, 1) = 31p (mod p?),
k=0
p—1 -
Z(—l)kAkvk(M, 1) = 56zy <?y) (mod p?),
k=0
1

b}
|

(—1)k(14k + 5) Apvr(14,1) = —126p (mod p?).
=0

=

Remark. The author [S11j] proved that n | 22;1(214 + 1)Ak(z) for all
n e Zt and x € Z and that 070 (2k + 1)A, = p + tp*B,_3 (mod p°)
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for any prime p > 3. Motivated by the author’s work in [S11j], Guo
and Zeng [GZ1] proved that n3 | >0 0(2k + 1)3A4; for all n € Z* and
S0 (2k +1)3 A, = p? (mod pP) for any prime p > 3.

Those integers
" /n\ (n+Ek "L In+k\ [2k
p=2 () -5 () () e

are called central Delannoy numbers; they arise naturally in many enu-
meration problems in combinatorics.

Conjecture A66 ([Sllf]). Let p > 3 be a prime. Then

kS
|

D
- = —qp(2) + pgp(2)* (mod p?).
k=1
Also,
p—1 k
4 34+ (-1
ZD Sp = —2pH(,_1)/2 + 3P °Bp_3 = —QPZ # (mod p*)
n=1 k=1
and
(p—1)/2

_ [ 42® (mod p) ifp=1(mod4) &p=2"+y* (2f2),
Z DS { 0 (mod p) if p=3 (mod 4),

=3 (") =S e () ()

k=0
1s the nth Schroder number.

where

Remark. For any prime p > 3, the author ([S11f], [S11j]) proved that

—1 D —1
S = (2H) < mod ), 3 75 =2 (1) Byea (mod ),
k=0 p k=1 p
and that
p—1 p—1 o
D D
?k = —qp(2) (mod p), k_Qk = —2qp(2)2 (mod p).
k=1 k=1

Just like A,,(z) = >"7_, (2)2(”:k)2xk we define

a5 ()01

Actually D,,((x —1)/2) coincides with the Legendre polynomial P, (x) of
degree n.
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Conjecture A67 ([S11j]). (i) For any n € Z the numbers

— 1
} : 2k 4+ 1)(—1)* A4, <4)
and

Z (2k +1)(=1)k Dy, (7)

k=

are rational numbers with denominators 2272(") gnd 23(n—1+v2(nh))—v2(n)
respectively. Moreover, the numerators of s(1),s(3), s(5), ... are congruent
to 1 modulo 12 and the numerators of s(2), s(4), s(6), ... are congruent to
7 modulo 12. If p is an odd prime and a € Z™, then

s(p”) = t(p*) =1 (mod p).
Forp=3 and a € Z" we have
5(3%) =4 (mod 3%) and t(3*) = —8 (mod 3°).

(ii) Let p be a prime. For any positive integer n and p-adic integer x,
we have

(£ Y+ D144 () ) > minfoy (1), (42— 1)
k=0
and

v, <% Z_:(Qk +1)(—1)* Dy (:z:)?’) > min{v,(n), v,(4z + 1)},

k=0

Conjecture A68 ([S11k]). If p is an odd prime and x # 0,—1 (mod p)
1s an integer, then

= k 3 _ 4$+1 2
> (2k + (-1 el :p< y )(modp),
and B
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Conjecture A69. Let p > 3 be a prime.
(i) ([S11f]) We have

Di(=3)* =) (~1)*Di(2)°
k=0 k=0

Eerm (-8 ()

B (‘7)(4332 —2p) (mod p?) ifp=1 (mod 3) & p = 22 + 3y? (v,y € Z),
1o (mod p?) if p=2 (mod 3).
Also,

1 p—1 1\3

7 ) Lo (3)

8x2 — 2p (mod p?) if p=>5,11 (mod 24) and p = 222 + 332,

422 — 2p (mod p?) if p=1,7 (mod 24) and p = 2% + 632,
0 (mod p?) if(_?G) =—1.

p—1 p—1 i 5\ 2= 1 1 3
o (2)5rn (3
k=0 k—O
41' —2p (mod p?) ifp=1,4 (mod 15) and p = 2% + 1592,
=¢ 1222 — 2p (mod p?) if p=2,8 (mod 15) and p = 322 + 5y?,
0 (mod p?) if ({5) = —
(ii) (Discovered on Sept. 30, 2011) If (_76) = —1, then

p—1
Z Dy (6,1) Z D}vp(6,1) =0 (mod p?).
k=0
If p=1,7 (mod 24) and p = z? —|—6y (z,y € Z), then
p—1
ZDz’uk(G, 1) =0 (mod p?),
k=0
= 11
ZkDﬁuk((i, 1) = —%12 (mod p?),
k=0
p—1

Z D}vy(6,1) = 8z% — 4p (mod p?),
k=0

"d
)—l

(2k: +1)D}ve(6,1) = —g (mod p?).
k=0
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If p=5,11 (mod 24) and p = 222 + 3y? (z,y € Z), then

p—1
Z D}y (6,1) = 822 — 2p (mod p?),
k=0

—1

Z (128k 4 53) D}y (6,1) = 30p (mod p?),

bS]

[ay

bS]

Divi,(6,1) = 12p — 482 (mod p?),
k=0
p—1
> (144K + 61)Dive(6,1) = —186p (mod p?).
k=0

Remark. It is known that (—1)"D,,(z) = D,,(—z — 1) (see [S11f, Remark
1.2]).
Recall that

T, = [a"|(1+ 2 +2%)" = L:Zj <27;<:> <2kk>

is called a central trinomial coefficient. And those numbers

[n/2]

M, =Y (27;)@ (n=0,1,2,...)

k=0

are called Motzkin numbers. H. Q. Cao and the author [CS| showed that
Tp—1 = (g) 3771 (mod p?) for any prime p > 3.

Conjecture A70 ([S11k]). For any prime p > 3, we have

> ME=(2-6p) (%) (mod p?),

k=0
S s = (5) 4 (1-9(3)) st
S 2 (14 (2)) o)
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Remark. The author [S11k] proved that SP_! T2 = () (mod p) for any
odd prime p.

For b,c € Z and n € N we define

To(b,c) := [z"](2® + bz 4 )" = Lan <2k) <2kk) 2k

k=0

and
[n/2] n
R n—2k k
M, (b, c) := kzzo <2k>0kb .

Conjecture AT71. (i) ([S11k]) Let b and ¢ be integers. For any n € Z*

we have
n—1

> " Ti(b, €)My (b, c)(b* — 4¢)" 7 = 0 (mod n).
k=0

If p is an odd prime not dividing c(b®> — 4c), then

p—1 2 2
T M -4
k( b ) k ) pb ((b C) - 1) (mod p?).

