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ABSTRACT. In this paper we establish some sophisticated congruences in-
volving central binomial coefficients and Fibonacci numbers. For example,
we show that if p # 2,5 is a prime then

S () = 0 (12 (2)) o s
and

S s (P5) = (1) 10750 (P (mod 52
> i () = (D () (mod p?),

We also obtain similar results for some other second-order recurrences and
raise several conjectures.

1. INTRODUCTION

The well-known Fibonacci sequence {F}, },,>0 is defined as follows:
Fo=0, i=land F,, ;1 =F, + F,_1 (n€Z" ={1,2,3,...}).

It plays important roles in many fields of mathematics (see, e.g., [GKP,
pp. 290-301]).
It is known that for any odd prime p we have

F, = (g) (mod p) and F, (z) =0 (mod p),

where (—) is the Jacobi symbol. (See, e.g., [R].)
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For an odd prime p and an integer m # 0 (mod p), the sum > 7 _ (%) JmF
and related sums modulo p or p? have been investigated in [PS] [ST1],
[ST2] and [S09a-S09g].

In this paper we establish some congruences involving central binomial
coefficients and Fibonacci numbers which are of a new type and seem very
curious and sophisticated.

Now we state the main results of this paper.

Theorem 1.1. Let p # 2,5 be a prime. Then

S (%) = 00 (1- (2)) (oo 5

and .
p
ok
ZF%H( ) = (00 () (anod 47),
5
Also,
(p—1)/2
Fop (2k .
> (k) _ (—1) P02+ (1mod p?)
k=0
and
(p—1)/2
Foy1 (2k (p—1 5+ (%)
_ (_\w-D/2+1p/51 2 T (5) 2
> ()= ) (mod 1)

Remark. There is no difficulty to extend Theorem 1.1 to its prime power
version (replacing p in both sides of the congruences in Theorem 1.1 by
p® with a € Z*). We can also prove the following result for any prime
p # 2,5 which can be viewed as a supplement to Theorem 1.1.

0 (mod p) if p=1 (mod 5),
—1

Z < ) _J 1 (modp) ifp=-1(mod5),
— kE+1 —2 (mod p) if p=-2 (mod 5),

—3 (mod p) if p=2 (mod 5);
and

0 (mod p) if p=1 (mod 5),

-1
Z 2k+1 (k: N 1) =< 1 (modp) ifp=-1,-2 (mod 5),
k=0 2 (mod p) if p=2 (mod 5).
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Note that if p is an odd prime and k € {(p—1)/2,...,p—1} then p | (2:)
by Lucas’ congruence (cf. [St, p.44]).

Let A,B € Z and N = {0,1,2,...}. Define the Lucas sequences u,, =
un(A, B) (n € N) and v, = v, (A4, B) (n € N) as follows:
uo =0, uy =1, and upy1 = Auy, — Buy—1 (n=1,2,3,...);
vo =0, v =1, and v,41 = Av, — Bu,—1 (n=1,2,3,...).

The sequence {uy}n>0 is a natural generalization of the Fibonacci se-
quence, and {v,}n>0 is called the companion sequence of {uy}n>0. The
characteristic equation 22 — Az + B = 0 of the sequences {uy}n>0 and
{vn }n>0 has two roots

A+VA A+VA
=—3 and BZT,

where A = A2 — 4B. Tt is well known that for any n € N we have
Auy + vy = 2upt1, (@—Pu, =a™ =" and v, =a" + (",

For convenience, we also define the sequences {u, (x, y) }n>0 and {v, (2, y) }n>0
of polynomials as follows:

UO(xvy) = 07 Ul(l’,y) = ]-7 and un-i—l(x?y) = xun(:ﬁ?y)_yun—l(m?y) (TL € Z+>7

UO(x7y> = 07 Ul(l’,y) = ]-7 and Un-‘rl(xay) = xvn(xvy)_yvn—l(‘x?y) (’I’L € Z+>

Note that F;, = u,(1,—1). Those numbers L,, = v,(1,—1) = 2F, 11 —
F,, are called Lucas numbers. For n € N we also have

w9 =35((437) - (7))

() ()

_{ 57/2F, if 2 | n,
5(n=1/2[,if 2 4 n.

and

w69 =("50) + ((50)
' ((F50) v (7))
e, o™
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Theorem 1.2. Let p # 2,5 be a prime. Then

p—1
kz_o ulg(55k,5) <2kk) _ (_1)Lp/5J ((é_?) B 1) (mod p?)

