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Abstract

In this paper, we study the occurrence of patterns in the cycle structures of permutations.

1 Introduction

The notion of patterns in permutations and words has proved to be a useful language in a
variety of seemingly unrelated problems including the theory of Kazhdan-Lusztig polynomials,
singularities of Schubert varieties, Chebyshev polynomials, rook polynomials for Ferrers boards,
and various sorting algorithm including sorting stacks and sortable permutations. The study
of occurrences of patterns in words and permutations is a new, but rapidly growing, branch of
combinatorics which has its roots in the works by Rotem, Rogers, and Knuth in the 1970s and
early 1980s. The first systematic study of permutation patterns was not undertaken until the
paper by Simion and Schmidt [23] which appeared in 1985. The field has experienced explosive
growth since 1992.

The goal of this paper is to initiate the study pattern matching conditions in the cycle
structure of a permutation. First we recall the basic definitions for pattern matching in permu-
tations. Given a sequence o = o7 ... 0, of distinct integers, let red(o) be the permutation found
by replacing the i*" largest integer that appears in o by i. For example, if 0 = 2 7 5 4, then
red(c) =14 3 2. Given a permutation 7 = 7y ...7; in the symmetric group S;, we say a permu-
tation o = o1...0, € S, has a 7-match starting at position i provided red(o;...0i4j-1) = T.
Let 7-mch(o) be the number of T-matches in the permutation o. Similarly, we say that 7 occurs
in o if there exist 1 <4y < --- <i; < n such that red(oy, ---0;;) = 7. We say that o avoids T if
there are no occurrences of 7 in o.

These definitions can naturally be extended to sets of permutations. That is, given a set
of permutations T in the symmetric group S;, define a permutation o = o07...0, € S, to
have a Y-match starting at position i provided red(o;...0;4;-1) € Y. Let Y-mch(o) be the
number of Y-matches in the permutation o. Similarly, we say that T occurs in o if there exist
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1 <ip < -+ <ij < nsuch that red(oy, ---0y;) € T. We say that o avoids T if there are no
occurrences of T in o.

In this paper, we want to study matching conditions within the cycle structure of a permu-
tation. Suppose that 7 = 71...7; is a permutation in S; and o is a permutation in S,, with &k

cycles Cy...Ck. We shall always write cycles in the form C; = (cp,...,cp,—1,1) Where cq; is
the smallest element in C; and p; is the length of C; and we arrange the cycles by increasing
smallest elements. That is, we arrange the cycles of o so that co1 < --- < c¢gi. Then we say
that o has a cycle T-match (c-t-match) if there is an ¢ such that C; = (o, ..., ¢p,—1,i) Where

pi > j and an r such that red(¢, i¢r41,i ... ¢r4j—1,4) = T where we take indices of the form r + s
modulo p;. Let ¢-7-mch(o) be the number of cycle 7-matches in the permutation o. For ex-
ample, if 7 =2 1 3 and o = (1,10,9)(2,3)(4,7,5,8,6), then 9 1 10 is a cycle 7-match in the
first cycle and 7 5 8 and 6 4 7 are cycle 7-matches in the third cycle so that ¢-7-mch(o) = 3.
Similarly, we say that 7 cycle occurs in o if there exists an ¢ such that C; = (co4,...,Cp,—1,i)
where p; > j and there is an r with 0 <7 < p; — 1 and indices 0 < 41 < --- <41 < p; — 1
such that red (¢, iCriiyi--- cr+ij71,2-) = 7 where the indices r + i, are taken mod p;. We say that
o cycle avoids T if there are no cycle occurrences of 7 in o. For example, if 7 = 1 2 3 and
o=(1,10,9)(2,3)(4,8,5,7,6), then 4 57,4 5 6, and 5 6 8 are cycle occurrences of 7 in the third
cycle.

We can extend of the notion of cycle matches and cycle occurrences to sets of permutations in
the obvious fashion. That is, suppose that T is a set of permutations in S; and o is a permutation
in S, with &k cycles C;...C%. Then we say that o has a cycle T-match (c-Y-match) if there is
an 4 such that C; = (co,...,¢p,—1,;) where p; > j and an r such that red(c,;...cr4j-14) € Y
where we take indices of the form r + s modulo p;. Let ¢-YT-mch(o) be the number of cycle
T-matches in the permutation ¢. Similarly, we say that T cycle occurs in o if there exists an 4
such that C; = (co,...,¢p,—1,i) where p; > j and there is an r with 0 < < p; — 1 and indices
0 <ip <--- <ij_1 < p;— 1such that red(cricryiyi---Cryi;_;,) € T where the indices 7 + i
are taken mod p;. We say that o cycle avoids T if there are no cycle occurrences of T in o.

Given T C S;, we let AS,(T) (CAS,(T)) denote the set of permutations of S, which
avoid (cycle avoid) YT and aS,(T) = |AS,(Y)| (caS,(YT) = |[CAS,(T)]). Similarly, we let
NMS,(T) (NCMS,(T)) denote the set of permutations of S,, which have no Y-matches (no
cycle T-matches) T and nmS,(T) = NMS,(T)| (nemSy(T) = INCMS,(T)|). Throughout
this paper, when T = {7} is a singleton, we shall just write the 7 rather than {7}. Thus for
example, we shall write AS,,(7) for AS,,(T) when T = {7}.

Given a and f in S;, we say that a and 3 are Wilf equivalent if aS,(a) = aS,(B) for all n.
We say that a and 8 are matching Wilf equivalent (m-Wilf equivalent) if nm.S,(a) = nmS,(5)
for all n. For any permutation ¢ = o071...0,, we let ¢” be the reverse of ¢ and ¢° be the
complement of . That is, 6" = 0,,...01 and 0 = (n+1—01)...(n+ 1 —0,). It is well
known that Wilf equivalence classes and m-Wilf equivalence classes are closed under reverse and
complementation. We say that o and (3 are cycle avoidance Wilf equivalent (ca-Wilf equivalent)
if caSp(a) = caS,(B) for all n and we say that o and § are cycle matching Wilf equivalent
(cm-Wilf equivalent) if nemS, (o) = nemS,,(8) for all n. If o and 8 are cycle avoidance Wilf
equivalent, we shall write o ~., 5. If @ and § are cycle matching Wilf equivalent, we shall write
a ~em . Similarly, for sets of permutations I' and A in S, we say that I' and A are cycle
avoidance Wilf equivalent (ca-Wilf equivalent) if caS, (I") = caS,,(A) for all n and we say that
I' and A are cycle matching Wilf equivalent (cm-Wilf equivalent) if nemS,, (I') = nemS,, (A) for
all n.



If o is a permutation in S,, with k cycles C ... Cy, then we let the cycle reverse of o, denoted
by 0, be the permutation which arises from o by replacing each cycle C; = (co i, 15 - - -, Cpi—1,i)
by its reverse cycle Cf" = (coi,Cp;—1,i,---€1,i). For example, if o = (1,10,9)(2,3)(4,7,5,8,6),
then o = (1,9,10)(2,3)(4,6,8,5,7). We let the cycle complement of o, denoted by o, be
the permutation that results from o by replacing each element ¢ in the cycle structure of o by
n+1—1. For example, if o = (1,10,9)(2,3)(4,7,5,8,6), then o = (10,1,2)(9,8)(7,4,6,3,5) =
(1,2,10)(3,5,7,4,6)(8,9). Note that in general o”, 0¢, 0 and ¢ are all distinct. For example,
o =23154 so that it cycle structure is (1,2,3)(4,5), then

0" = 45132,

¢ = 43512,

o = (1,3,2)(4,5) =31254, and
o = (5,4,3)(2,1) =215 3 4.

It is easy to see that for any permutation o € 5,

1. o has a cycle 7-match if and only if " has a cycle 7"-match,

2. o has a cycle T-match if and only if ¢° has a cycle 7¢-match,

3. o has a cycle T occurrence if and only if ¢ has a cycle 7" occurrence, and
4. o has a cycle 7 occurrence if and only if ¢ has a cycle 7¢ occurrence.

