Contributed by

W. S. Brown and A.
Bell Telephone Laboratories

ALTRAN

D. Hall

Murray Hill, N. J.

1. Introduction esnd Surmary

J. A. Cempbell {1) has proposed the corputation of his Y, poly-
nomials es a challenging problem for symbolic algebra systems. These
polynomials arc definecd by a recurrence formula involving summations over
two and four indices, and a special differentiation rule. Since the num-
ber of terms in Y?n grows almost exponcntlally, large emounts of time and

memory ere required for large values of n.

In this paper we present an ALTRAN [2,3) program which solves
this problem, Using the ALTRAN system installed on a Honeywell 6070 at
Bell Laboratories, we have computed these polynomiels through n=8 in 25
seconds, through n=10 in 47 scconds, through n=12 in 126 seconds, and
through n=16 in 980 seconds. By extrapolation, we estimate that the com-
puting time throuch n=1_3 would be about an hour, and we know {see delow)
that 4t would require ncarly all the mcmory on our machine,

sing the TRIGHAN system on a CDC 6600, Cempbell calculated the
an polynomials through n=8 in 11 seconds, and through n=10 in 31 seconds.
Since the 6600 is more than twice as fast es the 6070, and since the ratio
of our compuiing time to Campbell's decrcases as n increases, 1t scems fair
to say that our ALTRAN program runs faster as well as farther.

An for memory requirements, the ALTRAN systcm together with our
program and a workspace of 5K words (K=1004) occupied a total of U3K words
for the case n=10., An additional 11K worda of workspace were required for'
the cese n=12, For n=16, we used 162K words of workspace, bul we now know
that 73K words would have becn sufficicnt. For n=18, an exact calculstion
shows that 193K words of workspace would be required, §0 the program would
use 231K of ihe total 256K vords of memory.

. The TRIGMAN system together with Campbell's program and workspace
occupied approximately 29K words fer n=8, and rcquired an additional 10K
words for the ‘case n=10. Since the word size on the 6600 is 60 bits as
compared to 3% bits on the 6070, it appears that the two systems arc about
the sanc slze, vhile ALTRAN uses substantlally less workspace.

Since ALTRAN iz currcntly in use on a variely of computers, we
should be very prateful to receive data on the performance of our program
at othor incstallations.

2, Forsulation of the Problom

The polynonials Y?.n(‘O"""zn-E) for n > 0, which arise in the
rolution of a certsin second order lincnr differentinl equation, are
defined in [1] by the recurrence
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where an asterisk indicates that at least two of the summation indices
must be positive (so that none 18 equal to k), while a prime dcnotes
"daifferentiation" according to the "chain rule"
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Cumpbell remarks that this rule can causc difficulties, presumaebly becausc
Applying (1) and (2) for
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cach application introduces a new indeterminate.
k=1 to 3, we find
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3. The Main Procecdure

Let n denote the desired order of computation, Although®this is
fritialized in its declaration, it could just as essily be an input para-
meter. We declare onc-dimensional algebraic arrays z, zl, and z2 for the
Zk, Z;, and z;, respectively, and then compute the Zk according to (5) for
k=0, ...,n. Differentirtion eccording to {2) 15 implemented by the function
chdiff, while the summations in (5) are ijmplemented by the functions sigl,
sig?, sig3, and sigh.

Since we arc interested in optimal performance and in large valucse
of n, we use the array-valued invotation maxexp(n) in the layout instead of
the scalar n. This permits us to minimize the space that is allocated for
cxponents in each polynomial terwm.

