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K-THEORY OF FURSTENBERG TRANSFORMATION GROUP C*-ALGEBRAS

KAMRAN REIHANI

ABSTRACT. The paper studies the K-theoretic invariants of the crossed product C*-algebras associated
with an important family of homeomorphisms of the tori T" called Furstenberg transformations. Using
the Pimsner-Voiculescu theorem, we prove that given n, the K-groups of those crossed products, whose
corresponding n X m integer matrices are unipotent of maximal degree, always have the same rank
an. We show using the theory developed here, together with two computing programs - included in
an appendix - that a claim made in the literature about the torsion subgroups of these K-groups is
false. Using the representation theory of the simple Lie algebra sl(2,C), we show that, remarkably, an
has a combinatorial significance. For example, every asn+1 is just the number of ways that 0 can be
represented as a sum of integers between —n and n (with no repetitions). By adapting an argument
of van Lint (in which he answered a question of Erdos), a simple, explicit formula for the asymptotic
behavior of the sequence {an} is given. Finally, we describe the order structure of the Kp-groups of
an important class of Furstenberg crossed products, obtaining their complete Elliott invariant using
classification results of H. Lin and N. C. Phillips.
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1. INTRODUCTION

Furstenberg transformations were introduced in [9] as the first examples of homeomorphisms of the tori,
which under some necessary and sufficient conditions are minimal and uniquely ergodic. In some sense,
they generalize the irrational rotations on the circle. They also appear in certain applications of ergodic
theory to number theory (e.g. in Diophantine approximation [§]), and sometimes are called skew product
transformations or compound skew translations of the tori. The terminology “Furstenberg transformation
group C*-algebra” is what we would like to use in this paper to call the crossed products associated with
Furstenberg transformations, and we will denote them by %y ¢. There have been several contributions to
the computations of K-theoretic invariants for some examples of these C*-algebras in the literature (see
[16, 18, [25], (30, 9] to name a few). However, a more general study of such invariants for these C*-algebras
has not been available to the best of our knowledge.

Remark 1.1. In independent (unpublished) work [16], R. Ji studied the K-groups of the C*-algebras %y ¢
(denoted by A, , in there) associated with the descending affine Furstenberg transformations (denoted
by Fg in there) on the tori. He comments that “explicitly computing the K-groups of C(T") xx Z [Ap; ,
for 6 = 0] is still not an easy matter”. Moreover, he gives no information about the ranks of the K-groups
or order structure of Ky in general, which are studied in the present paper. As we shall see in Remark
[L'1 below, the claim that he makes about the form of the torsion subgroup of K, (%, ¢) is unfortunately
not correct.

From the C*-algebraic point view, when a Furstenberg transformation is minimal and uniquely ergodic,
the associated transformation group C*-algebra is simple and has a unique tracial state with a dense tra-
cial range of the Ky-group in the real line. Because of this, these C*-algebras fit well into the classification
program of G. Elliott by finding their K-theoretic invariants. In fact, in the class of transformation group
C*-algebras of uniquely ergodic minimal homeomorphisms on infinite compact metric spaces, K-theory is
a complete invariant. More precisely, suppose that X is an infinite compact metric space with finite cov-
ering dimension and h : X — X is a uniquely ergodic minimal homeomorphism, and put A := C(X) x, Z.
Let 7 be the trace induced by the unique invariant probability measure. Then 7 is the unique tracial
state on A. Let 7. : Ko(A) — R be the induced homomorphism on Ky(A) and assume that 7. Ko(A) is
dense in R. Then the 4-tuple
(KO(A)v KO(A)+7 [1A]7 K, (A))

is a complete algebraic invariant (called the FElliott invariant of A) |21}, Corollary 4.8]. In this case, A has
stable rank one, real rank zero and tracial topological rank zero in the sense of H. Lin [19]. The order
on Ky(A) is also determined by the unique trace 7, in the sense that an element z € Ky(A) is positive if
and only if either = 0 or 7.(x) > 0 [22, 29]. This implies, in particular, that the torsion subgroup of
Ky(A) contributes nothing interesting to the order information. In other words, the order on Ky(A) is
determined by the order on the free part. We will study the order structure of Ko(.%g,¢) in Section [7]

In order to compute the K-groups of a crossed product of the form C(T™) x4 Z in general, we make use
of the algebraic properties of K, (C(T™)) in Section 2 More precisely, K.(C(T™)) is an exterior algebra
over Z" with a certain natural basis, and the induced automorphism «, on K,(C(T™)) is in fact a ring
automorphism, which makes computations much easier. In fact, it is shown in Theorem [2.]] that the
problem of finding the K-groups of the transformation group C*-algebra of a homeomorphism of the
n-torus is completely computable in the sense that one only needs to calculate the kernels and cokernels
of a finite number of integer matrices. These K-groups are finitely generated with the same rank (see
Corollary22). In the special case of Anzai transformation group C*-algebras 7, ¢ associated with Anzai
transformations on the n-torus, we denote this common rank by a,,, which we will study in detail in this
paper. It is proved in Theorem Bl that a,, is the common rank of the K-groups of a larger class of trans-
formation group C*-algebras, including the C*-algebras associated with Furstenberg transformations on
T™. We describe a,, as the constant term in a certain Laurent polynomial (Theorem [6.7)). Then we study
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the combinatorial properties of the sequence {a, }, which leads to a simple asymptotic formula.

To present the results and proofs of this paper we need some definitions about transformations on the
tori and the corresponding C*-crossed products. Throughout this paper, T" denotes the n-dimensional
torus with coordinates ({1, (2, ..., ).

Definition 1.2. An affine transformation on T" is given by

BCsGare s o) = (2T hn Pritaghes chan, || (2Rt chus | (bun)
where t := (t1,t2,...,t,) € (R/Z)" and B := [b;j]nxn € GL(n,Z). We identify the pair (¢,B) with 3.
Note that any automorphism of T" followed by a rotation can be expressed in such a fashion. The set of
affine transformations on T"™ form a group Aff(T"), which can be identified with the semidirect product
(R/Z)"™ x GL(n,Z). More precisely, for two affine transformations 8 = (t,B) and 3’ = (¢',B’) on T", we
have

Bof =(t+Bt',BB)and 37t =(-B't,B71).

(In the expression Bt, t is a column vector, but for convenience we write it as a row vector.)

We remind the reader of an important fact before giving the next definition. Consider homotopy classes of
continuous functions from T™ to T. It is well known that in each class there is a unique “linear” function
(C1y-eyCn) — Cfl ... ¢t for some by,...,b, € Z. More precisely, every continuous function f : T® — T
can be written as

F(Goeen Gu) = @m0l O,

for some continuous function g : T" — R and unique integer exponents b1, ...,b,. In particular, the
cohomotopy group 7!(T") is isomorphic to Z". Following [8, p. 35], we denote the exponent b;, which is
uniquely determined by the homotopy class of f, as b; = A;[f].

Definition 1.3. We define the following transformations in accordance with [16].
(a) A Furstenberg transformation ¢y y on T" is given by

@;}(Cluéﬁu e 7C’n) = (627”94-17 fl(cl)g27f2(<l7<2)<3u .. '7fn—1(<-17 o '7<n—1)<n) 3

where 6 is a real number, each f; : T — T is a continuous function with A;[f;] # 0 for i =
1,...,71—1, and f: (fl,...,fnfl).
(b) An affine Furstenberg transformation « on T" is given by

-1 2mi6 b b b bin ~bon bn—1,n
« (Cl7<27" 7<n) = (6 i <17<112<27<113<223C37' B 11 22 .. 'Cn—ll n)7

where 6 is a real number and the exponents b;; are integers and b; ;41 #0 fori=1,...,n—1
(¢) An ascending Furstenberg transformation « on T" is given by
_ i En_
« 1(417 <27 ey <n) = (62F10<17 {614'27 2k2<37 ceey nfll n)7
where 6 is a real number and the exponents k; are nonzero integers and k; | ki1 fori =1,... ,n—2.
(d) In (c), if k; =1 fori=1,...,n— 1, the transformation is called an Anzai transformation o, ¢

on T™. Thus it is given by
7, 5(C1, G5 Gn) = (27, oy 1),

where 6 is a real number. We usually drop the indices n and 6 and write only o for more
convenience.

Note that one can easily verify that ¢g ¢ is a homeomorphism. Also in the above definition, we have con-
verted “descending”, which is used in [16, Definition 2.16], to “ascending” since the order of coordinates
there is opposite to ours.

For certain Furstenberg transformations on T™ we have the following theorem.
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Theorem 1.4. ([9], 2.3) If 6 is irrational, then wg ¢ defines a minimal dynamical system on T™. If in
addition, each f; satisfies a uniform Lipschitz condition in (; fori=1,...,n—1, then g f is a uniquely
ergodic transformation and the unique invariant measure is the normalized Lebesque measure on T™. In
particular, every affine Furstenberg transformation defines a minimal and uniquely ergodic dynamical
system if 0 is irrational.

As a conclusion, we have the following result for the Furstenberg transformation group C*-algebra %y ¢ :=
C(T™) X4 ; Z as introduced in [16].

Corollary 1.5. Fy 5 = C(T") Xy, , Z is a simple C*-algebra for irrational 0. If in addition, each f;
satisfies a uniform Lipschitz condition in ¢; fori=1,....,n—1, then %y ¢ has a unique tracial state.

Proof. For the first part, the minimality of the action as stated in the preceding theorem implies the
simplicity of %y ¢ [4,[32]. For the second part, one can easily check that since 6 is irrational, the action of
Z on T" generated by g, 5 is free. So there are no periodic points in T". This and the unique ergodicity
of g 5 yield the result [38, Corollary 3.3.10, p. 91]. O

Remark 1.6. Using the preceding corollary and much like the proof of Theorem 2.1 in [33], one can prove
that for irrational 6, Fy ¢ is in fact the unique C*-algebra generated by unitaries U, V1, ..., V;, satisfying
the commutator relations

(CR), (U, Vi] = 2™ [U Vo] = fi(Vi), ., [U, Vi) = fuc1(Va, ., Vi),

where [a, b] := aba=1b~! and all other pairs of operators from U, Vi, ..., V,, commute.

Remark 1.7. In |16 Proposition 2.17], R. Ji claims to have proved

(%) If g5 is an ascending Furstenberg transformation on T™ with the ascending sequence {k1, ks, ..., kn_1},
then the torsion subgroup of K.(Z,f) is isomorphic to Zy, & Z,(CTZ) Q... P Z,S:fl’l), where the group
Zg”) is the direct product of m; copies of the cyclic group Zy, = Z/k;Z.

From this claim one would immediately deduce that the K-groups of the C*-algebra <7, g := C(T") X, Z
generated by an Anzai transformation o on T™ should be torsion-free. However, we will show that this
is not true in general. This type of example first appears for n = 6, which seems already beyond hand
calculation. (We admit that hand calculation would be the most convincing method to use; however, it is
not practicable.) As the first counterexample we obtained by computer, we will see in Example [E1] that
K1 (s,0) =2 7'3 ® Zs (also, see Example B.3). In fact, the error in the proof of (x) is in [16 p. 29, 1.2];
there it is “clearly” assumed that using a matrix S in GL(2",Z), one can delete all entries denoted by *’s
in K, — I, where K, is the 2" x 2" integer matrix corresponding to %y s that acts on K,(C(T")) = A*Z"
with respect to a certain ordered basis. This error arose originally from the general form of the matrix
K. in [16) p. 27], which is not correct. R. Ji went on to use the torsion subgroup in (*) as an invariant
to classify the C*-algebras generated by ascending transformations and matrix algebras over them [10],
Theorem 3.6]. We do not know whether those classifications holds.