It then easily follows that for all permutations 7, nemsS,, (7) = nemS, (") = nemS,(7¢) so that
7, 7", and 7¢ are all cycle matching Wilf equivalent. Similarly, caS, (1) = caS,(7") = caS, (7€) so
that 7, 77, and 7¢ are all cycle avoidance Wilf equivalent. Finally we observe that our definitions
also ensure that for any 7 = 71 ... 7; € S;, any cyclic rearrangement of 7, 7@ =7 .. TjTL -\ Tiz1
also has the property that for any o € S,,, 7 cycle occurs in o if and only if 7 cycle occurs in o.
Thus for all 1 < 7, caS, (1) = caS, (") so that 7 and 7(*) are cycle avoidance Wilf equivalent.

Given a permutation o = oy...0, € Sy, we let des(o) = [{i : 0; > 0;11}|. We say that o;
is a left-to-right minima of o if o; < o; for all i < j. We let LtRMin(o) denote the number of
left-to-right minma of 0. Given a cycle C = (co, ..., cp—1) where ¢ is the smallest element in the
cycle, we let cdes(C) = 1+des(cp ... cp—1). Thus cdes(C) counts the number of descent pairs as
we traverse once around the cycle because the extra factor of 1 counts the descent pair ¢,—1 > cp.
For example if C' = (1,5,3,7,2), then cdes(C) = 3 which counts the descent pairs 53, 72, and
21 as we traverse once around C. By convention, if C' = (cp) is one-cycle, we let cdes(C) = 1. If
o is a permutation in S,, with k cycles C ... Cy, then we define cdes(o) = Zle cdes(C;). We
let cyc(o) denote the number of cycles of o.

The main goal of this paper is to study the generating functions

tn
CAx(t) =14 caSy(T)=, (1)
1 n!
and Tk
NCMy(t) =1+ Z>:1 nemSy(T) (2)



for T C S; as well as refinements of such generating functions such as

CAv(t,z) = 1+Zi—7: > g,

n>1 " g€CASH(Y)

tTL
CAT (t7 z, y) = 1+ Z m Z nyC(J)yCdes(a)’
n>1 " ¢eCASH(Y)

tn
NCMx(tw) = 1+ = > 29 and
n>1 TENCMSn(T)

tn
NCMT (t, x, y) = 14+ Z m Z nyc(O')ycdes(U)‘
n=1 ceENCMS,(T)

We know of several ways to approach the this problem. The most direct way is to use the
theory of exponential structures to reduce the problem down to studying pattern matching in
n-cycles. That is, let £,, denote the set m-cycles in S,,. Suppose that R is a ring and for
each m > 1, we have a weight function W, : £, — R. We let W(Ly) = Y ccp, Win(C).
Now suppose that o € S, and the cycles of o are C4,...,C. If C; is of size m, then we
let W(C;) = Wy, (red(C;)) where red(C;) is the m-cycle in S, that results by replacing j-
th smallest element in C; by j for j = 1,...,m. For example, if C; = (1,5,7,10,4), then
red(C;) = (1,3,4,5,2). Then we define the weight of o, W (o), by

k
=[[w(

We let C, ; denote the set of all permutations of S,, with k cycles. This given, the following
theorem easily follows from the theory of exponential structures, see [24].

Theorem 1.

1+ Z Zx Z W(o) = e" Lm=1 W(LvT!)tm. (3)
n= 1

k=1 o€Cp i

Let T C S;. Then we will be most interested in the special case of weight functions W,
where W,,,(C) = 1 if C cycle avoids a set of permutations and W,,(C') = 0 otherwise or where
Wi(C) = 1 if C has no cycle YT-matches and W,,(C) = 0 otherwise. We let CAS, ()
denote the set of permutations o of S, with k cycles such that o cycle avoids T and we let
caSy k(T) = [CAS, k(T)|. We let NCMS,, (T) denote the set of permutations o of S, with
k cycles such that o has no cycle T-matches and nemS,, x(Y) = INCMS,, ;(T)|. Similarly, we
let £LS2(T) be the set of m cycles v in S, such v cycle avoids T, LE(Y) = |LE2(T)], LI™(T)
denote the set of m cycles v in Sy, such v has no cycle YT-matches, and LI (T) = |L£7(T)].
Then a special case of Theorem [ is the following theorem.

Theorem 2.

CAT t T _1_|_Z ansnk T _em2m>1LCa(T)tﬁ, (4)
n>1
NCMy(t,z) =1+ Z Z nemSy, k(T)JEk = ¢ Lm21 L%M(T)tm, (5)
n>1 T k=1



t" n . dos(o ™ ca cdes(C)
CAy(tz,y) =1+ o Yook N yedes@) = e Rme  Xeecpn VT ()
n>1" k=1 0€CAS, 1(Y)

and

tn n m nem cdes(C)
NCMry(t,z,y) =1+ ] STak 3T yedes() = P i ceepemn VT (7)
n>1 k=1 ceNCMS,, ;(T)

For example, suppose that 7 = 1 2. It is clear that any cycle of length k& where £ > 2 has
both a cycle occurrence of 7 and a cycle 7-match so that L&(12) = L2™(12) = 0 if m > 2.
Since 1-cycles can not have any cycle occurrences of 7 or any cycle 7-matches by definition, it

follows that
y = Z ycdcs(C) _ Z ycdes(C).
CeLs(12) CeLnem(12)

Thus
CA12(t7 z, y) = NCM12(t7 z, y) = emyt‘

Next consider 7 =1 2 3. It is easy to see that for k£ > 3, the only k-cycle which cycle avoids 7
is the cycle (1,k,k —1,...,2). Let

Anly) = >y,
CeLsa(123)

then clearly A;(y) = y since cdes((1)) = 1, Aa(y) = y since cdes((1,2)) = 1, and for k > 3,
Ap(y) = y* ! since cdes((1,k,...,2)) = k — 1. Thus

mfltm

CAros(t,z,y) =€ (yt+zm22 yT) = em<yt+%(eyt_1_yt)>.

It turns out that if 7 € S, is a permutation that starts with 1, then we can reduce the problem
of finding NC M, (t,x) and NC M, (t,x,y) to the usual problem of finding the generating function
of permutations that have no 7-matches. That is, suppose we are given a permutation o € S,
with k-cycles C---C). Assume we have arranged the cycles so that the smallest element in
each cycle is on the left and we arrange the cycles by decreasing smallest elements. Then we let
& be the permutation that arise from C] - - - C} by erasing all the parenthesis and commas. For
example, if o = (7,10,9,11) (4,8,6) (1,5,3,2), thena =7109 1148 6 1 5 3 2. It is easy to
see that the minimal elements of the cycles correspond to left-to-right minima in &. It is also
easy to see that under our bijection o — &, that cdes(o) = des(d) + 1 since every left-to-right
minima is part of a descent pair in . For example, if o = (7,10,9,11) (4,8,6) (1,5, 3,2) so that
cg=71091148615 3 2, cdes((7,10,9,11)) = 2, cdes((4,8,6)) = 2, and cdes((1,5,3,2)) =4
so that cdes(o) = 2+ 2 + 4 = 8 while des(¢) = 7. This given, we have the following lemma.

Lemma 3. If 7 € S; and 7 starts with 1, then for any o € S,
1. o has k cycles if and only if & has k left-to-right minima,
2. cdes(o) =1+ des(a), and

3. o has no cycle-T-matches if and only if & has no T-matches.



Proof. For (3), suppose that 6 = 1...d, and d; = 1. Since 7 starts with 1, it is easy to see
that any 7-match in & must either occur weakly to the right of ; or strictly to left of 5;. That
is, 1 can be part of 7-match in & only if the 7-match starts at position i. If a 7-match occurred
weakly to the right of &;, then that 7-match would correspond to a cycle-T-match in C}, in o.

Next suppose that the 7-match occurred strictly to the left of ; = 1. Then we claim that we
can make a similar argument with respect to the cycles Cy --- Ci_1. That is, suppose that Cj_1
starts with m. Then m must be the smallest element among &1 ...5;_1. Suppose that o, = m
where 1 < s < j. Then again we can argue that any 7-match in 1 ...5;_1 must occur either
weakly to the right of o, or strictly to left of &,. If the 7-match in 71 ...5;_1 occurs weakly to
the right of &, then it would correspond to a cycle-T-match in Cj_;. Continuing on in this way,
we see that any 7-match in ¢ must correspond to a cycle 7-match in C; for some 1.

