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ENUMERATION OF PERMUTATIONS BY NUMBER OF CYCLIC
OCCURRENCE OF PEAKS AND VALLEYS
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ABSTRACT. In this paper, we focus on the enumeration of permutations by number of cyclic
occurrence of peaks and valleys. We find several recurrence relations involving the number of
permutations with a prescribed number of cyclic peaks, cyclic valleys, fixed points and cycles.
Several associated permutation statistics and the corresponding generating functions are also
studied. In particular, we establish a connection between cyclic valleys and Pell numbers as

well as cyclic peaks and alternating runs.
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1. INTRODUCTION

Let [n] = {1,2,...,n}, and let &,, denote the the set of permutations of [n]. A permutation
m € &, can be written in one-line notation as the word m = 7(1)w(2)---mw(n). Another way
of writing the permutation is given by the standard cycle decomposition, where each cycle is
written with its smallest entry first and the cycles are written in increasing order of their smallest
entry. For example, the permutation m = 64713258 € Gg has the standard cycle decomposition
(1,6,2,4)(3,7,5)(8).

A permutation 7 = w(1)7(2) - - 7w(n) € &, is alternating if w(1) > w(2) < 7(3) > 7(4) < ---.
Similarly, 7 is reverse alternating if 7(1) < m(2) > 7(3) < w(4) > ---. It is well known [I] that
the Fuler numbers E,, defined by

0 n
T

E En—' =tanx + secx
n:

n=0

count alternating permutations in &,,. The first few values of F,, are 1,1,1,2,5,16,61,272,....
The bijection 7 — ¢ on &,, defined by 7°(i) = n + 1 — (i) shows that E,, is also the num-
ber of reverse alternating permutations in &,,. The study of the Euler numbers is a topic in
combinatorics (see [22]). For example, Elizalde and Deutsch [9] recently studied cycle up-down
permutations. A cycle is said to be up-down if, when written in standard cycle form, say
(b1,b2,b3,...), we have by < by > bg < ---. We say that 7 is a cycle up-down permutation if it is
a product of up-down cycles. Elizalde and Deutsch [9, Proposition 2.1] found that the number
of cycle up-down permutations of [n] is E41 .

There is a wealth of literature on peak statistics of permutations (see [3] [8, [IT], 12} 16} 17 23]
for instance). For example, Kitaev [I1] found that there are 2"~! permutations of [n] without

interior peaks. Let 7 = 7(1)m(2)--- w(n) € &,. An interior peak (resp. interior valley) in 7 is an
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index i € {2,3,...,n—1} such that (i —1) < 7(i) > m(i+1) (resp. 7(i—1) > 7(i) < w(i+1)).
Clearly, interior peaks and interior valleys are equidistributed on &,,. Let pk (7) (resp. val (7))
denote the number of interior peaks (resp. the number of interior valleys) in 7. An left peak in
7 is an index ¢ € [n — 1] such that 7(i — 1) < 7(i) > 7(i + 1), where we take 7(0) = 0. Let
pk! () denote the number of left peaks in w. For example, the permutation m = 64713258 € Gg
has pk (7) = 2,val (1) = 3 and pk’ () = 3.

For n > 1, we define
Walg) = > @ and Wi(q) = Y ¢™@.
TeEG, TGy,

It is well known that the polynomials W, (q) satisfy the recurrence relation

Wat1(q) = (ng — g+ 2)Wa(q) +2q(1 — )W, (q),

with initial values Wi (q) = 1, Wa(q) = 2 and W3(q) = 4+ 2q, and the polynomials W, (q) satisfy
the recurrence relation

Woi1(q) = (ng + DWa(q) + 2¢(1 — ¢)W,,(q),

with initial values W1(q) = 1, Wa(q) = 1+ q and W3(q) = 1+ 5¢ (see [I8, A008303, A008971]).
The exponential generating functions of the polynomials W,,(q) and W,,(q) are respectively given
as follows (see [12]):

2" sinh(zv/1 —q)

W(q,z) = ;1 Wl0) = TG cosh (o /T — ) — sinb(syT—3)’

s VT=7
Wi 2) =1+ ;W"(Q)H = Tgcosh(svVT =) —simb(syT—3)° )