The functions maxexp, chdiff, sigl, sig2, sig3, and sigh are dis-
cussed in Sections 4-9, respectively. In invocations of thess subproccdures
4t 1s an optional matter of style and efficiency to surround an actusl argu-
ment with parenthescs if it is not to be changed and if 1t wopld otherwise
be eligidle to be changed, Now here is the main procedure:

procedure maln
# dcclarations
intcger k, n=10
long algebraic ( e{0:2%n-2) :
integer array altran maxexp
long algebraic sltran chaiff, sigl, sig2, sig3, sigh
rcal delta, t
# initialization
£(0) = 1/7
# main loop
dok=l, n
#computation of z{k)
21(k-1) = chaiffr( (z(k-1)), e, 2%k-3 )
22(k-1) = chadirr( (z1(k-1)), e, 2%k-2 )
z(k) = sigl{(z},{k}) + s1g2({z),(k}) +

maxcxp((n)) ) array(0:n) gz, =i, =2

. s1g3((2).(22), (0}, k-1) + s1gh{(z),(22),k-1)
floutput and timing
write z(k)
delta = time(t); write delts, ¢
doend
# termination

end

4. Maximum Exponents

1t is easy to ehow by induction that Z_ 1s "homogenecus” in the
sensc that cach of its terms satisfics the rolnuon
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where bi 18 the exponent of €. It follows immediately that
2n
3z, < [25] ®)

where 3; denotes the degree in ¢,, and the brackets denote the integer
part. The function maxexp ie based on this inequality:

procedure maxexp(n)
§# declarations
value n
integer n, 4, o
array(0:2*n-2} a
#§ r111 in the array
do i = 0, 2%n-2
a(1) = iquo{2*n, 1+42)
doend
# if you want to eee the results
write a
4 temination
return(a)
cnd



5. Differentiation

The function chdiff accepts a polynomial f, an indeterminate we see that (9) implies
array e, and an integer m, and returns the derivative g=f’ computed by . 0gag (x/4)
the chain rule (2). Since £ depends (at most) on e(0) through e(m-1), 1t LagB< i(x-a)/3)
follows that the derivetive will depend (at most) on e(0) through e(m). sax(f,1) < 7 < [(k-0-B)/2]
If m { 0, £ wust bo indcpendent of e, and therefore its derivative is gero. & = k-a-f-y {11)
Since f 18 a polynomial, the required partial dcrivatives can be Conversely, it is easy to prove that (11) implies (9). Since (11) is in
obtuined more efficiently with diffpo than with diff. However, since the appropriate form for a straightforward ncoted 3-index summation, we
diffpo rbqgirus that its argument be in unfactored form, we wmust expand are now ready to proceed to thc function:
f bufore entering the main loop. procecure sig2(z,k)
procedur : chdAff(f,e,m) # dcclarations
# declarations value ¥, k
# ¢iffpo must be renamed in version 1.8 only long algcbraje z, =0

array %

integer k, a, b, ¢, 4, w, 1ts

statie array(0:3) w = (1, .null,, 12, 24)
# computation

value £, e, m
integer o, 4
long algebraic f, g=0
long algebraic arrsy e
long algcbraic altran diffpo = 89dfpo do a = 0, iquo((k),4)

# expand f for diffpo do b = g, 'iquo(k-a,3)
£ = expand((f)) do ¢ = imnx((®),1), iquo(k-a-b,2}

# chain rule 4 = k-a-b-¢
doi<0,m~-1 #eount the less-thunts
€ = g + d1rfpo((r), (e(1)))*e(1N) s =0 _
doend 1f(a < b) Us = 1
# termination 1f(b <€) 2ts = 2ts + 1
return(g) if{e < d) 1ts = 1ts + 1
end #eet w(1)

1f(b ¢ ¢) w(1)=C; else w(1l)=h
#now add the term to s
6 =8 + B*w(1ts)ru(a)*z(b)*z(c)*2(d)

6. The First Summation
The function sigl accepts a polyhouial arrsy z end an integer k,
and rcturns the ncgative of the first summation on -the right side of (5).