Vice versa, it is easy to see that since 7 starts with 1, the only way that a cycle-r-match in
C; can involve the smallest element ¢ ; in the cycle Cj is if ¢p; corresponds to the 1 in 7 in cycle
match. But this easily implies that any 7-cycle match in C; must also correspond to a 7-match
in the elements of & corresponding to Cj.

Thus we have proved that for any o, ¢ has cycle-T-match if only if & has a T7-match. O

We should note that if a permutation 7 does not start with 1, then it may be that case that
nemSy (1) # nmSy, (7). For example, 7 = 3 14 2 is the smallest permutation such that neither
7, 7", 7€, nor (77)¢ starts with one. For example, even though we do not know how to compute
closed forms for NC M (t) and NM(t), we have computed the following table.

n | L' (3142) | NCM,(3142) | N M, (3142)
1 1 1 1

2 1 2 2

3 2 6 6

4 5 23 23

5 20 110 110

6 92 632 632

7 532 4236 4237

8 3565 32448 32465

One consequence of Lemma [3lis that we can automatically obtain refinements of generating
functions for the number of permutations with no 7-matches when 7 starts with 1. That is, let

tn .
NM.(t,z) = Z o Z gMRMIn() 40 q
n>0 " geNMS, (1)

" in(o es(o
NM,(t,z,y) = Zﬁ Z g LRMin(0), 14des(o)
n>0 " ceENMSn(T)

Then we have the following corollary of Lemma [3

Corollary 4. If 7 € S; and 7 starts with 1, then

NCM,(t,z) = NM.(t,z) and (8)
NCM,(t,z,y) = NM.(t,z,y). (9)



Then by Theorem 2l and Lemma [3] if 7 € S; and 7 starts with 1, we have that

NM,(t,1) = ZNMH(T)t
n>0
= NCM(t,1)

m
— ezmz1 L™ (r) t,yTv

so that "
In(N M (1) = 3 L) .
m>1
But then
NM(t,z) = NCM(t,x) "
_ st L%m(r)%
exln(NMT(t71)) = (NMT(t7 1))x (12)

Thus if we can compute NM(t, 1) for a permutation 7 € S; that starts with 1, we automatically
can compute N M, (t,z). For example, Goulden and Jackson [§] proved that when 7 =1 2...k,

then
1

NM,(t) = (13)

tkz tkz+1
N oyl z==
Hence, we automatically have the following refinement of Goulden and Jackson’s result.

Theorem 5. If 7 =12...k where k > 2, then

NM;..2 1(t,x) = <Z tkil TRitl ) . (14)

i20 Tl ~ e DY

An example, where one can use the full power of Theorem [l is the following. In section 2,
we shall show that

Z Z ycdes(C) —In t 1 - . (15)

n>1 " CeLnem(132) 1—y fO e(l—y)s—y z ds

Then it follows that

NCM(t,x,y) = Z Zxcyc odes(e (16)

n>0 n! oESn

_ Z Z T Z ycdos(cr)

n>0 "k=1  GENCMS, (1)

T ln( 1 = >
= e 17yf6‘ e(liy)sinds

1
1 —y [l eA-vs=vr g
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The outline of this paper is as follows. In Section 2, we determine the generating function
CA;(t,x,y) and NCM,(t,z,y) for all 7 € S3 as well as compute C Ay (t,z,y) and NC M~ (t,z,y)
for certain subsets T C S3. In section 3, we shall compute NCM,(t,z,y) forallT =1 ...7; € S5}
where 71 = and 7; = 2 and for all 7 =7y ... 74, € Sj4p of the form 7 =12...J — 1~ j where
j > 3 and 7 is a permutation of j 4+ 1,...,7 + p. Finally, in Section 4, we shall briefly describe
two other approaches to computing the generating function NC M., (¢, x,y).

2 Patterns of length 3

In this section, we study C A, (t,z,y) and NCM,(t,z,y) for T € Ss.

First we consider CA,(t,z) for 7 € Ss. It follows from our remarks in the introduction that
both cycle avoidance Wilf equivalence and cycle matching Wilf equivalence are closed under the
operation of reverse and complement. Thus

1.123~,321and 123 ~;,321 and
2.132~231~4213~312and132~231~en 213~ 312

Now since cycle avoidance Wilf equivalence is closed under cycle rearrangements, it follows that
123 ~¢ 2 3 1 which means that all permutations of length three are cycle avoidance Wilf
equivalent. Thus for all permutations 7 of length three, we have

CA,(t) = CAps(t) = 1.

But since N
CA(t) = eXmz1 Lt () s

for all 7 € S3, it must be the case that
ca tm
> L) —

m>1

=el—1

for all 7 € S35 and, hence,

t

CA(t,z) = e* Lm=1 Lea(r)ty _ ga(e!=1)

for all 7 € S3. However it is not the case that the generating functions C A, (¢, x,y) are equal for
all 7 € S3. That is, suppose that « is a cyclic rearrangement of 5. Then it is easy to see that
L) = LE2(B) for all m > 1 so that

Z ycdcs(C) — Z yCdCS(C) . (17)
B)

CeLss(a) CeLse

But then it follows from Theorem [ that we must have CA,(t,z,y) = CAg(t,x,y). It thus
follows that from our results in the introduction that

1
CA123(t, Z, y) = CA312 (t, Z, y) = CA231 (t, Z, y) = €x<yt+§(eyt_l_yt)) .



Next consider 7 =1 3 2. It is easy to see that for k > 3, the only k-cycle which cycle avoids
T is the cycle (1,2,...,k). Thus

Z ycdes(C) =y,

CeLea(132)

for all £ > 1. Hence

tm

CAisa(t,z,y) = CAns(t,x,y) = CAsp(t,z,y) = €m<z7”21 y’"_'> = emy(e 1),

Next we shall consider the generating functions NC M, (¢, z,y) for 7 € S3. We claim that is
enough to compute NCM23(t,z,y) and NCMi3a(t,x,y). That is, for any j > 2 and 7 € 5},
we can compute NCM;r(t,x,y) and NCM,e(t,z,y) from NCM,(t,z,y). Note that it follows
from Theorem 2] that

Z >y = in (NCM(t,1,y)). (18)

n>1 T CeLnem (tau)

cdes(C)

Since zceﬁ,lwm(mg) Y =y, it follows that

Z > ycdes<0> = In (NCM,(t,1,y)) — yt. (19)

n>2 Ce,cncm

Given any n-cycle C in S,,, let C°" denotes its cycle-reverse and C'““ denotes its cycle-complement.
Then C € L“™(7) if and only if C" € L1 (7") and C' € L] (7) if and only if C°¢ € L] (7°)
Now if n > 2, then it is easy to see that n — cdes(C) = cdes(C") = cdes(C¢). That is, each
descent as we read once around the cycle C' becomes a rise as we read around the cycles of C<"
and C'°“ and each rise as we read once around the cycle C becomes a descent as we read around
the cycles of C“" and C“. Note, however, that if C' is a one-cycle, then C“" = C°“ = (C and
cdes(C) = cdes(C") = cdes(C) = 1 so that it is not the case that cdes(C") = cdes(C") =
1 — cdes(C). Thus we have to treat the one-cycles separately. Thus we have that

Z Z yn—cdes(C) _ Z Z ycdcs(C)

n>2 Ceﬁncm ) n>2 Ceﬁncm TT)

_ Z Z ycdes(C') )

TL>2 CE[:"”” 7—c
It follows that if 7 € S; where j > 2 and
Z Z ycdos(0)7 (20)
n>2 CGE"C’"(T)

then

ty Y~ Z Z ycdcs(C) _ Z n_T: Z ycdos(C)‘ (21)

n>2 ' cernem () n>2"" CeLnem(re)