An occurrence of a pattern T in a permutation 7 is defined as a subsequence in m whose letters

are in the same relative order as those in 7. For example, the permutation m = 64713258 € Gg
has two occurrences of the pattern 1-2-3-4, namely the subsequences 1358 and 1258. In [2],
Babson and Steingrimsson introduced generalized permutation patterns that allow the require-
ment that two adjacent letters in a pattern must be adjacent in the permutation. Thus, an
occurrence of an interior peak in a permutation is an occurrence of the pattern 132 or 231.
Similarly, an occurrence of interior valley is an occurrence of the pattern 213 or 312. Recently,
Parviainen [I4] [I5] explored cyclic occurrence of patterns over &, via continued fractions.

In this paper, we focus on the enumeration of permutations by number of cyclic occurrence
of peaks and valleys. The paper is organised as follows. In Section 2] we collect some notation,
definitions and results that will be needed in the rest of the paper. In Section[Bl we present several
recurrence relations. In Section [, we discuss two classes of triangular arrays. In Section [B], we
compute two exponential generating functions of generating functions of permutations by their
numbers of cyclic peaks/valleys, cycles and fixed points. In Section [6] we establish a connection
between cyclic valleys and the famous Pell numbers. In Section [1, we establish a connection

between cyclic peaks and alternating runs.
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2. NOTATION, DEFINITIONS AND PRELIMINARIES

In the following discussion we always write a permutation 7 € G,, in standard cycle decom-

position. Let

11 1y(,2 2 2 ko k k
= (c1,¢9,...¢;)(c1, 65,5 ) o (], 65, ¢h ),

and let o be a generalised pattern. Following Parviainen [I4] [I5], the pattern o occurs cyclically

in 7 if it occurs in the permutation

_ 11 1 2 2 2 ko k k
W(m) = €1,C9y-+-Cj )y C1,Coy -+ - Ciyy -+ - C1 5 Cy e e G

with the further restriction that C’ZJ and C{—H are not adjacent, where 1 < 57 < k — 1. For
example, 132 does not occur in (1)(2,4,5)(3), but 13-2 occurs exactly twice. An entry ¢, in
the cycle (c{,c;,cgj) is called a cyclic peak (resp. cyclzc valley) of 7 if ¢),_; < chy > ¢l \y
(resp. ¢/, | > ch <, 41), where 2 <m < i; — 1 and 1 < j < k. For example, the permutation
(1,6,2,4)(3,7,5)(8) has the cyclic peaks 6 and 7 and the cychc valley 2.

Let cpk (7) (resp. cval (7)) denote the number of cyclic peaks (resp. the number of cyclic
valleys) of . The number of fized points of 7 is fix () = #{1 < i < n: 7(i) = i}. A fixed-
point-free permutation is called a derangement. Let D,, denote the set of derangements of [n].

Denote by cyc (7) the number of cycles of w. For n > 1, we introduce the following generating

functions:
P.(q,z,y) = Z P () eve (), fix ().
TeG,
q,g; y Z qcval () 2°Ye 7r) X(7r)
€6y
Z qCpk Z M, kq ;
€6y k>0
Z qcval ZMn kq :
€S k=0
Z qCpk ZDn kq ;
m€Dn k=0
Z qcval Z Dn kq
m€Dn k=0
Let
p(n,t,s,7) = #{m € &y : cpk (1) = t, cyc (m) = s, fix (1) = r},
and let

v(n,t,s,r) = #{m € &, : cval (1) = t,cyc(m) = s, fix (m) = r}.
The Stirling numbers of the second kind {}'} is the number of partitions of [n] into k blocks.
Let S, (z) = > p_; {7 }aF. It is well known (see [I8, A008277]) that

Uil e

Spi1(z) = x2S, () + 28], ().

which is equivalent to
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The associated Stirling numbers of second kind T'(n, k) is the number of partitions of [n] into k
blocks of size at least 2. Let T, (x) = Y_;q T'(n, k)x*. It is well known (see [I8, A008299]) that

Tn+1,k)=kT(n,k)+nT(n—1,k—1),
which is equivalent to
Tri1(z) = 2T (z) + naTy,_1(x).
Clearly, P,(0,z,1) = S,(x) and P,(0,z,0) = T,,(z). For example, take a permutation

m=(m(i),...)(w(i2),...) - (7w(is),...)
counted by p(n,0,s,7). Recall that
p(n,0,s,7) =#{mr € &, : cpk (1) = 0,cyc (7) = s, fix(7w) = r}.