2c
k=0

(ii) ([S11K]) Let p > 3 be a prime. Then

—_

p—

T (3, 3 Mk 3,3) { 2p? (mod p?) if p=1 (mod 3),
k=0 p? —p? —3p (mod p*) if p=2 (mod 3).

Remark. The author [S11k] proved that if p is an odd prime not dividing
c(b? — 4c) then

£ (02— 4c)F
and
T (b, ) Hy, - <b2—4c) b <<b2—4c) 1) (mod p)
—_— Y = — — mo .
e (b—2c)" p 2¢ p P

He also showed that if p is an odd prime not dividing c¢(b*® — 4c?) then

p—1

Tk Mk(b C ) 4b <b2 — 462)

(mod p).
2k

— b 2¢) b+ 2c P
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Conjecture A72 ([S11k]). Let b,c € Z. For any n € Z* we have
n—1
Z(Sck +de+ b)Ty(b, ®)2(b — 2¢)2~17%) =0 (mod n).
k=0

If p is an odd prime not dividing b(b — 2¢), then

;(&k-&-%-ﬁ-b)% = p(b+ 2c) <b _p ¢ ) (mod p?).
=0

Remark. The author [S11k| showed that

—Z 2k +1)T 3”71 7F nf(ngl)(—l)”‘l"“(k+1><2:)

k=0
for all n =1,2,3,... and that if p > 3 is a prime then

2

§<2k+ DT =2 (2) 42 (14 (2)) famod )

He also proved that for any b, ¢ € Z and odd prime p { b — 2¢ we have
p—1 212 2
Tk (b, c?) <—c )
Z o or = (mod p).
prs (b—2c) D
The author (cf. [S]) added the sequence

n—1

—Z (8k+5)T¢ (n=1,2,3,...)
k=0
as A179100 at Sloane’s OEIS.

Conjecture A73 ([S11k]). Let p be an odd prime. We have

2 .
Z T ( 2 2)2 T’Zl (2:2 _ { 0 (mod pz) z.fp =1 (mod 4),
— — 8 0 (mod p?) if p=3 (mod 4).
If p > 3, then
p—1 2 p—l 2
T(4,1 T(4,1 1
Z (4k : = 726’“ ) = (—) (mod p?).
k=0 k=0 p

Remark. The author [S11k] proved that for any prime p > 3 we have

p—lT 2 2
k(67 _3) -1 yY 3
E —  =(—|+—F, 3 (m
k=0 48" (p) 3 p-3 (mod 7).

—

p—

k=0

Ti(2,—-1)2 /-2 T2, -3 /p
T (7) (o %), kz_o o =(5) (mods?)

57
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Conjecture A74 ([S11k]). Let p > 3 be a prime.
(i) We have

|
—

Oz
P/ =0
:”Zl Ti(2,9)3 (3) Ti(2,9)3
- ﬁ: - 71{
£ (=64) p) & 512
) if p=1,7 (mod 24) and p = 2% + 692,

2p 8z2 (mod p?) if p=>5,11 (mod 24) and p = 222 + 332,

0 (mod p?) if(_?G) =—1.

|||
L OM
W‘

422% — 2p (mod p?

-1

7

>kt 2)%;3)3 —p (3 (g) _ 1) (mod p?),

3 —
Z(?)k + 1)% =p (?2) (mod p*).

k=0

[ay

When (_76) =1 we have

p—1
Ty (2
> (72k + 47)M = 42p (mod p?)
(—64)*
k=0
and ,
.-
Tk(27 9)3 _ 3 2
kz_o(mk + 25)517 =12p . (mod p*).
Also,
n—1
D (3k+2)T5(2,3)?8" " = 0 (mod 2n)
k=0
and
n—1
> (3k + 1)T0(2,3)*(—64)" "% = 0 (mod n)
k=0

for every positive integer n.

(ii) We have

2\ 1 T, (18,49)3 %2 T3,(18, 49)3
]; Z ]3k = Z 163k
k=0 k=0

{4x2—2p (mod p?) ifp=1 (mod4) & p=2%+1y? (2tz, 2]|v),
0 (mod p?) if p=3 (mod 4).
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And
-1) Eif T1,(10,49)3 ( ) . T,(10,49)3
Ty _Q)3k Z 3k
( Pl 8 = 12
B 422 — 2p (mod p?) if p=1,3 (mod 8) &p—zc +2y? (z,y € Z),
_{ 0 (mod p?) Zf(T) =—1, i.e., p=5,7 (mod ).
Also,
p—1 3
T13,(10,49)° _p (2 p 2
= T1,(10,49)3  3p P
LA St Mt = 2
Z;w%+—$ =5 (13+15(3>>(Hmdp).
For eachn=1,2,3,... we have
n—1
> (Tk + 4)T5(10,49)*(—8%)""'"%  (mod 4n)
k=0
and
n—1
> (7k+ 3)T5(10,49)%(12%)" =% (mod n)
k=0

Conjecture A75 (Discovered on Oct. 2, 2011). Let p be an odd prime.

(i) When p > 5 we have
T:(38,212)\°
20k

225 - (5

;_A

k=0
(42? —2p (mod p?) if (2)=(5)=(5) =1&p=a?+30y°
1222 — 2p (mod p?) if (§) =1, (%) = (&) = —1 & p=32* + 1042,
=< 2p—8z?% (mod p?) zf(%) =1, (5) = (%) =—-1 & p =227 415y,
2022 — 2p (mod p?) if (§) =1, (2) =(§) = —1 & p= 52" + 67,
| (mod p)da,r (mod p?) if (_730) =-1
Also,
p—1 3 2
T (38,21°) p p 9
Y 28k + 1 ———ﬂiﬁr-::?(1zi—19(§)> (mod p?).

k=0
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(i) When p # 7 we have

R~ (T(110,57)\° _ [ —14\ &= [ Ti(110,572)°
2\ ) Ty (—28)F

((4a® —2p (mod p?) if (32 =(<)§> =(B)=1&p=12"+42y° (z,y € Z),
822 — 2p (mod p?) if () =1, (_72) =E)=-1&p= 222 + 2192 (z,y € 7),
={ 1222 — 2p (mod p?) zf(_?z) =1, (8)=(8)=-1 & p=32*+14y* (z,y € Z),
242? — 2p (mod p?) if (§) =1, (_72) =) =-1&p=062>+Ty* (z,y € Z),
[ pdp.19 (mod p?) zf(_TZ) =-1
Also,
= T3(110,57%)  p —2 )
k_0(684k: + 329)217 =15 (5160 (?) + 1091) (mod p®).