Thus by (1), we have that

l’I’L(NCMT(ty,Ly_l))_t — Zt_r: Z ycdes(C)

n:
n>2  CeLnem(rr)
tn caes
— Zﬁ Z yd (©)
n>2 """ CeLnem(re)
so that
ty—t+In(NCM,(ty,1,y™ ")) = Z S (@)

7L>1 Ceﬁncm(Tr)
— Z Z ycdes(C')
TL> 1 CEL:’!LC’UL (Tc

Then we can apply Theorem [2] to obtain the following result.
Theorem 6. Let 7 € S; where j > 2. Then

NCM.(t,x,y) = NCMe(t, z,y) = "W HHINCM: (ty,1y™1), (22)

Next we shall show that we can find an explicit expression NC Mya3(t, 2, y) using some results
of Mendes and Remmel [I6]. Suppose that we want to compute the generating function

t’n
NCM,(t,z,y) = ZH Z xcyc(a)ycdes(a) (23)
n>0 """ ceENCMSn ()

t" d
— % 2n>1mr Zcecpem(n Y° es(o)

in the case where 7 starts with 1. Then by Corollary M, we know that
NCMT(t, z, y) NM t T y Z Z LtRMin(o’)yl-l-des(o’)' (24)
7L>0 : cENMSEnR(T)
Now suppose that we can compute
NM,(t,1,y) Z S ytrdesto), (25)
n>0 nl TENMS,, (1)

Then we know that o
cdes(o

NM (t 1 y) = ezn>1 nl ZCELTLCm( )y
so that

Z >y = in (NM(8,1,y)).

n>1 Céﬁncm(T)
But then it follows that

NCM,(t,z,y) = NM(t,z,y) = e® MNMr{t:1y) (26)

Thus we need only compute ([25). However, Mendes and Remmel [I6] proved the following
theorem.

10



Theorem 7. If T =7j...2 1 where j > 2, then

-1

Z 2_7: Z ydos(cr) _ Z 2_7: Z(_l)ifRn—l,i,j—lyi (27)

n>0 " GENMSu(7) n>0 """ i>0

where R, ; ; is the number of rearrangements of i zeroes and n —1i ones such that j zeroes never
appear consecutively.
Replacing y by 1/y and then replacing ¢t by yt in (27]) yields
-1

Z ;_7: Z yaesl) = Z ;_7: Z(_l)ifRn—l,i,j—lyn_i . (28)

n>0 """ gENMSn(7) n>0 """ i>0

It is easy to see that if o € S, has no j...2 l-matches, then the reverse of o, ¢" has no
1 2...j-matches and that n — des(o) equals 1 + des(o”). Thus it follows that if « =1 2...7,

then
-1

Z n_r: Z y1+deS(U) — Z Z;l_T: Z(_l)imn—l,i,j—lyn_i ) (29)

n>0 """ cENMSn(a) n>0 " i>0

Thus we have the following theorem.

Theorem 8. For j >2 and T=12...7,

tTL
NCM, (t,z,y) = Zm Z xcyc(a)ycdes(a) (30)
n>0 """ geENCMSn ()

z l"( Al e nfi)
= e 2n>0 mr 2i>0(" D) Ry 15 5-1¥

T
1
- (ZHZO I;L_nl iZO(_l)i:Rn—l,i,j—lyn_i) :

where R, ; ; is the number of rearrangements of i zeroes and n —1i ones such that j zeroes never
appear consecutively.

Now if 7 = 123, then we can obtain a more explicit formula for NCM,(t,z,y) using the
following observations of Mendes and Remmel [16]. That is, suppose that we start with a word
w = wj ... w, which is a sequence in {0, 1}* with no two consecutive zeros. Then we can uniquely
factor w by cutting the word before each 0. For example, if w = 11110110111010101110 then
we would factor w as

1111]011|0111(01|01]|0111|0.

It is easy to see that each such word w is of the form
{1}3*{01" : i > 1}*(e + 0)

where € is the empty word. Thus if U is the set of a words in {0,1}* with no two consecutive
zeros and we weight each word in w € U by WT(w) = y*(*)20)¢lvl where 1(w) is the number

11



of I’s in w, O(w) is the number of 0’s in w, and |w| is the length of w, then it follows that

Ul(t,y,z) ZWT

wel
1 1
= 1 t
L—ytl—=3" <, y"—lzt"( + 1)
14 2t
= - = 31
(1 —yt —yat?) (1)
But then it is easy to see that
Y D) Ry 11y = YUty =1l (32)
i>0
Thus we have the following corollary of Theorem [8l
Corollary 9.
tn
NCMyas(t,x,y) = Z ] Z xcyC(o)ycdes(o) (33)
n>0  ceNCMS,(123)
z ln 1
— e <2n>0 n‘ <1y;1,fw‘t” 1))
xT
1

= (34)

S0 1 (e
n>0 n! \ 1—yt+yt2 1177 !

One can use our generating functions for NC Mja3(t, z,y) to compute the initial values of
L7e™(123) and NCM,,(123).

n | LPem(123) | NCM,,(123)
1 1 1

2 1 2

3 1 5

4 3 17

5 9 70

6 39 349
7 189 2017
8 1107 13358
9 7281 99377
10 | 54351 822041

If one looks in the OEIS, one will see that both sequences occur. That is, the sequence of
L7em(123) is sequence A080635 and counts the number of permutations on n letters without
double falls and without an initial fall. The sequence for NCM,,(123) counts the number of
permutations in .S, which have no 123-matches as expected.

Next we will compute NC Mjsa(t, z,y). In this case, we will directly compute

Li3a(t,y)

Z Z cdes(C

m>l

Ceﬁncm

12
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We start with a general observation. Suppose 7 = 71...7; € §; where 71 = 1. We can write
any n-cycle C' in the form C' = (aq,...,a,) where a; = 1. It is easy to see that the only cycle
7-match in C' that can involve ay = 1 is a1 ag...ca;. This means that the only possible cycle
7-matches in C' must be of the form o; ;41 ... @j4j—1 where i <n — j + 1. Thus the problem
of finding n-cycles with no cycle T-matches is equivalent to the problem of finding permutations
o =o01...0, where 01 = 1 and ¢ has no m-matches. Let S,% denote the set of all permutations
0 =01...0n €Sy such that oy = 1 and let S}, . = S} N NMS,(7) be the set of permutations
of S} with no 7-matches. Then

Z yltdes(o) Z ydes(O) (36)

oeS) CeLnem

It turns out that in many cases we can find recurrences for A,, -(y) by classifying the permutations
o =01...0n0 €Sy, such that oy = 1 according the position of 2 in 0. Let &, 1 » denote the set
of permutations ¢ = oy ...0, € S}(7) such that o}, = 2.

Now fix 7 = 1 3 2 and let A, (y) = An,(y) and &, = Epkr. Our goal is compute
Alt,y) = > %. Now A;(y) = Az2(y) = y since the permutation 1 has no 7-matches
and 1+des(1) = 1 and the permutation 1 2 has no 7-matches and 1+des(12) = 1. There are two
permutations in Ss that start with 1, namely, 1 2 3 and 1 3 2 and only 1 2 3 has no 7-matches so
that Az(y) = y since 1+ des(123) = 1. Now suppose that n > 4. Every permutation in &, o is of
the form 1 2 o3...0y,. Clearly, the only 7-matches must be of the form o; 0,41 0542 where i > 2
so that &, 2 contributes A,,_1(y) to A, (y). Every permutation in &, 3 is of the form 1 03 2... 0y,
where oo > 3. Thus all such permutations have a T-match so that &, 3 contributes nothing to
A, (y). For 4 <k <n, the elements of the &, j are of the form

loy...0k-1 2 0py1...0n.

In such a case, the only way that 2 can be part of 7-match is if the 7-match is 2 g1 ox10. It
follows that an element of &, j contributes to A,(y) only if there is no 7-match in oy...05_;
and there is no 7-match in 2 og11 ...0,. Note that since o;_12 is adescent pair,

1+des(log...0p-120ks1...0n) =1+des(l og...05_1)+1+des(2 0p41...00).