Erasing the parentheses, we get a partition of [n] with s blocks. Hence
Zp(n,O,s,r) = {n}
r=0 s

We say that a permutation 7 is called a circular permutation if cyc (w) = 1. Denote by C,
the set of circular permutations of [n]. Each m € Cp41 can be written uniquely as a cycle of
the form © = (1,a1,a9,...,a,). Let o(m) = biby--- by, where b; = a; — 1 for 1 < i < n. The
correspondence ¢ : Cpy1 — &, is clearly a bijection. Using the bijection ¢, it is clear that the

coefficient of = in the polynomial P, 1(q,x,y) (resp. Vai1(q,z,y)) is W,(q) (resp. Wy(q)). In

the next section, we present recurrence relations for the polynomials P, (q, z,y) and V,,(q, z,y).

3. RECURRENCE RELATIONS
Theorem 1. The numbers p(n,t,s,r) satisfy the recurrence relation
p(n+1,t,s,7) = (2t +s—r)p(n,t,s,r) +pn,t,s —1,r — 1)+
(r+Dp(n,t,s,r+1)+ (n+2—2t —s)p(n,t —1,s,7).
Proof. Let n be a fixed positive integer. Let o; € &,11 be the permutation obtained from

o € G, by inserting the entry n + 1 either to the left or to the right of o(i) if i € [n] or as a new
cycle (n+1) if i =n+ 1. Then

cyc (o) if i € [n],
cyc (o;) =
cyc(o)+1 ifi=n+1,
and
fix(c) —1 ifi€ [n]and o(i) =1,
fix (o) = { fix (o) if i € [n] and o(7) # 1,
fix(o)+1 ifi=n+1.
Recall that
p(n+1,t,s,7) = #{0; € Spt1 : cpk(0;) = t,cyc(0;) = s,fix (o) =7}

It is evident that cpk (0;) = cpk (o) or cpk (0;) = cpk (o) + 1. There are four cases to consider.
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(a) If o has t cyclic peaks, s cycles and r fixed points, then we can put the entry n + 1 on
either side of some cyclic peak or at the end of a cycle of length greater than or equal to
2. This means we have 2t + s —r choices for the positions of n+1. As we have p(n, s,t,r)
choices for o, the first term of the recurrence relation is obtained.

(b) If o has t cyclic peaks, s — 1 cycles and r — 1 fixed points, then we can insert the entry
n+ 1 at the end of o to form a new cycle (n+1). As we have p(n,t,s — 1,7 — 1) choices
for o, the second term of the recurrence relation is obtained.

(c) If o has t cyclic peaks, s cycles and r+ 1 fixed points, then we can insert the entry n+ 1
to the right of a fixed points. This means we have r+ 1 choices for the positions of n+ 1.
This case applies to the third term in the recurrence relation.

(d) If o has t — 1 cyclic peaks, s cycles and r fixed points, then we can insert the entry n+ 1
in one of the n — 2(t — 1) — s = n+ 2 — 2t — s middle positions and the last term of the

recurrence relation is obtained.

This completes the proof. ]
We can express Theorem [I] in terms of differential operators.

Corollary 2. Forn > 1, we have

8Pn , X, 8Pn y Ly
Pota(g, z,y) = (ng + zy) Po(q, 2,y) + 2¢(1 — q)% +a(l - Q)#
P (g, ,y)
1 —y)—22 2
+(1-y) ay
In particular,
aPn ,a;,l aPn 7‘T71
Posi(g3,1) = (ng + 2)Pa(g, 2, 1) + 2q(1 — q>% ral -9l (g

By Corollary 2] we can easily compute the first few polynomials P,(q, z,y):

~

q7 x? = ':Uy7

=x+ x2y2,

(1+q)x+ 322y + 233,

(¢ 2,y
Py(g,z,y
(¢,2,y
(¢ 2,y

)
)
)
)

3

q,r, (14 5q)x + (3 + 4y + 4qy)x? + 623y* + zy*.