and .
p—
uk+1(5,5) (2k\ _ \lwss) (o (P 2
;0 5k ) =Y <2<5) 1) (mod p”).
Also,
~1)/2
(pzi/ uk(5,5) 2k :5(§)—1 (mod p2)
16% k) 2
k=0
and

0D/ (5.5) (2k Py _1
Z k1(6k ) <k) = (5)2 (mod pz).

k=0

Define the sequences {5}, }n>0 and {7}, },>0 as follows:
S() = 0, Sl = 1, and Sn_|_1 = 4Sn - Sn—l (n = 1,2,3,...);
To=2, Ty =4, and T,y =47, — T,—1 (n=1,2,3,...).

Note that S,, = u,(4,1) and T;, = v,,(4,1). These two sequences are also
useful; see, e.g., [Sl] and [S02].

Theorem 1.3. Let p > 3 be a prime. Then

()= (0)-))

and .
= 2k P
Zsk—H(k) = (g) (mod p?).
k=0
Also,
(p—1)/2 6 2
Se 2\ () —(2)
25 (1) 5
k=0
and

w2 1 ok 6 2 ,
Z o\ . )= 3= —1(-) (mod p?).
—0 p p
The Pell sequence {P,},>0 and its companion {Q,}n>0 are given by
P, =u,(2,—-1) and @,, = v,(2,1). For n € N we can easily see that

on/2p, if 2| n, /20y, if 2| n,
= {50 e G

and v,(4,2) =
2(n=3)/2Q)  if 2 fn, (4,2) { 2(nt3)/2p - if 9 I n.
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Theorem 1.4. Let p be an odd prime. Then

5420 ()-(3) v

]

and )
p—
urp1(4,2) (28N _(—1 2
T )=\ ) tmed )
k=0
Also,
(p—1)/2 -
pz Uk(47 2) (Qk) — w (1 — (g)) (mod p2)
- =
i 16 k 2 p
and

(zo—zn/2 ”’“1(25«2) (2:) _ o(_1)/s) (%) (mod p?).

k=0

We will present several lemmas in Section 2 and prove Theorems 1.1-1.4
in Section 3. The last section contains several open conjectures.

A key point in our proofs is the use of Chebyshev polynomials. Recall
that the Chebyshev polynomials of the second kind are given by

sin(n + 1)6

U,(cosf) = g

(n=0,1,2,...).

2. SOME LEMMAS

Lemma 2.1. Let p be any prime and let o be an algebraic integer. Then

p—1
Z (Qk) e 2up(a, @) —up(a —2,1) (mod p2>'

k
k=0

Proof. In view of [ST2, Theorem 2.1],

p—1 p—1

2k . 2p
E (k)ap 1=k — E (k)up—k<a_271)'
k=0 k=0

For k € {1,...,p— 1}, we clearly have

(NI

=2 (mod p)

?r"d ?T‘».d
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2p\ _ (P 2
<k)‘ (k) (mod p7)

< )ap—l—’“ + up(a—2,1)

and hence

since p | (}). Therefore

—

p—

"G??‘
>—‘O

2p
= <k)up rla—2,1) 4+ 2up(a—2,1)
k

j=0
Now it remains to show that
" (p
Z ( _)uj(oz —2,1) = up(a, ).
i=o \J

Recall that

=
= kf:( >up pla—2,1) :2§p: <§)uj(a—2,1) (mod p?).

g (2, 1) = —— <<x+m>k—<@)k) for all k € N.

2 2

2 —4

So we have

2_ 4 9

=upy(x + 2,2 + 2).

k=0

This concludes the proof. [

Lemma 2.2. For any n € N we have
Upt1(z, 1) = U, (§> .

Proof. 1t is well known that

Ungr (2,9) = ) (n ; k) 2" (—y)"
and

ln/2]
Un(x) = Z (n ; k) (_1)k(2x)n_2k'

k=0
So the desired equality follows. [

2

Ep:@uk@l): — ((“2+m)p_ <x+z-m

))
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Lemma 2.3. Let p be a prime and let o € {(1++/5)/2}. If a = (1 +
V'5)/2, then

— k sin(27/5) “ sin(7/5)

If o = (1 —+/5)/2, then

P21 1ok 2k _ p—1Sin(p7T/5) 2p_zsin(2p7r/5) 2
I i - e e )

k=0

Proof. Set 3 =1—a = —a~!. Then {a,3} = {(1 £+/5)/2}. With the
help of Lemma 2.1,

p—1 p—1
2K ok _ op-o 2k —1\2p—2—2k
( p )a =a l;) p (—a™7)

k=0
p—1
:a2p—2 l;) <2kk) (ﬂQ)p—l—k
=q?P2 (2up(52,52) — up(ﬁ2 -2, 1)) (mod p?).