Hence the contribution of &, j, to A, (y) is just (Z:g) Ak_1(y)An—g+1(y) since there are (Z:g) to

choose the elements which make up o9,...,0_1. Thus for n > 4,
" (n—2
An(y) = Ana(y) + > f_ o ) A1) An—kra(y). (37)
k=4

Dividing both sides of [B87) by (n — 2)!, we obtain that for all n > 4,

- —(yz))v - a2 Z Ak” ) St (38)

If we multiply both sides of (B8] by ¢"~2 and sum, we obtain the differential equation

O*A(t,y) _ 0A(t,y) OA(t,y) OA(t,y)
ey = Ty e (P g ) 2R

13



so that A(t,y) satisfies the second order partial differential equation

O?A(t,y)  0A(ty) (1—y—yt)+ <8A(t,y)> (39)

ot

ot? ot

with initial conditions Ap(y) = 0 and A;(y) = y. One can check that the solution to (39) is

fi@,y)::ln/< ! ) (40)

11—y f()t e(1=y)s—ys?/2 ¢

Hence

tm

L132(t7y) _ Z W Z ycdeS(C)_

m>1 " CeLnem(132)

1
= 1 41
”(1—y fge<1—y>s—y52/2ds> ()

Thus we have the following theorem.

Theorem 10.

xln( = (171)7 /3 )
NCMza(t,z,y) = e 1y Jo e T s

_ ! . (42)

(1 —y fot e(l—y)s—ys2/2d3)x

We note that specialization

1
NCMis3s(t,1,1) = —————
132( ) 1 _ f(;f 6_82/2d8
has been proved by Elizalde and Noy [6].
One can use our generating functions for NCMjs2(t,x,y) to compute the initial values of
Lem(132) and NC M, (132).

n | L'™(132) | NCM,(132)
1 1 1

2 1 2

3 1 5

4 2 16

5 7 63

6 28 296
7 131 1623
8 720 10176
9 4513 71793
10| 31824 562848

14



If one looks in the OEIS, then both the sequences for L“"(132) and NCM,(132) occur.
The sequence for L“™(132) is sequence A052319 which counts the number of increasing rooted
trimmed trees with n nodes. Here an increasing tree is a tree labeled with 1,...,n where the
numbers increase as you move away from the root. A tree with a forbidden limb of length & is a
tree where the path from any leaf inward hits a branching node or another leaf within & steps.
A trimmed tree is a tree with a forbidden limb of length 2. The sequence for NCM,,(132) is the
number of permutations that have no 132-matches as expected.

We end this section with some results on CAy(t,z,y) and NCM~(t,z,y) where T C Ss.
For certain Y’s, this problem is uninteresting. For example, if T contains both 1 2 3 and 1 3 2,
then any k-cycle C = (01,092,...,0,) where 01 = 1 and k& > 3 will have a cycle T-match
since o1 09 o3 must be either a cycle 1 2 3-match or a cycle 1 3 2-match. Thus in this case
L5(T) = £(T) = {(1)}, L5(T) = £3(T) = {(1,2)}, and LE(T) = Ljo(T) = @ for
k > 3. It then follows from Theorem [2] that

yt?
CAx(t,x,y) = NCMx(t,z,y) = ex(yHT)

A more interesting case is when Y = {123,321}. First observe that since any cycle contains
a cycle occurrence of 1 3 2 if and only if it contains a cycle occurrence of 3 2 1, then it is the
case that any k-cycle C' where k > 3 must have a cycle occurrence of either 1 2 3 or 3 2 1. Thus

CAv(t,z,y) = e“’(y”#)

Let C' = (01,...,0,) be an n-cycle such that o1 = 1. If n > 3, then we must have o9 > o3
since otherwise there will be a cycle 1 2 3-match. But then we must have o3 < g4 since otherwise
there would be cycle 3 2 1-match. Continuing on in this way, we see that oo ...o, must be an
alternating permutation. That is, we must have

09 >03< 04 >05<0¢g>07""".

However, this means if n = 2k+41 > 3, then there are no n cycles which have no cycle T-matches
since since we are forced to have oo > o9r11 > o1 which is a cycle 3 2 1-match. If n = 2k and
09 ...0, is alternating, then C will have no cycle T-matches. For such ¢ it is easy to see that
1 +des(o) = k. Thus in this case, Ly (T) = 0 for £ > 1 and L3™(Y) is just the number of
odd alternating permuations of length 2k — 1 for k£ > 1.

If we let Alt,, denote the number of Alternating permutations of length n, then André [I} 2]
proved that

2l sin(t)
Altoy, = . 4
Z tana (2n+1)!  cos(t) (43)
n>0
Thus
t2n t2n
nem (e — Alt R p—
> L )(2n)! 2 Al "(2n)!
n>1 n>1
b sin(z)
= /0 cos(2) dz = —In(|cos(t)].
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Hence,

d ©) 752n
DRSS - e
n>1 cEmcm(T) n>1
= —In(|cos(t\/y)l.
and -
> o0 > @ =ty —In(|cos(ty/y). (44)
n>1 C€£7LC7YL(T
It follows that
—tn| |cCoSs emyt
NCMry(t,z,y) = e*tv=in(leos(tym)l) — cos(t\/_) Wesec(tr/y)”. (45)
Thus we have proved the following theorem.
Theorem 11. -
- cdes(C) __ .
Yo X O =iy in(eos(ry) (46)
n>1 CeLrem ({123,321}
and
NCM93301y (£, 2, y) = €™ (sec(t /)" (47)

3 General results

In this section, we shall describe how we can compute NC M. (t,x,y) for certain general classes
of permutations 7. We start by considering permutations 7 = 71 ...7; where 71 = 1 and 7; = 2.
In that case, we have the following theorem.

Theorem 12. Let 7 =71...7; € S; where j > 3 and 71 = 1 and 7; = 2. Then
1

ydcs(‘r)sj—l

(1= fy ™5 ds)e

NCM,(t,z,y) = (48)

Proof. Note that in the special case where j = 3, the only permutation satisfying the hypothesis
of the theorem is 7 = 1 3 2. Thus in this special case, the result follows from Theorem [I0. Thus
assume that we fixa7=17...7; € S; where 1 =1 and 7 =2 and j > 4.

Our first goal is to compute
tn

n>1

where Ap(y) = ZoesiTydCS(">+1. Now it is easy to see that A,(y) = ZUES}L ydes(@)+1 for
1<n<j—1. Thus

t2 3
Alt,y) = yt+y§+( )3—
0A(t,y) 12
5t = y+yt+(y+y)2 + -+ and
0% A(t,
78521/) = y+y+y )+
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For n > j, we shall prove a recursive formula for A,(y). We consider three cases for o =
01...0p € Srlz,r depending on the position of 2 in o.

Case 1. 09 = 2.

In this case because j > 4, the only possible 7-matches in ¢ must occur in o3...0,. Since
des(o) + 1 =des(oz...0,) + 1, it follows that the contribution of the permutations in this case
to A, (y) is just A,—1(y).

Case 2. o) = 2 where k ¢ {2,j}.

In this case, we have (Z:g) ways to choose the elements D that will constitute o5 ...0,_1. Once
we have chosen Dy, we have to consider the ways in which we can arange the elements of D to
form oy . ..oy, and the ways that we can arrange [n] — (D, U {1,2}) to form oj41 ... 0, so that

c=109...0k-120fy1...0p (50)

has no 7-matches. However it is easy to see that since k ¢ {2, j} that the only 7-matches for o of
the form (B0]) can occur in either entirely in 1 o5...0,_1 or entirely in 2 g4 ...0,. Moreover
it is the case that

des(o) +1=des(l o2...04-1) +1+des(2 op41...0,) +1

since of_1 > 2. Thus the contribution to A, (y) of the permutations in this case is

(Z : ;) Ap_1(y) Ap—i1(v).

Case 3. 0j = 2.