Recall that M, (¢) = Pn(q,1,1). For 1 < n < 7, using (), the coefficients of M, (q) can be

arranged as follows with M,, ;. in row n and column k:

15 9

92 63 5

203 416 101

877 2741 1361 61
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Let Dy, (g, x) be the coefficient of y* in P,(q,z,y). Clearly, the polynomial P,(q,z,0) is the

corresponding enumerative polynomial on D,,. Note that

D"vk(q’ l‘) = Z qCpk (”):ECYC (m)

TEGH
fix (m)=k

_ n k cpk (o) ..cyc (o
_ <k>x T ke

€D,k

= (Z) a:kPn_k(q,a:, 0).

Thus
0P, (q,x,
<%> - Dn,l(Qa$) = n$Pn—1(Qa$70)'
Therefore, we get the following result.

Proposition 3. Forn > 2, the polynomials P,(q,x,0) satisfy the following recurrence relation

0P, (q,z,0 0P, (q,z,0
Poti(q,2,0) = ann(q,w,0)+2q(1—Q)% +$(1—Q)# +nxP,_1(q,2,0), (3)

with initial values Py(q,x,0) =1, P1(q,z,0) = 0, Py(q,2,0) = x and Ps(q,x,0) = (1 + q)z.

Recall that D, (q) = P,(q,1,0). For 1 < n < 7, using (@), the coefficients of D,,(q) can be

arranged as follows with D,, ;. in row n and column &:

0

1

1

4 5

11 28 5
41 153 71

162 872 759 61

In order to provide a recurrence relation for the numbers v(n,t,s,r), we first define an op-

eration. Assume that 7 is a permutation in &, with k cycles C1,C5,...,Cy, where C; =
(c{,c;,.. ,cgj) and 1 < j < k. Let ¢ : &,, & &, be defined as follows:
g gb(Cl, 027 e 7Ok) = (@(Cl), ¢(02)7 s 7¢(Ok))
e For every cycle Cj, we have
$(clschy v dl) = ((c]), 6(&), - B(c))).

e Let {ay,as,... ,a,-j} be the set of entries of the cycle C; = (c{,cé, e ,czj), and assume

that a; < az <--- <a;;. Then ¢(am) = a;;41-m, where 1 <m < i;.

For example, ¢((1,6,2,4)(3,7,5)(8)) = (6,1,4,2)(7,3,5)(8). Following [I0], we call this op-
eration a switching. Clearly, if m has t cyclic valleys, then ¢(7) has t cyclic peaks, and vice

versa.
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Theorem 4. The numbers v(n,t,s,r) satisfy the recurrence relation

Proof.

oceG,

v(n+1,t,8,7) = (2t + 25 — 2r)v(n,t,s,r) + v(n,t,s — 1,r — 1)
+ (r+ Do(n,t,s,7+ 1)+ (n+2—2t —2s +r)v(n,t — 1,s,r).

Let n be a fixed positive integer. Let o; € &,11 be the permutation obtained from

by inserting the entry n + 1 either to the left or to the right of o (i) if i € [n] or as a new

cycle (n+1) if i = n + 1. Recall that

vin+1,t,8,7) = #{0; € Spy1 : cval (0;) = t,cyc(o;) = s,fix (0;) =1}

It is evident that cval (0;) = cval (o) or cval (0;) = cval (o) + 1. There are four cases to

consider.

(a)

(d)

If o has t cyclic valleys, s cycles and r fixed points, then ¢(o) is a permutation with
t cyclic peaks, s cycles and r fixed points. Consider the permutation ¢(c), we can
appending n + 1 either at the beginning or at the end of a cycle of length greater than
or equal to 2. We can also put the entry n+ 1 on either side of some cyclic peak of ¢(o).
This means we have 2t + 2s — 2r choices for the positions of n+1. As we have v(n, s, t,r)
choices for o, the first term of the the recurrence relation is explained.