By Lemma 2.3,

up(B% — 2,1) = up(8 — 1,1) = up(—a, 1) = U,_4 (‘70‘) = U, (%) .

Note also that

(p—1)/2
wi = Y (77 ey

k=0

(p—1)/2
:ﬂp—l Z (p _]lf_ k) (_1)kﬂp—1—2k _ ﬂp—lUp_l <§) )

k=0

Therefore
a2 (2up (57, B%) — uy (8% — 2,1))
=2 HaB)P U,y (g) — a0, 4 (

o, p—1 BY _ opo o
=2« Up—l (2) « Up_1 <2> .

)

| R
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Observe that

1++5 T sin(pm/5)
Up—1 ( ) =Up_1 (COS 3) = Sin(r/5)

and

1-v5) VE—1Y) 21\ _ sin(2pn/5)
Up—l ( 4 ) = Up—l ( 4 ) = Up—l (COS ?) = W
Combining the above we obtain the desired results. [

Lemma 2.4. For n = +3 (mod 10), we have

sin(nw/5)  +1++/5 - sin(2nm/5)  +£1F 5
sin(w/5) 2 sin(2r/5) 2

Proof. 1t suffice to note that

sin(37/5) _ sin(27/5) 9c0sl = 1++5
sin(7/5) sin(7/5) 5 2
and
sin(67/5)  sin(47/5) e 2T 1= V5
sin(27/5)  sin(2n/5) 5 2

We are done. [
Lemma 2.5. Let p # 2,5 be a prime. If p=+1 (mod 10), then

2F,_1 — F,_2 =0 (mod p?) and 2L, 1 — Lop_9 =2 (mod p?).
If p= £3 (mod 10), then

2Fp_2 + F2p—1 =-2 (mod p2) and 2Lp_2 + Lgp_l =4 (mod pz).

Proof. 1t is well known that for any n € N we have
Fy, = F, L, and Ly, = L2 —2(—1)".

(See, e.g., [R].) By [SS] or [ST2], L,_(z) = 2(§) (mod p?). Thus, if
p = %1 (mod 10) (i.e., (£) = 1), then

2F, 1 — Fyy o =F, 1(2—L,_1) =0 (mod p?)
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and
2Lp—1 — Loy =2Lp 1 — (L —2) =2 x2— (2> = 2) =2 (mod p?).
Now assume that p = +3 (mod 10). Then

Fpp1 = F

p—

2y =0 (mod p), Lpy1 =L, (2)=2 (1—9) = —2 (mod p?),

p_(5

and . :
Lp = 1 —+ in_(%) = 1 —|— in+1 (IIlOd p2)

(Cf. [SS] and [ST2].) Thus
Ly o=2L,—Lys1 =2+5F, 11 —(—2) =4+5F,,;; (mod p?)
and

Lop—1 =Lopyo —2Lgp = L2, —2—2(L2 +2)

2
5
=(-2)? -2 - 2( (1 + §Fp+1) + 2) = —4 —10F,;;1 (mod p?).
It follows that

2F, o+ Lap 1 =8+ 10F,41 — 4 — 10F,,1 = 4 (mod p?).

Observe that

) 1
Fp = 2Fp+1 — Lp = 2Fp_|_1 — <1 + 5 p+1) =—-1- §Fp+1 (mod p2>

and hence

F, 9 =2F,—Fy.1 =—2—2F,;; (mod p?).
Note also that

Fop1 =Fopio — 2F5p = Fpp1Lpp1 — 2F, L,

—omsa (1515 (15 250

=—2F,11 +2(1+3F,,1) = 4F,,1 + 2 (mod p?).
Therefore

2F, o+ Fyy 1 = —4—4F, 1 +4F, 1 +2 = —2 (mod p?).

