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i. lntroduct~ on ~nd Suvma~ 
J. A. CAmpbell |I] has proposed the c o m p u t a t i o n .  Of his Y i n  poly- 

nomials as a ehallenEing problem for symbolic alcobra systems. These 

p o l y n o m i a l s  a r c  d c f l n o d  by  a r e c u r r e n c e  f o r m u l a  I n v o l v l n ~  Summat ions  o v e r  

two and four indices, and a spools1 dlffcrent]atlon z~/le. Since the num- 

ber of terms in YPn grows almost exponcntlally, larEe amounts of time and 

memory are required for large values Of n. 
In this paper we present an ALTRAN [2,3] program whlch solves 

thls problem. Using the AI,TRAR system installed on a Hone~rwell 6070 at 
Boll L~boratorles, we have computed these polynomials through n=8 in 25 

seconds, through n=lO in ~7 seconds# through n=12 in 126 seconds, and 

throuch n=16 in 980 seconds. By extrhpolatlon, we estimate that the com- 

puting time throuc, h n=iS would be shoat an h o u r ,  end we know (see below) 

that It would requlrc nearly all the memory on our machine. 

Usln[,. the TRIG;eDdY system on a CDC 6600, Ccmpbell calculated the 

Yin polynomials through n=8 in II second=, and throutz)~ n~lO in 31 seconds. 

Since the 6600 I~ more %hen twlce as fast as the 6070, and since the ratio 

of our coTnpi~%Ing time %o Campbcll~s decreases as n increases, i t  seems fair 

to say that our ALTSAN program runs faster as well as farther. 

An for memory requirements, the ALTRAN system together with our 
procram and a workl;pace o f  5K ~tordF. (K=IO?~) occupied a total Of ~3K words • 
for the case n=lO. An addltlonal IiK words Of workspacc were required for 
the  case n=li, For n=16, we used 162K •words of workspaco, but we now know 
that 731C words  Would have been sufficient. For n=la, ~ exact caleul~,tlon 

shows that ]93 K words of workspacc would be required, so the program would 

use 231K of the total 256K words of memory. 

The TRIG::A~I system tosether with Campbell's program and worKspace 

occupied approximately 29K words far n=8, end required an additional IOK 

word~ for the case n=lO. Since the word size on the 66OO is 60 bits ss 

compared to 3G bits on the 6070, it appears that the two systems arc about 

the sa, lc size, whlle ~LTEAN uses substantially lens workspaee. 

Since ALTRAN is currently in use on a variety of computers, we 

should bc ve~ T [,rateful to receive data on the performance of our program 

st oth~r ~n:;t~]latJonc. 

~. Fo)n,ul-.t~on of tht, Problem 

The polyno:a~als Yin(ZO,...,Zpn_2) for n > O, which arise in the 

~.olutloz, of a certoin second o r d e r  iJncar differential equation, are 

defined i n  [i] by the r e c u r r e n c e  

YO=I 

o4~=k a+~+7÷5=k 

m4~=k -i a 4 ~ = k - 1  

w h e r e  an a s t e r i s k  I n d l c a t e s  t h a t  a t  l e a s t  two  o f  t h e  summat ion  i n d i c e s  

must be positive (so that none is equal to k), while a prime denotes 

"differcntlat$on" according to the "chain rule" 

r,  - ~ ~f  . (2) Sl+l 
i>_0 

Campbell remarks that this rule Can cause difficulties, presumably because 

each application Introduces a new indetermln~te. Applyin~ (I) and (~) for 

k=l tO 3, we flnd 

¥ 1 
2. = ~ ZO 

= - 1 2 
Y4 ~ (¢0  + s2) 

,6- 0 so,+6 + ,  d.. ,4) 
T h i s  ~uC~csts the definition 

Z n . (-Z)n+122n-~Y~n ( 4 )  

which yle)ds tile rucurrence 

Z 0 = -~ 

a4O~:k a÷O+7+B=k 

(p) 

4 

told the e a r l y  values 

Z I - s 0 

Z 2 - s~ + s 2 . 