If o has t cyclic valleys, s — 1 cycles and r — 1 fixed points, then we can insert the entry
n+ 1 at the end of o to form a new cycle (n+1). As we have v(n,t,s — 1,7 — 1) choices
for o, the second term of the recurrence relation is obtained.

If o has t cyclic valleys, s cycles and r + 1 fixed points, then we can insert the entry
n + 1 to the right of a fixed points. This means we have r + 1 choices for the positions
of n+ 1. This case applies to the third term of the recurrence relation.

If o has t — 1 cyclic valleys, s cycles and r fixed points, then we can insert the entry n+1
in one of then —s — (s —r) —2(t — 1) = n+ 2 — 2t — 25 + r middle positions. As we

have v(n,t — 1, s,7) choices for o, the last term of the recurrence relation is obtained.

This completes the proof. O

We can express Theorem Ml in terms of differential operators.

Corollary 5. Forn > 1, we have

WVnl(g 2,y V(g 2,y
Var1(a,2,9) = (ng + ay)Vi + 2q(1 - ) LT | gyq g PVnlent9)
0q ox
V(g z,y)
+(1-2y+qy) ————=.
( ) Znia

By Corollary Bl we can easily compute the first few polynomials V,,(q, z,y):

Vi(g,z,y) = zy,

Va(q, z,y) = = + 2*y?,

= (44 29)z + (3 + 8y)a? + 62°y* + 2ty
= (8 + 16¢)z + (20 + 20y + 10qy)x? + (15y + 20y%)x3 + 10zy® 4 2°4°.
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Recall that M, (q) = Vy.(q,1,1). For 1 < n < 7, the coefficients of M, (g) can be arranged as

follows with Mn,k in row n and column k:

22 2
94 26
460 244 16

2532 2124 384

Let D, (g, z) be the coefficient of y* in V,,(q,z,y). Clearly, Dy i(q,x) = (Z):EkVn_k(q,x,O).

Then
V(g z,y)
dy

Hence we get the following result.

) — Dpi(g,2) = naV_1(g,,0).
y=0

Proposition 6. Forn > 2, the polynomials V,,(q,xz,0) satisfy the following recurrence relation

OV (¢, z,0) OVu(q,2,0)

with initial values Vy(q,z,0) = 1,Vi(q,2,0) = 0, Va(q,2,0) = x and V3(q,z,0) = 2z.

Vn-‘rl(q)x)()) = ann(q7gj70)+2q(1_Q) +2$(1_Q) —I—nan_l(q,x,O), (4)

Recall that D, (q) = V,n(q,1,0). For 1 < n < 7, using (@), the coefficients of D,,(q) can be

arranged as follows with En,k in row n and column k:

0

1

2

7 2

28 16
131 118 16
690 892 272

4. ON COMBINATIONS OF POLYNOMIALS AND EULER NUMBERS

Recall that M,(q) = P.(q,1,1), M,(q) = Vi(q,1,1), Dn(q) = P,(q,1,0) and D,(q) =
Vn(g,1,0). It is easy to verify that deg M,,(q) = deg D,,(q) = L"T_lj and deg M,,(¢q) = deg D,,(q) =
5] —1forn>2.

We define

Ru(q) = My(q®) + ¢M,(¢*) forn > 3.
Let Ry(q) = Zk>0 Rn,qu- Then for n > 3, we have

k-1 if kis odd,
2

k if k£ is even.
2

Mn
Rn,k = ’
Mn
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The nth Bell number B, counts the number of partitions of [n] into non-empty blocks (see [I8],
A000110] for details). Recall that M, o = #{m € &,, : cpk (1) = 0}. Take a permutation
m=(m(i1),...)(7(i2),...) - (7(i5),...)
counted by M, o. Erasing the parentheses, we get a partition of [n] with j blocks. Hence
Ryo= Mypo = By. (5)
Set Ri(z) =1 and Ry(z) =2+ 2. For 1 < n < 6, the coefficients of R,,(¢) can be arranged as

follows with R, 1 in row n and column k:

6 1
15 22 9 2
52 94 63 26 5
203 460 416 244 101 16

We define
I,(9) = Dy(¢®) + ¢Dy(q?) forn > 2.

