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ABSTRACT. A generalized central trinomial coeficient Ty, (b, ¢) is the coefficient
of ™ in the expansion of (22 + bx + ¢)™ with b, c € Z. In this paper we investi-
gate congruences and series for sums of terms related to both central binomial
coefficients and generalized central trinomial coefficients. For example, for any
odd prime p we show that

2=t (28?11, 16)
;0 (—256)k

(71)490 (mod p) if (£) =1 and p =22 4+ 7y? (z,y € Z),
0 (mod p?) if () =—-1,ie, p=3,5,6 (mod 7)

(with (—) the Jacobi symbol), and conjecture the congruence

L (3?1, (1, 16) —1
kZQ(BOk—i—?)W_7 <?) (mod p?)

as well as the following identity

(M°1,(1,16) 24

30k + 7))kl 0 2
l;)( +7) (—256)k T

The paper contains many conjectures on congruences and 48 proposed new series
for 1/m motivated by congruences and related dualities.
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2 ZHI-WEI SUN

1. INTRODUCTION

Let p be an odd prime. Clearly

2 2k)! 1
<:>:(k> =0 (mod p) foreachk:%,---,p—l-

The author [Sul] determined Zz;é (2:) /mF mod p? for any integer m #
0 (mod p) in terms of Lucas sequences. In [Su2] the author made a conjec-
ture on Zz;é (215)2/777,’C mod p? with m = 8, —16, 32 and this was confirmed by
the author’s twin brother Z. H. Sun [S1]. Conjecture 5.4 of the author [Su2]
states that

’S (%)3 B { 4% — 2p (mod p?) if (B) =1 & p=2a®+Ty? (z,y € Z),
k 0 (mod p?) if (2) = -1, i.e., p=3,5,6 (mod 7).

=3

k=0

(As usual, (—) denotes the Jacobi symbol.) To attack this conjecture and

_ 3
the author’s other similar conjectures on Zi:{l) (Qkk) /m* mod p? (with m a
suitable integer not divisible by p) given in [Su4], Z. H. Sun [S2] found the
useful combinatorial identity

2 (") (Q,f)x’“ _ P (T 1)

where P, (x) is the Legendre polynomial of degree n given by

ro=2 ()7 ()

We can rewrite this in the form

SO (Pt s topier

k=0

where D,,(x) is the Delannoy polynomial of degree n given by
Dy (x) = i n\ (n+k ok
s — k k ’

Note that those D,, = D, (1) (n = 0,1,2,...) are central Delannoy numbers
(see, e.g., [CHV], [Su3] and [St, p.178]). It is well known that P,(—x) =
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(—=1)"P,(z), ie., (=1)"Dy(z) = Dp(—z — 1) (cf. [Su3, Remark 1.2]). As
observed by Z. H. Sun [S1, Lemma 2.2], if 0 < k< n = (p—1)/2 then

(n;k) - <—(16)>k (mod p7)

n\/n+k n+k\ (2k (21{3)2
_ \x 2
p— pu— d .
() = (35 (0) = i wonr
This simple trick was also realized by van Hamme [vH, p. 231]. Combining this
useful trick with the identity (1.2), we see that

(2k)3 B p— (2k)2 9 )
— (—1616)’% (x(x + 1>)k = (kzo (—Iiﬁ)kxk> (mod p?). (1.3)

To study the author’s conjectures on

1(2’“) (3’“ i (‘““) s (0 G

) )

and hence

[ay

1

p

e
Il

0 k=0 k=0

modulo p? given in [Su4] and [Su6], Z. H. Sun [S3,54,S5] managed to prove the
following congruences similar to (1.3):

p—1 (2k\ 2 (4k p—1 (4k\ (2k
k=0
p—1 (2k)2(3k

Do~k k)(as(x-l-l))kz(

(—=27)*

k=0 k=0 (1.5)
COED (s 1y - e N
S (—432)F (@(z+1)) _<k:0 (—432)* ) tmod 7] (0= 3)'(1.6)

Let n e N=1{0,1,2,...}. Clearly (27?) is the coefficient of 2™ in the expan-
sion of (22 4 2z + 1)™ = (z + 1)?>". The nth central trinomial coefficient

T, = [z"](z* +z+1)"

is the coefficient of 2™ in the expansion of (z2+z+1)". Since T}, is the constant
term of (1+ 2 + 2~1)", by the multi-nomial theorem we see that

n/2] n! [n/2] n 2k “/n\ (n—k
Tn: - @ = = .
> o= 2 () () =2 ()
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Central trinomial coefficients arise naturally in enumerative combinatorics (cf.
[S1]), e.g., T}, is the number of lattice paths from the point (0,0) to (n,0) with
only allowed steps (1,1), (1,—1) and (1,0).

Given b, c € Z, we define the generalized central trinomial coefficients

Tn(b,c) :=[z"](z* + bz +¢)" = [2°](b+ 2 + cx™ )"

Qe E Qe

k=0
Clearly T,,(2,1) = (g) and T,,(1,1) = T,,. An efficient way to compute T}, (b, c)
is to use the initial values Ty (b, ¢) = 1 and T3 (b, ¢) = b, and the recursion
(n 4+ DTy1(b,c) = (2n + 1)bT, (b, c) — n(b*> — 4¢)T,_1(b,c) (n=1,2,...).

Note that the recursion is rather simple if b> — 4c = 0.
Let b,c € Z and d = b® — 4c. It is known that T),(b,c) = \/3nPn(b/\/3) if
d # 0 (see, e.g., [N] and [Su5]). Thus

T, (b,c) = i (";;k) (2:) <b 2\/3>k var, (1.8)

k=0

(In the case d = 0, (1.8) holds trivially since 2% + bx + ¢ = (z + b/2)?.) By the
Laplace-Heine formula (cf. [Sz, p.194]), for any complex number = ¢ [—1, 1]

we have 12
(r+ Va2 -1)"
P, (z) ~ N as n — +00.
It follows that if b > 0 and ¢ > 0 then
(b—|—2\/E)n+1/2

Tn(b7 C) ~ fn(bv C) =

Note that T,,(=b,c) = (—=1)"T, (b, ¢).
We consider generalized central trinomial coefficients as natural extensions
of central binomial coefficients. As

nan = (%), e - (%) wa e - (%),

we are led to investigate more general sums

as n — +00. (1.9)

2/c/nm

p—1 (2k\2 p—1 (2k\ (3k p—1 (4ky 2k
> %—sz(b, ), Y G)G) kgzﬁk ) Ti(b,c), Y (2%’f ) Ty (b, ¢)
k=0 k=0 k=0

and

p—l 2 p—1 (Qk) (3k)
k) \k
Z Tgk b C Z mk Tgk(b, C)
=0 k=0
modulo p?, where p is an odd prime, b,c,m € Z and m % 0 (mod p). For this
purpose, we need to extend those congruences (1.3)-(1.6).
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Theorem 1.1. Let p be a prime and let a € Z+ = {1,2,3,...}. Let h be a

p-adic integer and set wi(h) = (Z) (h;';k) for k € N. Then

p*—1

( > wi ()" ) (gwmgk)

Y iy ("5 ) () e =0 mod 2

k=0 §=0 J

(1.10)

In particular, if p # 2 then

(10“2—1 <(—2€2;kxk> <p“—1 <(—2{2;kyk)

(1.11)

and

(1.12)

(1.13)

and

(1.14)
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Remark 1.1. Note that

Also, (1.11)-(1.14) in the case x = y and a = 1 yield (1.3)-(1.6) respectively.