% - 2 e3 o + 6 ~oe2 + ~ e~, '4 (6) 
3. The Main P r o c e d u r e  

Le t  n d e n o t e  t h e  d e s i r e s  o r d e r  Of c o m p u t a t i o n .  A l t h o u s h ' . t h t e  i s  

1 1 , t t i s l t z e d  i n  I t s  d e c l a r a t i o n ,  i t  c o u l d  J u s t  as  e a s d l F  be  an  i n p u t  p a r a -  

m e t e r .  We d e c l a r e  o n e - d i m e n s i o n a l  a l s e h r a i c  a r r a y s  z ,  z l ,  and z2 f o r  t h e  
# 

Zk,  Zk,  and Z~, r e s p e c t i v e l y ,  and t h e n  compute  t h e  Z k a c c o r d i n g  t o  ( 5 )  f o r  

k=O, . . . , n .  D i f f e r e n t i a t i o n  a c c o r d i n g  t o  ( 2 )  ds  i m p l e m e n t e d  by  t h e  f u n c t i o n  

e h d i f f ,  w h i l e  t h e  s u ~ n a t l o n s  i n  ( 5 )  a r e  Imp lemen ted  by  t h e  f%mct lons  s d S l ,  

s l ~ ,  ai~,3, end st~4. 
S i n c e  we a r c  I n t e r e s t e d  i n  o p t J m a l  p e r f o r m a n c e  and i n  l a r c e  v a l u e s  

o f  n ,  we u s e  t h e  a r r a y - v a l u e d  I n v o c a t i o n  maxexp(n)  i n  t h e  l a y o u t  i n s t e a d  o f  

t h e  s c a l a r  n .  T h i s  p e n s d t s  u s  t o  m i n i m i z e  t h e  s p a c e  t h a t  i s  a l l o c a t e d  f o r  

exponents In each polynomial tern. 

The func t ions  maxexp, e h d i f f ,  s l g l ,  s i g i ,  eig3, and e lg  b, are d i s -  
cussed in Sections 4-9, r e s p e c t i v e l y .  In  invocat ions o f  these anbproeeduree 
I t  i s  an o p t i o n a l  m a t t e r  o f  s t y l e  and e f f i c i e n c y  t o  s u r r o u n d  a n  a c t u a l  a r g u -  

ment  ~slth parentheses i f  I t  iS n o t  t o  be ehansed and i f  d t  wolald otherwise 

be  e l i g i b l e  t o  b e  chanEed .  Now h e r e  i s  t h e  main  p r o c e d u r e :  

procedure m~Iz* 

# deelaratlons 

in1.eEer k, n=lO 

long algebraic (e(e:2"n-2) : maxexp((n)} } arr~(0:n) ,, el, 12 

d n t r K e r  a r r a y  a l t r e n  maxexp 

long algcbralc a l t r a n  chdlff, e l B 1 ,  S~ Ji~i e|g4 

real deltnt t 

# ~J~itializatl on 

s(0) = zp 
# main loop 

do k = i, n 
# c o m p u t a t i o n  of  z(k) 

zl(k-Z) = chdlff((s(k=l)), e, ~'Z-3 ) 
zi(k-Z) = chdirf((st(k-Z)), e, ~*k-2 ) 
s(k) = s~cl((.).(k)) + ,ISi((,).(k)) + 

,IC3((,).(,l). e(O). k-l) + ,IS4((,}.(a~).k-l) 
#output and tlmin~ 

, r i t e  z(k) 

d e l t a  - t i m e ( t ) ;  w r i t e  d e l t a ,  ¢ 
doend  

# t e r m i n a t i o n  

end  

4. Maximum Exoonents 

I t  I s  e a s y  t o  show by  i n d u c t i o n  t h a t  Z n t s  "homoseneoua"  i n  t h e  
s e n s e  t h a t  e ach  o f  i t s  t e r m s  s a t i s f i e s  t h e  r e l a t i o n  

