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ABSTRACT. The Apéry polynomials are given by
n

@ =3 () TR =z,
k=0

(Those A, = Ap(1) are Apéry numbers.) Let p be an odd prime. We

show that
p—1 p—1 (2k)3
S DR ane) = 3 Lok mod ),
k=0 k=0
and that n
-1 -1
S M) = (2) S b))
=0 /) = (256x)

for any p-adic integer  Z 0 (mod p). This enables us to determine explic-
itly Zi;é(:}:l)kAk mod p, and Zi;é(—l)k/lk mod p? in the case p = 2
(mod 3). Another consequence states that

-1 .
”Z(_l)kAk(_Z) _ [ 42® —2p (mod p?) if p=2? +4y? (z,y € 2),
— | 0 (mod p?) if p=3 (mod 4).

We also prove that for any prime p > 3 we have

p—1
7
> (2k+1)Ay =p+ —p*Bp-3 (mod p°)
6
k=0
where By, B1, Ba, ... are Bernoulli numbers.
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1. INTRODUCTION
The well-known Apéry numbers given by
n 2 2 n 2 2
n n+k n+k 2k
A, = = =40,1,2,...}),
20 (7)) =2 (%) (5) wew=a2.
k=0 k=0
play a central role in Apéry’s proof of the irrationality of ((3) = > o2, 1/n?
(see Apéry [Ap] and van der Poorten [Po]). They also have close connec-

tions to modular forms (cf. Ono [O, pp.198-203]). The Dedekind eta
function in the theory of modular forms is defined by

n(r) =" [[(1—¢") withg=e"",

where 7 € H = {z € C: Im(z) > 0} and hence |¢| < 1. In 1987 Beukers
[B] conjectured that

Ap—1)/2 = a(p) (mod p?)  for any prime p > 3,

where a(n) (n=1,2,3,...) are given by

33
>
2
3
—~~
iy
\]
|
<
3
1
—~
—_
|
<
}—l
|
»Q
||M8

This was finally confirmed by Ahlgren and Ono [AO] in 2000.
We define Apéry polynomials by

A (z) = kzn::o (Z)2 (” ! k)zx’f _ kz; (";k)z (2:)2x’f (neN). (1.1)

Clearly A, (1) = A,,. Motivated by the Apéry polynomials, we also intro-
duce a new kind of polynomials:

n N2 [ — k2 [n/2] n\2 /9K 2

N k _ k

W, (2) ._Z<k) ( . ) b =>" (%) (k) ¥ (neN). (1.2)
k=0 k=0

Recall that Bernoulli numbers By, By, Bo, ... are rational numbers given

by

& 1
By =1 and Z<n+ )Bk:O forn € Zt ={1,2,3,...}.
k=0 k
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It is well known that B, 1 = 0 for all n € Z™ and

oo n
X x
n=0

e.’E
Also, Euler numbers Ey, E1, Es, ... are integers defined by
" /n
Fy=1 and En =0 f VAN
0 an Z <k) =0 forne
k=0
2|k

It is well known that Es,+; =0 for all n € N and

> " 12n T
secx = Z(—l) Egnw <|a:| < 5) .
n=0

Now we state our first theorem.

Theorem 1.1. (i) Let p be an odd prime. Then

p—1 p—1 p—1 (2k)3

Z(—l)kAk(a:) = Z(—l)ka(—x) = Z 1k6k 28 (mod p?).

k=0 k=0 k=0

Also, for any p-adic integer x Z 0 (mod p), we have

where (—) denotes the Legendre symbol.
(ii) For any positive integer n we have

(1.3)

(1.4)

LS ot D Ae) = 3 G [ [FAAS (e EaE

k=0 k=0
If p > 3 is a prime, then
p—1

7
Z(2k +1)Ar=p+ 6p4Bp_3 (mod p°)
k=0
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and
p—1 s \ \
kzzo(%: +1)Ax(—1) = <—p )p —p°Ep_3  (mod p*). (1.7)

(iii) Given e € {£1} and m € Z*, for any prime p we have

p—1

Z(Qk +1)e? AT = 0 (mod p).
k=0

Remark 1.1. (i) Let p be an odd prime. The author [Sul, Su2] had conjec-
tures on 32070 (%) /m* mod p? with m = 1, -8, 16, —64, 256, —512, 4096,
Motivated by the author’s conjectures on Zi;(l) Ap(z) mod p? with z =

1,—4,9 in an initial version of this paper, Guo and Zeng [GZ, Theorem
5.1] recently showed that

p—1 (p—1)/2 2
_ p+2k\ (2k\" 4 9
g Ag(x) = E (4k+1)<k) z®  (mod p®).

k=0 k=0
(ii) The values of

n—1

1
Sn=— (2k+1)Ay€Z
k=0

3

withn=1,...,8 are
1, 8, 127, 2624, 61501, 1552760, 41186755, 1131614720

respectively. On June 6, 2011 Richard Penner informed the author an
interesting application of (1.5): (1.5) with = 1 implies that s,, is the trace
of the inverse of nH,, where H,, refers to the Hilbert matrix (iﬂ%l)l@,jgn.