The reader may wonder how we found Theorem 1.1. In fact, we first discov-
ered the identity

Do) Du(y) = 3 (”;kk) (2:) 5 (k;]]) (Qj) (eyty) (e—y)*, (1.15)

k=0 §=0

which is a natural extension of (1.2) and the main clue to the congruence (1.11).
By refining our proof of (1.11)-(1.14) we found (1.10).

Theorem 1.1 implies the following useful result on congruences for sums of
central binomial coefficients and generalized central trinomial coefficients.

Theorem 1.2. Let p be an odd prime and let x be a p-adic integer. Leta € ZT,
bce€Z and d =b> —4c. Set D := 1+ 2bx + dx?. Then we have

p®—1 (2k)2
k k
kz_o WTk(b, c)x
p*—1 2k\2 p*—1 (2k\2 1.16
E< > (3’@21 (1—¢5+¢3x)k)< (;21 (1 —\/5—\/%)’“) 10
k=0 k=0

=P(po—1)/2(VD + Vd2) Pye_1)2(VD = V) (mod p*)

e
—~
=
o
SN—
)
o~
Il
VRS
kS]
R
—
Vammn
[N
>~
SN—
[\
& =
SN—"

(1—-vD+ x/%:)k)

= (-64)F £ 128F
' G0 k 2
X 128% (1—-VD —Vdz)* (mod p?).
0 (1.17)
If p > 3, then
p*“—1 (2k\ (3k p*—1 (2k\ (3k
Z ((k_);?;:k) Tk(b, c)xkz E( (k:5)4(kk) (1 _ \/5 + \/gx)kz)
k=0 k=0
p*—1 (Qk) (Sk) (1.18)
X k54kk (1 -VD —Vdz)* (mod p?)
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and

pz_ (%ﬁi;;kk) Tk(b, C)xk E(pz_ (SZ) (3:) (1 . \/5+ \/ax)k)

= (—432)

(1 —VD —Vdz)k (mod p?).

(1.19)

Remark 1.2. Note that v/d and v/D in Theorem 1.2 are viewed as algebraic
p-adic integers.

For d € {2,3,4}, it is well known that an odd prime p can be written in the
form x? + dy? with z,y € Z if and only if (_Td> =1 (see, e.g., [BEW] and [Co]).
For a prime p = 22 + 4y? with x,y € Z and = = 1 (mod 4), Gauss’ congruence

(EZ:B;E) = 2z (mod p) was further refined by S. Chowla, B. Dwork and R. J.

Evans [CDE] in 1986 who used Gauss and Jacobi sums to prove that

(o) =5 o) ot

(which was first conjectured by F. Beukers), and this implies that
2
p—1)/2 -
(Ep B 1;;4) = 2P"1(42% — 2p) (mod p?).

For results alone this line the reader may consult the survey [HW] by R. H.
Hudson and K. S. Williams.
Applying (1.16) we get the following new results.

Theorem 1.3. Let p be an odd prime. Then

p—1 (Zkk)ZTk:<17_2)

k=0

32k
[ (2)4a2* = 2p) (mod p*) if4|p—1andp=2®+4y* (z,y € ),
~ | 0 (mod p?) if p=3 (mod 4).
(1.20)
Also,
_ 2
Sk
h=0 (1.21)

(_71)4332 (mod p) if(_?z) =1 andp=2*+2y* (z,y € Z),
R (mod p?) if(%) =—1, i.e., p=>5,7 (mod 8);
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p—1 (Qkk) 2Tk (4’ 1)

Z (—4)F

k=0 (1.22)
_{ 42?2 (mod p) ifp=1 (mod 3) and p = 2% + 3y? (x,y € 7Z),
L0 (mod p?)  ifp=2 (mod 3);
and
k=0 (1.23)

422 (mod p) if (

0 (mod p*)  if (

Y=1andp= 2%+ Ty? (x,y € Z),
)=—1,ie, p=3,56 (mod 7).

ZZ_l < )2 T3,(16,1) = (%)If@k?z@g,;m
Lo

RSN [

Remark 1.3. Let p be an odd prime. We guess that 422 (mod p) in (1.21)-
(1.23) can be replaced by 422 — 2p (mod p?). Motivated by Theorem 1.3 and
the congruence

p—1 o 3
Z(21k +38) ( k) = 8p + 16p*B,_3 (mod p°)
k=0
(where By, B1, Bs, ... are Bernoulli numbers) proved in [Su4], we conjecture

that

-1

> (Bk+1) () Tl -2) = <_—2) 721)__ (mod p?),

=

k=0 32¢ p /3= pl)

p—1 2k . _

> (o LB i (S1) (o),
-1 2
; BT 2 (YL
k0(5k+2) I =3P (2( p )-l—l) (mod p©),

5(255/“112 ( ) (16,1) =16p <3+4 (%)) (mod p?),

The last congruence led the author to find the conjectural identity

p—1 2
2 24
30k+7< k) Tk(1,16):—
Z k T

_ k
£~ (~256)
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in Jan 2011 which was the starting point of the discovery of over 40 series for
1/7 of new types given in Section 5.

Recall that for given numbers A and B the Lucas sequence u,, = u, (A, B) (n €
N) and its companion v,, = v, (A, B) (n € N) are defined by

up =0, uy =1, up41 = Aup, — Bup—q (n=1,2,3,...),
and
vo =2, v1 = A, vp41 = Av, — Bv,—1 (n=1,2,3,...).

It is well-known that
(a = Bu, =a™ — " and v, =a™ 4+ p" foralln eN,

where o = (A ++V/A)/2 and B = (A — VA)/2 with A = A? —
Our following conjecture implies that for any prime p = 22 +7y? with z,y € Z
we have

Z Z’;Gl Lo e = (T e -2 (mod )

p

Conjecture 1.1. Let p be an odd prime with (%) = 1. Write p = 2% + Ty?
with x,y € Z such that x =1 (mod 4) if p=1 (mod 4), and y = 1 (mod 4) if
p =3 (mod 4). Then

B 0 (mod p?) ifp=1 (mod 4)
k _ )
2 g (1:10) = { L(Z)(2 — dy) (mod p?) ifp=3 (mod 4);
“ (zkk)z 1.16) = 2(;2))(255 — £ (mod p?) ifp=1 (mod 4),
k=0 256" vl 16) = 0 (mod p?) if p=3 (mod 4).
When p =1 (mod 4), we have
p—1 k(2k)2 p—1 k‘(2k) 1 9 »
2 [or (1, 16) 2 S (1,16) = <5> ( - ﬁ) (mod p?)

p—1 (zk) p—1 (2k)2 9 )
(4k +3)~"—v(1,16) =3 Y (4dk+1) vk(1,16)56(—)x (mod p?).
I;) 16k ZO 256"3 P

When p = 3 (mod 4), we can determine y mod p* in the following way:

2
1’51« uk(1,16) = Z 1gk vi(1,16) = — <5> % (mod p?)
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and

p—1 ;. (2k\2 p—1 , (2k\2
3 £() ug(1,16) = ’f(kl vi(1,16) = (%) (mod p?).