In this case, we have (?:22) ways to choose the elements D; that will constitute o2...0;_1. Once
we have chosen D;, we have to consider the ways in which we can arange the elements of D; to
form o3 ...0;, and we can arrange [n] — (D; U {1,2}) to form ¢j41...0,0k41...0, so that

0-210-2---O-j—120-j+1---0-n (51)

has no 7-matches. Unlike Case 2, it is not enough just to ensure that 1 o9...0,_1 and
20j41...0, have no 7-matches. That is, we must also ensure that red(oy...0j_1) # red(m2...7;-1)
since otherwise 1 o3 ... 01 2 would be 7-match. Note that in such a situation des(1 o2...0;_1)+

1 = des(7). Thus the contributions to A, (y) of the permutations in this case is

(.771 _ §> (45-1(y) =y ) A (y).

It follows that for n > j,

" (n—2 =2\ des(r
An(y) = Apa(y) + > (k - 2>Ak_1(y)An_k+1(y) - (j. B 2>yd DA jnly)  (52)

or, equivalently,

An(y) _ An-1(y)
(n—2)!  (n—2)!

(53)

+ A1 (y) Ankri(y) ) y0 A (y)
= (k=2)! (n—k)! (=2 (n=4t "
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Now for any formal power series f(t) = >_ -, fat", we let f(t)|,<; denote fo+ fit+-- + fit7. We
then then multiple both sides of (53) by t"~2 and sum and we will get the differential equation

PAlty) (8214(1571/) » 3)

ot? ot?
_ 0A(ty) 8A(t,y), )4
Y ot =
0A(t,y)  \ 0A(ty) [ (9Alt.y) 3A(t,y)‘ )\
o )T o o )T =
dos( ) 8A(t y)
(j - ot
Thus
PAlty) des(r)y OA(y) | (0A([y)
gz~ Umy=v— +< ot >

+
82A(t,y)| ) E?A(ty 8Aty 8A(t,y)| ‘
78152 +<i—3 t<J 3 8t t<j—=3 | -
We claim that

. < % wg) - <8Ag;y) Mg) - ( <aAg;, y) _y) aAg;, y) |t§j3>

or, equivalently, that

0%A(t,y 0A(t,y 0A(t,y 0A(t,y
%'“” :< (gt )+< ((915 )_y> ((915 )> s (54)

If we take the coefficient of t° where 0 < s < 773 on both sides of (B4]), then we must show that

Acaly) — Asni(y) | = Arn() Ak (y)
s! B s! * Z k! (s —k)!
k=1
s+2
o s+1 Aj— 1 s+2 (k— 1)( )
B +Z ' (s+2—Fk)!

Thus if we multiply both sides by s!, we see that we must show that for 0 < s < j — 3,

s+2

Asy2(y) = Ast1(y +Z< >Ak1 Y) Ao —1) () (55)

However this follows from our analysis of Cases 1, 2, and 3 above for the recursion of As42(y).
That is, since s + 2 < j — 1, Case 2 does not apply so that we only get the contributions from
Cases 1 and 3 which is exactly (55)).

Thus we have shown that A(y,t) satisfies the partial differential equation where

w 1y ydOS(T))aA(t,y) N <6A(t,y)>2 (56)

ot? ot ot
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with intial conditions that A(y,0) =0, A(y,t)|s =y, and A(y, )’tz = y. It is then easy to check
that the solution to this PDE is

1
Ay, t) =In . (57)
1—- ft (1= y)8+ydcs(7) 1)'ds

Thus
tn caes
Aly,t) = Y — > =9
n>1 """ CceLnem(r)
1

— I . (58)
1_ft (1- y)8+ydes“) 1>'d8

But then we know by Theorem 2] that

cdes(C)

tn
NCM:(t,z,y) = ¢ 2onz1 r 2cecpem(n) Y

xln 1
s ydes(T) SJ 1
— . ( b (I—y)s+y D ds)

1

L=

which is what we wanted to prove. O

We end this section by showing how one can compute NCM,(t,z,y) where 7 € S,, is of
the foom 7 =12 ... (j — 1) v j where v is a permutation of the elements j + 1,...,m where
m > j+ 1. We let p = m — j so that red(y) € S,. We shall assume that j > 3 since we have
already dealt with permutations that start with 1 and end with 2.

Using our previous theorems as a guide, we shall assume that NC M, (¢, z,y) is of the form

cdes(C) . 1

(U (t,9))*

tTL
=> Un,r—- (59)

n>0

tn
NCMT(t, x, y) — em anl nl chﬁﬁcm(ﬂ Y

where

We have been unable to find a closed form for U~ (¢,y). However, we can show that the coefficients
of Uy +(y) satisfy a simple recursion. That is, we shall prove the following.

Theorem 13. Suppose that T =12 ...5 — 1~ j where v is a permutation of j+1,...,5+p

and j > 3. Then
1

(U (¢, 9))*

D=3 UL (60)

n>0

NCM,(t,z,y) =

where
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and
es(7 n
Untjr(y) = (1 = 9)Untj—1,.-(y) — y2 )<p> Un—pt1,7(y)- (61)

Proof. Taking the natural logarithm of both sides (£9)) and using (36]), we see

—In(U(t,y)) = Z fl_r: Z ydeS(J)-l-l Z Z ydes(a)-l—l. (62)

n>1 oeLnem(r) n>loeSt .

Before proceeding, we need to establish some notation. Fix 7 of the form 1 2 ...j5 — 1vj
where j > 3. For any o € S}, we let 7-imch(o) be the indicator function that the initial segment
of size m in o is a 7-match. Thus 7-imch(o) =1 if red(oy ... 0y,) = 7 and we let 7-imch(o) = 0
otherwise. For i = 1,...,5 — 1, we let 7 =red(i i +1 ...j —1 ~ j). Our first goal is to
compute

Alty) = Y A (63)

n>1

where

Ap(y) = D yttds@),

o€S}
For i = 2,...,k — 1, we shall also need the following functions
tTL
Bi(t,y) =1+ ) Bin(y) - (64)

n>1

where

Bin(y) = Z y'des(),

oes}
7-mch(o)=0
7 imch(o)=0
7(3)imch(0)=0

T(i)imc‘h(cr):(]

Thus B ,,(y) is the sum of y'+(e9)(@) gyer all permutation o in S} such that ¢ has no 7-matches

and o does not start with a 7()-match for j = 2,... 1.

First we develop recursions for A, (y) for n > 2. Let &, ;. , denote theset of allo =07 ...0, €
S}L,T such that o, = 2. We then consider two cases for o € S}L,T depending on which &, j - con-
tains o.

Case 1. 0 € &, 2.7

Thus 0 =1 2 03...0,. To ensure that o has no 7-matches, we must ensure that there are no 7
matches in 2 o3 ...0, and that ¢ does not start with a 7-match which is equivalent to ensuring
that 2 o3...0, does not start with 7@ _match. Thus in this case, the permtuations of &, -
contribute Ba ,,—1(y) to An(y).

Case 2 0 € &, 1, where 3 < k < n.
In this case, it is easy to see that the only possible 7-matches must occur in o ...0, or in

01...0,—1. Thus we have (Z:g) ways to choose that elements that will constitute oo ...01_1
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and Aj_1(1) ways to order them so that there are no 7-matches in o7 ...0,_1. Once we have
picked o3 ...0p_1, there are A, _r11(1) ways to order the remaining elements so that there are
no 7-matches in oy ...o0,. Having picked o, we have that

des(o) + 1 =des(o1...05-1) +1+des(og...0n) + 1

since o;_1 > 2. Hence in this case, the permutations in &, j ; where will contribute (Z:g) Ak_1(y)An—r1+1(y)
elements to A, (y).

It follows that for n > 2,

M) = Brna )+ X (17 5) Aea) A 0) (65)
k=3

We can develop similar recursions for By, (y) for n > 2. However we have to consider the
cases j = 3 and j > 3 separately.

First consider, the case where j = 3. Note in this case 73 = red(2 v 3) = 1 a 2 where
is a permutation of 3,...,p + 2 such that red(a) = red(y). We then consider three cases for
o€ Srlz,r depending on which &, j » contains o.

Casel. c € By ;.