Since the eummand 1s symmetric in @ and B, We can eliminate the region doe::end
a > § by simply doubling each term in the reglon @ < B. Hence we sum over doend
the region a ¢ B after multiplying each term by & weight w, which is 1 if 7 teminafion
a=p und 2 otherwise. Since a+fizk, the incquality a < B 1s equivalent to

return(s)

a ¢ [k/?). Furthermore, the requircment that both indices be positive is
equivalent to @ > 1, Now here is the function:

end

8. The Third Suumniion

The function sig3 accepis the polynowmlial arrays z and 21, an
indeterminate c0=:0, and an intcger k1l = k-1, and returns the third
value z, k summation on the right side of (5). As in s1gl, we introduce a weight

integer k, a, B, W w, &and sum only over the region a ¢ p. Now here is thc funciion:
long algebraic z, s=0

array z
# computation
do a = 1, iquo{(k),2)
bek~a
if (a==b) w=1; elsa wo2
s =6 ~ wiz(a)*z(b)

procedure .licl( 2,k)
# declurations

procedure s1g3(z,z1,e0,kl)
# declarations .
value z, zl, e0, k1l
jnteger k1, a, b, w
long algebralc z, 21, €0, s=0
" arruy z, 2l ’ .
# computation

doend do a=0, iquo((kl),2)
# teruination b = Kl-a !

:::urn(s) if(a==b) w=., clse w=2

B = 8 + U*wreOrz(a)*z(b) + 3*wrzl{a)*zl(b)
7. The Sccond Summation doend
The function sig? accepts a po!.ynianill. array z and an integer k, # termination Ed' NOte: Section 10 and

and retums b times the second summation on the right side of (5). Since return(s) Figure 1 on ALTRAN
the sumnand 1s symmetric in the cummation indices, we can confine oursclves end

to the rcgion a < B < 7 ¢ 8 by introducing appropriste weight factors. Hhy outPUt have been omitted.

nov'inc the 4 inside the sum, ‘wc mﬁltlply it by an integer (the weight fac-
tor) rather than a polynomial (the sum), and furthermore we cancel the
denominator of zo instantly whenever it arises.

Consider a term with a ¢ 8\ 7y < 6. Such a term 1s the only repre-
sentative in the rcglon of o eet of 24 equal terms corresponding tu the 24

9. The Fourth Sumnation

The funciion sigh accepts the polynomial arrays % and z2 and an
integer k1 = k-1, und returns the negative of twice.the fourth suumation
en the right side of (5). Since this cummand s not symmetric, we must
sum over ¢ all the way from O through kl. Now here 1s the function:

permutations of the indices. Similarly, a term with @ = A < 7 < b 1s the procedure sigh(z,22,k1) 1000
only representative in the regfon of a set of 12 equal terms corresponding # declarations 400- T« CUMUL ATIVE TIME
to the 12 ways of selecting a pair and 2 singles from the set of 4 indices. value z, 22, k1 agol- ELTATINGREMENTAL Tiue
For a terw with a = B = y < B, the weight 1n 4, since only one index is dise tnteger k1, o E too =
tinguizhed. However 1f @ = B ¢ y = b, the welght 1s 6, since there arc 6 long olgebraic z, z2, 8=0 :,; ‘o ¥
ways of choosing a pair. Finally, if @ « 8 = y « b, the welght 35 1, since array 2, 22 - fz:
at wmost onc such term occurs in the original unconstrained region. # computation ?. o oera
Having chosen the welghts in this manner, our region of suumation do a = 0, k1 ; 2
1s defined by 8 =8 - 2'2(5)':.2(10.-&) 8
G41Btytbea docrnd ::::
0Sa<Pgres # termination o P S T L
1¢7 . (9 return(s) * rouns s comvorng e ve e
end "

where the last relation 1a equivalent to the requircment that at least two

of the eummation indicee must be positive. Now, since 11. Program Behavior
ha Sa+A+7+Bak Essentially, two distinct runs of our program were made. The

BLCP+y+bukea firet run, with n initialized to 10 in the main procedure, wae designed
27 7+ b=keap (10) to produce the chortest execution time for the cases up to n=10. The
sccond run, with n initialized to 16, was an attempt to carry the compu-



tutior as far as possible.

