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Abstract

Let X be a finite set of cardinality n. The Kalmanson complex IC,, is the simplicial complex
whose vertices are non-trivial X-splits, and whose facets are maximal circular split systems
over X. In this paper we examine KC,, from three perspectives. In addition to the T-theoretic
description, we show that /C,, has a geometric realization as the Kalmanson conditions on a
finite metric. A third description arises in terms of binary matrices which possess the circular
ones property. We prove the equivalence of these three definitions. This leads to a simplified
proof of the well-known equivalence between Kalmanson and circular decomposable metrics, as
well as a partial description of the f-vector of IC,,.
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1 Introduction

A phylogenetic tree is a connected, acyclic graph which presents the common evolutionary history
of a group of species (taxa). A phylogenetic network generalizes this structure by allowing for the
presence of cycles. Phylogenetic networks have become a popular means of conveying recombination,

horizontal transfer and other reticulate events which cannot be represented by a tree [3, [I1].

A particularly simple and well-known form of phylogenetic network is the split network. As explained
in [6], split networks are mathematically founded on T-theory (cf. [10]) and express the so-called
circular decomposition of a finite metric [4,[8]. The necessary conditions for such a decomposition are
a set of linear inequalities, so that the space of circular decomposable metrics possesses polyhedral

structure.

In this paper we investigate that structure. Permuting these inequalities produces a set of polyhedra
whose union contains all circular decomposable metrics. Since the polyhedra intersect along faces,
the resulting face lattice forms a simplicial complex. (We call this the Kalmanson complex after
[12], who derived the original inequalities while studying certain tractable instances of the traveling

salesman problem.)

Abstracting away from the underlying geometry, we show how combinatorially isomorphic objects
can be derived in terms of either circular split systems, or binary matrices which possess the consec-
utive ones property [5]. Our main result is to prove the equivalence of these structures by exhibiting
order-preserving bijections between their face lattices (Theorems [2] and . This in turn leads to a
new proof of the equivalence of Kalmanson and circular decomposable metrics (Corollary @ This
is a known result [7, 8], but our proof has the benefit of being extremely simple, relying only on

basic concepts from polyhedral geometry.

We then use these findings to study the f-vector of Kalmanson complex. We relate the problem
of enumerating its faces to a counting problem on certain classes of binary matrices, and exploit
a structure theorem of [I§] to obtain a new result on the number of triangles contained (Theorem
19). Even in the simplest non-trivial case, this counting problem is seen to possess considerable
complexity, and we leave a more general method of counting the faces of the Kalmanson complex

as an interesting open problem.

The paper is organized as follows. Section 2] begins with some preliminaries from T-theory which
enable us to define the complex abstractly in terms of split systems. In Section [3| we review the
Kalmanson conditions. These are a set of inequality restrictions on a finite metric which, when
satisfied, allow the traveling salesman problem to be solved in constant time. We show that these
inequalities give a geometric realization of the Kalmanson complex. In Section [ we study the
consecutive ones property for binary matrices. This property is shown to be equivalent to the

circularity property for split systems discussed above, giving us a third description of the complex



in terms of equivalence classes of binary matrices. In Section [5] we use these three ways of viewing
the Kalmanson complex to enumerate some of its faces, thus giving a partial characterization of its

f-vector. Finally, in Section [6] we offer some concluding remarks.
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2 Definitions

We begin with some basic concepts from T-theory. For a full introduction, see [4], [10].

Throughout the paper, X is a finite set of cardinality n > 4. An X-split is a bipartition of X;
that is, S = {A, B} is an X-split if AN B =0 and AU B = X. (When the meaning is obvious,
we will simply call S a split.) A and B are called the blocks of S, and the size of S is defined as
size(S) := min {|A]|,|B|}. S is non-trivial if size(S) > 1 and minimal if size (S) = 2.

Let S(X) be the set of non-trivial X-splits. A split system S C S(X) is a set of splits. [4] introduced

the concept of a circular split systemﬂ

Definition 1. A split system S is circular if there is a permutation ¢ € S, such that for each
split S = {A, B} € S there exists i, j € [n] such that

5= { (oot mamy 7o) 7o) atnys Ty 2 }

where i denotes i (mod n).