NS

Just like Q(v/—7), the imaginary quadratic field Q(1/—11) also has class
number one. Let p be an odd prime. We guess that

p—1 (Qk) (3’“)Tk(46, 1) - { - 2p (mod p2) if (%) =1&4p= z2 + 11y2,

Z : k512k

— 0 (mod p?) if (%) = —1.
To attack this we note that (1.18) with b =46, c =1 and = —27/512 yields
p—l 3k) p—1 (2k) (3k) p—l
_ 2
Z 12k (46, 1):(2 (=6 )x (mod p?),
k=0 k=0 k=0

where o = (1+/33)/2 and B =1 — @)/2 Note that 2a* = v, (1, —8) + (a —
Bug(1, —8) and 28* = vy (1, —8) — (o — B)ux (1, —8). So we have

p—1 (Qk:) (3k)Tk(46, 1)
4;:0 : k512k
(B N oV

This, together with the author’s conjecture on Y 7 _ ( ) (3k) /64% mod p? (cf.
[Su2, Conjecture 5.4]) leads us to raise the follovvlng conjecture.

Conjecture 1.2. Let p > 3 be a prime. If (ﬂ) = —1, then

p—1 (Qk) (3k) p—l
kZ 2k £(1,—8) =0 (mod p).
2 (Z6a)F kZ:O )=0 ( )
When (&) =1, p=1 (mod 3), 4p = 22 + 11y? (x,y € Z) and x = 1 (mod 3)

§ ((Qf)ﬁfﬁ? (1,~8) =0 (mod p?)

: k(@kgi;{) up(1, —8) E% (% —~ x) (mod p?)

: “22"?6(:’5) g (8,27) E% (%p _ x) (mod 72).

:) (z)ﬁ%? ve(1,—8) E:;; (QQé}k) (8,271) =2 (; —x> (mod p?)
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and

p—1 /2 p—1 (2
11 Z (kk) (Skk) up(1,—8) = —3 (kk) (3:) vg(1, —8) = g (§ — 11y) (mod p?),

= (—64)F 227 (—64)F
ZZ::)(% - 155)%uk(1, _8)= ?y (mod 2).
Z::(% — 243) ((2€)6513ki) vp(1, —8) = —gy (mod p?),
j:) (zgié}k) u(8,27) =y — 1% (mod p?),
SIS LGl

Motivated by the author’s investigation of Zi;é (Qkk) (3:)Tk (3,1)/27% mod p?
(with p > 3 a prime) and the congruence (1.18), we pose the following conjecture
which involves the well-known Fibonacci numbers Fy, = ug(1,—1) (k € N) and
Lucas numbers Ly = vi(1,—1) (k € N). Note that the imaginary quadratic
field Q(1/—15) has class number 2.

Conjecture 1.3. Let p > 5 be a prime. If p = 1,4 (mod 15) and p = 2 +
1592 (x,y € Z) with x =1 (mod 3), then

p—=1 4 02
k’(kk) (3kk)F EE <§ _ 233) (mod p2),

o7k TP TS
p—1 (Qk:) (Sk)
k k _ p 2
Ly =4x — = (mod p*)
P 27k T
and
p—1 (zk) (Bk)
Z(Bk +2) 27kk Ly =4z (mod p*)
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If p=2,8 (mod 15) and p = 322 + 5y* (z,y € Z) with y = 1 (mod 3), then

p—l
p 2
r=——4 d
E 27k sy Y (mod p)

and

27k ootk

S 5D, 2y st

Remark 1.4. By (5.3) in Section 5, for any prime p > 3 we have

p—1 (2k\ /3k
Z %Fk =0 (mod p*) if p=1 (mod 3),
k=0

and
p—J-(zk)(Bk

Z kikk)Lk =0 (mod p?) if p=2 (mod 3).
— 27

In fact, we have many other conjectures similar to Conjectures 1.1-1.3; for
the sake of brevity we don’t include them in this paper.

We are going to prove Theorems 1.1-1.2 and (1.15) in the next section.
In Section 3 we will show Theorem 1.3. Section 4 contains more conjectural
congruences and they offer backgrounds for those conjectural series for 1/7 in
Section 5. In Section 5 we first show a theorem on dualities and then propose
48 conjectural series for 1/7 based on our investigations of congruences.

2. PROOFS OF THEOREMS 1.1-1.2 AND (1.15)

Lemma 2.1. For m,n € N we have

i (Z) (k J;m) Wi+m (h) = % (2.1)

k=0 n

Proof. Let u,, denote the left-hand side of (2.1). By applying the Zeilberger
algorithm (cf. [PWZ]) via Mathematica, we find the recursion:

m+1)(m+n+1uptr =(h—n)(h+n+1u, (n=0,1,2,...).

Thus (2.1) can be easily proved by induction on n. O
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Lemma 2.2. For k,m,n € N we have the combinatorial identity

B30

J:
_(k+m+n\ [ kE+m)  (m
B m m n)
Proof. If m < n then both sides of (2.2) vanish. (2.2) in the case m = n can be

directly verified. Let s,, denote the left-hand side of (2.2). By the Zeilberger
algorithm we find the recursion

(2.2)

(m+1)(m—-—n+1)sp1=k+m+1)(k+m+n+1)s, (m=nn+1,...).
So we can show (2.2) by induction. O

Proof of Theorem 1.1. In view of Remark 1.1 it suffices to prove (1.10). Note
that both sides of (1.10) are polynomials in x and y and the degrees with respect
to x or y are all smaller than p®.

Fix m,n € {0,... ,p* — 1} and let ¢(m, n) denote the coefficient of "y™ in
the right-hand side of (1.10). Then

1=, 5 b 41) (3

0<i<k<p®
S B ()
=TS () é(—l)"’“ﬂ' )G
:pa_zl_m Wem (M) i(_l)m_j <m2; j) (2;) (k : 1: ! j) <n ]— ’f)

k=0 j=0

<

Applying Lemma 2.2 we get

By Lemma 2.1,

5wt (0) - S 1) () -
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So, it remains to show

(") 3 w3 )

k=p%—m

0 (mod p?). (2.3)

To prove (2.3) we only need to show

(7)< (1) 20 i

n

under the supposition n > k > p® — m. Note that m +n > kK +m > p* and
O0<p*—n<k+m—n<m<p* As the addition of m and n in base p has
at least one carry, we have p | (m+") by Kummer’s theorem (cf. [R, p.24]).
Similarly, p | (ktm)

So far we have completed the proof of Theorem 1.1. [

Proof of (1.15). Let a,, denote the left hand side or the right-hand side of (1.15).
It is easy to see that

ap=1, ay = 2z +1)(2y + 1), az = (62 + 6z + 1)(6y> + 6y + 1)

and
= (2023 + 3022 + 122 4 1)(20y> + 30y2 + 12y + 1).

Via the Zeilberger algorithm we find the recursion for n > 3:

(n+1)%(2n — 3)ans1 — (2n —3)(2n + 1)*(2z + 1)(2y + 1)ay,

+ (2n — DA, z,9)an_1 — (2n — 3)%(2n + 1)(2z + 1)(2y + 1)an_o
+ (n —2)%(2n + 1)ay,_3

=0,

where
A(n,z,y) == 6n* — 6n — 5+ (16n* — 16n — 12)(x +y — 2° — y?).

Thus (1.15) holds by induction. O
Proof of Theorem 1.2. Let n = (p® — 1)/2. For k =0,... ,n we have

(n;k) - ’“ 0 <k< 2 ial) ) = (—(2{%)1« (mod p7)

and hence
()= () () = B moar
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Note also that p | (2:) fork=n+1,...,p* —1 by Kummer’s theorem. Thus

ro=3 () (F)

no (2k\2 ko p"—1 2k\2
= ((_Iizj)k (t;1> = Z (3’“21 (1—1t)* (mod p?),

k=0

and hence the second congruence in (1.16) follows.

Set
\/D+\/Ex—1 \/D—\/El‘—l
U= 5 and v = 5 .