, (i~)o i , 2 .  17) 
i=O 

where 5 i is the exponent of • i . It follows d~mmedlate~4f that 

~i(Zn) & [~] 181 

where ~i denotes the degree ~2~ ~i' and the brackets denote the Intesam 

part. The function maxexp I s  b a s e d  ~ %~is l n e q u a l i t y ~  

p r o c e d u r e  maxexp (n )  

# d~c] aratlons 

v a l u e  n 

l n t e 5 c r  n ,  i ,  a 

array(O:2*n-2) a 

# f i l l  i n  t h e  a r r a y  
do I = O, 2"n-2 

a ( i )  - lquo(2"n, *.,e) 
doond 

# I f  yon want  t o  eee  t h e  r e s u l t s  

w r i t e  a 

# t e r m J n a t l a n  

r e t u m ( a )  
end 



5 .  D i f f e r e n t i a t i o n  

The f l m c t i o n  c h d i f f  a c c e p t s  "a p o l y r ~ m l a l  f ,  an  ~ n d e t a r m / n & t e  

a r r a y  e ,  and ~n i n t e g e r  m. an d  r e t u r n s  t h e  d e r i v a t i v e  g - f ,  computed  by  

t h e  chain : ru le  ( 2 ) .  S i nce  f depends ( a t  mos t )  on o(O) '  t h r o u g h  e ( n - l ) ,  i t  
follows that the derivative will depend (at most) on e(O) ti~rouKh e(m). 
I f  m ~ O, f must be independent of e, and thcretorn its derlv~tlve is zero. 

S i n c e  f i s  a p o l y n o m i a l ,  t h e  r e q u i r e d  p a r t i a l  d e r i v a t i v e s  can  be  

o b t u ~ n e d  more e f f i c i e n t l y  w i t h  d i f ~ p o  t h a n  w i t h  d i f f .  However ,  s i n c e  
d t f f ~ o  r e q u i r e s  t h a t  I t s  a r g u m e n t  be  In  u n f a c t o r e d  form~ we m u s t  expand 
f b~,fore e n t e r L ~  t h e  main l o o p .  

p r o c e d u r  ~ o h d l f f ( f , e ~ m )  

# d e c l a r a t i o h s  

# d l f ~ O  must  be renamed i n  v e r s i o n  1 . 8  o n l y  

v a l u e  f, e ,  m 

I n t e g e r  m, I 

l o n g  a l g e b r a i c  f ,  g e e  

Ic~m~ a l g e b r a i c  a r r a y  e 

l o n g  a l g e b r a i c  a l t r a n  d d f f p o  = s g d f p o  

expand  f f o r  d i f f ~ o  

f = c x p ~ d ( ( f ) )  

# c h a i n  r u l e  

do I = O, m - i 
g = g + dlf~o((f),(e(1)))*e(i~) 

do~nd 

# termination 
r e t u r n ( g )  

end 

6. The First Summatlon 

Tt,O f u n c t i o n  s i g l  a c c e p t s  a p o l y n o m i a l  a r r a y  g and an  ~ n t e g e r  k,  

and r e t u r n s  t h e  n e g a t i v e  o f  t h e  f i r s t  summat ion  o n - t h e  r i g h t  ~ t d c  o f  ( 5 ) .  

S~eO t l=e s u n ,  and i s  sy~metz~e i n  = and @, ~e can e l i m i n a t e  t h e  r e £ t o n  

a > 0 by s i m p l y  d o u b l i n s  e ach  tex~a I n  t h e  r e g i o n  o < ~.  Hcnco we sum o v e r  
t h e  r e g i o n  o ~ ~ a f t e r  m u l t l p l y l r ~ g  each  t e r m  by a w e i g h t  w, which  i s  1 i f  

~=0 ~md ~ o t h e r w i s e . '  S i n c e  u ~ F k ,  t h e  i n e q u a l i t y  a < ~ i s  ~ q u i v a l e n t  t o  