Conjecture AT76 (Discovered on Oct. 4, 2011). Let p > 3 be a prime.
Then

- CHTEB,-3)
T (C108)F

p 3x2—2p (mod p?)  if (Z1) = (£) = (&) =1 & p =2 + 217,
122° — 2p (mod p?) if (51) = (8) = -1, (§) =1 & p =327 + 7y,
={ 222 —2p (mod p?) if(_?l) =8 =-1, (§) =1 & 2p =2+ 21y?,
622 — 2p (mod p?) if(_?l)zl, (5)=(%8)=—1, & 2p= 32"+ Ty~,
[ 0 (mod p?) if (57) =-1

We also have

P () =5 (21 (2) +17) woa)

—_

p—

k=0

Conjecture A77 (Discovered on Oct. 5, 2011). Let p be an odd prime.
(i) We have

1
pz (*F)T2(7,12)
Ak
k=0
422 —2p (mod p?)  ifp=1 (mod 12) & p = 2% + 9y? (z,y € 7Z),
=¢ —day(%) (mod p?) ifp=>5 (mod 12) & p=2? + ¢ (z,y € Z),
0 (mod p?) if p=3 (mod 4).
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If p # 3, then
p—1 (2k)T2(7 12) p—1 gk T22k(3 3>

P Z (mod PO+ >>/2)
k - k
4 £~ 36

k=0
(11) We have

k=0

422 — 2p (mod p?) if p=1,9 (mod 20) & p = 22 + 2592 (z,y € Z),
£)day modp) if p=13,17 (mod 20) & p=12%+4y? 21z, 5|zy — 1),
(mod p?) if p=3 (mod 4).

pr;é 11, then

p—1 2k 2 —1 2k
T )T2(19, —20)
Z () 2k _ k22k (mod p?).
k=0 k=0
Remark. Note that Ty (7,12) = Dy (3) and T%(9,20) = Dy (4) for all k =
0,1,2,....

Conjecture A78 ([S-10]). Let p > 3 be a prime.

(i) We have
p—1 2k 1
Ge) (P33 2
> 12kT’“—(3> ;- (med ),
k=0
(p 1)/2( )
> qer Ter(4,1) =1 (mod p?),
k=0
(p—1)/2
Ci 4//(3 ~1 )
) == ((2) —p (= d
S, =3 ((5) -»(5)) mear
(p—l)/2( )
-1\ 7—-3P
k _ 2
> S Tar(3,4) = <?) —— (mod p?),
k=0
(p 1)/2( ) 3
~k 2 T0(8,9 E(—) mod p?
l;) 16F Qk( ) D ( p)
(ii) We have
(p—1)/2 (Qk) p—1 (Qk)
k _ k

0
:{ (522 — ) (mod p?) ifp=1 (mod3) & p=2®+3y> 3|z —1),
~ L 0 (mod p) if p=2 (mod 3).
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Also,
(p—1)/2 (Qkk) ( )xy/22x (mod p) pr = 1'2 + 3y2 (3 | T — 1)7
Z 4—kT2k:<17_3) = 0 (

Pt mod p) if p=2 (mod 3);

and

(p—l)/2( )
> Tor Ton(4:3)

k=0

(—1)p=1/4=12/6122 (mod p) ifp=1 (mod 12) & p = 2%+ 3y (4 |z — 1),
=¢ (—1)¥/271(Z)2y (mod p) ifp=>5 (mod 12) & p=22+3y* (4 |z — 1),

0 (mod p) if p=3 (mod 4).

Conjecture A79. (i) ([S-12]) Let p > 3 be a prime. Then

p—1 2
2k
—1)k
(-1) (k) Ty
k=0
{43: —2p (mod p?) ifp=1,4 (mod 15) & p = 2% + 152 (x,y € Z),

2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 5y? (z,y € Z),
mod p?) if ({5) = —1, d.e., p=7,11,13,14 (mod 15).

And

pi(mk +44)(=1)* (2:)2Tk = (20 124 (g) (2— 3p—1)> (mod p*).

=0

=

Also, we have

2k
k

2
yn-i=k 105k+44)< ) T, €Z" foralln=1,2,3,....

n k=0

(ii) ([S-10)) If p=1,4 (mod 15) and p = x2 + 15y with x,y € Z, then

PoryaV T8 10v3) = (20 () (o ) oo )

where P, (z) denotes the Legendre polynomial > _, (}; )(”:k)(T)k
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(iii) ([S-10]) Let p > 5 be a prime. If p = 1,4 (mod 15) and p =
22 +15y? (z,y € Z) with x =1 (mod 3), then

27’€ 15

Mi

233) (mod p?),
k=0

3
I

1 2k\ (3k
(k)(k)Lk 5436—% (mod p?)

(]

— 27k
and
p—1 (Qk:) (Sk)
Z(?)k +2) k27kk Ly =42 (mod p?),
k=0
where Fy, F1, Fs, ... are Fibonacci numbers and Lo, L1, Lo, ... are Lucas

numbers. If p = 2,8 (mod 15) and p = 32 + 5y? (x,y € Z) with y =
1 (mod 3), then

p—1 (Qk) (3k) P
k) \k _p
> R = 5, Y (modp?)
k=0
and , )

p— kf (3k) p— k(Qk) (3k) 4
Z 27k e = %Lk =3¥ (mod p?).
k=0 k=0

Remark. Let p > 5 be a prime. By the theory of binary quadratic forms
(cf. [C]), if p = 1,4 (mod 15) then p = 2% + 15y? for some =,y € Z; if
p = 2,8 (mod 15) then p = 522 + 3y? for some z,y € Z. The author could
show that for any prime p > 3 we have

p—l 3k:)
Z 27k F, =0 (mod p?) if p=1 (mod 3),
k=0
and
p—l
kz 27k =0 (mod p?) if p=2 (mod 3).