Let In(q) = Y =0 Inkq". Then for n > 2, we have

ﬁn k-1 if k is odd,
In,k = T2
D, & if k is even.
72

Recall that D,, g = #{m € D,, : cpk (7) = 0}. Take a permutation

7= (@(p1),.. )7 (p2), ) -+ (w(py)s - )

counted by D, o. When n > 2, erasing the parentheses, we get a partition of [n] into k blocks
of size at least 2. Therefore, Dy, o = > ;- T'(n, k) for n > 2, where T'(n, k) is the associated
Stirling numbers of second kind. Set I;(¢) = 1. For 1 < n < 6, the coefficients of I,,(¢) can be

arranged as follows with I,, 5, in row n and column &:

5 2
11 28 28 16 5
41 131 153 118 71 16

1
1
1 2
4

Note that
Mop i1k = Dopy1p = #{m € Sapy1 : cpk (m) = k}

and
Mopyok = Dopyog = #{m € Sapy2 : cval (1) = k}.

Then from [9, Proposition 2.1], we get the following result.

Proposition 7. For n > 0, we have R,y1, = Iny1n = Ey.
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Let ag,a1,a2...,a, be a sequence of nonnegative real numbers. The sequence is said to
be log-concave if a;—1a;41 < a? fori=1,2,...,n — 1. We end this section by proposing the
following.

Conjecture 8. Forn > 1, the sequences of coefficients of the polynomials R, (x) and I,(x) are

both log-concave.

5. GENERATING FUNCTIONS

We present in the present section the exponential generating functions of P, (g,z,y) and

Vi(q, z,y). Towards this end, we define
P(q,z,y,2) = > _ Pul q,wy— and V(g 2,9,2) =Y Val q,wy
n=0 n=>0

Instead of computing P(q,z,y,z) and V(q,x,y,z) directly, we first consider P(q,z,0,z) and

V(q,z,0, z) since their recurrence relations involve less partial derivatives.

Theorem 9. The generating functions P = P(q,x,0,z) and V =V (q,x,0, z) satisfy the follow-
ing partial differential equations (PDEs)

OP OP OP

(1-— qz)a + 2q(q — 1)8_q +x(q — 1)% = xzP,
oV oV oV

(1-— qz)a +2q(q — 1)8_q + 2x(q — 1)% = xzV,

and whose solutions are

.2 = (VI ) (Ve g Ve D)

xz

q

2,0, 2) = e %¥/4 ¢—1
Vig,0.2) (e v

respectively.

Proof. We first prove the assertions for V = V(q,,0, z). Multiplying [{@]) by 2" /n!, followed by
summing over n > 1, and using the fact that Vi(q,z,0) = 0, we get

ik 8Vn(Q7x7O) 8VN(Q7:’E7O)
> Var1(g,,0)— = > [ann(q,x, 0) +2q(1 — Ny  T2l-0—p —
n>1 n>1
+nxVy-1(q, x, 0)] )
whence the PDE for V:
oV oV oV
1—qz)— +2q(qg — 1)=— + 22(q — 1)— = 22V.
(1—qz) 5 T q(q—1) ot z(q )ax z2V. (6)

In view of the so-called S-extension [20] (see also [19] §7] for an instance of it), we may assume
that V(q,x,0,z) = v(q, z)* for some function v. Then

8_‘/ o m—l@ a_V o x—l@ 8‘/
FE 0q - dq’ Oz
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so that (@) becomes

ov ov
(1—qz)&+2q(q—1)a—q =zv—2(¢q—1)vinw. (7)

Next, we let w = Inwv. Then

10v Ow 10v B ow

09z 0z wdq 0q
and () becomes the following linear PDE:

ow

(1= a2) 50 + 2000 - D50 ==~ 20 - Q

with auxiliary system
dz dq B dw
1—qz 2q(q—1) z—2(q—1Dw’
Solving the ordinary differential equation arising from the first equality, namely,

dz z B 1

R _|_ R
dg = 2(¢—1)  2q(q—1)
we obtain the characteristic defined by

¢1 = tan™! vVqg—1—2vq—1,

where ¢ is an arbitrary constant. On this characteristic, (8) becomes the following linear ODE:

dw tan"lyg—1—¢
2q(qg —1)— = —2(¢g — 1w

whose solution is

z 1 -1 c
w(q, z) = ——+2—ln<q—> +2
q q q q

(e et

q

where co = f(c1) and f is a function to be determined.
Since V(q,2,0,0) = v(q,0)* =1 for all z, it follows that v(g,0) = 1 so that

f(tan_l\/q——l):%1n< 4 )

q—1
Letting v = tan~! /g — I, we then have ¢ = 1 + tan? u = sec® u and hence

1 2
flu) = —ln<ﬂ> = —Insinu.