O ~ [K/P]. F u r t h e r m o r e ,  t h e  r e q u i r e m e n t  t h a t  b o t h  i . d i c e s  be  p o s i t i v e  is 

equivalent to a > I. Now here is the function: 

procedure's lcl(s ,k)  
# d e c l ~ r a t l o n s  

v a l u e  z, k 
~ n t e g e r  k, a ,  b ,  w 

lon~ a l g e b r a i c  z, a:0 

a r r a y  z 

# c c ~ p u t a t  I on  

do a = l ,  i ~ u o ( ( k ) , T )  
b f k - a  
~ f  (affiffib) w = l ;  e l s e  w=2 

s = , - ~ s ( a ) . z ( h )  
doend 

# termination 
r,.turn(s) 

end 

7. The Second Sumnation 
The f u n c t i o n  s i S 2  a c c e p t a  a p o l y n o m i a l  a r r a y  s and an  i n t e g e r  k ,  

and r e t u r n s  h t i m e s  t h e  second  n u ~ a t l o n  on t h e  r i E h t  s i d e  o f  ( 5 ) .  S i n c e  

the s u b , a n d  is s~etrlc in the summation indices, we can confine ourselves 

t o  t h e  * 'ccion ~ < p < 7 < ~ by t n t r o d u c l n K  a p p r o p r i a t e  w c l ~ h t  f a c t o r s .  By 

movlng the ~ i n s i d e  t h e  sea. we m u l t i p l y  i t  by en  l , t e g e r  ( t h e  w e i g h t  fac- 

tor) r a t h e r  t i t an  a p o l y n o m i a l  ( t h e  sum) ,  and f u r t h e r m o r e  we c a n c e l  t h e  

d c n ~ l n a t o r  Of Z O ~ l s t a n t l y  wheneve r  i t  a r i s e s .  

C o n s i d e r  a t e r n  w i t h  = < ~ < T < 6. SUCh a t e r m  i s  t h e  o n l y  r e p r e -  

s e n t a t i v e  i n  t h e  r e g i o n  Of a s e t  o f  2~ e q u a l  t e r m s  c o r r e s p o n d i n g  t u  t h e  P~ 

p e r l e u t a t i o n s  o f  t h e  i n d i c e s .  S i m i l a r l y ,  a t e r m  w i t h  a = ~ < 7 < 5 i s  t h e  

onl~V r e p r e s e n t a t i v e  i n  t h e  r e g i o n  Of a s e t  Of IT e q u a l  t e r m s  c o r r e s p o n d i n g  
t o  t h e  1T ways o f  s e l e c t i n g  n p a i r  and T s i n g l e s  f r o m  t i m  s e t  o f  ~ I n d i c e s .  

}'or a term with e - ~ = 7 < 5, the weight la ~, since only one index is dis- 

t l n K u t z h e d .  However i f  ~ = ~ < 7 = 5, t h e  w e i g h t  i s  6, s i n c e  t h e r e  a r c  6 

ways  of c h o o ~ n g  a p a i r .  F i n a l l y ,  i f  a = ~ = 7 ~ B, t h e  w e i g h t  i s  1, s i n c e  

a t  moa t  one  such t e r m  o c c u r s  i n  t h e  o r i g i n a l  u n c o n s t r a i n e d  r e g i o n .  

Hav~:fi  c h o s e n  t h e  W*:lghtS i n  t h i s  manner ,  o u r  r e g i o n  of summat ion  
I s  d o f l n e d  by 

O 4  ~ + y ÷  6 w ~  

0 < = & p & 7 £ s  

I .< y , (9) 
t h e r e  t h e  l e s t  r e l a t i o n  i s  e q u i v a l e n t  t o  t h e  r e q u i r e m e n t  t h a t  a t  least two 

Of t h e  summat ion  i n d i c e s  mus t  be p o s i t i v e .  Now, s i n c e  

2y ~ 7 ÷ 5 = k-e-# ( l O )  

we see t h a t  ( 9 )  i m p l i e s  

o ~ o £ [ x / 4 ]  