Then

r and wu—v=Vduz.

uv +v =

D—(Vdz+1)? b—+d
4 2

In view of (1.8), for any k£ € N we have

‘io <k;;j) (233) (wv + ) (u—v)*

S ()C) (5 e

So the first congruence in (1.16) follows from (1.11). Similarly, (1.17)-(1.19)
are consequences of (1.12)-(1.14) respectively. We are done. [

3. PROOF OF THEOREM 1.3

Lemma 3.1. Let p =2n+1 be an odd prime. Then

(2:) = (—1)"16* (2(:_—:)) (mod p) fork=0,...,n,  (3.1)

and

=

) (:}fok - (2) P (1 - é) (mod p). (3.2)

k=0 p

Proof. For any k € {0,...,n} we have

B ()= (020 () -5
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Also, 4" = 2P~1 =1 (mod p). So (3.1) holds.
With the help of (3.1), we get

3

—

[\
& =
SN—"

[\
>
|

3
—~

lO
|

w
[\)
Ea
w
Yl
>~

n 2 n— k n
32’~C

T
=
e
Il

=
Il

=
e
Il

=

8
3
(]
—~
N
r—\??‘§
D |~—
~— (&)
S
VR
|
SR
~
x>

)

P, ( _ f) (mod p).

[l
7~ N 7/ N -~/
"IN "[BINw Q8o
~ N~
8
3
B
S |l
=
/‘\
ol
\_/
/—\
?r+
e
N~
N
—~
—_
|
S
N [T~
&
|
—_

This proves (3.2). O
Lemma 3.2. Let p =2n+1 be an odd prime. Then

Po() = (22 + 2)"P, (3 - ‘C) (mod p). (3.3)

1+

Remark 3.1. (3.3) follows from [S1, Theorem 2.6] and its proof. It also appeared
as [52, (5.2)].

Proof of Theorem 1.3. For convenience we set n = (p —1)/2.
(i) Applying (1.16) with b =1, ¢ = —2 and x = —1/2, we obtain that

Zi_: (}2{%(1,—2) = (Zé (21«22) (:é (f{é;) (mod p?).

The author [Su2, Conjecture 5.5] conjectured that > 7 _ (Qk) /32% = 0 (mod p?)
if p=3 (mod 4), and

1 2 -1 2
p (2]{:) B 2 p (Qk) B P
kz_o 3k2k = (]_?) — (—116)k = 2 (mOd p2)

if p=1 (mod 4) and p = 2% + y? with z = 1 (mod 4) and y = 0 (mod 2). This
was confirmed by Z. H. Sun [S1]. So the desired (1.20) follows.
(ii) Applying (1.16) with b =2, ¢ = —1 and = = —2 we get

P—l T 2 1 n o (2k\2 n  (2k
k >_Z(3’“Tlakxz(32?€ B* (mod p?).

O
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where o = —4(1 + v/2) and 8 = —4(1 — v/2). Clearly a3 = —16. By Lemma
3.1,

n 2k\ 2
Z (3k22<: ok = (g) a"P,(v/2) (mod p)
k=0

and

gt = (%) 57 Pu(—/3) = (%2) B"Pu(v2)  (mod p).

k=0

By [S2, Theorem 2.9], P,(v/2) = 0 (mod p) if (%) = —1, and P,(v2)? =
(_71)4332 (mod p) if (%) =1and p= 2%+ 2y? (x,y € Z). So (1.21) holds.
(iii) (1.16) with b = 2 =4 and ¢ = 1 yields that
p—1 (2k)2

(—4)*

Ti(4,1) = P, (15 + 8V3)P, (15 — 8v/3)  (mod p?).

e
Il

0

By Lemma 3.2,

e, <£> _p, (ﬁ)
2 2

=(2++3)"P, (%) = (24 V3)"P,(15 7 8V3) (mod p).

By [S2, Theorem 2.10], P,,(v/3/2) = 0 (mod p) if p = 2 (mod 3), and P, (v/3/2)? =
(—=1)"42? (mod p) if p = 1 (mod 3) and p = x? + 3y? (x,y € Z). Therefore
(1.22) is valid.

(iv) Applying (1.16) with b =1, ¢ = 16 and x = 1/16 we obtain that

ST (3 N - (D) 2
,;) k(—256)’“ N (};(}#a ) XRZZO 3o £ (mod p7),

where a = (1 +3y/—7)/16 and 8 = (1 — 3y/—7)/16. Note that o = 1/4. By
Lemma 3.1,

Sy (g) Q" P, (v/=63) (mod p)

Skt = (2) Py = (22) RV (mod 1)
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(1.16) with b =16, ¢ = 1 and = = 16 yields that

i(—mk(%)zn(m,n = P,(255 4+ 96V7) P, (255 — 96v7)  (mod p?).

k
k=0

By Lemma 3.2,
(+£1)"P, (3;{) (8 £ 3V7)" P, (255 T 96v/7) (mod p).

Therefore

- 2 V7Y
—9xT7)" Tx(16,1) = (-1)" P, <—> (mod p).
() : :

=0

By [S2, Theorem 2.7], P,,(v/=63) = P,(3V7/8) = 0 (mod p) if (2) = —1,
and

3T

P,(vV/—63)? = (-1)"P, < 2

) = 422 (mod p)
if (2) =1and p=21?+T7y* (z,y € Z). Therefore (1.23) holds. [

4. MORE CONJECTURAL CONGRUENCES

Conjecture 4.1. Let p > 3 be a prime.
(i) If p=1,4 (mod 15) and p = z* + 15y* with x,y € Z, then

Plp_1y2(TV=15 £16v=3) = <_\/_—15> (1%) <2x - ﬁ) (mod p?).

P 2x

(ii) Suppose that (2) = (2) =1 and write 4p = z* + 35y with x,y € Z. If
p=1 (mod 3), then

5
—
—~
=5
N—
/—\
\_/
S
(@)
IS
_|_
[\)
%
H_
ﬁ
o
\_/
|||
/\
\_/
/N
[\)
8
|
N——
El
@)
o,
=
()
N—r

> (2?5(6k)(64+27\/_:|:\/—)k ==+v=35 () <y_ %> (mod 7).
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(i) 1 (2) = (

wig

)= (&) =1 and p = 22 + 30y* with z,y € Z, then

p—1 (Zk) (3k) T
k3R] (54— 35v2+V/5)F = (—) (2:6 - ﬁ) (mod p?).

— 2916~ 3 2z
(iv) If (_72) =(8) = (%) =1, and p = 2® + 42y* with x,y € Z, then
p—1 (2k) (Sk) - D
k) \k k— 2
250 — +2V14)" = (=) (20 — — d p°).
£~ 13500% (250 = 996 ’=(3) (e-5;) (mods?

)= (&) =1 and p = 22 + 78y> with x,y € Z, then

—~
<
N—
=
—~
BN
N—r
[
—
wls

5~ GO0 (9826 — 69302 + 5v/26)" = (f) (2w - £) (mod p).
£ 530604F 3 2z

—_

(vi) If (%) = (8) = (&) =1 and p = * + 102y* with x,y € Z, then

7
p—1 (2k) (Sk) -
k) Nk) (71874 — 17420717 + 35V2)F = (g) (2:(: - ﬁ) (mod p?).

— 3881196* 2x
(vii) If(_Tl) = (8) = (&) =1 and p = 2* + 33y with x,y € Z, then
p—1 (4k) (Qk:) i - D
2k) \ k _ =(z - = 2
> (ingy (96 SVIT£65v8) = (3) (20— 5-)  (mod p?).