Conjecture A80. Letp > 3 be a prime.
(i) ([S—IO]) We have

=y Tk 10 (3)"T:(10,1) _ (B)”i (2F) Ty (6, 1) :pi ) Tor(6,1)
— \3 — 256% - 10248
42?2 — 2p modp) zfp—l?(mod24)&p—a: +6y? (z,y € Z),
8x2 — 2p modp) if p=>5,11 (mod 24) & p = 222 + 3y? (2,y € Z),

(mod p?) if (52) = —1, i.e., p=13,17,19,23 (mod 24);
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Also,
1 2
X CH) Tu(10,1) _p 1, (P
;<3k+1) S er - =1 (3(5)+1) (modp?
and
— 2k\ 2 2
> (Bk+1) ( k) Tr(10,1)(—64)""17F =0 (mod 2n< 7;”))
k=0
forallm=2,3,.... If(_?) =1, then
p—1 2k 2T (6,1) 8
;(1616 +5) (k) 252gk = 3P (g) (mod p?)

and

(i) (Discovered on Sept. 29, 2011) If p = 2 + 6y with x = 1 (mod 3),
then

k=0
p—1 (2k\ (3k
(kl())é’f ) vk (4,2) =4z — = (mod p?),
k=0
p—1 2k\ (3k
Z(Bk - 1) (kl())é’f ) vp(4,2) = — 2z (mod p?).

p—1 (zk) (Bkz)
k) \ K 5. P 2
kz_o T08k ug(4,2) =2x (mod p?),
p—1 (Qk:) (Sk) -
k) \ & _Z 2
2 08k kuy(4,2) =3 (mod p?),
«— (GG
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Conjecture 81 ([S-10]). Let p > 7 be a prime.
(i) We have

1(?)(?)f%<&1)

Zi: (D (108, 1) (@) g

512k

b )2 (i
2? —2p (mod p?) if (8) =(£) =1 & 4p = 2” + 3592,
=4 2p—5z? (mod p?) if (§) = (%) = —1 & 4p = 522 + Ty?,
0 (mod p?) if (35) =

And

S+ DO 2 (0)) o),

5—0 512k 9
g(%k ’ 9)% =5 (%) (25+7(2)) (mod p?).

(ii) Suppose that (8) = (5) =1 and write 4p = 2* + 35y* with x,y € Z.
If p=1 (mod 3), then

i
L

(EQ&)m4+W¢TtJ37)E(3>Ch—“%) (mod p?).
0

e
Il

If p=2 (mod 3), then

b}
|

WIH y p
k 2
st (64+27v/5++/—35)* i\/—35(§> <y—-35 ) (mod p?).

e
Il

Conjecture 82 ([S-10]). Let p > 3 be a prime. Then

P71 (%K) Ty (18, 1)
256k

k=0
(42? —2p (mod p?) if (3)=(§) = (§) =1 & p=2"+30y°
1222 — 2p (mod p?) if (§) =1, (%) = (&) =—1 & p =32+ 1047,
=< 2p —8z?% (mod p?) zf(%) =1, (§) = (%) =—-1 & p =227+ 15y,
2p — 62 (mod p?) if (§) =1, (%) = (8) = —1 & 2p = 32 + 10y,
L 0 (mod p?) if (=39) = -1
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And

Z (2F) " To (30, 1)

256k
k=0

a9 (mod p) i (22) = (B) = (B) = 1 & p=a? + 4242,
122% — 2p (mod p?) zf(%) =1, (§) =(5) = -1 & p= 32"+ 1492,
=¢ 2p—8z? (mod p?) if (B) =1, (_72) = (8) = -1 & p =22 +21y?,
2p — 6% (mod p*) i (§) =1, (_72) = (8) = -1 & 2p = 32 4 1492,
[ 0 (mod 7 (2= -1

Conjecture 83 ([S-10]). Letp > 3 be a prime. When p # 13,17, we have

- (215) (Skk) 73,(102,1)
1023k

y sz —2p (mod p?) if (2)=(8) = () =1&p=2a+T78"
2p — 822 (mod p?) zf(%) =1, (§) = (&) = -1 & p=22*+ 39,
={ 122% —2p (mod p?) if (&) =1, (%) = (&) = -1 & p = 3z* + 2632,
2p — 242% (mod p?) if (§) =1, (%) = (&) = -1 & p= 62 + 13y,
[ 0 (mod p?) i (2) = -1

Provided p # 11,17, we have

— (2:) (Skk) T;,(198,1)

Z 1983k

k=0

(4z? —2p (mod p?) if (3)=(§) = ({) =1 & p =27 +102°
2p — 8z% (mod p?) if (&) =1, (%) = (8) = -1 & p =22+ 51y?,
={ 122? —2p (mod p?) if (§) =1, (%) = (&) =—-1 & p=32% + 34y,
2p — 2422 (mod p?) zf(%) =1, (§) =(&)=—-1 & p=62*+ 17y,
[ 0 (mod p?) if (552) = -1
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Conjecture 84 ([S-10]). Let p # 2,5,19 be a prime. We have

”i (2F) Ty (5778, 1)
12162

k=0
(4a? —2p (mod p?)  if (3) =(§) = ({5) =1 & p=2®+190y?,
8z% — 2p (mod p?) zf(%) =1, (§) = (&) =—-1 & p=22% + 95y,
={ 2p — 2022 (mod p?) zf(%) =(8)=-1, (&) =1 & p=5a* + 38y,
2p — 40z% (mod p?) zf(%) = (&) =-1, () =1 & p =102 + 19y?,
[ 0 (mod p?) if (=57%) =-1,
and
n (29) Ty (5778, 1
k 2k:< ) ): £ 2
223(57720kr+24893) oo =p (11548 + 13345 (7)) (mod p?).

Provided p # 17 we have

L (2R T (5778, 1)

12162F (mod p*)

om0

4392802k 5

k=0

>
Il

0

and

= YTy (5778,1)  /p »
;é%(57720kr%3967) e —=p(15) (3983 -16(2))  (mod p?).

Conjecture 85 ([S-10]). Let p > 5 be a prime. Then

* (3 To(322, 1)

B () T (198, 1) <p)p

2242k 7 484k
k=0 k=0
(42? —2p (mod p?) if (3)= (%)= (%) =1&p=2a"+70y°
8z —2p (mod p?) if(§) =1, (2)=(§) =1 & p= 22>+ 35y°
={ 2p—202% (mod p?) if (&) =1, (%) = (&) =—1 & p=5z* + 1437,
2872 — 2p (mod p?) zf(%) =1, (5) = (%) =—-1 & p=Ta? +10y?,
[ 0 (mod p?) if (519 = -1
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Also,

2
(Qkk) Top, (3227 1)
(_21034)k

(1

k=0
(4z% —2p (mod p?) if (1) =(5) =(f) =1 & p =2 + 85¢7,
2p — 22* (mod p?)  if (&) =1, (_71) = (8) = -1 & 2p = x* + 85y?,

= = (&) =—-1 & p= 52"+ 17y?,
10z — 2p (mod p?) if () =1, (_71) = (&) =—-1& 2p =52+ 17y,