Question. Do there exist two different ascending Furstenberg transformations with the same parameter
f and with isomorphic transformation group C*-algebras?

It is worth mentioning that explicit calculations of K-groups in terms of the parameters involved are
possible in low dimensions (of the tori), and answer the question raised above negatively. However, such
calculations in terms of the given integer parameters (exponents) of the ascending Furstenberg transfor-
mation become quickly cumbersome and impossible in higher dimensions. We have used the computer
codes in Appendix [E] for several numerical values of the parameters in higher dimensions, and we have
not found any examples leading to the negative answer to this question yet. The torsion subgroups of
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the K-groups are usually larger than what R. Ji claimed in [I6], Proposition 2.17]; it seems likely that
the torsion subgroups depend on the parameters involved in such a way that Ji’s classification result is
still true. We are currently investigating this problem.

This paper is organized as follows. In Section 2, we review the general approach of exterior algebras
for finding K-groups of transformation group C*-algebras of homeomorphisms of the tori. In Section 3,
we apply this method to the important case of Anzai transformations and give the K-groups of their
transformation group C*-algebras based on the tori of dimension up to 12 in Table 1 using the computer
programs given in Appendix [El In Section 4, we establish a Poincaré type of duality for the cokernels
of integer matrices that leads to some interesting facts about the K-groups when the dimension of the
underlying torus is odd. In Section 5, we focus on the rank a,, of the K-groups of Anzai transformations
group C*-algebras based on the n-torus, and we show that a,, is, in fact, the rank of the K-groups of a large
class of transformation group C*-algebras including those associated with Furstenberg transformations
on the n-torus. In Section 6, we first uncover an interesting connection between studying a, and the
irreducible representations of the Lie algebra s(2,C). This leads to a formula for a, in terms of certain
partitions of integers. Then we use this formula to show several interesting combinatorial properties of the
sequence {a, }. In Section 7, we study the order structure of the Ky-group of a class of simple Furstenberg
transformation group C*-algebras to make their Elliott invariants more accessible. The appendices at
the end are provided mainly for self-containment of the paper, but we sometimes refer to them for the
proof of some lemmas or propositions that are somewhat far from the main concepts and goals of this
paper by nature. Appendix [F] contains some applications of the results of this paper to our earlier work
[33].

2. K-GROUPS OF C(T") x4 Z

In this section, we describe a general method to compute the K-groups of C(T™) X, Z, where « is an
arbitrary homeomorphism of T". (By abuse of notation, the automorphism « of C(T") is defined by
a(f) = foa~! for f € C(T").) To do this, we will pay special attention to the algebraic structure of
K*(T™) and how the induced automorphisms on it can be realized. Note that it is sufficient to consider
the special case of “linear” homeomorphisms since, as stated before Definition [[.3] every continuous func-
tion f : T" — T is homotopic to a unique “linear” function ((1,...,¢,) — ¢ ... ¢ for some integer
exponents by, ...,b,. Moreover, the K-groups of C(T™) x, Z depend (up to isomorphism) only on the
homotopy class of a [3, Corollary 10.5.2].

It is well known that K*(T™) is a Zs-graded ring, and by the Kiinneth formula (see [2, Corollary 2.7.15]
or [36] Theorem 4.1]), it is an exterior algebra (over Z) on n generators, where the elements of even degree
are in K°(T™) and those of odd degree are in K*(T"). The generators of this exterior algebra correspond
to the generators of the dual group Z™ of T" [37, p. 185]. Indeed, in this case the Chern character

ch: K*(T") — H*(T",Q)

is integral and gives the Chern isomorphisms

cho : K°(T") — H*V*™(T", Z),

ch; : KY(T") — H°Y(T", Z2),
where H*(T™,Z) = A%(eq,...,en) is the (Cech) cohomology ring of T™ under the cup product, and
H*(T",Z) = Ak(ey,. .., e,). On the other hand, K*(T") = K, (C(T™)). So by introducing e; := [2]1, i.e.
the class in K1(C(T™)) of the coordinate function z; : T" — T given by

Zi(<l7 cee 7<n) = Ci

as a unitary element of of C(T™) for ¢ = 1, ..., n, we have the isomorphisms K, (C(T™)) = A} (e1,...,en) =
A*Z"™, which respect the canonical embedding of Z™. Moreover, these isomorphisms are unique since only
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the identity automorphism of the ring A*Z™ fixes each element of Z™.

Now, we use the Pimsner-Voiculescu six term exact sequence [31] as the main tool for computing the
K-groups of C(T") x4 Z. Let a.(= K.(a)) be the ring automorphism of K,(C(T™)) induced by a and
let a; be the restriction of o, on K;(C(T™)) for i = 0,1, and set A := C(T™) x4 Z. Then we have the
following exact sequence.

Ko(C(T™) 2279 Ko(C(T™) —2—  Ko(A)

(1) expT la

Ki(A) <2 — K (C(T) <L Ki(c(Tm)

Here, 7 : C(T™) — A is the canonical embedding of C(T™) in A, jo := Ko(y) and 51 := Ki(3). Also, from
now on id denotes the identity function on each underlying set. As a result, we have the following short
exact sequences

(2) 0 — coker(ag — id) — Ko(C(T") xq Z) — ker(a; —id) — 0,
(3) 0 — coker(ag —id) — K71 (C(T™) x4 Z) — ker(ag —id) — 0.
Since all the groups involved are abelian and finitely generated, and ker(c; —id) is torsion-free (i = 0, 1),

these short exact sequences split (since projective Z-modules are precisely free abelian groups), and we
have

(4) ‘ Ko(C(T™) x4 Z) = coker(ap — id) @ ker(aq — id),

(5) ‘ K1(C(T") x4 Z) = coker(a; — id) @ ker(ap — id). ‘

So it suffices to determine the kernel and cokernel of (g —id) and («; —id) acting as endomorphisms on the
finitely generated abelian groups A$*"(eq, ..., e,) = 72" and A8 (e, ... en) 72" respectively.
Note that from the isomorphisms @) and (@), the K-groups of C(T™) x,, Z are finitely generated abelian
groups. Now, since a is a ring homomorphism, it suffices to know the action of o, on ey, ..., e,. In fact,
for a general basis element e;; Ae;, A...Ae;, of K. (C(T")) = Aj(es,...,en) we have

(e Neig Ao Neg ) = ale) Nas(en) Ao Aas(e;.).
Thus if we consider {e1,...,e,} as the canonical basis of Z" and take & = ov|;., we have a, = A& =

@', AT &, ap = AVRA = @0 A2 @ and ag = AYE = @50 A2 &, where Al is the i-th exterior

power of &, which acts on A'Z™ for i = 0,1,...,n. Now, let a=! = (f1,..., f») and aj; := A;[f;], or in

other words, assume that f; is homotopic to z{* ... 2% : (C1,...,Cn) = ¢ ... ¢ for i =1,...,n. So

we can write
n n
aule) = aulzih = [a(z)h = [zioa T = [fili = [ 200 = ) azlzih = agie;.
j=1 j=1

Therefore & acts on Z" via the corresponding integer matrix A := [aij]nxn € GL(n,Z), as acts on A*Z"
via A*A, and we have the following isomorphisms

Ko(C(T™) x4 Z) = coker(ag — id) @ ker(a; — id) = coker(@,>0 A*" & — id) @ ker(D,>0 AT & — id),

SO we can write

Ko(C(T") x4 Z) = @lcoker(A*é — id) & ker(A* T a — id)],
>0
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and similarly

K1(C(T") %0 Z) = @Dlcoker (A>T 6 — id) @ ker(A*"& — id))].
r>0

We summarize the arguments discussed above in the following theorem.

Theorem 2.1. Let a be a homeomorphism of T and & € Aut(Z™) be the restriction of a. to Z" (as
above). Then a, = N*& = ®P_; A" & on K*(T") = A*Z" and

Ko(C(T") x4 Z) = @[coker(A*d& — id) & ker(A> T a — id)],
>0

K1 (C(T™) %4 Z) = @D[coker(A* 16 — id) @ ker(A*" & — id))].
r>0

Therefore in order to compute the K-groups of C(T") X, Z, we must find the kernel and cokernel of
A"é& —id as an endomorphism of A"Z" for r =0,1,...,n. Note that the matrix of A"& — id with respect
to the canonical basis {e;; A...Ae; |1 <iy <...<i, <n} with lexicographic order is A,, , := A"TA— I(?)’
which is an integer matrix of order (:f) (I is the identity matrix of order k - we often omit k whenever it
is clear). So by computing the kernel and cokernel of A, , for r = 0,1, ..., n with appropriate tools (such
as the Smith normal form), one can determine the K-groups of C(T") X, Z. The author has written some
Maple codes to handle such computations (see Appendix [E]) .

Corollary 2.2. The K-groups of C(T") X Z are finitely generated abelian groups with the same rank.
Moreover, this common rank equals

rank ker(A*& —id) = Z rank ker(A"& — id).
r=0

Proof. Use the previous proposition and note that for any ¢ € End(Z™) one has rank ker ¢ = rank coker ¢
by the Smith normal form theorem (see Theorem [A22]). O

Corollary 2.3. If o, 8 are homeomorphisms of T™, whose corresponding integer matrices A, B € GL(n,Z)
are similar over 7, then

Kj(C(T") %0 Z) = K;(C(T") ¥p Z), (1 =1,2).

Proof. The assumption obviously implies that the automorphisms & and 3 are conjugate in Aut(Z™).
This together with an easy application of the identity A™(¢ o)) = (A”}) o (A™4)) (see Appendix [C)) imply
that A”& and A" (and therefore A"& — id and AT — id) are conjugate in Aut(A"Z") for r = 0,1,...,n.
The result follows now from Theorem 2.1 O

3. ANZAI TRANSFORMATION GROUP C*-ALGEBRAS %7, g

The simplest case of a Furstenberg transformation on an n-torus is an Anzai transformation o, which was
defined in part (d) of Definition To study the K-groups of Anzai transformation group C*-algebras
o = C(T™) X, Z using methods of the previous section, we will first need the “linearized” form of the
corresponding affine homeomorphism o', which is as follows

(C17<27 .. 7<n) — (Cla<1427 o '7Cn—1<n)'

So 6(e;) =e;—1+e; fori=1,...,n (eg := 0). The matrix with respect to the canonical basis {e1,...,e,}
of Z™ that corresponds to ¢ is the full Jordan block
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1 1 0 0
0 1 1
Sni=10 0

0 1 1
0 0 0 1

nxn

The following examples illustrates the methods described in the previous section for computing the K-
groups of Anzai transformation group C*-algebras 47, g.