Circular split systems have a simple geometric interpretation: they are obtained by labeling the
edges of a regular n-gon, and connecting its edges with diagonals to form splits (Figure . From
this we see that a circular split system contains at most (g) distinct splits. A partial converse also

holds: a weakly compatible (cf. Section [5|) split system containing (g) splits is circular [4].

From Definition [I] we see the set of circular split systems is closed under the operations of taking
subsets (any subset of a circular split system is circular) and forming intersections. Hence, it is a

simplicial complex. This complex is our main object of study.

!Circular split systems are sometimes referred to in the literature as cyclic split systems.
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Figure 1: A circular split.

Definition 2. The Kalmanson complex is the simplicial complex whose vertices are X-splits,

and whose facets are maximal circular split systems.

Clearly this complex is unique up to the cardinality of X. Henceforth we write IC,, to denote the

Kalmanson complex over a base set of cardinality n.

3 Geometry of IC,

Throughout this section, we let D = (dij)ije[n]

along the diagonal. We refer to matrices possessing this property as distance matrices.

be a symmetric, non-negative matrix with zeros

Definition 3. Let D = (d;;) be a distance matrix and let .S,, denote the symmetric group on n

letters. The traveling salesman problem (TSP) over D is

n—1
grelgi (Z do(i)o(i+1) T do(n)0(1)>
i=1

For general D, it is well-known that the TSP is NP-hard. However, some special cases have lower
complexity. In particular, [12] showed that if D satisfies a certain set of linear inequalities, then the

TSP over D possesses a trivial solution.

Theorem 1 ([12]). Let D be a distance matriz. If

max(dij + dyy, diy + djk) <djr + djl foralll<i<j<k<l<n (1)



then the identity permutation solves the TSP over D.

The inequalities are referred to as the Kalmanson conditions, and a matrix which satisfies them

is a Kalmanson matriz (or simply Kalmanson.)

It may be that D does not satisfy , but that some permutation of the rows and columns of D
does. In this case we say that D is a permuted Kalmanson matriz. Since permuting D amounts to
simply relabeling the underlying distance or cost data, this operation preserves the structure of the
problem. [§] give an O(n?) recognition algorithm for permuted Kalmanson matrices, so we say the

TSP is polynomial time-solvable for this class.

Geometrically, (1)) comprises a finite intersection of closed half-spaces: a polyhedron. Given a
polyhedron P C R* and a hyperplane H C R*, we say H supports P if HN P # () and P is
completely contained in one of the closed half-spaces defined by H. F C P is a face of P if
F = PN H for some supporting hyperplane H of P. The face lattice of P is the poset of faces of

P ordered by set inclusion.

Recall that a set of polyhedra which intersect along faces is called a polyhedral fan. Permuting the
indices in generates a polyhedral fan which we denote P,,.

Example 1. For n = 4, P,, is the union of three polyhedra obtained by permuting the indices
in ([I): Ps:= (dij)i,je[4] such that

dio +d3s < dig +das or diz +dog < di2+d3s or dig +doz < di3+dos
di3 +dos < dig+dos dig +daz < diz2+d3s dig +d3s < diz+das

Collectively, these define the region of RE) containing all 4 x 4 permuted Kalmanson matrices.

3.1 Equivalence of P, and K,

The main claim of this section is that P, is a geometric realization of I, in the sense that they are

combinatorially equivalent.

Theorem 2. The face lattices of KC,, and P, are isomorphic as posets.

The remainder of this subsection is devoted to proving the theorem by finding an inclusion-preserving

bijection between the faces of these two sets.



In [9] it is shown that the polyhedron defined by decomposes into an n-dimensional lineality
space and a pointed cone of dimension (g) —n. We are interested in the structure of the latter since
it encapsulates the combinatorial data embodied by the polyhedron. The authors give an explicit

description of the extreme rays of this cone.

Example 2. For n = 5, the rays of the standard Kalmanson polyhedron are

00/1 1 1 00 0]1 1
001 1 1 00 0|1 1
vA =1 1]0 0 0 v =100 0|1 1
1 1/0 00 11 1[0 0
1 1/0 00 11 1]/0 0
0/1 1]/0 o 0|11 10 0 0/1 1]0
1o of1 1 110 0 0[1 0 0/1 1]0
v =1 1]0 0|1 1 A 110 0 01 veH =11 1/0 0|1
0|1 1/0 0 110 0 01 1 1/0 o1
0|1 1/0 0 011 1]0 0 0/1 1]0

We see that the V() and V() have a structure which is the result of arranging square blocks of
zeros along the diagonal. It turns out that these matrices, along with their permutations, encode

the non-trivial X-splits.