(
(
2p — 2022 (mod p?) if(_?l) =1, (¥)
(
(

0 (mod p?) if

\

And

_ 2
L () i (1298, 1)
244k

k=0

(422 —2p (mod p?)  if (

8x2 —2p (mod p?)  if (

2p — 2022 (mod p?) if (
(
(

= ()= (&) =1&p=2>+130y2

—1 & p=22% + 6512,
—1 & p = 5a? + 26y2,
—1 & p = 1022 4 1342,

[y

I
—
s Gl
N—

I

~—

(SRS

~—

I

—_

—~
sl
N —

I

—~

2p — 4022 (mod p?) if
0 (mod p?) if (F139) = 1.

uag w
~—
Il

gl
w N~—
I
—_
—~
N
N~—
I
~~

\

Conjecture A86 (Parts (i)-(ii) and (iii)-(iv) were discovered on August
16 and June 18, 2011 respectively). (i) For any prime p > 3 we have

(30 (M Ty (2702, 1)

Z = 3842k

k=0

(42% —2p (mod p?)  if () =(§) = (ff) =1, p =27 + 33y,
2p— 222 (mod 1) i () =1, (B) = (&) = —1, 2p = ? + 337,
=¢ 1227 — 2p (mod p?) if (&) =1, (_71) = (8) =1, p=3a* + 11y,
2p — 62* (mod p?)  if (§) =1, (_71) = (&) =-1, 2p = 3% + 11y,
| 0 (mod p?) (=)= 1,

and also

p—1
220k + 119 [4k\ (2K PP -1 5
27384% <2k) <k)Tk(270271) =3 (3) (55+183< ;. )) (mod p?).

k=0
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(ii) Let p > 3 be a prime with p # 7. Then
1

2 (*F) T (115598, 1)
( )Z 2688%

(42? —2p (mod p*) i (51) = (§) = (§) =1, p=2 + 5797,
%p— 2% (mod p?) if (5) = 1, (8) = (&) = 1, 2p = a® + 572
={ 122% —2p (mod p?) if (§) =1, (_71) = (&) =-1, p= 32"+ 1997,
2p — 62% (mod p?)  if (&) =1, (_71) = (&) =—1, 2p =3z +197,
L 0 (mod p?) i (=20) = -1,
and also

p—1
260k + 513 [4k\ [2k p (21 —1 )
el M Tr(11 === 1 - dp?).
3 2GR <2k)<k) (115598, 1) 2<p)(96 +65(p)) (mod p?)

k=0

(iii) Let p > 3 be a prime. Then

()3 D)

n=0 k=0

a? = 2p (mod p?) if (§) = ({7) =1 & dp = 2? + 51y (2,y € 2),
=¢ 32? —2p (mod p?) if (§) = (%) =—1& 4p =322+ 17y* (z,y € Z),

0 (mod p?) if (1) = —1,
and also
p—1 n n\ (n+2k\ (2k

2n (W ("2 G) _p p 2

§<17n+9>(n) S = E (3 (f5) ) (mod s

and also
p—1 n
33n+19 (2n n\ [n+2k\ [2k K 9
i g 196" " =1 .
nz_% 400" <n)kz_0<k)< 2% )(k) %0 % (mod p’)

Remark. There are many similar congruences. The quadratic fields Q(1/—33)
and Q(1/—57) have class number four.
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Conjecture A87 ([S-13]). For any positive integer n, we have
3n "L (6K (3Kk\ [(6(n—k)\ [(3(n—k)
8(2n —1 .
e () () G ) G
Conjecture A88 ([S11h]). Let k and [ be positive integers. If (In+ 1) |
(m?;f”) for all sufficiently large positive integers n, then each prime factor

of k divides l. In other words, if k has a prime factor not dividing | then

there are infinitely many positive integers n such that (In + 1)1 (ki‘;l”)

Remark. The author [S11h] noted that if k and [ are positive integers then
(knHm) = 0 (mod (In + 1)/(k, In + 1)) for all n € Z*.

Conjecture A89 ([Sllg]). Forn =20,1,2,... set
6n\ (3n
2(2n+1)(>")
Then, for any prime p > 3 we have

n

108k

(]

1 s { 0 (mod p)  ifp==+1 (mod 12),

k=1 —1 (mod p) if p= 45 (mod 12).

Also, there are positive integers ti,to,ts, ... such that

> 1 = cos( 2 arccos(6v/3x))
Z 2k+1 Z 2% _ 3
k=0 - ' 2 k—lth -

12

for all real x with |z| < 1/(6/3). Moreover, t, = —2 (mod p) for any
prime p.

Remark. The author [S11g] showed that s, € Z for all n = 1,2,3,....
Using Mathematica the author found that

- in(3 arcsin(6v/3
Z szt = sin(z arcsin(6v/3z)) (0 e i)
i 8v/3x 108

and in particular

k
1085 8

Recall that the Fibonacci sequence {F),},>0 and the Lucas sequence
{Ly}n>0 are defined by

F():O, Flzl, and Fn+1:Fn—|—Fn_1 (n:1,2,3,...),
and

LOZQ, Ll == 1, and Ln_|_1 :Ln+Ln_1 (n:1,2,3,)
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Conjecture A90 (Discovered on Oct. 27, 2010). Let p # 2,5 be a prime
and set q := F,_(py/p. Then

R (3 5

2k — (P 2 9 2 2
kaQ 7 = (5) (2 +4ch) (mod p?),
p—1

Loy, 5 15
ka.Q 22k 5_5 _qu (mOdp2>7

(p—3)/2 (%)F
241 o2 (PY (L2 2 2
(1) d
kzzo okt iek Y (5) <2q+8pq (mod p7),

(p—3)/2 (zk) Login

) )
> 2k £ 1)16F (-1t (§Q+ gpq2) (mod p?).
k=0

Remark. The conjecture was motivated by the following new identities
observed by the author on Oct. 27, 2010:

= F2k: > sz _7T2
;’@(2’“) 25f Zz@ 2

o0

Z VP 21 (R)LQk—i—l _ 2w

k ’ k :
Z 2k+1 168~ 5v5 & (2k+1)165 ~ 5

In fact, they can be obtained by putting z = (v/5 & 1)/2 in the identities

. - (215) 21 2L
arcsin 5 = ;) m <—) and Z k2 — 2 arcsin 5

Conjecture A91 ([S-5]). For any n € Z" we have

(mod 25) ifn =0 (mod 5),
(mod 25) ifn=1 (mod b5),
(mod 25) ifn=2,4 (mod 5),
(mod 25) ifn =3 (mod 5).

6

(—1)ln/5l-1 ] (Qk) 4

— Fok11 =

(2n + 1)n2(>") ,;) k 1
9

Also, if a,b € ZT and a > b then the sum

57—1

1 2k
20 Z F2k+1<k)

k=0
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modulo 5° only depends on b.