Can we find integers ag,ai,as,... such that Zz;é ar = 422 — 2p
(mod p?) if p = 22 + 3?2 is a prime with 2 odd and y even? The following
corollary provides an affirmative answer!

Corollary 1.1. Let p be any odd prime. Then

K (1.8)
42? — 2p (mod p?) ifp=1 (mod 4) & p=2?+y? (21 2),
0

(mod p?) if p=3 (mod 4).
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Proof. Tt is known (cf. Ishikawa [I]) that

_ 3 .
S {40 o) A= 1 o) =7 (21,
= 04 0 (mod p?) if p=3 (mod 4).

The author conjectured that we can replace 64* by (—8)* in the congru-
ence, and this was recently confirmed by Z. H. Sun [S3]. So, applying (1.3)
with x = —2,1/4 we obtain (1.8). O

Corollary 1.2. Let p be an odd prime. Then

—
> Ap=c(p) (mod p) (1.9)
where
422 —2p ifp=1,3 (mod 8) & p = 2% + 2y (x,y € Z),
“P)=1 ¢ if (52) = ~1, i.e., p="5,T (mod 8).
Also

Sovra=(5) g (3)

k
_{ 422 — 2p (mod p) if p=1 (mod 3) and p = 2% + 3y* (x,y € Z),

0 (mod p?) if p=2 (mod 3).
(1.10)
Proof. By [M95] and [Su3], we have
pl( k)
> e =) (mod »?)
k=0

as conjectured in [RV]. (Here we only need the mod p version which was
proved in [M95].) So (1.9) follows from (1.4). The author [Su2] conjectured
that

kS
—
> =
?T\-/
w0
VR
|
@‘H
~__
M7
—
o
&
N—
w0

256%
k=0 k=0
_{ 422 — 2p (mod p?) if p=1 (mod 3) and p = 2% + 3y? (z,y € Z),
| 0 (mod p?) if p=2 (mod 3).

This was confirmed by Z. H. Sun [S3] in the case p =2 (mod 3), and the
mod p version in the case p =1 (mod 3) follows from (4)-(5) in Ahlgren
[A, Theorem 5]. So we get (1.10) by applying (1.3) with z =1,1/16. O

Remark 1.2. The author conjectured that (1.9) also holds modulo p?, and
that (1.10) is also valid modulo p? in the case p =1 (mod 3).
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Corollary 1.3. For any odd prime p and integer x, we have

p—1 -
Z 2k +1)Ax(z) =p (5) (mod p?). (1.11)

k=0

Proof. This follows from (1.5) in the case n = p, for, p | (2”,;:’“1) for every
k=0,...,(p—3)/2, and p | (zkk) foral k=(p+1)/2,...,p—1. O

We deduce Theorem 1.1(i) from our following result which has its own
interest.

Theorem 1.2. Let p be an odd prime and let x be any p-adic integer.
(i) If z = 2k (mod p) with k € {0,...,(p—1)/2}, then we have

()

r=0

(—1)* @“) (mod p?). (1.12)

(ii) If z = k (mod p) with k € {0,... ,p— 1}, then

f’i (f)Q = (2;) (mod p?). (1.13)

r=0

Remark 1.3. In contrast with (1.12) and (1.13), we recall the following
identities (cf. [G, (3.32) and (3.66)]):

el 2n\ > 2n "L /n\? 2n
_1\k — (_1\" —
2 (i) () e 26 -6
k=0 k=0
Corollary 1.4. Let p be an odd prime.
(i) (Conjectured in [RV] and proved in [M03]) We have

SO (22 o2

(ii) (Conjectured by the author [Sul] and confirmed in [S2]) If p =1
(mod 4) and p = 22+ y? with x =1 (mod 4) and y =0 (mod 2), then

p—1 [2k\2
k=0
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Pmof Since( i
= —1/2 and k

(i)
When p = 22 + 32 with 2 = 1 (mod 4) and y = 0 (mod 2), by (1.12)
with z = —1/2 and k = (p — 1)/2 we have

) = 2:) /(—=4)" for all r = 0,1,..., applying (1.13) with
=(p—1)/2 we 1mmed1ately get the congruence in part

e —12 N @20
—( =(-1) 1)/4((]?— 1)/4) = 4o-1/4
E(—lyp_n/4(2x——§%> (mod p?) (by [CDE] or [BEW]).