Remark 4.1. Let p = 1,4 (mod 15) be a prime with p = 22 + 15y? (z,y € 7Z).
Applying (1.16) we see that

]ZZ::(—D’“ (2:)2%

=P(p—1)2(TV=15 + 16V/=3) P,_1)/2(7V/—15 — 16/=3) (mod p*).

Thus part (i) of Conjecture 4.1 implies that
p—1 2
2k 2
Z(—l)k<k) T = <2:(: — 2%) =42? —2p (mod p?).
k=0

We omit here similar comments on parts (ii)-(vii) of Conjecture 4.1. We also
have many other conjectures similar to Conjecture 4.1.

In the following conjectures, when we write a multiple of a prime in the form
ax? + by?, we always assume that x and y are integers.
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Conjecture 4.2. Let p > 5 be a prime. Then

_ 2 _ 2
-1 pzl (°F) Tox(62,1) _ (B)pzl (°F) Tox(62,1)
p )& (CrasE \3) &7 (Cago)r
422 — 2p (mod p?) ifp=1,9 (mod 20) & p = 2% + 592,

222 — 2p (mod p?) if p=3,7 (mod 20) & 2p = 22 + 52,

0 (mod p?) if (52) = —1, d.e., p=11,13,17,19 (mod 20).
And
p—1 2k 2
g;@«%+ﬂlD(%;%ggzn.43<?})<ﬂ+45( )) (mod p?)
p—1 2k 2 B
g%@4m+5m(ké£§gﬁl): <?})(m.+8(1)) (mod p?)

Conjecture 4.3. Let p > 3 be a prime. Then

IS (zkk)Tk? — (p) = (zkk)Tk(‘l,l)z

4k 3 16k

0

ki f
)—'o
e
Il

(]_?) Zl Qk T2k 6,1) :p_l TQk 6,1)
— 3 — 256k T 1024k

{ x2 —2p modp) ifp=1, 7(m0d24)&p—a: + 6y2,

) 7} 10 1)

822 — 2p (mod p?) if p=>5,11 (mod 24) & p = 222 + 332,

0 (mod p?) #(gﬁ):-—L i.e., p=13,17,19,23 (mod 24);
%ii (**) T3 (6, 1)2
1928
pl 422 — 2p) (mod p?) ifp=1,7 (mod 24) & p = 2% + 692,
8x2 — 2p (mod p?) if p=>5,11 (mod 24) & p = 222 + 332,
0 (mod p?) if (57) = —1, i.e., p=13,17,19,23 (mod 24).

Also,

]

o d R 6(5) 1) o

“— 5) (=5()) mar

=0

iing

bS]

=
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Conjecture 4.4. Let p > 5 be a prime.

(i) We have

p—1 2k: p—1 p—l

Z )T%(3,1)? 2 Z (% ) Tk(34 1) Tgk(18 1)
O D (—6 N 4096

k=0 =0
4x —2p (mod p?) ifp=1,9,11,19 (mod40)&p—x2+10y,
={ 8x? —2p (mod p?) ifp=7,13,23,37 (mod 40) & p = 222 + 592,

0 (mod p?) if(_Tlo) = —1, i.e, p=3,17,21,27,29,31,33,39 (mod 40).
Also,
p—1
Ty (3,1

Z (16k + 5) ( )36(k )’ =5p (mod p?),

=0
ik (%) T3,(34, 1) 2 -1

60k + 23) -~ = (8(—)+15(—)) mod p?).

k=0
Conjecture 4.5. Let p > 7 be a prime. Then

\ (zkk) (3kk)T3k(67 1)
(—512)k

= CHEHTa8,1) _ (10
512k -

i
N———
M3

k=0 =0
x? —2p (mod p?)  if (8) =(5) =1 & 4p = 2 + 3512,
2p 52 modp ) if (B) = (&) = —1 & 4p = 5a® + Ty,
(mod p?) if (42) = —1.

§<35k el (3?1?7«:(18 =T (1-5(2) tmod ),

: : 35k + 9) —(%) :gi’;gil) z% (3) (25+7 (%’)) (mod p?).

Conjecture 4.6. Let p # 2,29 be a prime. When p # 5,7, we have

1 (%K) Ty (19602, 1)

Z 784002k
k=0

{4 —2p (mod p?) if (=2)

=2
)
8z% — 2p (mod p?) zf(%z)
—58
)

(B)=1& p=a®+587
(B) =1 & p =22+ 2997,
) = —1.

mod p?) if (==
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Provided p # 13 we have

P71 (2K) Ty (19602, 1)
D T

k=0
422 — 2p (mod p?) if (

—2

P

={ 2p—8z?% (mod p?) if (_72

0 (mod p?) if (57
Conjecture 4.7. Let p > 5 be a prime. Then

(=) $ ()G T26.) (1) SRCAIVLTICERY

p (—24) p (—240)3*

(2) =1& p=a?+587
(2) =1 & p = 22”4299,
) = —1.

)
)

2?2 — 2p (mod p?) if(5)=(H)=1& 4p = 22 + 9132,
=¢ 2p—7x* (mod p?) if (5) = (&) =—1 & 4p = Ta* 4+ 13y,
0 (mod p?) if (37) = —1.
And
- (o) () Ts(26,1) _p (=6 p 2
; (319k -+ 239) ke =0 (949 + 6699 <?)) (mod p?),
p—1 (Qk:) (Bk)T (62,1) 105
k) 3RS 0 P p 2
k_0(1638k+277) T =15 ( ; ) (8701 + 2379 (7)) (mod p?).

Remark 4.2. Note that the imaginary quadratic field Q(+/—d) has class number
two for d = 5,6, 10, 15, 35, 58, 91.

Conjecture 4.8. Let p > 3 be a prime. We have

(—_6) Z (3%) () Ti(110, 1)

p (—962)k

k=0

(42— 2p (mod p?) i (S1) = (§) = (B) = 1 & p = a® + 2142
1222 — 2p (mod p?) zf(_?l) = (&) =-1, (§) =1 & p=32*+ Ty
=< 222 —2p (mod p?) zf(_?l) =8 =-1, (§) =1 & 2p =2 + 21y?,
622 — 2p (mod p?) zf(_?l) =1, (§)=(5) =—-1, & 2p =3a* + Ty,
[ 0 (mod ) i (=2) = -1,
and
p—1
Z(28k+5)( )(Zk)gjgg(;lo D_ g < p6) (33+7 (7;)) (mod p?)

k=0
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Conjecture 4.9. Let p > 3 be a prime. Then

Z (%) Toi(18,1)

256+~

(423 (mod p?) if (2)= (8) = (2) = 1 & p= a2 + 3042
122 — 2p (mod p?) if (§) =1, (%) = (&) = -1 & p =32+ 1042,
=< 2p —8z?% (mod p?) zf(%) =1, (5) = (&) =—-1 & p =227 415y,
2p — 622 (mod p?) if (§) =1, (%) = (&) = —1 & 2p = 32 + 10y,
[ 0 (mod ?) if (222) = 1.
And
pzl ) T2 (30, 1)
247256k
(422 —9p (mod ) if (32) = (B) = (B) =1 & p= 2 + 422,
1222 — 2p (mod p?) if(_?Q)zl, (5) = (8) = -1 & p=3z® + 1492,
={ 2p—8z? (mod p?) if (§) =1, (_72) = (8) = -1 & p =227 +21y?,
2p — 62 (mod p?) if (§) =1, (_72) = (8) = -1 & 2p = 32 + 1432,
[ 0 (mod ) i (52)= 1

Conjecture 4.10. Let p > 3 be a prime. When p # 13,17, we have

p—1 (Qk) (Sk)Tk(l()Q, 1)

Z ‘ k1023k

k=0

(42? —2p (mod p?) if (0)=(§)=({5) =1&p=2a"+78
2p — 822 (mod p?) zf(%) L (8)=(&)=—1& p=22%+392
=¢ 122 —2p (mod p*) if (&) = (%) = (&) = —1 & p = 32> + 2642,
2p — 242* (mod p?) if (§) = (%) = (&) = -1 & p =62 + 13y,
| 0 (mod p?) zf(_Tm) = —1.