Definition 4. Let S = {A, B} be an X-split. A split metric 6 : X x X — R is a function such
that

0, {z,ytCcAor {z,y} CB
os(z,y) =
1, otherwise

Split metrics are unique.

Lemma 3. Let 51,52 € S(X). If ds, = ds,, then S1 = Ss.

Proof. For a split S define vg(i) = {x € X :0s(l,2) =i}. We have S = {A,B} =
{'75(0)775(1)}' Hence Sl = {’751 (0)7751 (1)} = {752(0)7752 (1)} = 52- O

Returning to the example, let Ag be the (symmetric, n X n) matrix associated to dg. The matrices



in Example [2| are obtained from split metrics:

v = Aq345 Ve = Aq93145
v = Aqysp23 v = Aq4)235 vED = Aq25(34

We now formalize this idea.

Theorem 4 ([9]). The space of Kalmanson matrices consists of an n-dimensional lineality space

and an n(n — 3)/2-dimensional pointed cone. The lineality space is spanned by the matrices
EW = (egq)) ,1 <14 <n where

. 1, =1 =1
) p=1ixzorq=1 @)
0, otherwise

The pointed cone is ruled by the symmetric matrices V) = (v]g?), 2<i<n—2and VHi) =

<vz()2j)>7 1<i<n—3,i+2<j<n-—1, where

—_

) I<p<i<qg<n 3)
pq ‘
0, otherwise

—_

i) I<p<i<g<jori<p<j<gsn A
i) , (4)
, otherwise

)

Now let the symmetric group S, act on the set of n X n matrices by symmetric permutation of rows
and columns: o-M = (m(,(i)’o(j)) for all o € S,, and M = (m;;). The following lemma is immediate

from and .

Lemma 5. V0 = Ay iit1.m and Vs = Aji.jj+1.i-  Additionally, symmetrically per-
muting V@ V69 s equivalent to applying the same permutation to the underlying split:

oV = A (1)eo(i)o(i41)—o(n) (and similarly for V(i’j)),

Define

V= {V(i):2§i§n—2}U{V(i’j):1§i§n—3,i+2§j§n—1}

R:={c-V:ces,VeV}



Thus R is the set of vertices (rays) of P,. Finally, let T'(V') be the map which takes a matrix in R
to its corresponding split,
T:R - S(X)
o VO {{o(1)...., o)} {oli+1),...,0(n)} |

(Note that T is well-defined since for each 4, j € [n] there exists a o € S, such that V&) = ¢.7(=9))
Lemma 6. T': R — S(X) is a bijection.

Proof. Injectivity follows from the uniqueness of split metrics. For surjectivity, let T'= {A, B} €
S(X) be a split. Let o € S, be a permutation such that 0=t - A = {1,...,|A4|}. Then
T (o VD) = 5. O

It remains to show that T' is order-preserving: T'(U) C T(V) <= U C V. This follows from the

fact that 7" maps faces to faces.

Lemma 7. {T'(M,),T(Ms),..., T (M)} is a face of Ky, if and only if {M1, Ma,..., My} is a
face of Py,.

Proof. If {T'(My),T(Ms),...,T(My)} is a face of IC), then it is circular respect to the ordering
(o(1),...,0(n)) for some o € S,,. Hence {M1, Ms,..., My} C o -V is a face of Pp,.

Conversely, since

TV = {{1,2,...,2’},{i+1,...,n}}
(V@) = {{1,2,...,z’,j+1,...,n},{i+17...,j}}
the set S := T'(V) is a maximal circular split system with the ordering (1,2,...,n). Therefore
the claim is true when the M; € V.

Now if My, ..., My is an arbitrary face of P,,, then there is a o € S, such that foreach 1 <i¢ < k
there exists V; € V with M; = o - V;. Then

{T(My),.... T(Mg)} ={T(c-V1),...,T(0 - Vi)}
— {0 T(Vi), ..o T(Vi)}
Co-S

is a face of IC,,. [l



This concludes the proof of Theorem

3.2 Circular Decomposability

A metric § is circular decomposable if it can be written as the positively-weighted sum of circular

5= agls

SeC

split metrics, i.e.

for some circular split system C and weights a.g > 0. It has been shown in 7] and [§] that ¢ is circular
decomposable if and only if it satisfies the Kalmanson conditions. Both proofs are non-trivial; [7]
relies on a Crofton-type formula for computing distances in metric spaces, while [8] uses a number

of results from the theory of metrics over a finite set [4].