This proves (1.14). O

Corollary 1.5. Let a, := ZZ 0( )20k forn = 0,1,2,..., where C},
denotes the Catalan number ( )/(k +1) = (zkk) — (,ffl) Then, for any
odd prime p we have

a1 +---+a,_1 =0 (mod p?). (1.15)

Remark 1.4. We find no prime p < 5,000 with > 57— ak =0 (mod p?) and

no composite number n < 70,000 satisfying Zk:l ar = 0 (mod n?). We
conjecture that (1.15) holds for no composite p > 1.

The author [Sul, Remark 1.2] conjectured that for any prime p > 5
with p =1 (mod 4) we have

P13 (2k)3
Z kk =0 (modp*) fora=1,23,....
— 04

This was recently confirmed by Z. H. Sun [S3] in the case a = 1. Note
that

ke ()

—1/2\%  (=1)k-t —3/2\°
1k = ( 1)k< f ) 3 b1 forallk =1,2,3,....

So, for any prime p > 5 with p =1 (mod 4) we have

p-1 ( 3/2) =0 (mod p?).

r= 0

Since —3/2 = —2(p+3)/4 (mod p), the result just corresponds to the case
x = —3/2 of our following general theorem.
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Theorem 1.3. Let p > 3 be a prime and let x be a p-adic integer with
x = —2k (mod p) for some k € {1,...,|(p—1)/3]}. Then we have

pi(—ly (x)s =0 (mod p?). (1.16)

Similar to Apéry numbers, the central Delannoy numbers (see [CHV])
are defined by

pe-2 () () -Z () e

Such numbers arise naturally in many enumeration problems in combina-
torics (cf. Sloane [S]); for example, D,, is the number of lattice paths from
(0,0) to (n,n) with steps (1,0),(0,1) and (1,1).

Now we give our result on central Delannoy numbers.

Theorem 1.4. Let p > 3 be a prime. Then

p—1 1
ZDk = (—) —p*E,_3 (mod p?), (1.17)
k=0 p
We also have
p—1 7
> (@k+1)(-1)*"Dr=p— Ep‘pr_g (mod p°) (1.18)
k=0
and
p—1
S(2k + 1) Dy = p+ 2p20,(2) — p*gp(2)? (mod p), (1.19)
k=0

where q,(2) denotes the Fermat quotient (2P~1 —1)/p.

In the next section we will show Theorems 1.1-1.2 and Corollary 1.5.
Section 3 is devoted to our proofs of Theorems 1.3 and 1.4. In Section 4
we are going to raise some related conjectures for further research.

2. PROOFS OF THEOREMS 1.1-1.2 AND COROLLARY 1.5

We first prove Theorem 1.2.

Proof of Theorem 1.2. (1) We now consider the first part of Theorem 1.2.

Set
el o= - (T

2
) for k € N. (2.1)
r=0
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We want to prove that

fe(y)

() mod ) (2

for any p-adic integer y and k € {0,1,...,(p—1)/2}.
Applying the Zeilberger algorithm via Mathematica 7, we find that
(py + 2k +2) fra(y) + 4(py + 2k + 1) fi.(y)

~ (p(y—1) + 2k + 3)2Fi(y) (py + 2k + 2)2 (2.3)
Tyt 2k+ D)(py+2k+2)2\ p—1 )

where
Fi.(y) = 14+ 34k +20k* — 10p — 12kp + 2p? + 17py + 20kpy — 6p°y + 5p*y>

Now fix a p-adic integer y. Observe that

-1 -1

fo-v/2(y Z ( _pr) :pZ<—1>’“ 11 (1—1@)2

r=0 r=0 0<s<r
p—1 p—1 r
2p(y +1) P 20y + 1)
=S (1o 3 ) oy Sy y 2
= 0<s<r r=1 s=1
(p—1)/2