The proof of Lemma 2.5 is now complete. [
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Lemma 2.6. Let p be an odd prime. Suppose that cos@ is an algebraic
p-adic integer. Then

p—1 . .
2k L _ sin(pf/2)  sin(ph)
p—1—k — (p—1)/2 _
kg_()(k)(Q—f—QCOSQ) 2(2cosf + 2) Sn(0/2) g

and
p—1 .
2k L _ cos(pf/2)  sin(pd)
_ p—1—k _ _9\(p—1)/2 _
2 ( I ) (2 —2cosb) 2(2cosf — 2) cos(0)2) g

Proof. Note that if we replace 6 in the first equality by m — 6 we then get
the second equality. So it suffices to prove the first equality.
In view of Lemma 2.1, we have

= 2k 0 0
5 ( k ) (24+2cos )P~ 17F = 24, (4 cos? 5,4COSZ 5) —up(2cosf, 1) (mod p?).
k=0

With the help of Lemma 2.2,

6 6
2u,, (4 cos® 5,4COSZ 5) — up(2cosb, 1)

AN 0
=2 (2 oS 5) Up—1 (cos 5) — Up—_1(cos8)
(p—1)/2 Sin(pf/2)  sin(ph)

=2(2+2cos) sin(0/2) sinf

We are done. [J
Lemma 2.7. Let p be an odd prime. Then

(p—1)/2 (Qk)
Upar(@) = (00723 L) (a2 (mod ),
k=0

Proof. Let n = (p—1)/2. By an observation of the author’s brother Z. H.
Sun, for £ =0,...,n we have

n+k _H0<g<k(p2 (2 - 1)
< 2k )_ 4% (2k)!
Moejar@i—1% (3

4% (2%)! = Cagye (med )
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Thus
Uyt = 3o (77, T e

k=0
N~y gkt (k) £)2(n—k)
> (Lo y)es
S (R
1;) (n—k)
. 2k) 2\ k 2
=(—-1)" #(433 ) (mod p?)
k=0

This concludes the proof. [

Lemma 2.8. Let p be an odd prime and set p* = (—=1)P=D/2p. Suppose
that cos 6 is an algebraic p-adic integer. Then

(p—1)/2 (2) sin((p* £1)0/2)

k k kY — 2
kZ_O W((Q-i—QCosQ) +(2—2cos0)") =2 no (mod p*).
Proof. Let n = (p—1)/2. Since
4 cos? g =24 2cosf,
by Lemma 2.7 we have
(p—1)/2 (Qk) .
_\n K/ k _ sin(pb/2) 2
(—1) RZ:O 6 (24 2cos8)” = Up_1(cosf) = Sn(0/2) (mod p<)
and also
(p—1)/2 (2k)
n k k
(-1) kz_o Tot (2= 2cost)
sin(p(m — 60)/2 cos(pf /2
= p_l(COS(’/T—9>) — (p( )/ ) n (p / ) (mod p2>.

sin((r — 0)/2) = (=1 cos(0/2)
Thus

(p—1)/2 (Qkk) . .
kZ:O i ((242cos0)” £ (2 —2cosh)")
o Sin(pd/2)  cos(ph/2) _ sin(p*0/2) . cos(p*0/2)
sin(6/2) cos(6/2) sin(6/2) cos(6/2)
_sin((p” £1)6/2)
~ (sin#)/2
We are done. U]

=(-1)

(mod p?).
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3. PROOFS OF THEOREMS 1.1-1.4

Proof of Theorem 1.1. (i) Let us first prove the first and the second
congruences in Theorem 1.1. Since Loy + For = 2F5i41 for any k € N, we
only need to show the first congruence and the following one:

pingk (2:) = (—1)»/5! <3 (15—?) - 1) (mod p?).

Set

By Lemma 2.3 we have

p—1 P
2k
Loy —
> (3 e

(%f) (O,/Zk + ﬁ2k>
k=0 k=0

_ogp1 sin(2p7/5) op—2 sin(pr/5)

—1
sin(2r/5) © sin(n/5)
»—15in(pm/5)  pop—2 sin(2pm/5)
T G /5) sin(27/5)

Thus, if p = +1 (mod 10) then

p—1
Z 2k

( k )L2k = +(20P7! = a2 4 2077 — BP72) = £(2L, 1 — Lop-o).
k=0

When p = £3 (mod 10), by Lemma 2.4 and the above we have

p—1
5 (3F) o =200 (8) - 02 2ke) + 207 () — )
k=0
=+ 20f(a? 7 + P72) F (T + 7Y = F2Ly o F Lop-1-

In light of Lemma 2.3, we also have

(2R o N (2K ok g
vy () me= 3 (e -
-1 sin(2pm/5) 22 sin(pm/5)
sin(27/5) sin(m/5)
»—15in(pm/5) p—25in(2pm/5)
G T R
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Thus, if p = +1 (mod 10) then
- 2k
v5y. ( ! )sz =+ (20771 — P72 2l 4 5202
k=0