The polyhedral characterization of the Kalmanson cone given in [9], coupled with the observations
of the preceding section, enable us to establish this equivalence in a new and straightforward way.
Indeed, 0 satisfies the Kalmanson conditions iff it is in a permuted Kalmanson cone. By Theorem []

this occurs iff § is a linear combination of the permuted matrices E®, V& V(@9) for some o € Sy:

n n—2 n—3 n—1
d=o0- ZazE(’) + ZBZV(Z) + Z Z %;jv(i’j) for o € R and Bi,%]’ >0 (5)
=1 =2 =1 j=i+2

By Lemma V@ and V) are split metrics, and it is easily seen that the E@ are split metrics

corresponding to trivial splits.

Now, equation is not necessarily a circular decomposition since the «; can be negative. However,
assuming d obeys the triangle inequality (which, recall, is not implied by the Kalmanson conditions),

the «; are seen to be non-negative.

Lemma 8. Let § be written as in . Then
0(i,i+1)+0(i+1,i+2)— 0,7+ 2) = 2041
where 1,94+ 1,1+ 2 are modulo n.

Proof. Put § = 4 + d5 + 6., where

n n—2 n—3 n—1
8y = Z%’E(i) 55 = Zﬁiv(i) 5, = Z Z %.jv(i,j)
i=1 =2 i=1 j=1i+2



From equations f we have

0ali,J) = i + (6)
> B (7)
2<s<n—2
1<s<j
5’7(27]) = Z Vst + Z Vst (8)
1<s<j<t s<i<t<j
1<s<n—3 1<s<n—3
s+2<t<n—1 s+2<t<n—1

Hence 04,(3,7 4+ 1) + 90 (i + 1,7 + 2) — 0a(i, 0 + 2) = 20041

For 05 we have

o 0, i=1,n-1
55(1, 1+ 1) =
0B;, otherwise

.. B% 1= 17 n—2
55(17 1+ 2) -
Bi + Bi+1, otherwise

5/3(1,’”) = 5/3(2,%) = BQ + - +/8n72

We see that 6g(i,7 + 1) 4+ 0g(i + 1,4+ 2) = 63(4,1 + 2).

Finally, for 6, we further decompose it as ¢, = d,,, + d,, according to the two summands in .

Repeating the same procedure yields

0y, (i34 1) = Z%t

t= z+2
’Y1 (4,i+2) Z Z Yita,t
a=0 t=i+2+a
5-\/1(1,71) ’YQ( ): 0

1)
572(ZZ+1)_572(ZZ+2):572( ):O

’Yzzn 271t

After some algebraic manipulations we again obtain 6, (i,i4+1)+0,(i+1,i4+2) = §,(3,i+2). O

Corollary 9. Let 6 : X x X — R be a metric over the finite set X. Then § is circular

decomposable if and only if it satisfies the Kalmanson conditions.

10



4 K, and the consecutive ones property

Thus far we have defined ), as a split-theoretic simplicial complex and also geometrically in terms
of permutations of the Kalmanson conditions. In this section we present a third description of
the Kalmanson complex as a set of (equivalence classes of) binary matrices possessing a certain
structure. Again, we will show that this formulation is entirely equivalent to the preceding two.

Throughout this section, M is taken to be an m x n binary matrix (entries are zero or one.)

Definition 5. M is said to possess the consecutive ones property for rows (C1R) if its columns
may be permuted such that the ones in each row occur in blocks. M possesses the circular ones
property for rows (Circ1R) if its columns may be permuted such that either the ones or the zeros

(or both) in each row occur in a block.

Intuitively, a CirclR matrix has the property that for each of its rows, the ones occur in a block

when it is “wrapped around” a cylinder.