R TEET ) B S ;
s=1 r=s Jj=1

(v (P Lty e

=(=1) (@—1)/2)( 47

For each k € {0,...,(p—3)/2}, clearly py+2k+1, py+2k+2 # 0 (mod p),
and also

+2k +2\”
(p(y — 1)+2k+3)2(pyp_1 ) =0 (mod p?)
since (pylfli“) = (py+123k+3) =0 (mod p) if 0 < k < (p— 3)/2.
Thus, by (2.3) we have
py + 2k + 2 p—3
fe(y) = iy + 2k + )fk+1( y) (mod p?) fork=0,... R

fo<k<(p—1)/2 and

fenl) = 0 (T a2,
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then

2%k 42 1(2(k+1) +py
fk(y):_4(py+2k+1)<_1)k+< k+1 )

_(—10k(py+27€+2>2 2k + py _ 2k + py mod 12
_4(k+1)(py+k+1>( ! )_< m( . )( )

Therefore (2.2) holds for all k =0,1,...,(p—1)/2. This proves Theorem
1.2(4).

(ii) The second part of Theorem 1.2 can be proved in a similar way.
Here we mention that if we define

guly) = pi (k +py)2 for k € N (2.4)

r
r=0

then by the Zeilberger algorithm we have the recursion

(py +k + 1)gr+1(y) — 2(2py + 2k + 1)gk(y)

C(ply—=1)+k+2)*(3py — 2p+ 3k +3) (py+k+1)2

It follows that if k € {0,...,p — 2} and y is a p-adic integer then

gr1(y) = <%221%%(Mﬁﬁ>

= gr(y) = (2k Z%y) (mod p?).

(2.5)

In view of this, we have the second part of Theorem 1.2 by induction.
The proof of Theorem 1.2 is now complete. [

Proof of Corollary 1.5. Observe that

p—1 p—1 p—1 n 2 p—-1 p—1—-k k4 2
Sa-yax (i) -xax (")
n=0 k=0 n=k k=0 7=0

fo<k<p—landp—k<j<p—1,then

k+j (k+j)!
( i ): Hj] 0 (mod p).

Therefore

o Eal () SR ()
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where 2, = —k—1=p—1—k (mod p). Applying Theorem 1.2(ii) we get

—1

Z%—Z%( o )zg—l)’f(ﬁ;‘fl)@ (mod ).

So it suffices to show that for any n € Z* we have

S t(g et (2:6)

We prove (2.6) by induction. Clearly, (2.6) holds for n = 1. Let n be
any positive integer. By the Chu-Vandermonde identity

> () ) - ()

(see, e.g., [GKP, p.169]), we have

(DTS -0

Thus

S (”;ﬂ k) Cr — §<—1>’“ (gk-:-kl)ck

e S (e
s () (e

This concludes the induction step. We are done. [

—(~1)"Cp +

Now we can apply Theorem 1.2 to deduce the first part of Theorem 1.1.
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Proof of Theorem 1.1(i). Let € € {&1}. Then

p—1 p—1 m 2 2
m+k 2k
Z emAn(x) = g™ Z ( ) ( ) zk
_”z‘: <2k)2xk 2 m (m + k)2
k=0 k m=k 2k
p—1 2 p-1-k 2
2k 2k
k=0 r=0 r
= <2k>2 R e T(p— 1- 2k—p)2
= e¥x €
k T
k=0 r=0

Set n = (p—1)/2. Clearly (zkk) =0 (mod p) fork=n+1,...,p—1, and

(mod p)

N
=
|
—_
< |
[\
Eal
|
=
~~
[l
VRS
=
|
T
[\
B
~
I

if0<k<nand p—1—2k <r <p—1. Therefore

ng‘lm(w) = i <2kk)25ka:k§5T <2(” _f) - p)2 (mod p?).

k=0

Similarly,

m=0 0 k=0
" 2k)2 R m<m)2
= ez €
k=0 <k m=2k 2k
n 2 p—1—2k 2
= Z <2kk) gk g2kt (Qk + T)
k=0 r=0 r
22N\, RN 2n— k) — p)°
EZ(k) 6’“35’“25( (n—k) p) (mod p?).
k=0 r=0 r
So we have
p—1 p—1 n o 2
m m _ k _k 2
mzzoa Ap(x) = mzzoa W (ex) = l;) (k) e"z"Sk(e) (mod p?),
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where

Si(e) = pi o (2(n _T;@ _ p) :

Applying Theorem 1.2(i) we get

Si(—1) E(—1)”—k<2(”7:_k)k_ p) - (—1)”"‘“<_§k__kl>

nt k) _ (neky _ () )
= = = d p?).
(n - k) ( 2% ) CieF (medP)
(The last congruence can be easily deduced, see. e.g., [S2, Lemma 2.2].)