• . ~ p <_ f ( k ~ ) / 3 ]  
m o x ( p , l )  ~ 7 <_ [ ( k - a - p ) / ~ ]  

s ~ k-a-p-7 ( n )  
C o n v e r s e l ¥ ~  i t  i s  e a s y  t o  p r o v e  t h a t  (11)  i m p l i e s  ( 9 ) .  S l a v e  ( l l )  t s  i n  

t h e  a p p r o p r i a t e  form f o r  a s t r a i g h t f o r w a r d  n v c t e d  3 - i n d e x  summatlon, we 
a r e  now r e a d y  t o  p r o c e e d  t o  t he  f u n c t i o n :  

p r o e e ~ u r m  s l ~ 2 ( z , k )  

# d e e l a r a t l m l s  

v a l u e  S. k 
l o n g  a l 6 c b r s ~ c  z ,  S=0 

a r r a y  z 
I n t e g e r  ~,  a~ b ,  c~ d, w, l t s  

s t a t i c  a r r a y ( O : 3 )  W = (1 ,  . n u l l . ,  12, Tt~) 
# c o m p u t a t i o n  

do a = o ,  i ~ u o ( ( k ) , ~ )  

do b ~ a ,  " l q u o ( k - a # 3 )  

do C = I m r ~ ( ( b ) , l ) ,  l q u o ( k - a - b . 2 )  

d ~" k - a - b - c  

# c o u n t  t h e  l e s s - t h ~ n t s  

Its = 0 
l f ( a  < b )  Its =: 1" 

t f ( b  < e)  }ts : Its 4 1 
t f ( c  < d) i t s  = I t s  + I 

#set . ( l )  
I f ( b  < c )  ~'I(i)'=6; e l s e  v ( 1 ) = ~  

#now add t h e  ten, to s 

e = ~ + h * w ( ] t s ) ' z ( a ) * z ( b ) ' s ( c ) * s ( d )  
doend 

doend 

doend  

t e r m i n a t i o n  

return(K) 

end 

8 .  The Third Suti~nt]on 
The ~ u n c t l o n  s l g ~  a c c e p t s  t i l e  p o l y n a a l a l  a r r h y e  z and  e l ,  an 

~ D d o t e ~ n l n a t e  C0=SO, and an i n t e g e r  k l  ~ k - l ,  e~d r e t u r n s  t h e  t h i r d  

summat lon  oh t h e  r l ~ t  s i d e  o£ ( 5 ) .  AS i n  6 1 g l ,  we I n t r o d u c e  a w e ~ t  

W= and  Sum o n l y  o v e r  t he  r e g i o n  a < ~. Now h e r e  i s  t h e  f u n c t i o n :  

p r o c e d u r e  sig3(z, zl, eO, kl) 

# d e c l a r a t i o n s  

Vf~itIc Z# zl, cO, k l  

t , t e ~ e r  k l#  a, b, w 

long a l g e b r a i c  z# zl, cO, ego  

a r r a y  z ,  s l  

# comput  a~ ion  

do  n=0, J q u o ( ( k l ) . 2 )  

b ~ k l - a  

ir(a:fb) w=., ~ l s e  w=~ 

s - S + h ' w * e O ' z ( a ) * z ( b )  + 3 " w * z l ( a ) * s l ( b )  

doend 
# termination E d .  Note: S e c t i o n  l O  a n d  

returm(s) Figure i on ALTRAN 
end 

output have been omitted. 
9. The Fcmrth Summation 

The f ~ m c t J o n  Slg~ a c c e p t s  t h e  p o l y n a m l a l  a r r a y s  z and aT and an 

i n t e g e r  k l  = k - l ,  and  r e t u r n s  t h e  n e g a t i v e  o f  t w i c e . t h e  f o u r t h  summat ion  

on  t h e  r i g h t  s i d e  "Of ( 5 ) .  S i n c e  t h i s  cununm~d I s  n o t  s y ~ n e t r l e ,  We mus t  

sum o v e r  o a l l  t h e  way frcca 9 t h r o u ~ l  k l .  Now h e r e  i s  t h e  f u n c t i o n :  

p r o c e d u r e  s i g h ( z ,  z~,  k l )  