24 ZHI-WEI SUN
Provided p # 11,17, we have
= (zkk) (Skk) 7). (198,1)

Z 1983k

k=0

(42® —2p (mod p?) if (2) = (§) = (§5) =1 & p=a® + 102y,
2p —8z* (mod p?) if (&) =1, (%) = (8) = -1 & p =22 +51y?,
={ 1222 —2p (mod p?) if (§) =1, (%) = (&) = -1 & p = 327 + 3432,
2p — 2422 (mod p?) zf(%) =1, (§)=(&) =—-1 & p=62*+ 1797,
[ 0 (mod ) i (222) = 1

Conjecture 4.11. Let p be an odd prime and let m € {2, 3,6, 10,18, 30,102, 198}.
If pf m, then

p—1 2K\ /3K m Pl (2k)2 m
(k)(kn);;f( 71)5 (%) 2T52§IE: 1) (mod p?). (4.1)

If m? # —12 (mod p), then

i (%) Tor(m, 1) _ (m2 +12) i (on) o) Te(m® = 2,1) (mod p?).

£~ 2565 P (m2 + 12)2k

o

= (4.2)

Remark 4.3. We observe that (4.1) holds mod p for any integer m # 0 (mod p),
and (4.2) holds mod p for any m € Z with m? # —12 (mod p).
Conjecture 4.12. Let p # 2,5,19 be a prime. We have

(%) Ty (5778, 1)
12162

(1

(423 (mod i) i (2)= ()= () =1 & p= o + 19002
8z2 — 2p (mod p?) z'f(%) =1, (8) = (&) = -1 & p =22% + 95y,
={ 2p— 2022 (mod p?) z'f(%) =(8)=-1, (&) =1 & p = 5?4+ 38y,
2p — 4022 (mod p?) z'f(%) = (&) =-1, (§) =1 & p =102 + 1992,
[ 0 (mod ?) (2190 =
and
_ 2
%Ef(S??QOk—F24893)(%f) Z3i22278’1>551’<11548*‘13345 (35)) (modp?).

k=0
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Provided p # 17 we have

L (25) T (5778, 1)

p—l »
T2k: (6778,1)  /p ,
; 439280%% T (5) i 19162% (mod p7)
and
S (25)*Tor (5778, 1) » 2
kzzo(57720k +3067) o = p (1) (398316 (L)) (mod p?).

Conjecture 4.13. Let p > 5 be a prime. Then

-1

) Ty (198, 1) Pl (2027, (322,1)
Z bi( _(g) (%) Tox

(]

4 224% 7) T g
(122 (mod i) (2= (B)= (B)=1 & p=s?+ TON2
8z? — 2p (mod p*) i (8) =1, (%) = (&) = -1 & p =22+ 35y2,
={¢ 2p—20z* (mod p?) if (B) =1, (%) = (8) = -1 & p =52+ 14y?,
2822 — 2p (mod p?) z'f(%) =1, () =(5) = -1 & p=T2® 4+ 10y?,
[ 0 (mod 7 (20 = 1

Also,
(%F) Ty (322, 1)
£ (—21031)F
(422 —2p (mod p?)  if (
2p — 222 (mod p?)  if (
2p — 2022 (mod p?) if(_?l) =1, (
(
(

(]2

=) = ()= (B) = 1 & p =27 + 857,
—1 & 2p = 22 + 85y,

Sk s
SN—
I
—_
—~
*d||

AN

N—
I

—~

&irs

N—
I

= B)=(&)=—-1& p=>522+17y7
10z — 2p (mod p?) if () =1, (_71) = (&) =—-1& 2p =52 + 17y,
[ 0 (mod p2) i (2) = 1
And
L (%K) Ty (1298, 1)
944k
k=0
(42? —2p (mod p?) if (7)) = (%) =(f5) =1 & p =2 + 13097,
8z% — 2p (mod p?) zf(_?z) =1, (5) = (&) = -1 & p=22* + 657,
={ 2p—202% (mod p?) if (&) =1, (_72) = (&) = -1 & p = 52* + 26y,
2p —402% (mod p?) if (&) =1, (_72) = (&) =—1 & p=1022 + 132,
L 0 (mod p?) if (2139) — 1.
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Remark 4.4. The imaginary quadratic field Q(v/—d) has class number four for
d =21,30,42,70,78, 85,102, 130, 190.
Conjecture 4.14. Let p > 3 be a prime. Then

= CHEHTe _ { (2)(422 — 2p) (mod p?) i (B) =1 & p= 2% + T4,
(—=27)* 7~ 1 0 (mod p?) if (2)

S () (6) Tw(26,81) :{ (3)(e? —2p) (mod p?) f (f) =1 & dp=2® + 11y,
— 243k 0 (mod p?) if () =-1
= ) CHTE(10,1) _ { (5)(a® = 2p) (mod p*) if (f5) =1 & 4p = 2® + 19y°,
Pt 243k 0 (mod p?) if () =—1.
If p # 13, then
pil (Qkk) (3:)T3k(106’ 1)
3123k
k=0
[ (B) (22— 2p) (mod p?) if () =1 & 4p ==® + 43y,
~ | 0 (mod p?) if (45) = -1
If p # 73, then
pil (Qkk) (3:)T3k(586’ 1)
17523k
k=0
[ (28)(@? - 2p) (mod p?) if (&) =1 & 4p =22 +6Ty2,
| 0 (mod p?) if (&) =—1.
If p # 8893, then
0 (%) (3R Tap (71146, 1)
— 2134323k
- (53358 (2% —2p) (mod p?) if (£5) =1 & 4p = 2 + 163y,
~ | 0 (mod p?) if (1§3) = —1.

p—1 (2k\ (3k T 2,_1 . p—1 /2k\ /3k T 2,9
Z(k)(k) 3k:<k )E(_l) (k)(k2)432k( )

k=0
:{ (%)(asz —2p) (mod p?) ifp=1 (mod 3) & 4p = 2% + 272,
1o

(mod p?) if p=2 (mod 3).
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And

p—1 2k\ (3k T3k;(2, _1)
> (15k +2) (k)((k_é%&k

k
_{ 2p(%) (mod p?) if3|p—1 and 2 is a cubis residue mod p,
~ L 0 (mod p) otherwise.

Remark 4.5. The imaginary quadratic field Q(v/—d) has class number one for
d=17,11,19,43,67,163.

Though we will not list many other conjectures similar to Conjectures 4.2-
4.14, the above conjectures should convince the reader that our conjectural
series for 1/m in the next section are indeed reasonable in view of the corre-
sponding congruences.

5. DUALITIES AND NEW SERIES FOR 1/7

As mentioned in Section 1, for b > 0 and ¢ > 0 the main term of 7, (b, c) as
n — +00 is

(b+2\/5)n+1/2
2cy/nm

Here we formulate a further refinement of this.

fn(b,c) =

Conjecture 5.1. For any positive real numbers b and c, we have

asn — +oo. If ¢ >0 and b = 4+/c, then

T, (b, c) 3 x 6" 1 15 21 1
— T, (4,1) = 1 — ).
NG (4,1) Vénr ( + 8n? + 64n3 + 32n4 +0 <n5))

If c< 0 and b € R then

li_}:rn VT, (b, c)| = Vb? — 4c.