Combining this with (2.7) in the case ¢ = —1 we immediately obtain (1.3).
In view of Theorem 1.2(ii),

Sk(1) = (4(7;(;]? k_)2p> (mod p?).

Recall that (”+k)(—16)k = (Zkk) (mod p?). So, in view of (2.7) with e = 1,

we have

m=0 m=0 k=
= J 2j
n (4k—2p) (2k—p)2
p—1 2k k n
16 kZ:O 556k x (mod p*)

If z is a p-adic integer with = #Z 0 (mod p), then

e O
167~ Z T z"

QS - ()5

k=0

and therefore (1.4) holds. O
Lemma 2.1. Let k € N. Then, for any n € Z* we have the identity

Sanen(" ) SN e

m=0
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Proof. Obviously (2.8) holds when n = 1.
Now assume that n > 1 and (2.8) holds. Then

n 2
Z(2m+1)<m+k)
ft 2%
(n—k)?(n+k 2 n+k\>

“orri 2 ) Ty,
(kD2 (k) 1k (n+1)+ k)
o 2k+1 2k 2k +1 2k ‘

Combining the above, we have proved the desired result by induc-
tion. [

Lemma 2.2. Let p > 3 be a prime. Then

SRSk
T —pE,_3 (mod p?). (2.9)
k=0
k#(p—1)/2

S G A e A G L Vs
RZ:O ok+1 2 kZ:O <2k+1 * (2(19—1—74)“‘1))

k#(p—1)/2 k#(p—1)/2
(—1)*
TP 4 @k D@k 1-2p)
k#(p—1)/2
p—1 p—3
= _ g _1\k 1 2
=-7 k:()( 1) (k: + 2) (mod p?).

So we have reduced (2.9) to the following congruence
p—1 1 p—3
(—1)F (k + 5) =4F, 3 (mod p). (2.10)
=0

k=

Recall that the Euler polynomial of degree n is defined by

oS5
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It is well known that

E,(x)+ E,(x+ 1) =2z".

Thus

_3 (k + %) — (-1 E, 5 (k +1+ %))
By (3) - (1 Bpes (p+ )

1 E,_
=2E, 5 (5) 250

and hence (2.10) follows. We are done. [
For each m =1,2,3,...

=8E,_3 (mod p)

those rational numbers

> kim (n=0,1,2,...)

0<k<n

H,(Lm) =

are called harmonic numbers of order m. We simply write H,, for Hy

(1)

A well-known theorem of Wolstenholme asserts that H,_1 = 0 (mod p )
and H;Q_)l =0 (mod p) for any prime p > 3.
Lemma 2.3. Let p > 3 be a prime. Then
(p—3)/2 (2)
H, 7
_ d p). 2.11
= 26k + 1 4 p—3 (mo p) ( )
Proof. Clearly,
p—1 (p—1)/2
1 1 1
k=1 k=1
By [ST, (5.4)], >2'_1 Hy./k? = B,_3 (mod p). Therefore
p—1 2 p—1 p—1
PRECER SES PERS) SEL L
k j2
k=1 k=1 j=1 j=1
p—1 p—1
Hy, 1
=— — + 5= —B,_3 (mod p).

k=1 k=1
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On the other hand,

2 w=/2 /@) g
Z <>_pZ H”+Hp_k
k k' p—k

k=1
(p—l)/2 (2) (2) (p=1)/2 1.(2)
_ Hk i Hp—l - Hk—l —9 Z Hk _ (3) (m d )
‘ k —k - . k (p—1)/2 oap
=1 =1

It is known (see, e.g., [S1, Corollary 5.2]) that

(p—1)/2 1

(3) _
Hi )y e = Z 5= —2B,_3 (mod p).
k=1
So we have
(»=1)/2 (2) p—1 .(2)
H™ 1 H, (3) _ —B,3-2B, 3 3
S A= (S e) = TR = e o)
k=1 k=1
Clearly
(p—1)/2
(2) 1 1 1 _ oo _
H(p N2 =5 Z (ﬁ + (p—k:)Q) = §Hp_1 =0 (mod p).
k=1
Observe that
(p—3)/2 2 (p—3)/2 2 (r—1)/2 77(2)
3 0y _ S o 3 Hip1yjo-n
— 2k +1 — p—1-—2k P 2k
(p—1)/2 k—1
1 1 (2) 1
=— - —\ H —
s (18- E Gmmmp)
k=1 Jj=0
(p—1)/2 1 (p 1)/2 1 - k 1
=2 - —| Hs, —
2 kz 2g+1 ; k( 2k ;(23')2)
(p—1)/2 (2) (P—1)/2 1(2)
H 1 H
=4 Z - = Z % (mod p)
k=1
and
(p—=1)/2 ,(2) »p-1 k p—1
H 1en 1 1 1
Y= m =2 mt DL
2k k < j k : J
k=1 k=1"" j=1 k=1 1<<k<p—1
20k 2[k 2|k
Sy 3B, 4 (by Pan [P, (2.4)])
=g -2 T g3 Y A
1 3 5
Eg(_QBp—S) — ng_g = —ng_g (mod p)
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So we finally get