Example 3.1. We compute the K-groups of 73 g, which were computed in [39] by another method (the
C*-algebra was denoted by A2’5 in there). In fact, the Chern character and noncommutative geometry
were used in [39] to compute the kernel and cokernel of o; — id for ¢ = 0,1. However, we compute the
kernel and cokernel of Ss , := A"S3 — I(i) for r =0,1,2,3, where

S3 =

o O =
S =

0
1
1

7 =0) S50 =A%3 — Iy = [0]. So kerSs¢ = Z and coker S3 o = Z/{0) = Z.

r=1)
110 100 010
Ss1=A'Ss—ls=[0 11 |-[0o10]|=[001
00 1 00 1 00 0
So
kerSz 1 = {(z,y,2) € Z|y = 2 = 0} = (Z,0,0) = Z,
coker Sz = 7Z2/S3.17% = 73 /(e1, e2) = Z.
r=2)
11 1 100 01 1
Ss2=ASs—lz=| 0 1 1 |-] 010 ][|=]001
00 1 00 1 00 0
So

kerSso = {(z,9,2) € Z*|y + 2 =2 =0} = (Z,0,0) = Z,
coker 53)2 = Z3/S372Z3 = Z3/<€1, 62> = 7.

r =3) S33 =A3S3 — |1 =[0]. So kerS3 3 =Z and coker Sz 3 = Z/(0) = Z.
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Now, using Theorem [2.1] we have
Ko(AY®) = Ko(a#s.,6) = (coker Sz @ coker Sz.0) @ (ker Sz 1 @ kerSz3) X ZOZOLZOZ = L4,
Kl(Ag'ﬁ) =K (szgﬁ) = (coker 5371 @ coker 5373) ©® (ker 5370 @ ker 5372) 27 PLPLPL = Z2.

Notation 3.2. We let a,, := rank Ko(4, 9) = rank K1(, ¢) and a,, = rankker(A”S, — 1) for r =
0,1,...,n. From Corollary we have

ap = rank ker(A*S,, Z G -

Example 3.3. Using the methods described in Section 2] we have obtained the K-groups of <7, ¢ by
computer for 1 <n < 12. The cases n = 1,2, 3 have been calculated in the literature already: <% 9 = Ay

n [34); ohy = A} in [25]; and oy = A2’5 in [39]. However, there are no explicit computations for
the higher dimensional cases starting with <7 g = Ag’lo as in [24] since hand calculations of kernels and
cokernels of the maps become quickly impossible. Using the Maple codes given in Appendix [E] we can
find the kernel and cokernel of

Sn,r = A Sn - |(:)

forr=0,1,...,nand n =1,...,12 by means of the Smith normal form theorem (see Appendix [Al), and
therefore we can compute the K-groups. The results are illustrated in Table 1, where Z,(cm) denotes the

direct sum of m copies of the cyclic group Zy = Z/kZ.

TABLE 1. The K-groups of @, ¢ for 1 <n <12

n Ko(pp) K1 (,0) an,
1 72 72 2
2 YA 73 3
3 74 z 4
4 A A 6
5 z8 z8 8
6 Z'3 ARYA 13
7 720 720 20
8 72 o 7y VALKYAR 32
9 752 o 7P @ 7P 7207 o 7P 52
10 7% ¢ 78y 2 © L) ® Loy ® Lios @ Losra 90
11 2?2 o 2P 0 7Y, © 75 2?2 o (P 0 73y, © Ziy 152
12 | 228 @ 20" @ 258 @ ZiPys ® Zh @ Ziihay | 722 @ Z) @ TS @ oy © Ty @ Zimhes | 268

Due to computational limitations, we do not have any results yet for n > 12, except for the sequence
of ranks {a,}, which we will study in detail in Sections Bl and We will show the importance of
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this sequence in Section Briefly, a,, is the common rank of the K-groups of a certain family of C*-
algebras including Furstenberg transformation group C*-algebras %y ¢ based on T". Also, we will prove
that {a,} is a strictly increasing sequence (see Proposition [G5). On the other hand, it seems that
the K-groups of 4, ¢ have torsion in general. The first example is K;(o%g); this is in fact because
coker Sg 3 = coker(A3Sg — lag) = Z3 & Zy (see Example [EI] and Remark [L7). Also, it is seen that the
Ky- and K;-groups are isomorphic for odd values of n in Table 1. In fact, this is true for more general
cases (see Theorem [4.3)).

4. A POINCARE TYPE OF DUALITY

As stated in Theorem [Z] the K-groups of a transformation group C*-algebras of the form C(T™) %, Z
are completely determined by the corresponding homomorphism & € Aut(Z™) and its exterior powers.
From a computational point of view, we only need the cokernels of the maps involved, since we know that
for any endomorphism ¢ on Z™, ker p = cokerg/tor(cokerp), where tor(G) denotes the torsion subgroup
of the finitely generated abelian group G (see Appendix [A). When det & = 1, we don’t even need to
compute all the cokernels. This is due to the following proposition, which establishes a Poincaré type
of duality between cokernels of certain integer matrices. We refer to Definition [AT] for the notion of
equivalence of endomorphisms of Z".

Proposition 4.1 (Poincaré duality). Let & € SL(n,Z) (i.e. det& =1). Then A"& —id and A"~ "a& — id
are equivalent as endomorphisms of A"Z"™ = A" = z(%), Equivalently, coker(A"&—id) is isomorphic
to coker(A""& —id) forr=0,1,...,n

Proof. We prove the equivalence of the endomorphisms for their corresponding integer matrices with
respect to a certain basis. Let & = {ej,...,e,} be a basis for Z™ and set S = {1,2,...,n}. For
= {i1,...,4,} C Swithl1l <4 < ... <4 < n,putef =e; A...ANe;,. € A"Z". Then &,
{et | I € S, |I|] =r} is a basis for A"Z". Let w := e; A ... A ey, which generates A"Z". We have
A& —id = 0, and A"&(w) = aler) A ... Ad(e,) = (det@)(ex A... Aep) = w, so A& —id = 0. Now,
fix an r € {1,...,n — 1}. For an arbitrary subset I C S with |I| =r, take J = E\ I = {j1,.. ., Jn-r},
so |[J| =n —r. Then e; A ey = (sgn ) w, in which p € S, is the permutation that converts (1,2,...,n)

t0 (i1, . v yiry J1y .-y dnr). 1t is easily seen that g = pq ... p,, where py is the permutation that takes iy,
from its position in (1,2,...,n) to its new position in (i1,...,%r,J1,- .-, jn—r). One can see that py is the
combination of iy, — (r — k 4+ 1) number of transpositions (k =1,...,r). Thus
kA
sgnp = [0 040 = ()=,
k=1

where ((I) := Y, _; ix. Now, take m = () = (") and let & = {ez,,... €1, } be a basis for A"Z".
Write &,—, = {ey,,...,es, } as the basis for A»7"Z"™ such that J, = E\ I for k = 1,...,m. From the
above argument one can write

er, A ey, = (_1)5(1) T(T+1)

since if i # j then I;NJ; # 0 and ey, Aey; = 0. Let A = [aj]mxm and B = [bij]mxm be the corresponding
integer matrices of A"& and A"""& with respect to &, and &, .., respectively. So A"é(ey,) = E?:l apier,
and A" "a(ey;) = Z;nzl bgjes,. What we want to show is that A — | is equivalent to B — 1. We have

dijw,

. ) _7‘(7‘+1) r(r1)
N'a(er, Ney,) = (—1)¢F) diw = Né(er, /\/\" "a(ey,) Z apibg; (—1) ) =725,
p,q=1
Therefore one obtains

(6) > () gty = 5.

k=1
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Now, if we set Cij = (—1)“[3')72(11')0,3‘1' and C := [Cij]mxm; then Cij — 517‘ = (_1)6([1-)75([1»)(00_1_ — 5ﬂ)
Therefore C — | is obtained from A — | by changing rows (and columns) and occasionally multiplying some
rows (and columns) by —1. This means that C —1| is equivalent to A—I. On the other hand, the equation
([6) means that CB=1. So C—1=C(B—1)(—I) and B — | is also equivalent to C — I. Consequently, A — |
is equivalent to B — I. O

Corollary 4.2. If det& = 1, then rankker(A"& — id) = rankker(A""& — id). In particular, using
Notation [32, we have an r = app_r forr=0,1,...,n.

We are now ready to apply our Poincaré duality to a the following K-theoretic result.

Theorem 4.3. Let A := C(T*™ 1) x4 Z be such that the corresponding homomorphism & satisfies
det& = 1. Then Ko(A) = Ki(A) as abelian groups, and the (common) rank of the K-groups of A is
an even number. In particular, for every Furstenberg transformation group C*-algebra Fy ¢ based on an
odd-dimensional torus (e.g. <am—1.0), one has Ko(Fo,5) = K1(Fo 7).

Proof. Combining Theorem 2.1] and Proposition [4.1] one obtains
m—1
Ko(A) = K (A) = @ [coker(A*a — id) @ ker(A*a — id)].
k=0
As a result, the rank of the K-groups of A is an even number since the ranks of the cokernel and kernel
of an endomorphism coincide. Note that for #y ¢ the corresponding integer matrix of & is an upper
triangular matrix with 1’s on the diagonal. Thus det& = 1. 0

5. THE RANK a,, OF THE K-GROUPS OF 4, ¢

In this section, we study some general properties of a,, the (common) rank of the K-groups of Anzai
transformation group C*-algebras based on T". We specify a family of C*-algebras, whose ranks of
K-groups are given by the same sequence {a,}. As an application, we characterize the rank of the K-
groups of Furstenberg transformation group C*-algebras %y ¢. In Appendix[E] this study will have some
applications to the classification of simple infinite dimensional quotients of the Heisenberg-type group
C*-algebras C*(®,,), which were studied in an earlier work [33]. We remind the reader of some linear
algebraic properties of nilpotent and unipotent matrices in Appendix [Bl

We compare the ranks of the K-groups of a class of C*-algebras of the form C(T") x,, Z in the following
theorem, which shows that the rank a,, of the K-groups of 47, ¢ is somehow generic.

Theorem 5.1. Let A = C(T") X4 Z, in which « is a homeomorphism of T™, whose corresponding integer
matriz A € GL(n,Z) is unipotent of mazimal degree (i.e. deg(A) =n). Then

rank Ko(A) = rank K1(A) = a,, = rank Ko(4, ¢) = rank K1 (<, ).

In particular, the rank of the K-groups of any Furstenberg transformation group C*-algebra Fp ¢ =
C(T™) Xy ; Z is equal to the rank of the K-groups of <, 0, namely, to a,.

Proof. Let & denote the restriction of a, to Z™ and A be the corresponding matrix of & acting on Z™".
Also, let S;, be the corresponding matrix for 47, ¢ as denoted in SectionBl Since A is unipotent of maximal
degree by assumption, and S,, is unipotent of maximal degree too, the matrices A and S,, are similar
over C (see Corollary B.4)). In fact, the Jordan normal form of A — | is precisely S,, —I. On the other
hand, we know by Corollary 2.2] that the rank of the K-groups of A is equal to rankker(A*A — ). Note
that by the Smith normal form theorem (see Theorem [A2)), rank ker(A*A — 1) = dim¢ ker(A*A —1). The
similarity of A and S,, implies the similarity of A*A — | and A*S,, — | as matrices acting on A*C". So
dimg ker(A*A — 1) = dimg ker(A*S,, — |) = a,,, which yields the result.