=+ V5(2F, 1 — Fap_»).
When p = £3 (mod 10), by Lemma 2.4 and the above we have

p—1
Ve, (2:) Fo =207~ (£0) — a®%(+a) — 267~ (a) + 5 2(£0)
k=0

=+20p(a"F = g7F) F (a7 = )
=F V5(2F)_g + Fyp1).
In view of the above and Lemma 2.5, we have proved the first and the
second congruences in Theorem 1.1.
(ii) Recall that

o V5 -1 7 V541
cos — = and cos — = .

5 4 5 4
Applying Lemma 2.7 we get

R o N * o1\  sin(2pr/5
(=02 (1213 ( 2 ) - (COS?) - sirl((2pw//5)) (mod p7)

and B
I (1B 2\ _ sin(pm/5) 2
(1) kz_olék< 3 ) =0 () = ST (ot s

Combining this with Lemma 2.4 we can easily deduce the third and the
fourth congruences in Theorem 1.1. (Note that 2F5; 1 = Fb + Loy for
k e N.)

So far we have completed the proof of Theorem 1.1.

Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1. Observe
that

5+v5 37 3t 5—+5
deos? & =24+ 2cos L = deos? 2L — 94 2c0s 28 = .
COS 10 + COS 5 2 and COS 10 + COS 5 2

So we may employ the results on F,41)/2 and L,+1)/2 modulo p? in [SS]
to get the four congruences with helps of Lemmas 2.6 and 2.8. [

Proof of Theorem 1.3. To get the desired congruences we may apply Lem-
mas 2.6 and 2.8 with § = 7/6 and use the results on S(,41)/2 and T(p11)/2
modulo p? in [S02]. O

Proof of Theorem 1.4. Apply Lemmas 2.6 and 2.8 with § = 7/4 and use a
result in [Su]. O
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4. SOME OPEN CONJECTURES

In this section we formulate several open conjectures.

Conjecture 4.1. For any n € Z* we have

6 (mod 25) ifn =0 (mod 5),

(=1)ln/sl-1 g (Qk) _ ) 4 (mod 25) ifn =1 (mod5),
@n+ 1n2(3) & "\ k) T ) 1 (mod 25) if n=2,4 (mod 5),

9 (mod 25) ifn =3 (mod 5).

Also, if a,b € ZT and a > b then the sum
571
1 2k
20 > P ( f )
k=0
modulo 5° only depends on b.
Recall that the usual g-analogue of n € N is given by

[n]q = L= qq Z q

0<k<n

which tends to n as ¢ — 1. For any n, k € N with n > k,

i - <Ho<s<kgf5?ﬁ£:]tln_k[ﬂq)

is a natural extension of the usual binomial coefficient (Z) A g-analogue
of Fibonacci numbers introduced by I. Schur [Sc| is defined as follows:

Fo(q) =0, Fi(q) = 1l,and F,41(q) = Fr(¢) + ¢"F—1(q) (n =1,2,3,...).

Conjecture 4.2. Let a and m be positive integers. Then we have the
following congruence in the ring Z[q|:

5m—1

. 2% )
Z q 2k(k+1)[k} Fort1(q) =0 (mod [5%]7).
k=0 q

Conjecture 4.3. For any n € Z™ we have
1 1 (mod9) ifn=0,2 (mod9),
(—1)nt 2k\ v
2(n+—1>(2n) Z Sk—‘,—l 2 = 4 (mod 9) an = 5, 6 (mod 9),
" n/ k=0 —2 (mod 9) otherwise.

Also, if a,b€ Z* and a > b — 1 then the sum
391

1 2k
32a Z Sk+1 < k)

modulo 3° only depends on b.
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Conjecture 4.4. Let p > 3 be a prime. Then

S (1) (BN o= (2) ) oo

k=0

Remark. The congruence mod p? follows from [SO9b].

Conjecture 4.5. Let p be a prime with p = £1 (mod 12). Then

(p . 1) (2:) (—1)*S), = (—1)®=V/25 _; (mod p*).

1

p

>
Il

0

Remark. The author can prove the congruence mod p?.

Conjecture 4.6. Let p be a prime with p = £+1 (mod 8). Then

= (p; 1) (%) e (4,) W 2) _ 1072, (4,2) (mod pP).

k=0

Remark. The author has proved the congruence mod p?.
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