(P=3)/2  17(2)
H 5 1 3 7
2]{:}:_ 1 =4 (—ng_g) — 5 (——Bp_g) = _Z p—3 (mod p)

This concludes the proof of (2.11). O
Proof of Theorem 1.1(ii). (i) Let n be any positive integer. Then

:ng +1)An(z) = 1:2:1(2771 1) g <m2-4]; k)Q <2:> 23316

_ f (2:) Qa;k mZ:O@m +1) (m;: k) :
-y <2:)2x’f% (”;ff (by (2.8))
ST

) forall k=0,...,n—1,

)
|
=
N
> 3
N——
I
S
/N
N
& |
—_

n—1 noy i
1 N~ (n-1\n—k (n\(n+k\" ,
EZ(2m+1)Am(:ﬂ)— ( k )2k+1<k)< k )x
n-1\n—Fk fn+k\2k\ n+k zk
ko )2k+1\ 2k J\k/)\ k
-2 ()G G-
rar k k 2k +1 k
This proves (1.5).

Now we fix a prime p > 3. By the above,

pi (2m + 1) A (2) = pi 2k:p—2F 1 (p K 1)2 (p Z k) B 212

m=0 k=0
For k € {0,...,p— 1}, clearly

(T S L) - (- 5)

0<j<k 0<j<k

2 2
= H (1 — i) = 1—2p2H,E:2) (mod p*).

2
0<j<k J
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Thus (2.12) implies that

p—1 p—1 2
p
Do @mt DA =Y 2 (1 - 2p2H,§2>> 2F (mod p®). (2.13)
m=0 k=0
Since H((j)—n/z = 0 (mod p), taking z = —1 in (2.13) and applying
(2.10) we obtain
p—1 p—Ll o/ \k 2(_1\(p—1)/2
1 1)\P
Z(Qm—l—l)Am(—l) = p(=1) =P (=1) —p*E,_3 (mod p?)

Pt S 2k+1  2p—1)/2+1

and hence (1.7) holds.
Now we prove (1.6). In view of (2.13) with z = 1, we have

p—1 o
— D o 277(2)
mzzo<2m T An 2(p—1)/2+1 (1 2p H(p—l)/z)

_3)/9 (2)
+p? (pz)/ 1— QPQHIE;Z) n 1- 2p2Hp—1—k
2 2k + 1 2(p—1—k)+1
(p—3)/2

2p+ 2k +1
—p_9 3H(2) 23
P e T ,;) (2k +1)(4p® — (2k +1)?)

(p—3)/2 2 (2) 2
_ 2p4 ( H]g ) + Hp—l - Zo<j<k:(p _.7) )

c \2k+1 2 — (2k + 1)
- (p—3)/2 1
_ 3 4
=P = 2" H Ly — AP z;) (2k +1)3
(p—3)/2 (p—3)/2 H®

1
P gt k d p).
P kz_o k+12 P kz_o ok (med pY)

By [S1, Corollaries 5.1 and 5.2,

2 7
H;£2—)1 = ngp—?) (mod p?), H((j)_n/z = ngp—i% (mod p?),
(p—3)/2 2)
1 @  He-ype 2
E— N OV o N d
kzo 2k+ 1)z Tl 1 g Bp-s (mod 1),

and

—3)/2 (3)
& 1 (3) (-1/2 __ =2Bp-3 _ Bp-s (mod p)

D Qk+1)8 s VI
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Combining these with Lemma 2.3, we finally obtain

ik N B 7
E (2k +1)A, =p — 2p° 3po 5 — 4p* 121 3 —2p3 12Bp_3 — 4p* (—ZBp_g)
k=0
7 4 5
=p+ P B,_3 (mod p°)

So far we have proved the second part of Theorem 1.1. [J
Part (iii) of Theorem 1.1 is easy.