For the second part, note that the corresponding integer matrix of a Furstenberg transformation g ¢ on
T™ is of the form
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1 b12 b13 bln

0 1 bog
(@) 0 bn_o2m

0 1 bn—l,n
o --- 0 0 1
nxn

which is unipotent of maximal degree since b; ;11 # 0 for i =1,...,n—1 (see Definition [[3and Example
[BA). Now, the proof of the first part yields the result. O
Remark 5.2. In the preceding theorem, the basis for Z™ for the matrices involved is {es, ..., e,}, where
e; := [z;]1 as introduced at the beginning of Section [21 It is interesting to know that if & is an arbitrary
unipotent automorphism of Z", then there is a basis for Z™ with respect to which the integer matrix A of
& is of the form (©) above (but not necessarily with b; ;41 # 0 for i = 1,...,n— 1, unless & is of maximal

degree) [12, Theorems 16 and 18]. The unipotency of & has also important effects on the dynamics of the
generated flow on T"™. For example, if « is an affine transformation on T™ and & is unipotent, then the
dynamical system (T™, «) has quasi-discrete spectrum [12, Theorem 19]. More generally, let o« = (¢, A) be
an affine transformation on T" and take Z,(A) = ker(A? —id) C Z" for p € N and consider the following
conditions

(1) Zu(A) = Z,(A), ¥p € N,

(2) t is rationally independent over Z;(A), i.e. if k = (k1,...,k,) € Z1(A) is such that (¢, k) :=

Z?Zl t;k; is a rational number, then k = 0.

(3) Z1(A) # {0},
(4) A is unipotent.
Then (T™, ) is ergodic with respect to Haar measure if and only if « satisfies the conditions (1) and
(2) [12]. Moreover, if « satisfies the conditions (1) through (4), then the dynamical system (T",«a) is
minimal, uniquely ergodic with respect to Haar measure, and has quasi-discrete spectrum. Conversely,
any minimal transformation on T™ with topologically quasi-discrete spectrum is conjugate to an affine
transformation which must satisfy the conditions (1) through (4) [13]. The C*-algebras corresponding to
such actions are therefore simple and have a unique tracial state.

6. COMBINATORIAL PROPERTIES OF THE SEQUENCE {ay}

As mentioned before, one of our main goals is to describe a, as the rank of the K-groups of .47, 4.
Since a,, = E:«lzo Gp,r, it makes sense to first study a,,. So we begin by finding some combinatorial
properties of ay,,, which is the rank of ker(A"6 — id) for r =0, 1,...,n, where & is the automorphism of
Z™ corresponding to the Anzai transformation o on T™, and is represented by the integer matrix S,, as in
the beginning of Section[3 In fact, we will show that a, , equals the number of partitions of [r(n +1)/2]
to r distinct positive integers not greater than n. To do this, we will use properties of the irreducible
representations of the simple Lie algebra sl(2, C).

6.1. Connections with representation theory of s[(2,C). The automorphism § is realized through
its action on the basis {eq,...,e,} of Z", where e; := [2;] for ¢ = 1,...,n as in Section 2] and we have
G(e;) = e; + e;—1 with eg := 0. Therefore introducing a new endomorphism of Z" by ¢ := ¢ — id, we will
get

plei) = ei1.
This is precisely a relation that may be recognized as part of the data of the canonical representation 7,
of the Lie algebra sl(2,C) on a complex vector space V' with basis {e1, ..., e,}. More precisely, we have

o= Wn(f)u
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where the canonical representation 7, and the (third) basis element f € sl(2,C) are defined in Appendix
The endomorphism ¢ induces a derivation on A"V, which is defined by

T
D%(xlA...Axr):leA...Ag&(xi)A...AxT
=1

for r = 2,...,n and x; € V, and by setting D% := 0, and D'p := ¢ (see Appendix [C). Then the
following result states that a,, , equals the nullity of the linear mapping D" .

Proposition 6.1. Let o be an Anzai transformation on T" and o, be the corresponding induced homo-
morphism on K, (C(T™)) = A*Z™. Let 6 be the restriction of o, to Z" and consider the linear mapping
c®@1onV:=72Z"x®C. Take p =6®1—id and D" as above. Then

an,r = rankker(A"6 — id) = dimker D" ¢.

Proof. Since ¢ is a nilpotent mapping, we can use Corollary [C.4] to conclude that A"(6 ® 1) —id ~ D" .
Therefore
rank ker(A"6 —id) = dimker(A"(6 ® 1) — id) = dimker D" .
O

Notation 6.2. Let n,k,r be positive integers. Then P(n,r, k) denotes the number of partitions of k to
r distinct positive integers not greater than n. In other words

P(n,r k) =card{(i1,...,4) |1+ ... +ipr =k, 1 <iy3 <...<i. <n}.
By convention, we set P(n,0,0) =1 and P(n,r,0) = P(n,0,k) =0 for r, k > 1.
We are ready now to state the main result of this section.

Theorem 6.3. With the above notation, an . = P(n,r, [r(n+1)/2]), where [x] denotes the greatest integer
not greater than x. In particular,

ap = ZP(n, T, [@])
r=0

Proof. Let m, : 5[(2,C) — gl(V) be the canonical representation of the Lie algebra s[(2,C) on the n-
dimensional complex vector space V, and extend =, to 77 : sl(2,C) — gl(A"V) with 7} = m,. More
precisely, for every X € sl(2,C) define

T (X)i AccoAv) = (T (X)vi) Ava Ao Ao+ o+ o1 A A1 A (T (X)),

‘s

This means that we have D"¢ = «},(f). In particular, a,, is the nullity of =7 (f) by the previous
proposition. Following Weyl’s theorem (see Theorem [D.1)), since the Lie algebra sl(2,C) is semisimple
the representation 7] has to be completely reducible. This means we should have a decomposition
A"V = @], W,, where W,’s are some m,-invariant irreducible subspaces of A”V. Moreover, the number
N of such subspaces is equal to dim Ey + dim F;, where

By = e NV mmv=jo}, (j=01)

and h is the first basis element of s[(2, C) as in Appendix [D] (see Theorem [D.3). On the other hand, the
number N is equal to the nullity of 7' (f). In fact, since 7|, is an irreducible representation of sl(2, C)
on W, it is equivalent to the canonical representation of sl(2, C) on W), by Theorem [D.3]l But the image
of f in the canonical representation has a 1-dimensional kernel due to the part (c¢) of Proposition
So the nullity of 77 (f) counts the number of W),’s. Therefore

ap,» = dimker 7, (f) = dim Ey + dim E;.

To compute the last two terms, note that using Proposition [D.2l we have m,(h)e; = (2i —n — 1)e;, which
leads to

mr(h) (e, Ao Ne ) =201+ ... Fir) —r(n+1))e, Al Aes,.



14 KAMRAN RETHANT

So for even r(n + 1) we have Ey = {0} and dim Ey = P(n,r,r(n + 1)/2), and for odd r(n + 1) we have

Ey = {0} and dim E; = P(n,r,r(n+1)/2—1). To summarize, we have established the following equalities
ap,r = dimker D"¢ = dimkern, (f) = N = dim Fy + dim Ey = P(n,r, [r(n + 1)/2]).

The desired formula for a,, is immediate now by writing a,, = Z:«l:o Q- [l

Using the previous theorem, we can prove that {a,} is a strictly increasing sequence. We need a lemma

first.

Lemma 6.4. P(n+ 1,1k +s) > P(n,r, k) for s=0,1,...,r.

Proof. For s = 0, the proof is clear. Now, let 1 < s < r and suppose that (j1,...,j,) is a partition of k
suchthat 1 < j; < ... <j, <n. Definei, := j,forl < g <r—sandi, := j;+1forr—s+1 < g <r. Then
(i1,...,%,) is a partitionof k +sand 1 <4y <...< i, <n+1. Thus P(n+1,7k+s) > P(n,r k). O

Proposition 6.5. {a,} is a strictly increasing sequence.

Proof. First, note that an,0 = ann = P(n,0,0) = P(n,n,n(n+1)/2) = 1, and from the previous theorem
we have a,, = > ._, P(n,r, [r(n +1)/2]). Fix m € N, and get

m m—1
gmi1 =1+ P@2m+1,2r,2rm+2r)+ > P@m+1,2r +1,2rm+2r + m+ 1),
r=0 r=0
m m—1
a2m = m,2r,2rm +r) + m,2r+1,2rm+m+r
> P(2m,2r,2 )+ > P(2m,2r +1,2 )
r=0 r=0
m—1 m—1
:1—|—ZP(2m,2r,2rm+r)+ZP(Qm,QT—i—l,%m—i—m—i—r),
r=0 r=0
m—1 m—
A2m—1 = Z P(2m —1,2r,2rm) + Z P(2m —1,2r +1,2rm + m).
r=0 r=0

Applying the previous lemma to the terms of the sums expressed above implies that

a2m+41 > A2m > A2m—1-

O

6.2. Generating functions for the sequence {a,}. In this part, we express the rank of the K-groups
of o7, ¢ as explicitly as possible. In fact, we present them as the constant terms in the polynomial
expansions of certain functions. First of all, we need the following basic lemma.

Lemma 6.6. Let P(n,r, k) denote the number of partitions of k to r distinct positive integers not greater
than n. Then P(n,r, k) is the coefficient of u"t* in the polynomial expansion of F,(u,t) := [[1_, (1 +ut?).

In other words,
n

Z P(n,r, k)u"tt = H(l + ut?).

k>0 i=1
Proof.

n

[T +uth) =1+ zn: S (wth). . (ut') =1+ zn:ZP(n,r, Ryt = > P(n,r, k)ut".
r=1 r=1k>1

i=1 = (81 5 yir) r,k>0
1<iy <...<ip<n

Now, we have the following result for the rank a,, of the K-groups of 47, g.
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Theorem 6.7. Let a,, = rank Ko(9, 9) = rank K1(%,,9). Then for a nonnegative integer m we have

(i) a2m+1 1s the constant term in the Laurent polynomial expansion of

m

I a+29),

j=—m

(i) agm is the constant term in the Laurent polynomial expansion of

m

(14 2) H (142271,
j=—m+1
Proof. We know that a, = >."'_; an,, and a,, = P(n,r, [r(n+1)/2]) by Theorem 6.3l We have agp+1 =

Zi;ngrl P@2m +1,7,7(m +1)). Now, take y = ut™*! and use the preceding lemma to get

2m—+1
Fomy1(ust) = Fama(yt= "1 t) = J[ @4yt ™) = > P@m+ 1, k)y tk=r0m+0,
i=1 k>0

In particular, we get the following identity for y = 1

2m—+1
H (147" 1) = Z P@2m + 1,7, k)tk—rm+D),
i=1 r,k>0

or equivalently, by setting z =t and j = ¢ —m — 1 we have
[T a+2)=> Pem+1,r k)t 0D,

j=—m r,k>0

In particular, the constant term in the Laurent polynomial expansion of | 1+ 27) is obtained when

we take the sum of those terms for which k = r(m -+ 1) holds, namely

jm—m(

2m—+1
Z P2m+1,r,7(m+1)),
r=0

which is precisely the expression for asm, 1.

For part (ii), write

m m—1
1
aom = ZP(Qm,T, [r(m + 5)]) = Z P(2m,2r,r(2m +1)) + Z P(2m,2r +1,2rm+m+1)
r=0 r=0

Let us determine A,, first. Note that using the preceding lemma we have

1+ (=1)" k 2rk
- (14 ut’) + | [(1 = uth) m,r, k){———}tu"t" = P(2m,2r, k)u“"t".
{l | I I )} = T§k>0 (2 N D) } T,Ekzo ( )

2t2m+1

If we define y :=u , we have the following identity

2m 2m

1 ) .