Let p be an odd prime. Z. H. Sun [S1] proved the congruence

-1 2

&’
k

— 16

bS]
—

NGO :
<?)Z - (1=2)F (mod p?) (5.1)

k=0
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via Legendre polynomials; in fact this follows from the well-known identity
P,(—x) = (=1)"P,(z) with n = (p — 1)/2. In [Su7] the author managed to
show the following congruences via the Zeilberger algorithm:

p—1 (2k\ (4k p=l (2ky (4k

(kﬁ)4(k2k) = (%) (k(5)4(k2k)(1 — )" (mod p?), (5.2)
k=0 k=0
p—1 (2k\ (3k p—1 (2k\ (3K
k_o(k2)7<kk>xkz(§) > L) (1o (mod 57) (9 3). o
S~ G - (2S5 DD 1k (mod 2
£ 432% _<p)k:o 432F (1=2)" (mod ) (p#3) (5.4)

The first part of our following result on dualities was motivated by (5.1)-
(5.4).

Theorem 5.1. Let p be an odd prime and let b,c and m # 0 (mod p) be
rational p-adic integers.

(i) We have
pz;: (1(2@2;:&(1), o) = (‘_1> : (I(Z‘Z;Tk(m _b,¢) (mod p?), .
ST VT ———
Provided p > 3 we also have
> Bno= () S BHnem-va mea
: %Tk(b, ¢) = (%) : %Tk(m —b,¢) (mod p?). -

(ii) Suppose that d = b*> — 4c # 0 (mod p). Then, for any h € Z+ we have

p—1 2K\ P p—1 2K\ P
S i) Taltne) _ (0% ) 2 G0 gy, 59)

k B2 Jom )\ K
— m P — (167d? /m)

Proof. (i) Since the proofs of (5.5)-(5.8) are very similar, we just show (5.6) in
detail.
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For d = 0,...,p — 1, by taking differentiations of both sides (5.2) d times
we get

pEE IO
E0)m IR )
-G E G-

(ii) In view of (3.1) and the known result

d
d*T, 11 (b,c) = (—

)Tk(b,c) (mod p) fork=0,...,p—1
p

(see [N, (14)] or [Sub, Lemma 2.1]), we have

n ok h n 2(n—k)
M EZ (=)™ 16k( n—k ))h (g) d2kT2(n—k)(bac)

mk mk
k=0 k=0

o (5 () () e
() 0

Recall that p | (2:) foreach k=n+1,... ,p—1. So (5.9) follows.

The proof of Theorem 5.1 is now complete. [
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Ezample 5.1. Let p be an odd prime. By (5.5) we have
— 2 —1 k2 p—1
-1\ = (zkk) Ty(5,4) _p (21:) T (= 2
(1) > e 5 I 52 G a2
k=0 k=0 k=
The author [Su4] conjectured that

o

Zil () { 42? —2p (mod p?) if4[p—1& p=2a?+4y* (z,y € Z),
— (—8)k | 0 (mod p?) if p=3 (mod 4),

and this was recently confirmed by Z. H. Sun [S2]. When p > 3, by (5.7) we
have

( >zo—l 2k 3k: Tk (3,1) p—1 2k: Sk)Tk( 2,1) p—1 (2:)2(3:)

2
% k :Z — ok (mod p7),
k=0 27 o 27 — (=27

_ 2
the reader may consult [Su4, Conjecture 5.6] for Zz:é (Qkk) (?’kk)/(—27)k mod
p*.

Based on our investigations of congruences on sums of central binomial co-
efficients and central trinomial coefficients, and the author’s philosophy about
series for 1/m stated in [Su6], we raise many conjectural series for 1/7 of the fol-

lowing five new types with ag, a1, b, ¢, m integers and aga1bc(b? — 4c)m nonzero.

Type T. S0 (a0 + ark) (2F) Th(b, ¢) /m*.

Type II. Y po(ao+ aik)(3F) (3T (b, c)/m*.

Type IIL. Y 5o ,(ao + aik)(5r) (BF)Th(b, ¢) /mF.

Type IV. Y0 (ao + ark) (2F) Tk (b, ¢) /m*.

Type V. > p(ao + aik) (Qkk) (3:)T3k(b, c)/mkF.

Recall that a series ) -, ax is said to converge at a geometric rate with ratio

r if limg_ 1 oo agr1/ar = r € (0,1). All the series in Conjectures I-V below

converge at geometrical rates, and most of them were found by the author
during Jan.-Feb. 2011.

Conjecture I. We have the following identities:

> 30k +7 [(2k\° 24

> T.(1,16) === 11
> 30k +7 [2k\° 12

e T.(34.1) === 12
30k — 1 /2k\ > 80

P T.(194,1) =— I

£ 4096" (k;) k(194,1) T (13)

X 42k 45 [(2k\ 2 16V3
e T.(62.1) = . 14
24096k(k) (62,1) =10 (14)
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Remark 5.1. (I1) was the first identify for 1/m involving generalized central
trinomial coefficients; it was discovered on Jan. 2, 2011. Different from classical
Ramanujan-type series for 1/7 (cf. N. D. Baruah and B. C. Berndt [BB], and
Berndt [Be, pp. 353-354]) and their known generalizations (see, e.g., S. Cooper
[C]), the two numbers in the linear part 30k — 1 of (I3) have different signs,
and also its corresponding p-adic congruence (with p > 3 a prime) involves two
Legendre symbols:

S taon - IO _ 5 (1) (9)) ()

k=0

Conjecture 1I. We have

2 > (F) ()nos0 =52, (tm)
9150;12 (2:) (3:) T0(10. 1) :727{37 (112)

kz_o 151];73;4 (2;:) (3;:) T, (198.1) :135;/37 (113)

ki:o % (2:) (3:) T, (730,729) = 25[ (I15)

g} % (2:) (3:) T3(102,1) = 14z;\f (116)

go 22210%8;15724 <2kk) (3:) T,(198. 1) = 114?;5[ | (a17)
ki;o % (2:) (3:) T(30202, 1) 563i5\f | 1)
i % <2:) <3:) T, (287208, 1) :1143:5@ (1)

k=0
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and

> 45k + 7 2k (3K 3
Zw<k)(k):rk(26,729)_3_w(3¢§+m%

ra (I110)
2 9k +2 (2K [3k 15v/3 + W
§W<k)(k)T (70,3645) =———— (II11)
. 63k 4+ 11 [2k\ (3k _ 2

ZO ~13500) ( k ) ( k )Tk(40’ 1458) =57 (33 + 476, (I112)

Remark 5.2. In view of (5.7), we may view (II9) as the dual of (II7) since
1983 /27 — 198 = 187298. The series in (II7) converges rapidly at a geometric
rate with ratio 25/35937, but the series in (I19) converges very slow at a geo-
metric rate with ratio 71825/71874. (I12), (I19) and (II10) were motivated by
the following congruences (with p > 3 a prime):

103k
k=0
_ 42 —2p ( modp) if p=1,3 (mod 8) & p = 2% + 2y? (x,y € Z),
“ 1 0 (mod p?) if (_—2) =—1, i.e,, p=5,7 (mod 8),
p—1 2k\ (3k
T(10,1 —
(91k+12)( ) (i )3Z( ) = 3p (9 (—3) —1) (mod p?) (p #5);
2 10 2 D
= (%5 (3) T3, (287298, 1)
210k — 71
kz_o( 0k — 7157) TR