Proof of Theorem 1.1(iii). As Ag =1 and A; = 3, the desired congruence
with p = 2 holds trivially.
Below we assume that p > 2. If k € {0,1... ,p— 1}, then

Ayt :pil <(p_12_jk)+j>2<2j)2

§j=0
p—1 ,. 2 Kk
—k—1 +k 2
SO E Y ) -
j=0 J =0 J
Thus
p—1 p—1
> @k+1)FAR =Y 2p—1-k)+ errAr,
k=0 k=0
p—1
= — Z(Qk +1)e* A7 (mod p)
k=0

and hence we have the desired congruence. [
3. PROOFS OF THEOREMS 1.3 AND 1.4

Proof of Theorem 1.3. Define

p—1

3
wi(y) ==Y (~1)" (py . 2’“) for k € N. (3.1)

r=0

We want to show that wy(y) = 0 (mod p?) for any p-adic integer y and

ke{l,...,.[(p—1)/3]}

By the Zeilberger algorithm, for £ =0,1,2,... we have

(py — 2k)*wi(y) + 3(3py — 2(3k + 1)) Bpy — 2(3k + 2))wy41(y)

_ P(k,p,y)(p(1 —y) + 2k —1)° <py - 2k;)3 (3.2)
(py —2k)3(py —2k—1)3 \ p—1
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where P(k,p,y) is a suitable polynomial in k, p,y with integer coefficients
such that P(0,p,y) = 0 (mod p?). (Here we omit the explicit expression
of P(k,p,y) since it is complicated.) Note also that

w0 = Y0 () = Lo+ 00 =P 0 moa ),

r
r=0

Fix a p-adic integer y. If y # 0, then (3.2) with & = 0 yields

3(3py — 2)(3py — 4)w1(y)

PO,p,y)(pL—y)—1)® [ py (ply—1)+p—1\\" _ mod o2
(py)3(py — 1)3 (p—1< )) =0 (mod 7")

and hence w1 (y) =0 (mod p?). If 1 <k+ 1< [(p—1)/3], then by (3.2)

we have

(py—2k)*wy, (y)+3(3py—2(3k+1)) (3py —2(3k+2))wi41(y) =0 (mod p?®)

(py—Qk) B P (py—Qk—l—l)
p—1 py — 2k +1 P

Thus, when 1 < k+1< |[(p—1)/3] we have

since

0 (mod p).

we(y) =0 (mod p*) = wi41(y) =0 (mod p?).

So, by induction, wy(y) =0 (mod p?) forall k=1,...,|(p—1)/3].
In view of the above, we have completed the proof of Theorem 1.3. [

Lemma 3.1. Let n € N. Then we have

" fr+k—1 T+n
() e
k=0

Proof. By the Chu-Vandermonde identity (see, e.g., [GKP, p.169]),

Zn: - -1\ [(—x-1
k n—k) n
k=0
which is equivalent to (3.3). Of course, it is easy to prove (3.3) by induc-
tion. [
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Proof of Theorem 1.4. (i) Observe that
p—1 p—1 p—1
n+k\ (2k 2k n—+k
>0 ZZ(M( )-2 ()2 (%)
n=0 n=0 k=0 k=0 n=~k
2k P e j+ 2k
6% (5
j=

)
<2:) <2k " 1_+ 1p _ kl B k) (by Lemma 3.1)
-5 (%)

2k\ (p+k k-l—l 2k+1\ [/ p+Ek
— k 2k +1 2k-|—1 k 2k +1
and thus
pl -1 p—1
p+k: P _ +Z P p—1\/p+k
k+1) P %+1\ k ko)
n=0 k=1
Forkzl,...

— 1 we clearly have

(L)) = H (1 - L) = (U ) God ')

in particular,

(R o ()t

since H((j)—n/z =0 (mod p). Therefore

e £ ather(5)

k=0
k#(p—1)/2

(%) —p*Ep—3 (mod p*) (by (2.8)).

This proves (1.17).
(ii) Now we prove (1.18) and (1.19).
Let n be any positive integer. Then
n—1

e S ’”‘5(’”““) ()

k=0

£ (i )Z (")
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By induction, we have the identity

§(2m + (=)™ (m;]; k) (1) (k- ) (n;}; k) 3.4
Thus
:g)@m + D)(=1)" Dy =(=1)"" :;:: (2;:) (n—k) (n;;k)
— an”—M(Z)(nzk)
:(—1)"_171:2: (n ; 1) (n Z k)
Similarly,
:%Qm +1)D,y, ::%(Qm +1) kizo (m;]; k) <2:)
£ () Eem (")

Fﬂ
3
_|_
MH

(1.