5{I I(l +y%t17(m+%)) 4 | |(1 _y%tzf(er ) 2m o, k Ttk,T(Qerl)’
- L Z>

which for y = 1 yields

2m 2m
1 , ,
5{| [(1+ -2y L T — - tmt2)yy § P(2m, 2r, k)th—r@m+1),

k>0
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Hence A,, is the constant term in the polynomial expansion of
1 2m 2m
i—(m4 i—(m4+1
5{H(1 )y L TT = ¢t}
i=1 i=1
Similarly, for B,, we have

2m 2m
1 1 ) ( 1>T ryk 2r+14k
5{11;[1(1 + ut') — Z_Izll (1 —wut") E> (2m,r, k){ 72 "t = E P(2m,2r +1,k)u k.

r,k>0

If we define y? := u2t>™*!, we have the following identities
1 2m 2m
1 i—(m+1 1 i—(m+1
SUTA ey = T - gz 20
i=1 i=1
= Y P@m,2r+ 1, k)t Grmirtm =
r,k>0

=172 Y P(2m,2r + 1, k)y*r ik @rmirim)

r,k>0
which for y = 1 yields
% 2m 2m
. 1 . 1
7{1‘[(1 ) ST =70 F )y = 3 P2m, 2r 4 1, k)te=Crmtrdm),
i=1 i=1 k>0
Hence B,, is the constant term in the polynomial expansion of
% 2m ) . 2m ) .
T{H(l + tz—(m+§)) _ H(l _ tz—(m+§))}'
i=1 i=1
Therefore asy, = Ay, + By, is the constant term in the polynomial expansion of
1 2m
t2 t_ . 1
- i— m+ ) 1 m+ ) i— (m+ ) _ gi—(m+3)
{H1+t +H )+21_[1(1+t ) — 21_[1(1 t )},
or equivalently, the constant term in the polynomial expansion of
1 2m 2m
Si1+2) [T +227Cm 0y 1 —2) [J =27 CmH)y,
i=1 i=1

which equals the constant term in the Laurent polynomial expansion of
m

1+2) J[ a+=227.

j=—m+1
g

Thanks to this theorem, one can compute a, for large values of n using a computer algebra program.
Many more terms are also available online at OEIS (The Online Encyclopedia of Integer Sequences at
www.oeis.org). Moreover, as the following corollaries suggest, such recognitions as constant terms of
certain Laurent polynomials opens the door to finding even more interesting combinatorial properties of
the sequence {a,}, which have been of interest to Erdds, J. H. van Lint and R. C. Entringer to name a
few (cf. [6] 23} 5]).

Corollary 6.8. Let n be a nonnegative integer.



K-THEORY OF FURSTENBERG TRANSFORMATION GROUP C*-ALGEBRAS 17

(i) The integer asp41 is the number of solutions of the equation

k=n
Z ke =0,

k=—n

where e, = 0 or 1 for —n < k < n. In other words, asny1 s the number of ways that a sum of
integers between —n and n (with no repetitions) equals to 0.
(ii) The integer agy, is the number of solutions of the equation

k=n

> (@k-1)e=0or1,

k=—n+1

where €, =0 or 1 for —n + 1 < k < n. In other words, as, is the number of ways that a sum of
half-integers between —n 4+ 1/2 and n — 1/2 (with no repetitions) equals to 0 or 1/2.

Proof. Using Theorem [6.7] the number as,,+1 is the constant term in the Laurent polynomial expansion
of [Th__, (1 + 2*), which is a finite sum of the form Y A(n,m)z™. Obviously, the integer coefficient
A(n,m) is the number of all possible combinations from the terms z=",... 2% ... 2", whose product
makes a z™. In other words, by putting €, = 1 when z* contributes to such a product making a 2™, and

€r = 0 otherwise, we conclude that

n

k=n
A(n,m) = #{(e_pn,...,€0,...,€,) € {0,1}*"1: Z kexr =m}.

k=—n

In particular, the constant term of the Laurent polynomial expansion is A(n,0), and we have as,11 =
A(n,0). This proves part (i). Fort part (ii), we use the same idea for the Laurent polynomial expansion
of

m m m

1+2) [ a+YH= J[ a+z*H+z [ a+2*
k=—m+1 k=—m+1 k=—m+1
as suggested by part (ii) of Theorem O

J. H. van Lint in [23] answered a question of Erdés by determining the asymptotic behavior of

k=n
A(TI,, O) = #{(6*717 sy €0y ey En) € {Oa 1}2n+1 : Z kek = 0}

k=—n

The idea in his proof is as follows. Since A(n,0) is the constant term of the Laurent polynomial expansion
of [Th—_, (1 +2*), we can compute it as the Cauchy integral

1 ]{ [T (1 +25)
— ¢ —~dz
e} z

211

3

where C' denotes the unit circle. By parameterizing C' by z = €2 for x € [0, 7], applying the elementary
identity (1 + e?*%)(1 4 ¢=2*) = 4 cos? kx, and a simple calculation we arrive at

92n+2 s
A(n,0) = / H cos® kx dz.
=1

2
T 0 &

We can then proceed by estimating the integrand near and far from 0 using some elementary inequalities,
which lead to the asymptotic formula A(n,0) ~ (3/m)222"+1p=3 [23]. This will immediately give the
asymptotic behavior of the sequence {as2,+1} by the previous corollary. One can adapt the arguments
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used by J. H. van Lint to obtain a similar asymptotic behavior for the sequence {as2,} by estimating the
corresponding integral
22n+2

™

/2 cos® x H cos?(2k — 1)z dz,
0

k=1

which leads to the asymptotic formula ag, ~ (3/7)222"n~%. This gives rise to the following result.

124 : n
Corollary 6.9. a,, ~ \/ — 2"~ % when n — 0o. In particular, lim Gntl _ 2.
T

n—00 Gy

7. THE POSITIVE CONE OF K(%p. f)

In this section, we generalize a result of Kodaka on the order structure of the group Ky of the crossed
product by a Furstenberg transformation on the 2-torus [I8, Theorem 5.2]. However, our approach is dif-
ferent, and follows the general guidelines of [30, Lemma 3.1]. We remind the reader that for a C*-algebra
A the positive cone of Ky(A) is the set Ko(A)1 = {[g] € Ko(A) : ¢ € Poo(A)}, where P (A) is the set of
all projections in matrix algebras over A. Also, any positive trace 7 on a C*-algebra A induces a group
homomorphism 7, : Ko(A) — R. As was indicated in the Introduction, when the Furstenberg transfor-
mation @g ¢ is minimal and uniquely ergodic, using the results of H. Lin and N. C. Phillips in [21] the
transformation group C*-algebra % ¢ is classifiable by its Elliott invariant, and the order of Ko(%y,f)
is determined by the unique tracial state 7 on Fy 5 [22, 29]. The fact that 7. Ko(Fs ) = Z + Z6 was
first proved in the unpublished thesis of R. Ji [16]. However, we will study the effect of the trace on the
order structure of Ky using R. Exel’s machinery of rotation numbers [7].

For a C*-algebra A, we denote by U,(A) the set of unitary elements of M,(A). The following lemma is
well known, but it is convenient to state and prove it for self-containment of the paper.

Lemma 7.1. Let A and B be unital C*-algebras and let A ® B denote their minimal tensor product.
Suppose that u € Up(A) and v € Uy(B), and let ¢ : C(T?) :— Mpy(A @ B) be the unique homomorphism
mapping the coordinate unitaries z1, zo € U(C(T?)) to the commuting unitaries u @ 14,1, @ v € Upy(A®
B), respectively. Let b(u,v) € Ko(A ® B) denote the Bott element of u,v defined by Ko(¢)(b), where
B = [21] A [22] is the Bott element in Ko(C(T?)) so that Ko(C(T?)) = Z[1]+Z 3. Then 7.(b(u,v)) =0 for
any tracial state T on A® B.

Proof. Since 7o ¢ is a trace on T2, there exists a Borel probability measure 1 on T2 such that
(roo)() = [ f@duto). fecr?)
T
Write 8 = [p] — [q], where p, ¢ are appropriate projections in some matrix algebra over C(T?), so we have

b)) = 7 Ko(@)(8) = (70 6):(8) = | To(p(a)) ~ Te(a(a) du(o).
It is well known that for the Bott element b we have Tr(p(x)) — Tr(¢(z)) = 0, namely, the projections
p(z) and q(z) have the same rank for all € T?, and this common rank does not depend on z since T?
is connected (in fact, they are rank one projections). This can be proved either by a calculation of the
traces of the projections p(z) and ¢(z) explicitly (¢f. [I, p. 7]), or by using the naturality in the Kiinneth
formula for T2, which shows that the image under any point evaluation of 3 is zero. Briefly speaking,
the map z — Tr(p(z)) — Tr(gq(z)) belongs to C(T?,Z), so it has to assume a constant integer, which we
call dim 3. In particular, dim 3 is invariant under the change of coordinate ((1,¢2) = (C1, ¢y "), whereas
the naturality of the Kiinneth homomorphism ;1 : K1(C(T)) ® K1(C(T)) — Ko(C(T?)), which maps
[2] ® [2] to 8, implies that the Bott element 8 will transform into —f under this change of coordinates
since [2] ® [271] = [2] ® (—[z]) = —([2] ® []). This means dim 3 = 0. O
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We denote by u the unitary in %y y implementing the action generated by the transformation ¢g ¢ on T™
with irrational parameter 6, and by z; the unitary in C(T") defined by z1(¢1,...,¢,) = (1 as in Section
Then we have uzju™' = z; o cp(;} = 2792, so that C*(u,z1) = Ap, the irrational rotation algebra.
Let pg € C*(u,z1) be a Rieffel projection of trace 6 as in [34]. It is obvious that 7.([1]) = 1. On the
other hand, since the restriction of 7 on the C*-subalgebra Ay C %y ¢ has to be the unique tracial state
on Ap, we have 7.([pg]) = 6. The main result of this section will show that all the essential information
about the order structure of Ko(%p, ) is encoded in the embedding of Ag in Fy .

Theorem 7.2. Let pg 5 be a minimal uniquely ergodic Furstenberg transformation on T™ with 6 € (0,1)
(e.g. when 6 € (0,1)\ Q and each f; satisfies a uniform Lipschitz condition in {; fori=1,...,n—1).
Let a,, and 9]00 denote, respectively, the rank and the torsion subgroup of Ko(Fe.f) so that Ko(Fe,5) =
VAL 9f0. Then the isomorphism of Ko(Zg, ¢) with this group can be chosen in such a way that

(i) the unique tracial state T on Fp ¢ induces the map

Tx (a[l] + b[p9]7 C, t) =a + bo
on Ko(F,z) for all (a[1] + blpel, ¢, t) € (Z[1] + Zlpy]) ® 20> & TP = 1 @ T},
(ii) the positive cone Ko(Fy §)+ can be identified with
{(a[1] 4 blpe], e, t) € (Z[1] + Z[pe]) & Z°" > & T¢ : a+ b6 > 0} U {0}.