Thus 0 =1 2 03...0,. To ensure that ¢ has no T-matches, we must ensure that there are
no 7 matches in 2 o3...0, and that ¢ does not start with a 7-match which is equivalent to
ensuring that 2 o3...0, does not start with 7(?)-match. It might seem that to ensure that o
does not start with a 7(?)-match that we must ensure that 2 o5 . .. o, does start with 7(3)-match.
However, in this case 7(3) = red(y 3) does not start with 1 so that is automatically true that
2 03...0, does start with 73)_match. Thus the permutations in &, 2, contribute Ba,—1(y) to
B2,n(y)-

Case 2. 0 € &, pt2,r-

In this case, it is easy to see that the only possible 7-matches must occur in o,41...05, or in
o1...0p. Now we have (";2) ways to choose that elements that will constitute o...0,41. We
can order these elements in any way that we want except that we cannot have red(oy...op41) =
red(7y) since otherwise o would start with at 7(?) match. Note that Ba ,y1(y) = Zﬁes;+1 ydes(B)+1

since no permutation of length p + 1 can contain a 7-match or start with 7@ -match. Since
des(l o2...0pp1) + 1+ des(2 opta...0,) + 1 =des(o)

and des(1 ) + 1 = des(7), the permutations in &, p42 - will contribute
(n;2) (Bapt1(y) — y9=M) Ap_p_1(y) to Ban(y).

Case 3. 0 € &, i, where 3 <k <nand k ¢ {2,p+2}.

In this case, it is easy to see that the only possible 7-matches must occur in oy ...0, or in
01...05_1. Thus we have (Z:g) ways to choose that elements that will constitute oo ...0%_1
and By ;,—1(1) ways to order them so that there are no 7-matches in oy ...04-1 and o1 ...05_1
does not start with a 7 match and A, _k+1(1) ways to order oy...o, that it contains no

7-match. It follows that the permutations in &, j » will contribute (Z:g) B i—1(y)Ap—11(y) to
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B2,n(y)-

Thus if n > p + 2, we have the recursion
g n—2 n—2 des(7)
Byn(y) = Bon1(y) + (Y b2 Baj-1(y) An—k+1(y) | — b )Y An—p-1(y). (66)
k=3

For 2 <n <p+1, Case 2 does not apply so that we have the recursion

n

&Aszmq@+(ZXZ:QBMA@m%mmﬁ. (67)

k=3

Before considering the case where j > 3, we shall show how we can derive a recursion (1)
for the U, +(y)s in this case. We have shown that for all n > 2,

M) = Baaea)+ 3 (12 5) Ara)Auien(s) and
k=3

Ban(y) = Ban-1(y) + <kZ:3 <Z:§> Bz,k-l(y)An_kH(y)) -
X(n > p+2)y*e <n b 2) An—p-1(y)

where for any statement A, we let y(A) equal 1 if A is true and equal 0 if A is false. Thus we
have that for all n > 2,

n

An(y)  Bon-1(y) Ap—1(y) Ap—r11(y) an

-2 — (-2 ];’(k:—Z)! (n—fy nd

B2,n(y) . B2,n—1(y) = B2,k—1(y) An—k (y) ydCS(T) An—p—l(y)
m-20 — (-2 (2 k —2)! (n—+/1c)! ) BRI

Multiplying by t"~2 and summing, we obtain the following differential equations when we think
of A= A(t,y) and By = Bs(t,y) as just functions of ¢:

A" = B+ (A —y)A and

7 ’ / / ydeS(T)tp /
By = By+(By—yA - 7 A
Now if U = U(t,y) = U,(t,y), then A = —In(U). Thus
. g
A = i and (68)
—u” U’ 2
A" = — ] . 69
- +(7) (69)
Making these substititions in our first differential equation and solving for B, we see that
U/l Ul
B = —%. (70)
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ThUS Ul/l + yU/l (U/l + yU/)U/
By = — T + e . (71)

Substituting these expressions into our second differential equation and simplifying, we obtain
the following differential equation for U,

ydCS(T) 1P

"o "
U"=Q1-yU" — o

U'. (72)

Taking the coefficient of L7 on both sides of (7Z), we set that

n!

Unesr () = (1 — 9)Unsa(y) — (Z) =0, (). (73)

in the case where 7 = 1293 and + is permutation of 4,...,3 + p.
Now consider the recursion for By, (y) where j > 3. We then consider two cases for o € Srlm
depending on which set &, ;. » contains o.

Case 1. 0 €&, 0-.

Thus o =1 2 03...0,. To ensure that o has no m-matches, we must ensure that there are no 7
matches in 2 g3...0, and that o does not start with a 7-match which is equivalent to ensuring
that 2 o3...0, does not start with 72 _match. However in this case, we must also ensure that
o does not start with at 7(2) which means that 2 o5 . ..o, must not start with 7(®-match. Thus
in this case, the o € &, 2 > contribute Bs ,,_1(y) to B2 ,(y).

Case 2 0 € &, 1 where 3 <k < n.

In this case, it is easy to see that the only possible 7-matches must occur in o ...0, or in
01...0_1. Thus we have (Z:g) ways to choose that elements that will constitute oo ...05_1
and By ;_1(1) ways to order them so that there are no 7-matches in oy ...04_1 and oy ...0,_;
does not start with a 7 match and there are Ap_r11(1) ways to order oy . ..o, so that there
is no 7-match. It follows that the permutations in &, j will contribute (Z:g) By k—1(y)Ap—k+1(y)

elements to Ba,(y).

It follows that if j > 3, then for n > 2,
Bon(y) = Bynr) + 3 (52 3) Bara) s (74
One can repeat this type of argument to show that in general, for 2 <i < j — 2
Bunls) = B na () + kz:g (52 3) B Ar ) (79

The recursion for B;_1 ,(y) is similar to the recursion for B, (y) when j = 3. That is,
701 =red(j — 17 j) =1 a 2, where « is a permutation of 3,...,p + 2 and red(y) = red(a).
Then we have to consider three cases depending on which set &,  » contains o.

Case 1. 0 €&, 90+
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Thus o =1 2 03...0,. To ensure that ¢ has no 7-matches and does not start with 7 _match
for i = 2,...,j5 — 1, we clearly have to ensure that 2 o3...0, has no 7-matches and does not
start with 7(-match for i = 2, ... ,J — 1. However, we do not have to worry about 2 o3...0,
starting with 70) = red(o j) since 7() does not start with its least element. Thus in this case,
the permutations in &, o » contribute Bj_1 ,—1(y) to Bj_1n(y).

Case 2. o € &, 42, In this case, it is easy to see that the only possible 7-matches must
occur in opyq1...0p Or in o1 ...0p,. Now we have (";2) ways to choose that elements that will
constitute oa...0,41. We can order these elements in any way that we want except that we
cannot have red(c . .. 0,41) = red(y) since otherwise o would start with at 70~Y match. Note
that Bj_1 ,11(y) = EBES;+1 ydes(B)+1 gince no permutation of length p+1 can contain a 7-match

or start with 7()-match for i = 2,...5 — 1. Thus since
des(l o3...0pp1) + 1+ des(2 opta...0,) + 1 =des(o)

and des(1 v) + 1 = des(7), the permutations in &, p42  will contribute
(", ) (Bi—1p+1(y) = ) Au_pi1(y) t0 Bjo1aly)-

Case 3. 0 € &, where 3 <k <nand k ¢ {2,p + 2}.

In this case, it is easy to see that the only possible 7-matches must occur in o ...0, or in
01...0k_1. Thus we have (Z:g) ways to choose that elements that will constitute oo...01_1
and Bj—1,k—1(1) ways to order them so that there are no 7-matchesin oy ...0,_1 and o1 ...05_1
does not start with a 7(Y-match for i = 2,...,j — 1 and there are A,_;,1(1) ways to or-

der oy ...0, so that there is no 7-match. Thus the permutations in &, . will contribute
(373) Bj—1,5-1(y) An—r1(y) to Bj_1,(y).