%m_o 7 ( )(p;-k)

E<p+p(fl )) +pkzz()( 1)* ( QH(2)> (mod p5>
(

Tk 1 —pHg,_1)/2 (mod p?).
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(We have employed Wolstenholme’s congruences (2;’__11) = 1 (mod p?)
and H,_; = 0 (mod p?).) To obtain (1.19) it suffices to apply Lehmer’s
congruence (cf. [L])

Hp_1)/2 = —24,(2) +pq§(2) (mod p2).
The proof of Theorem 1.4 is now complete. [

4. SOME RELATED CONJECTURES
Our following conjecture was motivated by Theorem 1.1(i).

Conjecture 4.1. Let p > 3 be a prime.
(i) If p=1 (mod 3), then

p—1 p—1 (2k)3
> (-1 A = 1k6k (mod p?). (4.1)
k=0 k=0

A = pi (kkkk) (mod p?). (4.2)

(ii) If = belongs to the set

{1,-4,9, —48,81, —324, 2401, 9801, —25920, — 777924, 96059601}
3L 9 st 300
256" 167 32" 256

and x # 0 (mod p), then we must have

p—1 p—1 4k
> o= (%) i) (0 52
k=0

p

Remark 4.1. For those

1
r = —4,9,-48,81, —324, 2401, 9801, —25920, — 777924, 96059601, 28—56,

the author (cf. [Su2]) had conjectures on Zz;é (, ;”z .)/(2562)% mod p?.
Motivated by this, Z. H. Sun [S2] guessed Zz;é (k,flzk)/(%(ix)k mod p?
for z = —9/16, 81/32, —3969/256 in a similar way.

Inspired by parts (ii) and (iii) of Theorem 1.1, we raise the following
conjecture.
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Conjecture 4.2. For any e € {+1}, m,n € Z* and x € Z, we have

n—1

> (2k+1)e" Ay(z)™ = 0 (mod n). (4.3)
k=0
If p > 3 is a prime, then

p—1

> @k+1)A=p- ;pmp_l (mod p°) (4.4)
k=0
and )
S @k + DA(-3) =p (g) (mod p?). (4.5)
k=0

Remark 4.2. After reading an initial version of this paper, Guo and Zeng
[GZ] proved the author’s following conjectural results:
(a) For any n € Z* and x € Z we have

n—1

Z(Qk +1)(=1)*A(z) = 0 (mod n).

k=0
If p is an odd prime and x is an integer, then

p—1
STk 1)(—1) () = p (1 ‘p”‘x) (mod p?).

k=0

(b) For any prime p > 3 we have

;@kr +1)(~1)FA, =p (g) (mod p?)
and .
S (2k 4 1)(~1)* Ax(~2) = p — %,(2) (mod p°).

k=0 3

Recall that for a prime p and a rational number z, the p-adic valuation
of x is given by

vp(x) =sup{a € Z : the denominator of p~“x is not divisible by p}.

Just like the Apéry polynomial 4, (z) =", _, (2)2(”Zk)2xk we define

a5 ()1

k=0
Actually D,,((x — 1)/2) coincides with the Legendre polynomial P, (z) of

degree n.
Our following conjecture involves p-adic valuations.
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Conjecture 4.3. (i) For any n € 7Z the numbers

= iQ i 2k +1)(—1)" A, (i)
and 1
"= :z;o(zk L 1)(-1)*D, (&)3

are rational numbers with denominators 22v2(") and 23(n—1+v2(nh)—va(n)
respectively. Moreover, the numerators of s(1),s(3), s(5), ... are congruent
to 1 modulo 12 and the numerators of s(2),s(4),s(6),... are congruent to
7 modulo 12. If p is an odd prime and a € Z*, then

s(p) = t(p*) =1 (mod p).
Forp=3 and a € Z* we have
5(3) =4 (mod 3%) and t(3%) = —8 (mod 3°).

(ii) Let p be a prime. For any positive integer n and p-adic integer x,
we have

n—1

(2k +1)(—-1)k A, (m)) > min{v,(n), vp(de — 1)} (4.6)

S+
T

0

and

S|

( z_: 2k +1)(—1)* Dy, (x)?’) > min{v,(n), v,(4z +1)}. (4.7
k=0

Motivated by Theorem 1.3, we pose the following conjecture.

Conjecture 4.4. Let p be an odd prime and let n > 2 be an integer.
Suppose that x is a p-adic integer with x = —2k (mod p) for some k €
{1,...,l(p+1)/(2n+1)|}. Then we have

S(—l)r <f) o =0 (mod p?). (4.8)

r=
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