Proof. The idea of the proof is to show that there exists a generating set for the finitely generated abelian
group Ko(Zp,¢) including [1] and [pg] such that the induced homomorphism 7, vanishes at all generators,
except for [1] and [pg] for which we have 7.([1]) = 1 and 7.([ps]) = 6. Using Theorem 2] and setting
a =g, and a; = K;(a) for j = 1,2 we have
Ko(Fp.5) = coker(ag — id) @ ker(ay — id) = EP[coker(A*"¢ — id) © ker(A* 14 — id)],
r>0

where & is the restriction of a; to the subgroup Z[z1] + ... + Z[z,] of K1(C(T™)) as in Section 2] and
zj(C,...,Cn) = ¢ of C(T™) for j = 1,...,n. Note that by Definition [[.3, f = (fi,..., fn—1) consists of
continuous functions fj_; : TV-! — T for j = 2,...,n. First, we “linearize” each f;_; by finding the
unique “linear” function

by; bj-1.
(G Go) = G G, (bj—1; #0)
in the homotopy class of f;_1. This allows us to calculate &([z;]) by writing
a([21]) = [210 g 4] = [¥™021] = [21],
- — b bj—1,
a([z]) = [z 0 0p 5l = fi—1(z1, - 2zi-1) 2] = [0 - 273 23] = buglaa] + -+ b1 jlzia] + 3],
for j = 2,...,n. In other words, the integer matrix of & with respect to the basis {[z1]...,[zn]} of

Z" is precisely in the form (©) as in the proof of Theorem 51l Now, we can realize ag = A°V*"& and
a1 = A°44 to calculate the K-groups of Fy ¢ as in Section

It is important to note that, by referring to the exact sequences (), @) and [B]) in Section 1, the isomor-
phic image of coker(ag — id) in Ko(Fs,5) is precisely the image imjy of Ko(C(T™)), and an isomorphic
image of ker(ag — id) in Ko(%y s) is obtained by finding the image of a splitting (injective) homomor-
phism s : ker(aq — id) — Ko(Zp,5) for the exact sequence (2) so that 9 o s = id on ker(a; —id). Any
such splitting homomorphism is obtained as follows: fix a basis {v1,..., 74} for the free finitely gener-

ated group ker(ay — id) of rank ¢, and find elements u%o), ce 1/,50) € Ko(F,5) such that 8uj(.0) =, for

j=1,...,q. Then define s(3_, m;v;) =>_, mjuj(-o) for m; € Z. Clearly, Ko(Z9,¢) = im jo & ims.

Now, since A°4 = id on A’Z" = Z, and A'é = & on A'Z"™ = Z", we can write the isomorphism

Ko(Fo.5) = Z @ ker(é — id) & @D [ker(A* !¢ — id) @ coker(A* & — id))].
r>1
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In fact, a single generator for the isomorphic image of Z in Ko(.%g,f) is [1], and since b;_1; # 0 for
j=2,...,n we have ker(& —id) = Ze1 = Z[z1]. Tt is easy to see that 9([pg]) = [21] (see the proposition in
the appendix of [31]). Therefore there exists a basis {71,...,7,} for ker(a; —id) = ®>0 ker(A* & —id)
with 1 = [#1] and a splitting homomorphism s : ker(ay —id) — Ko(Fy ) with s([z1]) = [pe]. Hence a
single generator for the image of ker(& — id) in Ko (% ¢) is [pe].

It remains to study the effect of 7, on the isomorphic image of @, >1coker(A?"& —id), which contains the
the torsion subgroup ﬂfo, and the image of @®,>1 ker(A*" T1a—id) in K(.F,f). For more convenience, set
e;j :=[zj] for j =1,...,n as in Section 2 First, we study the isomorphic image of &,>coker(A*"& —id).
We show that 7. vanishes on this whole subgroup by showing, equivalently, that 7, vanishes on the image
of the subgroup ®,>1A2"(e1, ..., e,) C Ko(C(T™)) in Ko(Fp,¢) under the map jo. Let n = e;; A...Ae;,, €
Ko(C(T™)) for some r > 1 and 1 < 41 < ... < ig, < n. We want to show that 7.(jo(n)) = 0, where
Jo = Ko(y) and j : C(T™) — Zp, ¢ is the natural embedding in the structure of the crossed product
Fo.y = C(T™) x4 Z. By Kiinneth formula we have n = b(u, z), where u is a unitary in some matrix
algebra over C(T"~!) with [u] = e;, A... A€, € K1(C(T"!)) and z is the canonical unitary in C(T)
with [z] = e;,, € K1(C(T)). By Lemma [T.I] we have

7(20(n) = 7 (Ko(2)(n)) = (7 0 9)«(n) = (7 © )+ (b(w, 2)) = 0.

Now, we study the isomorphic image of ®,>1 ker(A?"*1a—id) in Ko(Fp,¢). We will show that 7. assumes
only integer values on this whole subgroup. In other words, if {v1,...,74} is a basis for the ker(co —id)
as above such that 1 = [21] is a basis for ker(& —id) and {72, ...,7,} is a basis for @®,>1 ker(A?"T1a—id),
then T*(Vgo)) =46, and 7, (I/J(-O)) = k; for some k; € Z for j =2,...,q, where VJ(-O)’S are chosen in Ko(%,¢)

so that 8(1/](-0)) = for j =1,...,¢q and Vfo) = [py] as above. To demonstrate this, we prove that

the determinant of any unitary representing an element in the subgroup @,>1A3 "' (e,...,e,) is the
constant function 1. Then the rotation number homomorphism p¥ : ker(ay — id) — T defined by R.
Exel is the constant 1 on the subgroup @®,>1ker(A**1& —id) [7, Theorem VI.11], hence the trace will
be integer-valued on this subgroup because exp(2mit.(n)) = pt o (n) for all n € Ko(Fy ¢) [7, Theorem
V.12]. To calculate the determinant on ®,>1A7 ' (e1,...,e,), let v =€, A... Aes,,.,, € K1(C(T™)), set
n=ei A...\ei, € Ko(C(T" ")), and write n = [p] — [¢] as above. Then e;,,,, = [z] for the canonical
unitary z of C(T), and using the Kiinneth formula we have

y=n@ll=(pl-ld) ekl =pell+ldel"1=[((1-pel+pe)((l-g®l+qoz")
So, v = [wiwsa], where w1 == (1 = p)®1+p® 2z and wy := (1 —q) ® 1 + ¢ ® 27! are unitaries in some
matrix algebra of the same size over C(T™). Since for all x € T"~! the projections p(z) and g¢(z) have
the same rank p as in the proof of the previous lemma, we have the following equivalence of projections
in some matrix algebra M;(C)

plr) ~ 1, 01—, ~ g(z).
where 1,,,0,, denote the identity and the zero matrix of order m, respectively, and @ is the direct sum
of matrices. This implies the following unitary equivalence of projections in My;(C)

p(l’) S?) Ol ~u 1p 3] 02l—p ~u Q(ZE) @ Ol'
In particular, we conclude the following unitary equivalence of unitary matrices for all (x,¢) € T"! x T
Wl(xa C) D1~y Clp @ 12l—p7 w2($, C) D1~y C_llp @ 12l—p-

Therefore Det wy (z,¢) = ¢” and Det wa(x, () = (=7, hence Det (wiw2)(z,¢) = 1, for all (z,¢) € T~ x T.
This implies that Det.(y) =1 € [T™, T], where [T™, T] denotes the set of homotopy classes of continuous
functions from T™ to T (see Definition VI.8 and Proposition VI.9 of [1]).

Finally, by setting 14 := 1/§0) = [pg] and vy, := VJ(-O) —kj[1] for j =2,...,gsothat 7.(v1) = f and 7..(v;) =0
for j =2,...,q, we can form a generating set with the desired property for Ko(%g, ) by taking the union
of {v1,...v,} and a generating set including [1] for the isomorphic image of coker(cy — id). This proves
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part (i).

For part (ii), we use part (i) together with the fact that the order on Ky(.%y s) is determined by the
effect of the unique tracial state 7 because T" is a finite dimensional infinite compact metric space and
©g,# is a minimal homeomorphism of T™ (see Theorem 5.1(1) of [22] or Theorem 4.5(1) of [29]).

Corollary 7.3. Let pg ¢ be a minimal uniquely ergodic Furstenberg transformation on T™ as above. Then
linearizing the functions f; : T* — T in f = (f1,..., fi_1) does not change the isomorphism class of the
transformation group C*-algebra Fy .

Proof. Since g ¢ is minimal, § must be irrational. So the range of the unique tracial state (by unique
ergodicity) on Ko(%p,¢) is dense in R as it is Z+Z6 by the above argument. Benefiting from the results of
[21], such C*-algebras are completely classifiable by their Elliott invariants, which remain unchanged (up
to isomorphism) after the linearization process: linearizing does not change the isomorphism classes of
the K-groups, and the previous theorem guarantees that the order structure of the group Ky is precisely
the regular order inherited from R on Z + Z#0 before and after linearization. O

8. CONCLUDING REMARKS

I) The method used in Section 1 for computing K-groups of the transformation group C*-algebras of
homeomorphisms of the tori may be extended to more general settings. Let G be a compact connected
Lie group with torsion-free fundamental group m1(G). (It is well known that the fundamental group
of such spaces are finitely generated and abelian, so being torsion-free means 7 (G) = Z!, for some [.)
Some important examples are any finite Cartesian products of the groups S3, SO(2), Sp(n), U(n) and
SU(n). Then K*(G) is torsion-free and can be given the structure of a Zy-graded Hopf algebra over the
integers [14]. Moreover, regarded as a Hopf algebra, K*(G) is the exterior algebra on the module of the
primitive elements, which are of degree 1. The module of the primitive elements of K*(G) may also be
described as follows. Let U(n) denote the group of unitary matrices of order n and let U := U2, U(n)
be the stable unitary group. Any unitary representation p : G — U(n), by composition with the in-
clusion U(n) C U, defines a homotopy class B(p) in [G,U] = K'(G). The module of the primitive
elements in K!(G) is exactly the module generated by all classes B(p) of this type. If in addition, G
is semisimple and simply connected of rank [, there are [ basic irreducible representations p1, ..., pi,
whose maximum weights A1,...,A\; form a basis for the character group T of the maximal torus T of
G and the classes 3(p1), ..., 8(p) form a basis for the module of the primitive elements in K1(G) and
K*(G) = A*(B(p1),---,B(p))- In any case, to compute K,(C(G) x4 Z) it is sufficient to determine the
homotopy classes of « o p for the irreducible representations p of G in terms of 3(p)’s.