secZu — 1

Since

f(tan™t Va—1-2y/q—1)=—Insin(z\/qg — 1 — 2y/q— 1)

= ln<\/q =T cos(2v/q :/f) — sin(z\/q——l)>7

we obtain that

V(q7 ':U7 07 Z) = U(q7 Z)x = ewx =

e—:cz/q V4 — 1 a ]
Vq—Tcos(z/q—1) —sin(zy/q — 1)
By imitating the above calculations, one can obtain the corresponding assertions for P =

P(q,z,0, z), whose details are left to the interested readers. O
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Corollary 10. The exponential generating functions P(q,x,y,z) and V(q,z,y,z) have the fol-

lowing explicit expressions:

Plava) = 0 [ (VE) (YL eV e 3]

x

_ zz(y-1/g) ve—1 ’
Vig 0.y, 2) = et <\/Q—1cos(z\/q—1)—sin(zx/q——1)> ’

respectively.

Proof. Let o € &,, have k fixed points. There are (Z) choices of fixed points. If 7 is the
partial permutation obtained by deleting all the fixed points of o, then cyc (o) = cyc (1) + k
and cval (o) = cval (1) since only f-cycles (¢ > 3) of o contribute to cval (o). Thus, V,,(¢,x,y) =
Sio (0)Va—i(q, z, 0)(:L°y)k follows. Hence,

nZ%V q,a:y i Z%g%( > (@, 0)($y) 2

—k

Z xyz Zvn ) q7x O ( k)

k>0 n>k
_ e:cyze—:cz/q Vag—1 E‘
Vq—Tcos(zv/q—1) —sin(zy/q — 1)

thus proving the assertion for V(q,x,y, z). The corresponding assertion for P(q,z,y, z) follows

from similar consideration. O

In Section @], we combinatorially prove that the nth Bell number B, is the constant term of
M, (0), i.e.,
M, (0) = M, o = B,.
We now present a generating function proof of this result. Since M, (q) = P,(q,1,1), we have

ZMn(O)Z— —lim > Pu(q, 1,1)

. q—0
n=>0 n=0

TL

(4 (T e

Denote the limit on the right by L. It is easy to see that L is of the indeterminate form 1°°. So,

by ’'Hopital’s rule, we have
V@—1\ (/@ +cos(zy/q— 1) + /g —Tsin(z\/q — 1)
In L = lim In -
9—0 2,/q V3+1)\\/q—cos(zy/q—1) —/q—1sin(zy/q —1)

=coshz+sinhz — 1 =¢* — 1.

Consequently,
2" 2
ZMn(O)— =e° 7,
n!
n=0
the right side being the exponential generating function of B,,, thus proving M, (0) = B,.
Let i = /—1. Note that cosh(xz) = cos(iz) and sinh(x) = —isin(iz). Combining () and
Corollary [I0] we get the following result.
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Theorem 11. We have

2|8

Vig,z,y,2) = e“(y_l/q)W(q,z) .

6. A PELL NUMBER IDENTITY

The Pell numbers P,, are defined by the recurrence relation
P,=2P, 1+ P, o, n=23,...,

with initial values Py = 0 and P; = 1. Other known facts about the Pell numbers include the

Binet formula: for n =0,1,2,...,

(1L+v2)" - (- V2"

P, = Wi ,
and the exponential generating function:
X yn V2 (1-V2)y
;:%an = 7 :

The Pell numbers can be expressed as (—1)-evaluation of V;,(¢, 1,0), as the next theorem shows.