Example 3. Consider the matrices

S = O
—_ O O =
_ o = o
_ O = O
oS O O O
- o = O
_ = = O
= O =
o O O =
_ = O O
S = O =
S = = O
o O = O
S = O =
= = O

(1) (2 3

=

(1) and (2) are C1R, and (3) is CirclR. To verify that (2) is C1R, we apply the permutation
(1345) € S5 to its columns:

00110 00011
1 1 1 0 0]@s45(0 1 1 1 0
—

01001 110 00
1 1101 11110

If M is C1R or CirclR, then the matrix obtained by replacing any number of rows of M by their

binary complement will be Circl1R. This provides justification for the following theorem.

11



Theorem 10 ([I7]). Let M be a binary matriz, and let M’ be the matriz obtained by comple-
menting each row in M which has a one in the first column. Then M is C1R if and only if M’
is Circ1R.

A circular split system and a CirclR binary matrix are, in a sense, identical. To see this, let
m be fixed and consider the set of all split systems over X which contain m splits: S, (X) =
{SCS(X):|S|=m}. Also, let MO .., ({0,1}) be the set of m x n binary matrices who first

column contains all zeros, and let the symmetric group S, act on it by permutation of rows.

Finally, let Q,, = M2 .. ({0,1}) /~ be the set of equivalence classes under the relation “M; ~
My <= M; = o M for some o € S,,,”. (Note that, as row permutations do nothing to affect the
C1R/CirclR properties, it makes sense to say that a class [M] € Q possesses one or both.)

Now define a map F' : §,,(X) — Q,, which sends a system of m splits to the class of the binary

matrix obtained by converting the splits to a binary vector and stacking them. Formally,

F:8,(X)— Qn
{14081} (A, B} b = [@0)icpm e
1, jeA;and1¢ A,
wij =41, j¢ A;and 1€ A;

0, otherwise

Example 4. Let n =5 and S € S3(X) be the split system

S= {{{1,2},{3,4,5}}, {135y, 2,4}, {14}, {2,3,5}}}

Then
00111 01 1 01
F(S)= 01 010 = 01010
01 1 01 00111

Lemma 11. F: S,,(X) — QO is a bijection.

Proof. Let [M] € Q,, be given. Simply convert each row of M € MY . ({0,1}) to an X-split

mxn

in the obvious way. The resulting split system S gives F'(S) = [M], so F is onto.

Now suppose F'(S1) = F(Sz2) for two split systems Sy, S2. Then &1 and Sy represent the same
splits up to ordering. But then &1 = Sy so F' is one-to-one. O

12



Having established the bijection, it is easy to see that Circ1R and circularity are analogous properties

for Q and S,,(X), respectively.

Theorem 12. Let S € S,,(X) be an arbitrary split system. Then S is circular iff F(S) is
Circ1R.

Proof. A split system S is circular iff there is a o € S,, such that each split S € S is of the form

S = { {o(@),0(i+1),....0()},{o(G+1),...,0(—1)} }

where ¢ denotes i (mod n). This occurs iff applying o to the columns of F(S) yields a class of
matrices [M] € Q,, whose ones appear consecutively. Since the first column of M is the zero
vector, M is C1P iff it is Circ1R by Theorem O

Corollary 13. S € S,,(X) is circular iff F(S) is C1R.

The preceding theorem enables us to furnish another description of IC,,: it is the poset of all Circ1R
binary matrices (up to row permutation) which possess an initial column of zeros, and at least two
ones and two zeros in each row, ordered by inclusion of the set of row vectors corresponding to each

matrix.

5 f-vector

In this section we will harness the three descriptions of I, to study its combinatorial structure in

greater detail.

Definition 6. Let A be a simplicial complex of dimension d — 1, and let f; denote the number
of i-dimensional faces of A. The f—wector of A is the vector f = (fo, f1,.-., fa—1)-

Thus, fy counts the vertices of A and fy_1 counts the facets. By geometric analogy, f1, fo and fy_o

are called the edges, triangles, and ridges of A, respectively.

For small n, the f-vector may be computed directly. Results for n = 4,...,9 are presented in Table

[[ We now theoretically explain some of these numbers. First we restate some additional definitions

13



n f-vector

4 (3,3)

5 (10, 45, 90, 60, 12)

6 (25,300,1755,4725, 6390, 4860, 2160, 540, 60)
7 (56,1540, 19950, 121485, . . ., 5040, 360)

8 (119,7021, 178878, . .., 50400, 2520)

9 (246, 30135, 1409590, . . ., 544320, 20160)

n <2n—1 —n—1, (];1), o n!(z—3)7 (n51)1>

Table 1: Computational results for the Kalmanson complex.