II) There is a relation between the K-theory of transformation group C*-algebras of the homeomorphisms
of the tori and the topological K-theory of compact nilmanifolds. In fact, let a = (¢,A) be an affine
transformation on T" satisfying the conditions (1) through (4) in Remark 5.2l Then it has been shown in
[12] that « is conjugate (in the group of affine transformations on T™) to the transformation o’ = (¢/,A’),
where A’ has an upper triangular matrix, whose bottom right k& x k corner is the identity matrix I, and
t' =(0,...,0,t},...,t}.). The transformation o' is called a standard form for « [28]. Assume that « is
given in standard form. Then J. Packer associates an induced flow (R, N/T') to the flow (Z, T™) generated
by «, where N is a simply connected nilpotent Lie group of dimension n + 1, the discrete group I' is a
cocompact subgroup of N, and the action of R is given by translation on the left by exp sX for s € R and
some X € n, the Lie algebra of N. One of the most important facts is that the C*-algebra C(N/I') xg R
corresponding to the induced flow is strongly Morita equivalent to C(T™) x, Z [28, Proposition 3.1].
Consequently, one has

(7) Ki(C(T™) x4 Z) = K;(C(N/T) xgR) = K*{(N/T'); i =0,1.
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The second isomorphism here, is the Connes’ Thom isomorphism. So the K-theory of C(T™) %, Z is
converted to the topological K-theory of the compact nilmanifold N/I". Following the proof of Proposition
3.1 in [28], one can conclude that for the special case of Anzai transformations we can take N = §,_1
(the generic filiform Lie group of dimension n + 1) and I' = ©,,_;, which were defined in [33]. On the
other hand, following [35, Theorem 3.6], one has the isomorphism

(8) K;(C*(T)) =2 K" TY(N/T); i =0,1.
Combining (@) and (8) one gets
(9) Ki(C(T™) %10 Z) & K™ (N/T) 2 Ky (CH(T)); i = 0,1.

Using the above isomorphisms, one can relate the algebraic invariants of the involved C*-algebras and
topological information of the corresponding nilmanifold. For example, since N/I' is a classifying space
for I', one has the following isomorphisms

(10) Hix(N/T) = H*(N/T,R) = H*(T,R) = H*(N,R) = H*(n,R),

where Hj (N/T') denotes the de Rham cohomology of the manifold N/T', H*(N/T',R) denotes the Cech
cohomology of N/T" with coefficients in R, H*(T',R) denotes the group cohomology of T" with coeffi-
cients in the trivial T-module R, H*(N,R) denotes the Moore cohomology group of N (as a locally
compact group) with coefficients in the trivial Polish N-module R, and H*(n,R) denotes the cohomology
of the Lie algebra n with coefficients in the trivial n-module R. Now, using the Chern isomorphisms
chy : K°(N/T) ® Q — H**"(N/T,Q) and ch; : K'(N/T) ® Q — H°(N/T',Q), one concludes that the
even and odd cohomology groups stated in ([I0) are all isomorphic to R¥, where k is the (common) rank
of the K-groups of C(T") X, Z as in Corollary[2.2l As an example, if N = §,_1, [ =9D,,_1, and n = f,,_1,
then the even and odd cohomology groups stated in [I0) are all isomorphic to R*", where a,, is the rank
of the K-groups of 4, ¢ that was studied in detail in Sections [l and Conversely, one may use the
topological tools for N/T" to get some information about C(T") X, Z and C*(T"). For example, we know
that N/T" as a compact nilmanifold can be constructed as a principal T-bundle over a lower dimensional
compact nilmanifold [I0]. Then we can compute the topological K-groups of N/T" using the six term
Gysin exact sequence [I7, IV.1.13, p. 187]. As an example, one can see that §F,_1/D,_1 is a principal
T-bundle over F,—2/D,_2, and the corresponding Gysin exact sequence is in fact the topological version
of the Pimsner-Voiculescu exact sequence for the crossed product .27, 9 = 7,1 Xo Z as in Theorem
2.1(d) in [33].
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APPENDIX A. THE SMITH NORMAL FORM

The Smith normal form is a very important tool for studying integer matrices. We refer to [27] for this
interesting topic and its applications.

Definition A.1. Let &, € End(Z™). We say that & is equivalent to B over Z (and write & equiv B) if
there exist 4,9 € Aut(Z™) such that 4o & oo = (. Similarly, if A and B are integer m x m matrices, A
is equivalent to B if there exist U,V € GL(m,Z) such that UAV = B.

Recall that & equiv B , if and only if cokerd& = cokerB , if and only if & and B have the same Smith normal
form. Also, A equiv B if and only if B is obtainable from A by a finite number of elementary operations.
An elementary operation on an integer matrix is one of the following types: interchanging two rows (or
two columns), adding an integer multiple of one row (or column) to another, and multiplying a row (or
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column) by —1.

Now, we recall a fundamental theorem for integer matrices (c¢f. [27, p. 26]).

Theorem A.2 (Smith Normal Form). Let A be an m x m integer matriz. Then A is equivalent to a
diagonal matriz diag(dy,...,d,,0,...,0), where r is the rank of A, and the integers dy,...,d, satisfy
di|di+1 fori: 1,...,7‘ —1.

APPENDIX B. NILPOTENT AND UNIPOTENT LINEAR MAPPINGS

Definition B.1. Let V be a (complex) vector space. A mapping é € End¢V is called nilpotent (respec-
tively, unipotent) if é¥ = 0 (respectively, (¢ —id)*¥ = 0) for some positive integer k. The minimum value
of k with this property is called the degree of €, denoted deg(é).

As an example, every upper (respectively, lower) triangular matrix with zeros on the diagonal is nilpotent.
Also, the matrix S,, defined in Section [2]is a unipotent matrix of degree n. Note that all eigenvalues of
a nilpotent (respectively, unipotent) matrix are zeros (respectively, ones). In particular, every unipotent
matrix is invertible, and every unipotent endomorphism is an automorphism.

Corollary B.2. Let V be a finite dimensional complex vector space and é be a nilpotent (respectively,
unipotent) endomorphism of V. Then deg(€é) is equal to the maximum order of its Jordan blocks.

Proof. Tt suffices to prove the statement for the nilpotent case. Since all the eigenvalues of € are zero,
each Jordan block is a zero matrix of order one or is of the form

0 1 o --- 0

0 0 1

0 0
0 0 1

o -~ 0 0 O

which is a nilpotent matrix and its degree is the same as its order, which is greater than 1. The rest of
proof is clear. O

Definition B.3. Let V be a finite dimensional complex vector space and é € EndcV be nilpotent
(respectively, unipotent). We say that € is of mazimal degree if deg(é) = dim V.

Corollary B.4. Let V' be an n-dimensional complex vector space and ¢ € EndcV be nilpotent (respec-
tively, unipotent). Then deg(é) < n. If deg(é) = n, then the Jordan normal form of € is the full Jordan
block of order n with 0’s on the diagonal. In particular, all nilpotent (respectively, unipotent) matrices of
maximal degree acting on V' are similar.

Proof. Use the preceding corollary and the Jordan normal form theorem. O

Example B.5. Let B = [b;;]nxn be any upper triangular matrix, whose diagonal elements are all zeros
(respectively, ones), and whose entries b; ;41 for ¢ = 1,...,n — 1 are all nonzero. Then B is nilpotent
(respectively, unipotent) of maximal degree. In fact, let n be the order of B and let b := H;:ll biit1,
which is a nonzero number. Then one can easily see that B™ = 0 (respectively, (B —1)" = 0) and B"~!
(respectively, (B —1)"~1) is a matrix with b appearing on the upper-right corner and zeros elsewhere. So
deg(B) = n, i.e. B is of maximal degree.

Lemma B.6. Let V be a complex vector space and é € EndcV be nilpotent of degree k. Then exp(é) is
unipotent of degree k. Moreover, exp(€) — id is similar to €.
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Proof. For the first part, we know that exp(€) —id = &+ €2/2! + ... + & 1/(k — 1)! = éw, where
w = id+é/24. . .+é¥"2/(k—1)! commutes with € and is invertible since it is unipotent. So, (exp(€)—id)" =
(éw)" = €"w" for all positive integers r. Thus exp(é) — id is unipotent with the same degree of é. For the
second part, using the Jordan normal form of €, it is sufficient to prove the statement for the special case
when € is a Jordan block with zeros on the diagonal. Since in this case € is of maximal degree, by the
first part, exp(é) — id is also of maximal degree. Therefore they are similar by Corollary [B.4l O

APPENDIX C. ENDOMORPHISMS AND DERIVATIONS OF EXTERIOR ALGEBRAS

We refer to the Chapter 5 of [11] for general properties of exterior algebras and mappings between them.

Let V be a (complex) vector space and ¢E : V. — V be a linear mapping. Then ¢E can be extended in a
unique way to a homomorphism A*¢ : A*V — A*V such that A*¢(1) = 1, yielding

N A ANap) = d(@) A Adlap), (x; € V).
Also, QAS can be extended in a unique way to a derivation D*¢? : AV — A*V | yielding

P
D*¢(x1/\.../\:vp)zzgvl/\.../\é(:vi)/\.../\xp (p>2,;€V).
i=1

We define A" ¢ = /\*(;3|ATV and D¢ := D*(;3|ATV as induced linear mappings on the r-th exterior power
of V for r > 0. Then we have

No=@DN. D o=@D.

r>0 r>0

One can easily show that A*(¢ o 1)) = (A*@) o (A*0)) and D*([¢,¢)]) = [D*é, D*¢] (cf. equations (5.20)
and (5.25) in [I1]).
Lemma C.1. With the above notation, zfqg V= Vis nilpotent, then /\T(JB and DTQAS are also milpotent
forr > 1. If V is finite dimensional, then D*¢ is nilpotent.

Proof. Assume that ¢! = 0 for some ¢t € N. We have (A"¢) (z1 A ... Axz,) = ' (z1) A ... A @l (x,) = 0.
So, (A"¢)! = 0, which means that A”¢ is nilpotent. For D"¢, we know that D"¢(xq A ... A x,) =
i@ A A@(z) A... Az, and one can easily deduce that

. ! N N
D ¢P(x1 N... ANxy) = Z #Wlxl/\---/\ﬁz’“xr-
; (i) ()
1+...+ir=p
(i;>0)
Now since i1 + ...+ i, = p, there exists an ; with i; > p/r. So, if p > rt then gf)ij =0 and Drg?)p =0.
Thus DTQS is nilpotent.

For the next part, let m := dim V. Since ’D*¢? = @TZO’DT({S and (Z/SQ = 0, from the first part we have
(D*¢)™ = 0, hence D*¢ is nilpotent, too. O

Lemma C.2. Let ¢ : V — V be a nilpotent linear mapping. Then exp(D*¢) = A* exp(¢) on A*V.
Proof. We have

exp(D*¢)(x1 A... Aay) = Z %qugp(xl Ao N2y
p>0 """

1 p! s N
:§ :_( E = T AL AP T)
| | |
P T, (i) .. (4!
(i;>0)
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1 i .
:Zm¢ 1A .. AP,

;>0
1 - 1 ..
= (Z m(b“xl) A A (Z G )|¢17~:CT)
i1>0 ’ in>0 VT

= (exp(@)x1) A ... A (exp(P)x;)

= A"exp(¢)(z1 A ... Ax,),

which yields the result. Note that all sums in the above equalities are finite according to the previ-
ous lemma. 0

Remark C.3. The nilpotency of ¢E is not necessary in the preceding lemma. In fact, one may use tpe
definition of exp : gl(A*V) — GL(A*V). More precisely, define s : R — GL(A*V)) by s(t) = A* exp(te).
Then one may check that s is the 1-parameter subgroup generated by D*¢ (i.e. 5(0) = D*¢), and we

have s(1) = A* exp(¢).

Corollary 014‘ Let é : V= V be a nilpotent linear mapping, and set € := é+ id. Then ATé —id is
similar to D"¢ for r > 0.

Proof. We know from Lemma [B.6l that exp(¢) — id is similar to ¢, hence exp(@) is similar to ¢ + id = &.
So

ATé —id ~ A" exp(¢) — id = exp(D" ) — id ~ D" .