# d e c l a r a t i o n s  io00 T, ¢UMVLAZ~V~ TiME 
400 ~ r  

v a l u e  Z,  S2# k l  200 DELTA' INCREMENTAL T:WE 

i n t e g e r  k l ,  a ~ leo 
l o n e  o l g e h r a i c  z ,  zP., s -O  =, ,o  
a r r a y  g# e2 ~ ~o 

c o m p u t a t i o n  ~o 4 
do a = O, k l  ~ 2 

s - s - T * a ( a ) ' z 2 ( k l - s )  g 
doend o.4 

# t o ~ i n ~ t i o n  :~ 
r e t u r n ( s )  
end 

11.  pro|l, ram BehavJ o r  

J I I I I [ I 
2 4 G 6 IO  12 IA 16 

~ G U R L  ;,* G@Mi'UT[NG , r iML VS V 

E s s e n t i a l l y ,  two d i s t i n c t  r u n s  o f  o u r  p r o g r a m  were  made. The  

f l r ~ : t  ~zn ,  w i t h  n i n i t i a l i z e d  t o  IO In  t h e  main  p r o c e d u r e ,  was d e s i g n e d  

t o  p r o d u c e  t he  s h o r t e s t  e x e c u t i o n  t i m e  f o r  t h e  c a s e ~  up t o  n~ lO.  The 

s e c o n d  run ,  w i t h  n i n i t i a l i z e d  t o  16,  was an a t t e m p t  t o  e a r l y  t he  eompu- 



t ~ t l u ~  a:; r ~ r  a s  po~nlb]+e. 

F o r  t h e  f i r s t  10 e a s e s ,  t h e  s e e o n d  run  t o o k  1 ~  1 o s i e r  t h a n  t h e  

f i r s t .  ~ 'h t s  I s  due t o  t h e  f a c t  t h a t  c o m p u t i n g  t h e  Z n t o  n=16 On t h e  
l i u n e y ~ e l l  6070  r e q u i r e s  two words o f  expm;ent, s f o r  e ach  p o l y n o m i a l  t e r m ,  

w h i l e  Only  one ~ r d  p e r  t e r m  i s  needed  t o  compute  t h e  Zn t o  n - l O .  

I n  F l a .  2 ,  t h e  o b s e r v e d  c o ~ u ~ l ~ 8  t i n e s  f rom o u r  s e c o n d  r u n  

e r e  p l o t t e d  aan~41st n .  The a b r u p t  change  i n  s l o p e  a t  n ~ l O  i s  due t o  t h e  

f e e t  t h a t  t h e  l a r a e s t  c o e f f i c i e n t  i n  Z D ~ o r  any  n > 10 c a n n o t  be  s t o r e d  

I n  a s i n g l e  word .  

I n  FIE .  3,  t h e  number  o f  t e r m s  In  Z~ i s  shown p l o t t e d  a E a t n s t  

n .  F o r  n=16 s t h e r e  a r e  a b o u t  1~00 t e rms ,  w h i ch  on  t h e  H ~ l e y w o l l  ~0~(~ 

r c q u S r e  a b o u t  6000  word= o f  8 t o r ~ o  (2 words  f o r  e ach  c o e f f i c i e n t ,  and  

f o r  each  e x p o n e n t  s e t ) .  
I n s p c e t t ~  o f  t h e  o u t p u t  f o r  n ~ 16 r e v e a l s  t h a t  a l l  p o s a l b l e  

t e r m s  c o n s i s t e n t  w i t h  ( 7 )  o c c u r  J n  Z n w i t h  p o s i t i v e  e o e P £ t c l e n t 8 .  C l e a r l y ,  

e a c h  t e r m  o f  Z n c o r r e s p o n d s  t o  a p ~ r t i t $ o n  o~ 2n i n t o  a sum o t  t a t s [ o r s  

n o t  i n e l u d i n 8  1 .  U s i n g  t h e  t h e o r y  Of  u 4 ~ r e s t r t c t e d  p a r t i t i o n s  [ ~  p .  ~ 7 ~ ] ,  

t h e  maximum number  o f  t e r n  i n  Z n c a n  e a s i l y  be  eh mm t o  b e  

p ( i n )  - p ( i n - 1 )  (12)  