AY
7

)
| Y 611
1 1
1 1
1 1
1 1
|Sll
1 1
1 1
|
N
/)|O,s
-, ~
’ A4 ~
P ~ ~
e Phe RS RS
e ’3’ \\Z ~
a |’. /’ \\ .\a
1
3 4.7 S o 2

Figure 2: A system of splits which is not weakly compatible.

and results from [4, [I0] which will prove useful in enumerating the faces of K,,. For the remainder

of the section, S; € S(X) represents a split and the identity S; = {A;, B;} is implicit.

Definition 7. A split system S is called weakly compatible if for all triples S1, 52,53 € S there
do not exist points a, a,az, a3 € X such that a € AyNAyNA3and a; € A; < i=].

Weak compatibility enforces a sort of convexity condition on § by requiring that, for any triple of

points in the split system, there is no point which mutually separates them (Figure [2)).

For any two splits S1, S2 we define a binary operation U by { A1, By }LU{ Ay, Bo} = {41 N A2, B; U By}.

14



Lemma 14. The splits S1, So and S1 U Sy are weakly compatible.

Proof. Let S3 = S1US,. If there exist a, a1, as, ag as in Deﬁnition then as € Az—(A1UA9) # 0.
But A3 = A; N As, a contradiction. O

Theorem 15 ([10]). Let S be a split system and let S’ be the split system
S ::Su{51u52 151, €S and A;NB; £0, i,j € {1,2}}

Then S is contained in a circular split system if and only if S" is weakly compatible.

Corollary 16. A circular split system is weakly compatible.

5.1 Low (Co-)Dimensional Faces

Enumerating the vertices, edges, ridges and facets of K, is now straightforward.

Theorem 17. Let f = (fo,..., fi—1) denote the f-vector of K,,. Then

Proof. fo counts the number of non-trivial X-splits. There are

n—2 n
Z (k) =" _2p —2
k=2

binary words on n letters which contain at least two zeros and two ones. Since each word and

its complement correspond to the same split, we divide by two to obtain fy.

Equation asserts that every pair of splits &1, 82 is contained in a circular split system. By
Lemma the splits S1, So and S7 LI .Sy are weakly compatible. Then by Theorem {S1, S2}

is a circular split system.

15



Each facet of IC,, corresponds to a circular ordering; that is, an edge labeling of the regular
n-gon. Such labelings are unique up to dihedral symmetry. There are (n — 1)! labelings up to
rotation, and half that number when accounting for reflection. This yields .

To prove , let F C K, be a facet spanned by vertices vy,...,vq3 € X; without loss of
generality assume the circular ordering corresponding to F' is (1,2,...,n). Let u be another

vertex distinct from the v;, with corresponding split

Su: {{1,u2,...,uj},{uj+1,...,un}}

Finally, let ¢ = min{i : u; # i}, which exists by the assumption that S, is not circular with

respect to the given ordering. Now, the splits .S, and

Sy = {{ui—l,ui},X—{ui—l,ui}} eF

Sy = {{uz,uz +1},X — {ui,ui—i- 1}} =
are weakly incompatible: denoting the first blocks of each by A,, A1, As we have

{u;} = Ay N A1 N A
le A, — (A1 U Ay)
u;—1e A — (A, U Ay)
u;+1€ Ay — (Ay U Ay)

Hence, by contradiction any collection of d — 1 vertices of F’ spans a unique face of codimension
two. As described in Section [3| each facet contains (%) —n vertices (one for each diagonal of the

n-gon. ) O

5.2 Triangles

The computations in Theorem were aided by the fact that IC,, is connected in dimension one

and totally disconnected in codimension one. Enumerating the faces in the remaining cases is more

challenging. To illustrate the issues involved, we demonstrate how to compute fs, the number of

triangles in Cy,.

Example 5. The split system
{{{1,2},{3,4,5}},{{1,3},{2,4,5}},{{1,4},{2,3,5}}}

16



is not weakly compatible, so it is not a triangle of IC,,. By contrast, the split system

{{{1,2},{3,4,5}},{{2,3},{1,4,5}},{{4,5},{1,2,3}}}

is circular with respect to two orderings: (1,2,3,4,5) and (1,2,3,5,4). It is therefore a triangle

of K,, which is contained in two facets.