It follows that for n > 2,

Bi_in(y) = Bj—in-1(y)+ Z <Z : 2> Bi 1 k1Y) An—rs1(y) — (76)

Thus for all n > 2, we have proved that in general
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" (n—2
Byan) = B+ 3 () Br-asa) A9
k=3

" /n—2
Bj1n(y) = Bj—1n-1(y) + (k N 2) Bj—l,k—l(y)An—kH(y)) -
=3

n—2
x(n>p+2) < , >ydeS(T)An—p—1(y)

As in the case for j = 3, if we multiply everything by %n, and then sum over n we get the

following system of differential equations where we think of A(t,y) and B;(t,y) fori =2,...,57—1
as functions of ¢.

(D1) A" =DB)+ A? —yA
(D2) By = By + ByA' —yA’
(D3) Bj=DBj+ BiA —yA

(Dj—2) Bf 5 =B 1+ Bj_yA" —yA’

D. 7] B A A tP des(T) 4/
(Dj-1) Bj_y=B;_;+B; 1A'~y _Wy

As in the case j = 3, we let A(t,y) = —log(U(t,y)) so that A’ = =Z* and A" = =" 4 U7

U U [
Thus under this substitution, the first differential equations becomes
_U// U/2 , U/2 U/
Z Bz il
v T Tty
so that o "
B = v TYyY 77
j= (77)

In fact, we have the following lemma.

Lemma 14. For2<:<j—1,




Proof. We proceed by induction on i. We have already shown that (78) in the case where ¢ = 2.

Now suppose that

Bl=_"_"Y T UY
2 U :
Then we must show that ,
’ Ut — YD oko1 U
i+l = U .
Taking the derivative of both sides of (79)) with respect to t, we see that
z—l—l _ (k) () /
Br == Y2 iU LY +tyd )(U).
U U U

Pluggin our expression for B/ and B, into the differential equation (D;), we see that

—yh i gk )y Sutut) U’)

U * ( U G
—UO —yS gy -U’
= Bi1 +( L) (—) — y(—)-
U U
Solving for B; | we see that
, _U(i—l—l) —y ZZ:I U(k)
Z+1 U *

By the Lemma, we know that
/ _ ZJ - U(k
Jj-1 = U ’

and, hence,
y yZJ S UM gl g2y
!, = ( . )(55).

Thus plugging these expressions mto the differential equation (D;_1), we obtain that

—UW) —y Zi;é Uk gl 4y Zi* U k) \( U’)

v U T
_ —_yl-1 _ yzij U k) N
U
—uU=h —y 2t g S A I
( 2im U7 U 2V P e U
U U U’ U
Simplifying this expression yields that
U) —(1— (-1 _ 7, des(7)
Uv) =1 —-y)Uv p'y U'.

Then taking the coefficient of % on both side of (8I]) gives that

es(7 n
Uptj = (1 —y)Unsj—1+y° ( )<p> Un—p+1

which is what we wanted to prove.
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We end this section with an example of the use of Theorem I3l Let 7 = 1243 and

IR SERROLES Sl DRTECEES S

n>1 : n>l ToeS) n>1 " ceLnem(r)
Thus it is easy to check that A1 +(y) =y, A2+ (y) =y, As-(y) = y+y?, and Ay - (y) = y+3y>+y°.

Now
Y ) = e
n>0
so that one can use Mathematica to compute that Uy -(y) =1, Ui ,(y) = —y,
Usr(y) = —y + vy, Usr(y) = —y +2y° — y°, and Uy, (y) = —y +4y* — 3y° +y*.
By Theorem [I3] we know that we have the recursion that

Un+3,7(y) = (1 - y)Un+2,T(y) - yUn,T(y)'

Thus we can use this recursion to compute that
Usr(y) = —y +6y> — 8y° +4y* —y°

Us,-(y) = —y + 8y* — 16> + 13y* — 5y° + ¢,

Uz (y) = —y + 10y% — 28y + 32y* — 19y° + 6y — ¢, and

Us.+(y) = —y + 12y — 44y3 + 68y* — 55y° + 26y5 — 7y" + 3.

But then we know that NCM.(t,z,y) = m Thus one can use Mathematica to show
that ’

tn
NOMT(t7$7y) = Z Sncm(x y)
n>0

where S§" (z,y) = 1, ST (@, y) = zy, S§T(x,y) = zy + z2y2,

S5 (z,y) = xy + zy® + 3xy? + 25y,

Spam(z,y) = wy + 3xy® + Ta?y® + xy® + 40y + 62y + 2yt

S2(z,y) = wy+9zy? + 1522y + 8wy + 252%y> + 250%y> + 2wyt + bay! + 1023y + 102y + 25y,

Se(x,y) = vy + 23xy? + 3122y? + 452y% + 11922y3 + 9023y3 + 202y* + 7322y* + 10523y* +
6524y* + 2y + 62245 + 152345 + 200y + 152545 + 2545,

Spem(z,y) = wy + 53xy? 4 6322y? 4 217xy® + 490x%y® + 30123y + 1922y* + 62322y* 4 74923y +
350z y* + 47xyd 4+ 196225 + 34323y° + 31524 y® + 1402°y° + 290 + T22y0 + 2123y5 + 352495 +
352%y5 4 2125¢y5 4+ 2747, and

Sge™(x,y) = xy + 115zy* + 1272%y* + 916xy° + 18382%y> + 9662°y> 4 15002y* + 433322y* +
446623 y* 4+ 1701zt y* + 7652y + 281022 y° +421423y° + 316424 y® +10502°y° + 105230 + 4952240 +
10082395 4- 114824 y/0 + 7702595 4- 266255 + 2y™ + 822y ™ + 28x3y" + 5624y " + 7027y + 5625y7 +-
282 7y" + 2848,
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4 Conclusions

As mentioned in the introduction, we know of two other ways to compute NCM,(t,z,y) and
NCM~(t,y) for various 7’s and Y’s.

Our second approach again uses the function U, (t,z,y) as defined in the previous section
where

" 1
NCM,(t,z,y) = nemSy ~(2,y) — = ——=-
(o) = 2 nemSor ()5 = G gy
It follows that ) 1
Urlt,y) = - . (s2)

 NCM,(t,1,y) ano nemSy, - (, y)%

Remmel and his coathors [3], 12}, 15} 16}, 17, (18, 211 26] developed a method called the homomor-
phism method to show that many generating functions involving permutation statistics can be
applied to simple symmetric function identities such as

H(t) =1/E(-t) (83)

where

=S =TT

n>0 i>1

is the generating function of the homogeneous symmetric functions h,, in infinitely many variables

T1,To,... and
E(t) = Zent" = Hl + x;t
n>0 i>1

is the generating function of the elementary symmetric functions e, in infinitely many variables

r1,Z2,.... Now if we define a homomorphism # and the ring of symmetric function so that
_1)»
e(en) = ( n') ncmSn,T(lyy)a
then 1
0(E(—t)) =

ZnZO nemSy, (1, y)% '

Thus 6(H(t)) should equal U,(t,y). One can then use the combinatorial methods associated
with the homomorphism method to develop recursions for the coefficient of U, (¢,y) much like
we did in Theorem For example, we can show that

[n/2]
Uni324(y) = (1 = y)Up—1,1324(y) + Z (=) Ch 1 U ok 41.1324(v)
k=2
where C}, is k-th Catalan number and
[n/2] n_k—1
Una423(y) = (1 = y)Up—1,1423(y) + Z (—y)k_l< ko1 >Un—2k+1,1423(y)'
k=2

The second author has developed a third way to approach the problem of computing NC M~ (t)
which is completely different from the other two approaches. That method involves defining a
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certain bijection between the set of derangements and certain fillings of brick tabloids. That bi-
jection allows one to compute generating functions the number derangements that have no cycle
T-matches by applying an appropriate ring homomorphism defined on the ring of symmetric
functions A in infinitely many variables x1, o, . .. to certain simple symmetric function identities
as described above. One can then multiply the resulting generating function by e to obtain
generating for nemS,, (7). This approach is generally much more complicated than the first two
approaches. However, it allows us to compute NC M~y (t) for a number of sets of permutations
T which seem beyond the either the techniques employed in this paper or the second approach
described above. For example, one can show that

NCMT(t) =

where Y is the set of permutations that contain 1234 and all permutations o = 0109030405 such
such that o1 < 09 > 03 < 04 > 5. This approach will be described in a forth coming paper.
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