Theorem 12. We have forn > 1,

> ()2 = P,y 9)

U€D7L

Proof. By setting z =1 and ¢ = —1 in V(q, z,0, z), we see that

V(-1,1,0,2) = €* (\/—_2008(2\/—_2) — sin(zx/—_2)) (=2)71/2

(V2 + D 4 (v2 - Dev™]
23

o
::1+_§:]%r1ZTu

n>1

since

ZTL z Sn
ZP’HH:/O ZPans

n>1 n=0

1 ? S — S
-7 /0 (e1+VDs _ (1-VD)s) 4o

_ V2 DeY® + (vV2+De V]
- NG ,

Equating the coefficients of z™ on both sides, (@) follows. O
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7. RELATIONSHIP TO ALTERNATING RUNS

Let m = w(1)7(2)---7(n) € &,. We say that 7 changes direction at position ¢ if either
w(i—1) < 7(i) > w(i+ 1), or w(t — 1) > 7(i) < w(i + 1), where i € {2,3,...,n —1}. We
say that m has k alternating runs if there are k — 1 indices ¢ such that 7w changes direction at
these positions. Let R(n, k) denote the number of permutations in &,, with k alternating runs.

André [I] found that the numbers R(n, k) satisfy the following recurrence relation
R(n,k) =kR(n—1,k)+2R(n—1,k—1)+ (n —k)R(n — 1,k — 2) (10)

for n,k > 1, where R(1,0) =1 and R(1,k) =0 for k > 1.
=

For n > 1, we define R,(q) = S.721 R(n, k)¢®. Then by (I0), we obtain

Ruy2(q) = q(ng+ 2)Rps1(q) +q (1 — ¢*) R,y (q), (11)

with initial value R1(q) = 1. The first few terms of R, (q)’s are given as follows:

There is a large literature devoted to the numbers R(n, k) (see [I8, A059427]). The reader is
referred to [4) 13| 21] for recent progress on this subject. In a series of papers [5l [ [7], Carlitz
studied generating functions for the numbers R(n, k). In particular, Carlitz [5] proved that

<1—q> 1 —¢2 +sin(zy/1 - ¢?) ’
L+gq q —cos(zy/1—q?) '

B o) o n -
H(q,2) =) HZR(HJF 1, k)q
n=0 " k=0
Instead of considering > 7_, R(n + 1,k)¢" % as Carlitz did, we shall study

R0 =Y Ran@)y.

n=0 :

It is clear that R(q,z) = H(%, qz). Hence

R(q,2) = (q_ 1) <\/q2—_1+qsin(z Q> — 1))2.

q+1 1—gqcos(zy/q? — 1)
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Let u =sec™ !¢, i.e., secu = g. Then

cosu — cos(zy/q% — 1)

u—z\/q?—1
COS — 3

)
s (1)

_ 1+cos(u—zyq?—1)
1 —cos(u—zy/q% —1)
q+cos(zy/q? — 1)+ y/q? — 1sin(z4/¢%? — 1)

q — cos(zv/@ — 1) — /2 — Isin(z/® — 1)

where in the second, third and fourth equality, we have applied the following results:

/a2 — 1 _ /a2 — 1
sinw +sin(zy/¢? — 1) = ZSin<u> cos<%>,

2 2
<u+z q* — ) <u—z q —1>
cosu — cos(z\/q2 — 1) = —2sin ,
— — _ /g2 — 1
cos(u—z q? —ZCOS< : q ) in2<%>,

cos(u—z\/(ﬂ——l)zcos 2/ ¢ — +\/ — 1sin(zy/¢? — ),

respectively. Thus, we have

(-1 q+cos(z/q? — 1) + /% — 1sin(z/¢2 — 1)
RBle.#) = <q + 1) <q —cos(2v/¢> — 1) = v/¢? — 1sin(2\/q2——1)>' "

Alternatively, by imitating the proof of Theorem [ it can be shown that R = R(q, z) satisfies

the following linear partial differential equation

OR R

1- 2 1 - 1)L = 4R
(1=2q) 5 +ale” 1) 5 = 2R,
with initial condition R(q,0) = R;1(q) = 1 and whose solution is ([I2]).

Combining (I2)) and Corollary [I0] we get the following result.

Theorem 13. We have

x

P(q,,y,2) = W VR(/q,2)2va.
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