Remark. In [S-5] the author proved that if p # 2,5 is a prime then

() = 0 1 (2)) i
and

2
ZFZIH—I( k) = (-1l <5> (mod p?).
Recall that the usual g-analogue of n € N is given by

== 3

—4q 0<k<n

which tends to n as ¢ — 1. For any n, k € N with n > k,

[Z} . <Ho<s<kgf5?ﬁ£:]tln_k[tm

is a natural extension of the usual binomial coefficient (Z) A g-analogue
of Fibonacci numbers introduced by I. Schur [Sc| is defined as follows:

FO(Q) =0, FI(Q) =1, and Fn—l—l(Q) = Fn(Q)+qn n—l(Q) (n =1,2,3,.. )

Conjecture A92 ([S-5]). Let a and m be positive integers. Then, in the
ring Z[q], we have the following congruence

—1

5%m

) o%k a
Z q 2k(k+1) { k} F2k+1(Q) =0 (mod [5 ]3)
k= 4

o

Conjecture A93 ([S-5]). For any n € Z" we have

n ol 1 (mod 9) if n=0,2 (mod 9),
27 Z upt1(4,1) ( k) =< 4(mod9) ifn=56(mod9),
n/ k=0 —2 (mod 9) otherwise.

Also, if a,b€ Z* and a > b— 1 then the sum

39-1

2k
32(1 Z uk+1 4 1)<k)
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modulo 3° only depends on b.

Remark. In [S-5] the author proved that if p > 3 is a prime then
p—1
2k\ P —1 9
Zuk(él,l)(k) =2 <(§> — <?>) (mod p*)
k=0
p—1
2k\ _ /p 9
Zuk+1(47 1)<k) = (g) (mod p~).

k=0

and

Conjecture A94 ([S-7, S-8]). For k € N set H(Q) > 0<j<k 1/5%. If
p > 3 is a prime, then

«

k

b~

I

o~ N
~—

2H,_ 76
H® =27l —szp 5 (mod p?),

G gt :
2 3p 135
= (HE? 3 H 479
k k _ p—1 2 3
Se) e o 2 =29 2R d
> 16 2 T aso? Pr-s (mod ),

i
— =

2k\ 77(2)
(3 H 8 H,, 268
k) Tk p—1 2 3
= + B mod
3k 9 p? 12150 7P7° (mod p7),

(]

i
— =

" D

x>

SN—"

=
[\V)
\/

I

H, _ 7
p—l + —p Bp 5 (mod p3).

__3
2 p? 80

Remark. Mathematica 7 yields that

. 2kHIE:Q—)1 7T4 3kngz)1 2t
; kz(zkk) = and Z = 2k =943
Also,
oo (2k) o _ 4kH£2)1 71'4
Z AR H, and Z k2 2k: =

k=1
Conjecture A95 ([Slle]). Let p be an odd prime and let h € Z with
2h —1=0 (mod p). Ifa € Z* and p* > 3, then

ii (hpak_ 1) (2:) (_ g)’“ — 0 (mod p*+).

Also, for any n € ZT we have

(S (7)) (5) ) 2o
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Conjecture A96 ([Slle]). Let m € Z with m =1 (mod 3). Then

" (l nf <” . 1) (4)’«%)) > min{ws(n), vs(m — 1)} — 1

n
k=0

for every n € ZT. Furthermore,
391 2k
1 3% -1 —1
_ Z ( )(_1)k(k) = _m (mod 31/3(771—1))
for each integer a > v3(m — 1). Also,

301
¢ —1 2k
Z (3 i )(—1)k ( k) = —327"1 (mod 3%*) for everya=2,3,....

k=0

Conjecture A97 ([Slla]). For any odd prime p and positive integer n

LB ()

Remark. The author [S11a] proved that an integer p > 1 is a prime if and
only if

|
—

5 (%) <o ot

e
Il

0

He also showed that if n € Z™ is a multiple of a prime p then

:g: (E{:p N 1)];) =0 (mod p).

PECIERCI

Conjecture A98 ([S-3]). Let m > 2 and r be integers. And let p > r be
an odd prime not dividing m.
(i) If m > 2, m # r (mod 2), and p =r (mod m) with r > —m/2, then

p_l T/m m

Z(—l)km( ) ) =0 (mod p?).
k=0

(ii) If p=r (mod 2m) with r > —m, then

p—1 r/m 2n+1
(—1)’“( K ) =0 (mod p?) foralln=1,...,m—1.
k=0



OPEN CONJECTURES ON CONGRUENCES 75

(iii) For any prime p and positive integer n, we have

(5 (Y 5 it

k=0
where
1 ifp=2,
cp =14 3 ifp=3,
5 ifp=5.

Remark. The author [S-3] proved part (ii) in the case n = 1. He [S10j]
also showed that for any prime p > 3 we have

p—1 , p+1
Z ( 1/(Z+ 1)) =0 (mod p°)
k=0

and

p_l /m o 1 m

Z(—l)km (p " ) =0 (mod p*) for any integer m % 0 (mod p).
k=0

He conjectured that there are no composite numbers n satisfying the con-
gruence

() o )

Conjecture A99 (Discovered in 2007). Let p be a prime and let l,n € N
and r € Z. If n or r is not divisible by p then we have

o2, W)

k=r (mod p)

> {%J +Vp(<t(n—l—1l)/(p—1)J))‘

Remark. D. Wan [W] proved that the inequality holds if the last term on
the right-hand side is omitted (see also Sun and Wan [SW]).

Conjecture A100. (i) (raised on Nov. 2, 2009 via a message to Number
Theory List) If n > 1 is an odd integer satisfying the Morley congruence

(<n7§};/2) = (~1)" /247 (mod n?),
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then n must be a prime.
(i) ([S10]) If an odd integer n > 1 satisfies the congruence

then n must be a prime.
(iii) ([S11j]) Set an == > 1_q (Z)QC’k form =0,1,2,.... Any integer
n > 1 satisfying a1 + -+ + a,_1 = 0 (mod n?) must be a prime.

Remark. (a)In 1895 Morley [Mo] showed that (( 1)/2) = (—1)1%141’_1 (mod p?)
for any prime p > 3. The author has verified part (i) of Conj. A100 for
n < 10%

(b) The author [S10] proved that if p is an odd prime then

b
I

( )E )pl)/Q(modp)

>
Il

And he verified part (ii) of Conj. A100 for n < 10* via Mathematica. On
the author’s request, Qing-Hu Hou at Nankai Univ. finished the verifica-
tion for n < 10°.

(c) The author [S11j] proved that > 7_ ak = 0 (mod p?) for any odd
prime p, and he also verified part (iii) of COHJ A100 for n < 70, 000.