APPENDIX D. REPRESENTATION THEORY OF sl(2, C)
We refer to Section II.7 of [15] for studying the irreducible representations of the Lie algebra sl(2, C).

Let sl(2,C) denote the special linear Lie algebra over C? defined by sl(2,C) := {a € M3(C) | Tr(a) = 0}.
It is well known that sl(2, C) is a 3-dimensional simple complex Lie algebra. One can check that

1 0 0 1 0 0
B :={h:= € Jf = }
0 -1 0 0 1 0

o
Il

is a basis for this Lie algebra.

The following theorem is the foundation of representation theory of semisimple Lie algebras including
5[(2,C). It is stated and proved in the Subsection I1.6.3 of [15].

Theorem D.1 (Weyl). Every finite dimensional representation of a semisimple Lie algebra is completely
reducible, namely, it can be decomposed into a direct sum of irreducible representations.

Proposition D.2. Let V' be an n-dimensional complex vector space with a basis {e1,...,e,}. Then the
following equalities (fori=1,...,n)

(a) mp(h)e; = (26 —n — 1)e;;

(b) mn(e)e; =i(n —i)eir1; (ent1 :=0)

(C) wn(f)ei = €;—1, (60 = O)
define a representation m, : s1(2,C) — gl((V).
We call 7, defined in the previous proposition the canonical representation of s1(2,C) on V associated
with the basis {e1,...,e,}. We recall the following theorem from Section II1.7 of [15].

Theorem D.3. Let w, be the representation described above. Then
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(i) mp is an irreducible representation of s{(2,C).
(i) Any n-dimensional irreducible representation of s1(2,C) is equivalent to m,.
(ili) Let V' be a finite dimensional sI(2,C)-module and define

Va={veV]|hv=auv}

for « € C. Then V decomposes into a direct sum of irreducible submodules (Weyl), and in any
such decomposition, the number of summands is precisely dim Vy + dim V;.

APPENDIX E. SOME COMPUTER CODES AND A COUNTEREXAMPLE

To compute the K-groups of C(T™) x, Z, one should first compute the kernels and cokernels of the
following integer matrices
(11) A, = N"A— I(n)

r

forr =0,1,...,n, where A is the integer matrix corresponding to « acting on Z™. We have written two
Maple codes to obtain this goal.

The first one is an auxiliary procedure called exterior(r,A), which computes the r-th exterior power of
a given n X n integer matrix A for r = 1,...,n as follows (note that AA :=1;)

> exterior:=proc(r,A)

local n,N,Q,E,i,j;
n:=linalg[rowdim] (A);
N:=binomial(n,r);
Q:=combinat [choose] (n,r);
E:=array(1..N,1..N);

for i from 1 to N do

for j from 1 to N do
E[i,j]:=linalgl[det] (1inalg[submatrix] (A,Q[i],Q[j1));
od;

od;

RETURN (evalm(E)) ;

end;

V VV VYV V VYV VYVVYV

The second code, which calls the first one, is called po (A). It lists the factorized characteristic polynomials
of the Smith normal forms of A, for r =0,1,...,n given a matrix A
po:=proc(A)

local r,n,x,p;

n:=linalg[rowdim] (A);

print(x);

for r from 1 to n do
p:=factor(linalg[charpoly] (1inalg[ismith] (exterior(r,A)-1),x));
print(p);

od;

end;

V V V V V V V V VvV

These factorized polynomials encode the diagonal entries of the Smith normal forms of the matrices A,
for r =0,1,...,n. In particular, one can easily find the kernels and cokernels of these matrices. To see
this, observe that the kernel of an m x m integer matrix is isomorphic to a torsion-free finitely gener-
ated abelian group, whose rank is the number of zeros on the diagonal of its Smith normal form, and
the cokernel is isomorphic to @72, Zy,, where k1, ..., ky, are the diagonal entries of the Smith normal form.

The following example computes the K-groups of <% g, which was mentioned in Remark [[7] as a coun-
terexample for [16], Proposition 2.17].
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Example E.1. Ko(% ) 2 7' and K;(% ) = 7213 & Zs.
Proof. Using the procedure po(A) for the matrix A := Sg as defined at the beginning of Section Bl we get
po(d);

z(x —1)°
2 — 1)'2

3 (x —2)(x — 1)
(e —1)12
z(x —1)°

Consequently, we have the following table representing the kernels and cokernels of Sg , := A"Sg — I(e)
forr=0,1,...,6.

r | kerSg . | coker S .
0 Z Z

1 Z Z

2 VA VA

3| 7 YARCY/
4 Z3 Z3

5 Z Z

6 Z Z

Now, using Theorem [2.1] we have

Ko(%,0) =(coker Sg,0 @ coker Sg 2 @ coker Sg 4 @ coker Sg 6) @ (ker S 1 @ ker Sg 3 @ ker Sg 5)
(ZoZ’0Z°0Z)0 (ZoZ*®Z) =17",
(coker Sg,1 @ coker Sg 3 @ coker Sg 4) @ (ker Sg,0 @ ker Sg.2 @ ker Sg 4 @ ker Sg 6)
(ZoZ’0Z:0Z)® (ZO 2P0 7P D L) = 2" © Zs.

[l

1%

K1 (.,0)

[l

APPENDIX F. APPLICATIONS TO C*(D,,)

This appendix is devoted to some applications of the results of this paper to the C*-algebras studied in
[33], in which the authors promised to completely classify the simple infinite dimensional quotients of
the group C*-algebra of their interest C*(®,,) by their K-theoretic invariants in a later work. In this
context, the discrete group ®,, is a higher dimensional analogue of the discrete Heisenberg group Hs, and
is defined by

D = (2,90, Y1, Yn | TYo = YoT, yiyj = y;v: for 0 <, j <, [z,y;] = yj_1 for 1 < j <n),

where [x,y] := zyx~ly~!. The group D, can be represented as a semidirect product Z"*! Xy Z, where

the group homomorphism 7 : Z — GL(n + 1, Z) is such that n(k) is the matrix, whose (4, j)-entry is given

by (]i) as defined in [33]. This realization allows us to study K-theory of C*(D,,).
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Proposition F.1. K;(C*(9D,,)) = Ki(Hp119) for i =0,1. In particular,
rank Ko(C*(D,,)) = rank K1 (C* (D)) = ant1-

Proof. Since ®,, = Z"*! x,) Z, so C*(D,,) = C*(Z"') x;3 Z = C(T™!) x;; Z and the integer matrix
corresponding to 7 is the (n + 1) x (n + 1) matrix M,, introduced in [33], which is precisely the matrix
Sp+1 defined in Section [Bl to describe the linear structure of Anzai transformations on T7+!. The rest of
the proof follows from the Theorem 2.1 O

As some higher-dimensional analogues of the irrational rotation algebras Ay, all simple infinite-dimensional
quotients of C*(®,,) have been classified in Theorem 3.2 of [33]. These consist of the C*-algebras 7, ¢ for

some irrational parameter 6, and a few more classes of C* algebras denoted by AZ(-"), which are of the form
C(Y:x T %) x4, Z for some suitable finite sets Y; and minimal homeomorphisms ¢; fori =1,2,...,n—1.

Then it is proved in Theorem 4.8 of [33] that Agn) = Mci(Bgn)), where Bi(") is a certain transformation
group C*-algebra of some affine Furstenberg transformation on T"~%. We conclude the following results.

Corollary F.2. Let A be a simple infinite dimensional quotient of C*(®y). Then rank Ko(A) =
rank K1(A) = an—; for some i € {0,1,...,n — 1} that is uniquely determined by the isomorphism
A2C(Y; x T %) x4, Z as in Theorem 3.2 of [33].

Proof. Tt is proved that A is isomorphic to a matrix algebra over a Furstenberg transformation group
C*-algebra B{™ on T"~ for some suitable i € {0,1...,n} [33, Theorem 4.8]. So K,(A) = K,;(B™) for
7 =20,1. The rest of the proof is clear from the preceding theorem. O

We saw in Proposition [65] that {a,} is a strictly increasing sequence. Therefore the preceding corollary
is a first step towards the classification of the simple infinite dimensional quotients of C*(D,,) by means
of K-theory. But as is seen, the rank of the K-groups alone can not distinguish the algebras at the
same “level” (i.e. those algebras that are included in the same class, but with different values of the
parameters). The other powerful K-theoretic invariant that helps us do this is the trace invariant, i.e.
the range of the unique tracial state acting on the Ky-group.

Proposition F.3. Suppose A =2 C(Y; x T""%) x4, Z is a simple infinite dimensional quotient of C*(D,,)
as in Theorem 3.2 in [33]. Then A has a unique tracial state 7 and 7. Ko(A) = & (Z + Z9;), where
Ci = |Yi| and ¥ = ¢; = (=1)% 9% as in Lemma 4.6 and Theorem 4.8 in [33].

Proof. Following Theorem 4.8 in [33], A is isomorphic to Mc,(B{™) = M, (C) ® B™, where B™ is

a simple Furstenberg transformation group C*-algebra with the irrational parameter (; = (—1)01'“771-01'.

By Corollary [[L5] Bi(") has a unique tracial state 7. Moreover, T*Ko(Bl-(")) = 7 + 74;, where >™i = (;
(see [I6l Theorem 2.23] or Theorem [7Z). Thus A has the unique tracial state 7 = (C%Tr) ® 7, in which

Tr is the usual trace on M¢,(C), and so 7. Ko(A) = CL(Z + Z9;) [16l Lemma 3.5]. O

Finally, we can characterize all simple infinite-dimensional quotients of C*(D,,).

Proposition F.4. o, g = o, o if and only if n =n’ and there exists an integer k such that 6 = k+6'.
More generally, let AZ(-") > C(Y; x T"%) Xy, Z be a simple infinite dimensional quotient of C*(D,,) with
the structure constants A\, 1, ..., 1 as on p. 165-166 of [33], and let Al(-,nl) >~ C(Y'y x 'I['"/_i/) X L be a
simple infinite dimensional quotient of C* (D) with the structure constants N, iy, ..., ;. Suppose that

Ci =Y;| and C}, =|Y'ys|. Then Agn) = Ag/n/) if and only ifn—i=n'—1i, C; =C}, and

[eh} Cl vci . C,Z/ C,E/ C;,
)\(i+l)'u£ i )‘ug“l) .. 'uicl = )\I(i/+l)'u/1( il ) ’2(1'/71) .

’
/ Ci’
,L’/

7

or

c. el C; c’, c’, c’, ,
i [ i— Ci __ U 4 Y Ciy—
)\(z+l)'u/£ )ug 1) ‘LLl = (>\ (1 +1)'LL/1(1 )ué(l 71) ‘LL;/ ) 1_
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Proof. Use the previous proposition and the fact that {a,} is a strictly increasing sequence (see Propo-
sition [6.0]). Note that

. Ci Ci
¢ = (—1)01""'1171.01' = )\(iill)ug ¢ )ugi’l) .. uici

by the last equation on p. 171 of [33]. O

Remark F.5. Note that C; = |Y;]| is completely determined by the structural constants A, p1, ..., fi—1
(which are roots of unity). More precisely, by calculations on p. 165-166 of [33], we have

C;=min{r e N| A" = )\(;)uq =...= A(z)ugig)ugig) copi_g =1}

For an explicit example in lower dimensions, see |26, Lemma 5.4].
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