Por the first 10 cases, the second run took 12% longer than the
first., 7%This is duec to the fact that computing the Zn to n=16 on the
Koneywall 6070 requirec two words of exponents for cach polynomial term,
while only one word per term is needed to compute the zn to n=10.

In Fig. 2, the observed computing times from our second run
ore plotted against n. The abrupt change in slope at n=10 is due to the
fect that the largest coefficient in zn for any n > 10 cannot be stored
in & single word.

In ¥ig. 3, the number of terms in Zn is shown plotted against
n. For n=16, thcre arc sbout 1500 terms, which on the Honeywell 607¢
require about 6000 words of storage (2 words for each ‘cocfficient, and
2 for cnch txponcnt set).

Inspection of the output for n ¢ 16 reveuls that all possibdle
terms connisu:nt with (7) eccur in z with positive cocfficients. Cleurly,
cach term of zn corresponds to a purtition of 2n into a sum of -integers
not including 1. Using the theory of unrestricted partitions 4, ». 273},
the maximum number of terms in Z, can easily be shown to be

p(2n) - p(2n-1) (12)
where p(k) is the well known function giving the number of distinct parti-
tions of k into a.sum of integers. The asymptotic behavior of p(k) is
(5 p. 825]

L V3 (23)
/3
It follows from this that the number of terms in 'zll i1s ssymptotic to
x e2n/n73 (18)
48n /5

In Pig. 4, the largest coefficient appearing in Zn 18 plotted
against n. It is interesting to note that the growth rate appears to be
faster than exponential,

12. Conclusion

Considering the fuct that ALTRAN 15 written almost entirely in
a higher level language (FORTRAN IV), it is natural to seek recasons for
1ts ocutstanding performance on this problem, ’

Perhaps the most fundamental reason is that we restricted the
domain of data to rational expressions with integer coefricients;” in the
belief that most operations on more general cxpressions can be expressed
in terms of simple operations on rational expressjons. The ease with
which thc speocial differentiation rule (2) was incorporated into our
program lends substantial weight to this point ‘of vicw.

Furthcrmore, restricting the domain of data to rational func~
tions wade it possible to devise an extremely compact data representation
[6], and fast algorithms for cddition, multiplicetion and division, Also
important is the fact that ALTRAN treats all 1nd}:term1nntes in a poly-
noriel in the same way, so that the computing time for operations sueh
as differcniistion and coefficient extrazction does not depend on which
indeterminute 3s distinguished.

As ALTPAN becomes more widely available and used, we will be
eble to make a more accurate asscssment of the validity of our major
design decisions.

Although ALTRAN 15 both proprictary and experimentdl, we can
ma¥Ye copics availlable without charge to universitics under certein con-
ditions. Further information may be obtained by writing to the authors,
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PROCEOURE NALN

INTEGER T, N=3$

REAL DELTA, T

LONG ALGEARAICIETOTZ™N=2) E(NS16,8487,723,1681)) ARRAY (01N}

o 2 22
LONG ALGEBRAIC ALTRAN SIGL, SIG2. SI53, SIGh, CHOLFF
280) = 172
00 X=i,N

ZAMI=1) & CHDLIFF{(Z2(1=1)),E,2°1-0)
2241=1) = CMDIFFItZLI=2}),E,2°2=-2)
TOI) = SIGLECZILCIN) o SIG2ULZI.tI) »
SIGI(LZI, 12178100 2=1) & SIGAIL2I L 128),2-1)
WRITE 24D}

DELTA » TIME(TY
MRITE DELTA, T
OOEND
‘END

PROCEDURE CHDLEF (F4E4N)
VALUE F, €, N
LONG ALGENRRAIC F, Gag
LONG ALGENRALIC ALTRAMN OIFFPO
€ IS AN INDETERMINATE VECTOR,
F DEPENDS ON €10} THROUGH E(N~L).
G WILL DEPEND ON E(0) THIOUGH EIN),
IF N <=, CHOIFF RETURNS 0,
LONG A GERRAIC ARRAY E
INTEGER ¥,
EXPAND F FOR JUFFPO
F = EXPANOI(F))
CHAIN RULE
00 1=0, Nt
€ % G o OIFFPOLIFS,(E(TIDISE(Te)
DOEND