PART B. CONJECTURES THAT HAVE BEEN CONFIRMED

Conjecture B1 (raised in an early version of [Slle], and confirmed by
Kasper Andersen). For any positive integer n, the arithmetic mean

n—1 3
1 2k
n = — 21
s ”,;_0( k+8)(k)

18 always an integer divisible by 4(27?).

Remark. The author created the sequence {s,}n>1 at OEIS as A173774
(cf. [S]). On Feb. 11, 2010, Andersen proved the conjecture by noting that
ty = sn/(4(27?)) coincides with

n—1 —|—]€—12
rn;zz(” ; )

k=0
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Conjecture B2 (raised in [S11b], and confirmed by Zhi-Hong Sun [Sul]). Let
p be an odd prime. Then

p—1

(2744 (%) =0 moa

k=0
and )
k(RS (—pernre

k
P 16 4

Ifp=1 (mod 4) and p = 2% +y? with x = 1 (mod 4) and y = 0 (mod 2),
then

(mod p?).

= (—1)P—1/4 (233 — %) (mod p?)

and

=0 (mod p?).

Remark. The author proved those congruences modulo p except the first
one.

Conjecture B3 (raised in 2009, and confirmed by Roberto Tauraso). Let
p be an odd prime. Then

(r—=1)/2 9 (p—1)/2 2
E — 19,2 3 k — 2 3
Z W:Hp —4 (mod p°) and Z Tok = — 10p* (mod p°).
k=0 k=0
Also,
p—1 (4k)c
2k) 'k _ 2
64k =Pp (HlOd p )7
k=0
and
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If p > 3, then
p—1 (Sk)c (p—1)/2 (3k)0
k)~k 2 k)~k _ P (P 2
RZ:O ok =P (mod p~) and RZ:O ok =5 (3) (mod p©).

Remark. The author [S11b] showed that Zz;é C?/16% = —3 (mod p) for
any odd prime p, and his PhD student Yong Zhang proved the first and
the second congruences mod p?. Mathematica yields that

= 27" 81
= — —3V3m.
k:Z_Q (k - 1)k2 (kgkkk) 4

Conjecture B4 (raised in 2009, and confirmed by the author’s PhD stu-
dent Yong Zhang). Let p be an odd prime. Then
(p—1)/2 ( 2k )2
> k1+62 = (-1)P=V/2 _4 4 p?(8 4 E,_3) (mod p?).

k=0
If p > 3, then
(p—1)/2
C,C
Z b ’;H =8 (mod p?)
— 16

S =0 (mod p)
k=0
If p=3 (mod 4), then
p—1
CrCri1
=—-10 d
2 16y (mod p)

Remark. As for the first congruence in Conjecture B5, the author proved
the congruence mod p and then his PhD student Yong Zhang showed the
congruence mod p?. Following the author’s recent method in [S11e], Zhang
confirmed the congruence with the help of the software Sigma.

Conjecture B5 (raised in [S1la], and confirmed by the author’s PhD
student Yong Zhang). Let m € Z with m =1 (mod 3). Then

1 n—1 (Qk)
V3 (E kz_o #) > min{vs(n),vs(m —1) — 1}
for every n € Z*. Furthermore,

39—1 2k

1 —1 B
3 2 G) 2 21 (o gt
=0

for any integer a > vs(m — 1).
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Conjecture B6 (raised in [Slle], and confirmed by Hao Pan and the
author [PS]). Let p be an odd prime and let a € Z*. If p=1 (mod 4) or
a>1, then

Conjecture B7 (raised in [Slle|, and confirmed by the author’s former
student Hui-Qin Cao). If p is a prime with p =11 (mod 12), then

p—1 i 2k 2
Z <§> ((—klzj)k =0 (mod p).

k=0

Conjecture B8 (raised in [S11c|, and confirmed by R. Mestrovié¢ [Me]). For
any prime p > 3, we have

1

3
|
5
N‘wmw
(SN

PBys (mod p?).

e
Il
—_

Remark. Motivated by the identity Y r- ; H? /k* = 177*/360, the author

[S11c] proposed the conjecture and proved that Zﬁ;i H?/k*> =0 (mod p)
for any prime p > 5. Other conjectures in [S11c| were confirmed by the
author and Li-Lu Zhao [S-Z].

Conjecture B9 (raised in [S11d], and confirmed by Hui-Qin Cao and the
author [CS]). Let p > 3 be a prime. Then

S () ()t can

k=0

(g) (3771 — 1) (mod p?).

If p=4£1 (mod 12), then

pi (p; 1) (2:) (1) ur(d,1) = (=17 2uy1 (4,1) (mod p?).

k=0

If p= 41 (mod 8), then

S (51 1) () 55 < 4 o,
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Remark. Note that

The author [S-4] showed that

(p-j%ﬂ ukl(gl;Q) <2:> _ (—1)L(;9—4)/8J (1 - <%)) (tmod p?)

k=0

2k/2 p, if k is even,
2(k=3)/20,  if k is odd.

and
(p—1)/2

> kagf) (2]5:) _ o(_1)le/s (%) (mod p?).

k=0

Recall that the nth Bell number b, denote the number of partitions
of a set of cardinality n. Bell numbers are also given by by = 1 and
b1 =Y peo (Wb (n=1,2,3,...).

Conjecture B10 (discovered on July 17, 2010, and confirmed by the

author and D. Zagier [SZ]). For any positive integer n there is a unique
integer s(n) such that for any prime p not dividing n we have

Z b - = s(n) (mod p).

= (=n)

In particular,

»
—~
[\
SN—
I

1, 5(3) =2, s(4) = —1, s(5) =10, s(6) = —43,
s(7) = 266, s(8) = —1853, s(9) = 14834, s(10) = —133495.

Remark. The author and D. Zagier [SZ] proved that s(n) = (=1)""1D,,_1+
1 for all n = 1,2,3,..., where D,, denotes the derangement number
m! > o(=1)*/k! (the number of fixed-point-free permutations of a set
of cardinality m).

Conjecture B11 (raised in an early version of [S-6], and actually con-
firmed by F. Rodriguez-Villegas [RV1]). Let p be an odd prime and let
m =4 (mod p). Then

yp(i %?) >, ((2n 1) (2:)) for any n € Z*.

k=0
Moreover, if p > 3 then

1 (r*-1)/2 (2k) ( )
k) — “_1)/2
pm E —E = (-1)¥ )/2 (mod p).

k=0
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Conjecture B12 (raised in [S11d], and confirmed by Z. H. Sun [Su2]). Let
p be an odd prime. Then

P (2% |

k:z—;) (—g)’“ (k) =0 (mod p) if p=5 (mod 8),
p—1 2
> ?% (2:) =0 (mod p) if p=7 (mod 8),
k=0

p—1 2

k:o (EQ;)R (2:) =0 (mod p) if p=5,7 (mod 8),
p—1 2
k=0 % (2:) =0 (mod p) ifp=5 (mod 8).