Our main tool for computing fs will be Corollary in conjunction with a structure theorem of

[18] which completely characterizes C1R matrices.

Definition 8. Let M be a matrix. The configuration of M is the set of matrices obtained by

permuting the rows and/or columns of M (not necessarily by the same permutation.)
Example 6. The configuration of the 2 x 2 identity matrix is the set

10 0 1

0 1)°\1 0

Theorem 18 ([18]). A binary matriz M is C1R if and only if it does not contain as a submatriz
any configuration of My , My, , My, , My, My, 1 <n < oo, where

Cc1 c2 c3 Cn Cn+1 Cn+42
m o [1 10 -~ 0 0 0 o e s e s o
w011 0 0 o0 wf{1 100 0 0
77 I My | 00 1100
. 10 s 00 0 0 1 1
il 000 0 - 0 1 1 L0 1 0 1 0 1
2 N1 0 0 - 0 0 1
o e s o on omi1 cmps cnps
mo (11 0 O 0 0 0
mo | 01 1 0 0 0 0 e s e
L . ) . ) nmf 1 1 0 0 0
Mp,= . | 0 0 0 1 1 0 o0 e
s 00 1 1 0
el | 0O 0 0 o 1 1 0 Ao o1
s | 1011 1 1 0 1
s L O 11 1 1 1 1
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C1 c2 Cc3 Cn Cn+1 Cn+2 Cn+3

ri 1 1 0 --- 0 0 0 0
) o 1 1 --- 0 0 0 0
M, = :
T 1 0 0
Tnt1 o 00 --- 0 1 1 0
Tni2 o 1 1 --- 1 1 0 1

In the specific case of fo, where we are counting 3 x n matrices, only two forbidden submatrices

pertain:

My, = and Mrrr, =

_ o
S =
_ = O
oS O =
—_ =
=
— O O

For a matrix M, we write col (M) to denote the set of column vectors of M. Let I = col (My,)
and IIT = col (Myyr,). Note that I and I1] are “closed” under the operation of row permutation.
Hence, by Corollary [13] and Theorem

[M] € Q3 <= |col(M)NI| <3and |col(M)NIII| <4

Accordingly, let

Fij={[M] € Q3 :|col(M)NI|=1iand |col(M)NIII|=j} (13)
Then
fa=1Q31= > |Fil (14)
0<:i<2
0<5j<3

Enumerating F; ; involves carefully counting the number of classes of Q3 while keeping track of how

many columns from the sets

1 0 0\ [0\ /1
I'= 0] HHI=q (0] 11|, [0]:]1
o/ \1/ \1 o/ \o/ \1/ \1

appear in each equivalence class.

18



5.2.1 Sample Calculation: |Fj 3]

The counting argument is straightforward but tedious. We illustrate the calculation of |Fp3|; the

remaining cases are similar and are proven in [16].

Let P, denote the set of ordered partitions of the integer n. That is, for a k-tuple (x1,...,zx) we
have
k
(x1,...,2) €P,, <= Zmi:nand z; > 1 for all 4
i=1

To simplify the notation we take summation over IP,_; for granted wherever there is no chance of

( e >
(a,b,c,d)EPr—1 @ b’ & d
a>1

n—1
Z(a,b,c,d)

a>1

confusion: instead of e.g.
we will simply write

Now let [M] € Fy3. We consider two cases.

1. First, if (1,1,1)7 ¢ col (M) N III then M is of the form

a b

—h— ——

000 1 10
0 00 0 01
110 0 O

0

}Q

o = o
o = O

)

where a, b, ¢ count the instances of the columns in 777 —{(1,1,1)}. To prevent the occurrence

of a trivial split (row containing < 2 ones) we require min (a, b, c) > 1. Hence there are

o> (1)) (15)

min(a,b,c)>1

such classes, where the factor of 1/6 reflects the fact that each arrangement is equivalent to
six others obtained by permuting the labelings a,b,c. We see that this counts the number
ways of arranging n — 1 ones into three unlabeled rows where each must contain at least two

ODGSE

2This number is also known as an associated Stirling number of the second kind, cf. A000478 [13].
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We also have the possibility that M contains additional zero columns:

d a b c
001 1 00 00
000 011 00
00 0 0O0O0OTI1T1

By an entirely analogous argument we count

(119 5, (a?bl?d) 1o

min(a,b,c)>1

such classes.