"FINISHED

RETURN(G)
£END

PROCEOURE SIGLIZHN)
VALUE Zy N

LONG ALGEARATIC ARRAY T
INTEGER Ny Ay By

LONG ALGEGRAIC S=¢

DO A=1, TQUOLIN,2}
B » NeA

L]
IF(Bsma)wsll ELSE Nel
S =3 e utZia)eL(O)
DOEND
RETURNR(S)
ENOD

PROCEDURE SIG2(Z,N}

VALUE Z, N

LONG ALGEBRAIC ARRAY Z

INTEGER X, 4, B, Cv D, LTS

STATIC INTEGER ARRAY(033) W w (2, <NULLay 329 28}
LONG ALGEBRAIC S=¢

DO A=Q, IQUOCINI,&)
00 834, INQUOIN-A,3)
L xnuuahn. TQUO(N=4A=8,2)
® N=A=3=C
[ COUNT THE LESS-THAN'S
LIS = ¢
IF (a<B) LTS = ¢
IF (B«C) LTS = LTS ¢ §
IF (C<D) LTS = LTS ¢ &
# SET w1}
IF (0<C) MitIwp? &SE Hig) = &
# NOW ACO YHE TERM TO0 S
$ =5 ¢ oHILTSICTIA)PTLRI *ZICI*TLIO0Y
O0END
DOEND
BOEND
RETURN(S)
[{]]

PRCCEDURE SIGIUZ, Ity EGy N
VALUE 2, 21, EO, N

LONG ALGEBRAIC ARRAY 7, 21
INTEGER N, A, B, W

LONG ALGEBRAIC EQy Seo

00 Asg, IQUOLINY, )
8 = N=A

IF {(B==A) Wei3 ELSE Wed

S ® S o UCHTEOCTIAITTIBY @ uCIeZA(AICTII(N)D
DOEND
RETURNIS)
END

PROCEDURE SIG& (ZoI24M)
VALUE 2, 22, N
INTEGER Ny A, B
LONG ALGEBRAIC ARRAY 2, I2
LONG ALGEQRAIC S=0
00 Aedy N
SeNea
S s § = 202(M°22(0)
0END

RETURN (S)
€ND



Output

¢ 211
ftn

& DELTA
5.9A25€-1

%, 0825F=1
o 1(2)

ELOI®*2 ¢ FI?)
® DELTA

A.768E-1

1.38075
2
29E0019%3 ¢ 6PF(0ISEI2) ¢ SOE(1)992 ¢ E(N)
s DELTA
1.60073%
R
2.9904m%
" 200
SeE (1104 o TEELOI**2%E(2) ¢ SOCELOISECLI™2 ¢ LOSE(OITEIN) o

2ZRCEML1IF (Y)Y ¢ 19%E(2)°%2 » E(6)