Also,

p—1 2

2
Z u(4,1) 2k) =0 (mod p) ifp=11 (mod 12),

k=0
p—1 2 p—1 2
uk(4,1) (26N " _ w4, 1) (287 _ =
" (k: = <1 L =0 (mod p) if p =5 (mod 12).

Conjecture B13 (raised in [S11e], and confirmed by Z. H. Sun [Su2]). Let
p be an odd prime. Then

= (2:)3 B { 422 — 2p (mod p?) ifd|p—1&p=2*+y? (21 2),
0 (mod p?) if p=3 (mod 4).

Also, when p =1 (mod 4) we have

(p—1)/2 3
4k + 1 [ 2k 5
E S = d .
k=0 G4 <k) 0 (mod )
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Conjecture B14 (raised in [S11b, S11d, Slle, S-8], and confirmed by S.
Mattarei and R. Tauraso [MT]). Let p > 3 be a prime. Then

X ()

L ok ~1 )
> (7) —1—pay(2) + P*E,p_s (mod p*),
k=1

- 2(110(2)2 (mod p),

k(%)
» —=—4,(2)+ 2B, 5 (mod p¥),
P kz(k) 16
p—1 k
3 3 4 5 3
Py e == =qp(3) + p*By_s (mod p?),
k=1 kz(k) 2 9
p—1 k
4 4Qp(2> 2 2
n = — 2¢;(2) + pB,-3 (mod p?),
2% P
k=1 kz( k) p ’
p—1
2k 2
(—2)* (k )H<2> =24(2)” (mod p),
k=1
p—1 F2

2k 5 /p —(2 .
(—1)k<k)H,g2) =3 (5) pp2(°) (mod p) ifp > 5.

Remark. It is known that

. 9k T >0 ok 2 > 3k
2E Ty a2

k=1 k k=1 k k=1

Glaisher (cf. [Ma]) got the formula > 7o | 4% /(k? (2 ) =72/2. Let p > 3
be a prime. During March 6-7, 2010 the author [S11e] showed that

= (—1)P=V/24E,_3 (mod p).
X w0 :

Conjecture B15 (raised in [S1le], and confirmed by J. Guillera [G6]). We
have the identity

00 o k
S e
k=1 k3( k) ( k)
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Conjecture B16 (raised in [S1le], and confirmed by Zhi-Hong Sun [Su4]).
(i) Let p be a prime with p = 1,3 (mod 8). Write p = 2% + 2y* with
x =1 (mod 4). Then

“ (o) () = (—1)L+5)/8) (23; — ﬁ) (mod p?)
—~ 128 2z .

(i) Let p=1 (mod 4) be a prime. Write p = x?+y? withx = 1 (mod 4)

and y =0 (mod 2). Then
- GRED { (—1)t/6)(22 — p/(22)) (mod p?) if p=1 (mod 12),
£ 8648 | (%)(2y — p/(2y)) (mod p?) if p=>5 (mod 12).

Remark. The author [S-9] proved that Zi;é (;“;) (2/:)/128’C = 0 (mod p?)
for any prime p = 5,7 (mod 8), and S-0_ k(%) (2¥) /128" = 0 (mod p?) for

any prime p = 1,3 (mod 8). He also showed that Y7 (5F) (3F) /864" =

0 (mod p?) for any prime p = 3 (mod 4), and Zz;é k(g’;) (3kk)/864k =

0 (mod p?) for any prime p = 1 (mod 4). The author conjectured that

5%—1 . (6k\ (3k
USSR i
gkzd)w:% (mod 125) for alla =1,2,3,....

Conjecture B17 (raised in an early version of [S11j] and confirmed by
Guo and Zeng [GZ2]). For anyn € Z* and x € Z we have

n—1

D (2k+1)(—1)* Ax(x) = 0 (mod n).
k=0

If p is an odd prime, then

S (@2 4 1)(—1)F Ay(a) = p (1 - 43“”) (mod p?).

k=0 p
For any prime p > 3 we have
p—1

3 @2k + 1) (~1)F A =p (g) (mod p?)

>
Il
=

and

Sk 4 1)(-1)FAL(-2) = p— 354, (2) (mod p°).
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Conjecture B18 (raised on April 4, 2010 (see [S-7]) and confirmed by K.
Hessami Pilehrood and T. Hessami Pilehrood [HP2]). (i) For anyn € Z*
we have

n—1 5
L 1 § 2 n—1—k 2k —+
&n ( ) k=0

(ii) Let p > 5 be a prime. Then

n

p—1 5
2k
(205k* + 160k + 32)(—1)F ( L ) = 32p? + 64p®H, 1 (mod p7).
k=0
Remark. The conjecture was motivated by the identity

oo

Z (—1)*(205k% — 160k + 32)
5

k=1 ko (Zkk)

obtained by T. Amdeberhan and D. Zeilberger [AZ]. The author also con-

jectured that

Rl 2%\ ° 896
> (205K + 160k + 32)(—1)" ( . ) = 32p? + Tp"’Bp_g (mod p")
k=0

= —2¢(3)

for any prime p > 3; this is still open.

Conjecture B19. (i) (raised in [S1lle] and confirmed by K. Hessami
Pilehrood and T. Hessami Pilehrood [HP2]) We have

i": (15k — 4)(—27)F i (%)
2 - .2
k=1 kS(Zkk) (Skk) k=1 k
(ii) (raised in [Slle] and confirmed by K. Hessami Pilehrood and T.
Hessami Pilehrood [HP3|) For each prime p > 5 we have

pim:—s p—1_ Hy
k=1 k° (2kk)3 A

Conjecture B20 (raised in [S11j, S11k] and confirmed by Hao Pan
[P]). Let m > 1 and n be positive integers and let x be any integer. Then

12
(15p — 6) + gpQBp_g, (mod p*).

n—1 n—1 n—1
% S @k +1) D)™, % S @k 1) A ()™, % 3@k 1)(—1)F Ay ()™
k=0 k=0 k=0

are all integral.

Remark. Let n > 0 and z be integers. The author [S11j] proved that
LS 2k +1)Dy () € Z and £ 3770 (2k + 1) Ay(z) € Z. Guo and Zeng
[GZ2] confirmed the author’s conjecture that £ Z;é@k-l—l)(—l)kAk(x) €
Z. In [S11j] the author showed that n? | S350 (2k + 1) Dy ()2
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