=p (35 (_?3) — 7192) (mod p*) (p # 11);

’S % (2:) (3:) T:.(26,729) = g (9 (_?3) +5 (_715)) (mod p?).
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Conjecture ITI. We have the following formulae:

> 85k + 2 [4k\ [2k 33v/33
o2 T (52,1) = I111
kzzo 662 <2k)<k) b(52,1) =—"— (1IL)
. 28k + 5 [4k\ [ 2k 36
ik T.(110,1) =2V~ 112
kz_o(—%?)k (%)(k) K0, 1) ==, (2)
.40k + 3 [4k\ [ 2k 70\/
e T 1 II1
kz_o 1122F <2k)<k) £(98,1) = (IL13)
>, 80k + 9 [4k\ [ 2k 1166
e Ty, (257, 256) = 1114
k413 [4k\ [2k 14+/210 + 21/42
Z 801622 5 ( ) (k )Tk(7 4096) = 8+
a i (IT15)
760k + 71 [4k\ [2k 1267
T T:.(322,1) = 1116
kz_o 3362k <2k)<k) b(322,1) =—"—, (IL16)
10k — 1 [4k\ [ 2k 7\/21
- T, (1442, 1 117
kz_o 3362k <2k)<k) k( )= (ITI7)
770k + 69 [4k 95\/11
T (898,1 II1
Z o127 (k)< ) 1 (898,1) = (I118)
k=0
o 280k — 139 2k 95\/399
T (12098, 1 I11
4370k 11 2k V434
Z i 3;3 1 12220 ( ) ( i )Tk (10402,1) = 368i o
k=0 g (I1110)
>, 8840k — 50087 [4k\ [2k 7378\/846
> o <2k) (k)Tk(1684802 1) =
k=0 & (11111)
. 11657240k + 732103 [4k\ [ 2k 80883\/81
3921;% ( )(k)Tk (39202,1) =
k=0 T (11112)
> k— 1 /4k\ [ 2k 1 4\/24
> 3082 921652?37 (2 k) ( i )Tk (23990402, 1) = Prévadol
k=0 T (11113)

Remark 5.3. (I1112) and (II113) are dual in view of (5.6). Other dual pairs
include (I116) and (III7), (ITI8) and (II19), (II110) and (I1111). Below are the
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corresponding p-adic congruences for (II11) and (II113) (with p > 3 a prime):

p-1 (35 (M T (52, 1)
(85k +2) T
0

= (12 (Z2)-10(2)) wmoar). 1)

= (2 (3%)T3,(23990402, 1)

> " (3080k — 58871)~2

392162k
k=0

=p (385 <_2§51) — 59256 (ﬁﬂ)) (mod p?) (p # 19,43).

p

Conjecture IV. We have

k=0

k=0

(—57602)F  \ k

> 13940k + 1559 /2k\ >
Y 13940k ( )T2k<322,1>=
k=0

=8k 41 (2k\°
> e () Tta0.1) =

10k + 1 (2K
Zw<k) T5(38,1) =
k=0

>, 14280k + 899 [/ 2k
392002k k

k=0

k=0

21k +2 2k
o T 1
kzzo 8962k (k;) 21(30, 1) =

>\ 56k + 3 (2k\
ZW(k) T5,(110,1) =

k=0

26k +5 [2k\>
> it (1) Tr0 -

X 340k + 59 (2K 2
Zm(k) T2,(62,1) =—

) T (198,1) =

> 120k 4 13 /2k\ 2
> g () Tis =

48
5’

)

™

4320

™

10v/2

3T

156

™

1155\f

124/15
7T b

5v7
27T

307
’ﬂ' b

(IV1)

(IV2)

(IV3)

(IV4)

(IV5)

(IV6)

(IV7)

(IV8)

(IV9)
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and

56k:+5 2K\ 2 727
Tor(322,1) =
k < 48t (k) k(322 1) ===
10k-|—1 2k 2 25+/14
2800% (k) Ton(198, 1) ==
195k+14 2k 2T (1021 )_85\/@
(104002 \ k 2k ( T 121
3230k+263 2%k T (1298, 1 675\/%
k . —aez002F  \ 5 ) Dol ar
520k—111 2k\ 2 1326\/_
56162 (k) Tor(1298,1
k: 0
280k—149 2K\ 2 _330v/51
. 20400%F (k) Tox (4898, 1) T
78k—1 2%\ 2 _T41V/10
S Ty (5778, 1) ‘/_,
28880 k 207
57720k+3967 2k\ 2 2890\/_
Z Bozsor | ) L7181

o0

1615k — 314 [2k\ > 1989+/95
2 2433602F (k) Ton (54758, 1) =
vy

Remark 5.4. For (IV6), Mathematica indicates that if we set

"~ 14280k + 899 (2K
k=0

then

1

and |s(30) x

s(15) x

s 1‘ - 1
1155v/6 1050

T 1‘ oL
11556 10100°

35

(IV10)

(IV11)

(IV12)

(IV13)

(IV14)

(IV15)

(IV16)

(IV17)

(IV18)

Below are corresponding p-adic congruences of (IV9)-(IV11) and (IV18) with
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p > 5 a prime:

-1

L (2 ) Tor(110,1) p p

;(5614 +3) =2 (35 (?> - 23) (mod p?),
> (56K + 5)( ) 134(322 D 52% (147 (g) - 47) (mod p?),
k=0

S0k 1)) D 2 (2 (15(2) 1) mod ) 07

and
If(lﬁl% — 314) i) Zﬁ;ﬁégj 50
k=0
52% (6137 (%) - 14301) (mod p?) (p # 13).
Conjecture V. We have the formula
i 16(3_8;43)3:7 (2:) (3:) Ty (62, 1) = 44\7/rﬁ ' V1)

k=0

Remark 5.5. (V1) was motivated by Conjecture 4.7; the series converges at a
geometric rate with ratio —64,/125.

We conjecture that (IV1)-(IV18) have exhausted all identities of the form
= () Tar(v,1) _ C
S (a0 + iy ) D)
— m T

with ag,a;,m € Z, b € {1,3,4,...}, a; > 0, and C? positive and rational.
This comes from our following hypothesis motivated by (5.9) in the case h = 2
and the author’s philosophy about series for 1/m stated in [Su6]. We have
applied the hypothesis to seek for series for 1/7 of type IV and checked all
those b = 1,...,10° via computer.

Hypothesis 5.1. (i) Suppose that

= ap +ark (2k\° C
>l () mn =3

k=0
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with ag, a1, m € Z, b € ZT and C? € Q\{0}. Then \/|m| is an integer dividing
16(b% — 4). Also, b=7T7 or b=2 (mod 4).

(ii) Let e € {1}, b,m € Z* and m | 16(b*> — 4). Then, there are ag, a1 € Z
such that

> CLO—|—CL1]{7 2]{7 2 O
> () T =2
k=0

for some C # 0 with C? rational, if and only if m > 4(b+2) and

p—1 (2k\2 2 p—1 (2k\2
W Tal) (D) 5 6 0D Gy

p )& Eem)

for all odd primes ptb* — 4, where m = 16(b* — 4)/m.

Concerning the 48 new identities in Conjectures I-V, actually we first discov-
ered congruences without linear parts related to binary quadratic forms (like
many congruences in Section 4), then found corresponding p-adic congruences
with linear parts, and finally figured out the series for 1/m.

Acknowledgments. The author would like to thank Prof. Bruce Berndt and
Shaun Cooper for their comments on the author’s conjectural series for 1/m.
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