• h e ~ o  p ( k )  i s  t h e  Y e l l  Reeve f u n c t i o n  g ivJm~ t h e  r~mber  o f  d i s t i n c t  p a r t i -  

t i o n s  o f  k i n t o  a stea Of S n t e g e r e .  The a s y m ~ t o t i e  b e h a v i o r  o f  p ( k )  i 8  

15,  p .  8~5]  

1. e.,/mV3 (z~) 

I t  t o l l o v s  From t h i s  t h a t  t h e  n u mb er  o f  t e r m s  i n  Z n i s  a s y a p t . o t l c  t o  

~, B~, , /h  ear  J ~ ' 3  (141 

I n  F i g .  ~,  t h e  l a r c e s t  c o e f f i c i e n t  appearLnE i n  Z n I s  p l o t t e d  

a g a i n s t  n .  I t  l ~  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  g r o w t h  r a t e  a p p e a r s  t o  b e  

f a t t e r  than exponential. 

l ~ .  Coae lu:~i on 

Co, s t d e r i n ~  t h e  f u c t  t h a t  ALTFJ~ I s  w r i t t e n  a l m o s t  e n t i r c l y  i n  

a h i c l ~ e r  l e v e l  ]a t :Ounce (FOST~AN IV ) ,  i t  iB n a t u r a l  t o  s e e k  r e a s o n s  ~ o r  

i t s  o u t s t ~ : d i n ~  p e r f o r m a n c e  on t h i s  p r o b l e m .  

P e r h o p s  t i l e  m o s t  f u n d 9 m e n t a l  r e a s o n  i s  t h a t  we r e s t r i c t e d  t h e  

d o m a i n  Of d a t a  t o  r a t i o n a l  e x p r e ~ s i o n s  w i t h  i n t e E e r  c o e ~ f i e i e n t s ,  ~ i n  t h e  

belief that most operations on more g e n e r a l  expressions can be expressed 

~n terms of simple operations on ratlonal expressions. The ease with 

which t h e  special differentiation rule (~ )  ~as incorporated into our 

pro~re.m lends subst~tlal we•Oft to t h i s  point "Of vi(:w'. 

l ;~arthermore, r e s t r i c t i n g ,  t h e  domain  o f  d a t a  t o  r a t i o n a l  f u n e -  

% i o n o  made i t  p o s s i b l e  t o  d e v i s e  an  e x t r e m e l y  compac t  d a t a  r e p r c s e n t a t i o n  
[ 6 ] ,  and  f a s t  a l ~ o r i t ~ s  f o r  a d d i t i o n ,  m u l t i p l i c a t i o n  and d i v i s i o n .  Also  

i m p o r t a n t  1~ t h e  f a c t  t h a t  ALTRA~; t r e a t s  a l l  l a d e • e r m i n e • c a  i n  a p o l y -  

n o ~ , l a l  i n  t h e  same r a y ,  s o  t h a t  t h e  c o ~ p u t i n 6  t i m e  f o r  o p e r a t i o n s  s u c h  

aS d i f f o r e n t i a t l o u  and c o e f f i e J . e n t  e x t r a c t i o n  d o es  n o t  depend  on  wh ich  

l a d e • o r D i n a t e  ~s d i s t ~ n ~ u l s h e d .  

As ALTPAff becomes  more w l d e l y  a v a i l a b l e  and USed,  we y e l l  b e  

a b l e  t o  make ~ more a c c u r a t e  a s s e s s m e n t  o f  t h e  v a l l d l t y  o f  o u r  m a s e r  
d e s i g n  d e c i s i o n s  ; 

Althmi~h AI,TR~I| in both p r o p r i e t a r y  and experlmenta~ We can 

m a k e  c o p i e s  a v a i l a b l e  w i t h o u t  ch~.r~e t o  u n i v e r s i t i e s  u n d e r  c e r t a i n  c o n -  

e l • l e n s ,  F u r t h e r  I n f o r m a t i o n  may b e  o b t a i n e d  b y  w r i t i n g  t o  t h e  a u t h o r s  
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