2. In the second case we have (1,1,1)7 € col (M) N III. These are matrices of the form
c a b

0 1
0 0
0 0

We must have that the number of (1,1,1)7 columns is greater than one, or else we have

1 11 0 0 1
111 0 0 O
111110

a trivial split. Also, each arrangement is equivalent to the one obtained by swapping the

columns labeled ¢ and b and permuting their respective rows. We therefore count
ay (") a7)
c>1 a,b,c

such classes. We also obtain

(123, (a?b,_c,ld> 1)

c>1

classes by allowing for the presence of additional zero columns.

Now let S, . denote the Stirling number of the second kind. We will make use of the identity

2 <x1, . x,) = H S = M{n, k), (19)

(xlv-'vxk')epn

to obtain simple formulas for equations (15)—-(L18)). (One interpretation of M (n, k) is that it counts
the number of surjections from an n-set onto a k-set, see e.g. [I, Ch. 1].) By , symmetry and
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the inclusion-exclusion principle we have

> (1,0)-

min(a,b,c)>1

M(n—1,3) 32( >+3Z (abc> 3 (Z;i) (20)

a=b=c=1

The second term of counts the number of surjections from a set of cardinality n — 1 onto the
set {a,b,c} such that a unique element maps to a. There are (n — 1) x M(n — 2,2) such maps.
Similarly, the third and fourth terms represent 2! x (";') x M(n —3,1) = (n — 1)(n — 2) and
3! x (n—1,3) x M(n—4,0) = 0 maps respectively. We therefore conclude

3 <Z;i> — M(n—1,3)—3(n—1)M(n—2,2) + 3(n— 1)(n - 2)
min(a,b,c)>1 "~

By the same arguments,

3 < ”bjc}d> = M(n—1,4)—3(n—1)M(n—2,3)+

min(a,b,c)>1

3(n—1)(n—2)M(n—-3,2) — (n—1)(n—2)(n —3)
For we note that

3 () =093 () 190 02

c>1 c=1 >
Similarly, we can rewrite as M(n—1,4) — (n—1) x M(n —2,3).
5.2.2 General Formula

Repeating these counting arguments for the remaining |F; ;| yields the following formula.

Theorem 19. Lett =n — 1. The number of triangles in KC,, is

(1/6)(t — 2)(t — 1)t +2(t — D)t [1 + M(t —2,2)]
5t-M(t—1,2) —8t- M(t—1,3) —2t- M(t —1,4)+
(19/6) M (t,3) + (55/6) M(t,4) + TM(t,5) + 2M(t, 6)

Proof. See [16]. O
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The first ten entries of this sequence, n =4,...,13 are
0,90, 1755,19950, 178878, 1409590, 10270585, 71110930, 475443364, 3100707610, . . .

We have verified this formula computationally up to n = 10 (the largest n for which the calculations
terminated) using the mathematics software SAGE [I5]. Source code for this and related f-vector

calculations may be downloaded from: https://github.com/terhorst/kalmanson.

6 Conclusion

In this paper we analyzed the combinatorics of the Kalmanson complex. We show how this complex
arises in split theory, optimization and phylogenetics. We gave a simplified proof of the equivalence of
Kalmanson and circular decomposable metrics based on polyhedral geometry and our interpretation

of IC,, as a simplicial complex of splits.

Subsequently, our main focus was to enumerate its faces. We demonstrated that the complex is
totally connected along edges, and totally disconnected along ridges. We then gave a formula for
enumerating its triangles, using a forbidden substructure characterization along with some basic

counting principles.

At present we do not have a way to generalize this method to faces of arbitrary dimension. The
next case of tetrahedra (k = 4) becomes considerably more difficult, as there are now 7 avoided
Tucker matrices to consider: My, , Mr,, Mrr,, Mrr1,, Mr11,, M1v, My,. The connection to the Tucker
theorem suggests a possible application of results on avoided configurations (see [2| for a survey),
but most results in that literature are of an extremal, as opposed to enumerative, variety. In [14]
some matrices avoiding small configurations are counted, but we are not aware of a general method
of enumerating matrices which avoid configurations of arbitrary dimensions. We view this as in

interesting problem in enumerative combinatorics which merits further study.
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