0 0 e
* 219

1630°F(0)°®9 ¢ S14A0TE(QI* 7 E(2) + JOO3I0D0CE(QI®TH E(1)992 ¢
607R0CF{0)**H E(h) ¢ 100900ACE (DI®PSYEILICEI3) ¢ GALKANSELD)®S5®
E(2)°%2 » 3IG03I6*E(0)*SS2E(R) ¢ SOAASHOSELO)I® W E(L1)**2°%E (2} ¢
694980°F(0) * a2E{112F15) ¢ 1415700CE (0D W E(2)%E(4) + SBB030%EID)*%s*
EC(II®*2 ¢ 12A70FIOI*SM"E(N) + 3160300°EL0) I E(1)°"s ¢
4561800°E10)**3I*E(1)**2%E{4) + 15913060°E10)>*I*ELLICEL2I®ELD)
2516A0E (D) SIS (11 F(7) & 3RQ9JZ0CE{0I®®ICE(2)**Y ¢ 6Q06A0EI()®*3°
E(2I%ELR) ¢ $1956A0CE(DI**ICE(I)PE(S) ¢ TI7AG0SE(0I*SI*E(L)**2 &
PAROCEIDI*OISE(10) ¢ 13166400CE(D)CS22E (1) 3%E(S) & 26912360%E(D) 220
E(LIP®2%E(2)°%2 ¢ 1AASIODCE(O)I2C2%E(1IP2°E(6) ¢ TOR66L0°E(DI**2°E(1)®
E(2ICELS) ¢ 12002640°FE (QI®S2°E(1I%E(3I%E(L) ¢ SOTOOCE{OI* 2 E(L)I%E() o
A1S95A0PE(D)S92°E(21°%2%F(h) ¢+ 102655A0E (DI*P2%E(2)CEI31%%2 »
170A20CE(0IC*2°E(2) *E(N) ¢ 3IASI20®E(0I®"2E(IISE(T) ¢+ 6L26980°E (0) ++2%
EL&)®E(6) & YSAI70SE(0)®*27F(S)*®2 ¢ 390%E(0) **2°E(12) ¢ 149085007E(D)®
FILIS U EL2) & 634T600%E(0ISE(1)®PI*E(5) ¢ 26011T20%E(0)%E(1)®22%¢(2)*
FLe) + 16A74220°FI0ICE(1)1°22%C (31222 + 276300°E(0IE(L)®%2°EI8) ¢
460072240°E(0)CE 1} PE(2)°%2°E {3} # 1689NL0°EIDISE(IISEI2ICELT) ¢+
J403I6A0SE(0ICE(LICECIICEIS) & GP?7ADAMOCE(DICELL) CELNDI®E(S) o
SLODCE(OISE(LI®E(11) ¢ S22951DPE(DIE(2)®%% ¢ 2309580°E(0)E(2) 22"
E(B) + A1R32L0%ECO0ICFIITEIIITE(S) ¢ MOLIL660°E(0)ICE(2)PE(L) 22 o
21780°FLOIPE(2)°E(10) ¢ GL1BLIGODCE(DICEIRI®O2%E(S) ¢ BOOOOCE(D)*E(S)®

E(9) ¢+ 120060%E{0I*E(LI*FI{B) + LAD120°FE(0) E(SIPE(T) »

102330°F (0)SELRI*®2 + JOCE(D)ISE(1h) ¢ B28250%E(1)°°6 + 3IRB2110°E(11%%4¢
El&) ¢ 26F13IAIZCE(LISCI®FLZIE(3) ¢ ASTI20%E(11**3%E(7) +
172A7012°E(11%82%E(21°%3 & 3762064 E(1)722%E{2)%E(6) + 6653600 °EL1)%%29
FUIIPE(S) ¢ GOOTYA7OSE(L1)5%2°F(4)%%2 ¢ 17490°C{1)*%2%E{10) +
QOSSIARCE(LICE(2)*2°F (S) » 274T7IT20CE(LI%E(2)ISELI)*E(G) #
1I0380°F (1IPFI21%E19) ¢ ST7IABACELLICE(3) %53 + 32R0S6°E(1I%E(IICE(A)
SA2IVACELLIPE(LICELTY & TOOBZACE (LI CEISIPE(S) ¢ 2IACE{1ICE(LY) o
h260260%F (21 3%E (k) + L1903634PE12)*C20E(3)*®2 ¢ 22210K E(2)°*2°E(8)
100992RCE(ZICF{IICF (7Y ¢ 1H23ITOOCEC(2ICE(NICE(L) ¢ FWAGLIGCE(2I°E(S)I**2 ¢
T1105F {2)0F 112} ¢ 102213B%EITICP2CE16) + 287HA3G E(IISELNICE(S) »
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* 20101
SAG2CE(NISS10 ¢ 219790%EL0I SACE (2] + 14SAKOD E (0)P27%E(1)°%2 &
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