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ON AN IDEAL OF MULTISYMMETRIC POLYNOMIALS
ASSOCIATED WITH PERFECT CUBOIDS.

RUSLAN SHARIPOV

ABSTRACT. A perfect Euler cuboid is a rectangular parallelepiped with integer edges,
with integer face diagonals, and with integer space diagonal as well. Finding such
parallelepipeds or proving their non-existence is an old unsolved mathematical prob-
lem. Algebraically the problem is described by a system of Diophantine equations.
Symmetry approach to the cuboid problem is based on the natural S3 symmetry of
its Diophantine equations. Factorizing these equations with respect to their S3 sym-
metry, one gets some certain ideal within the ring of multisymmetric polynomials. In
the present paper this ideal is completely calculated and presented through its basis.

1. INTRODUCTION.

The search for perfect cuboids extends from now back to the year of 1719 (see
[1-39]), though one needs only to solve a very small system of Diophantine equations
with respect to seven integer variables x1, x2, 3, d1, do, d3, and L:

(551)2 + (.%'2)2 - (d/3)2 =0, (d3)2 + (£C3)2 —L? = 0,
(2)* + (23)° — (d1)? = 0, (d)? + (z1)? = L* =0, (1.1)
(.%'3)2 + (.%'1)2 - (d2)2 =0, (d2)2 + (£C2)2 —L?=0

Here z1, x2, x3 are the edges of a cuboid and dy, ds, d3 are its face diagonals, while
L is its space diagonal. Actually the number of the equations (1.1) can be reduced
from six to four since the equations of the right column in (1.1) are equivalent to
one equation (x1)? + (22)? + (23)% = L%

Recently in [40] the equations (1.1) were reduced to a single Diophantine equation
with respect to four especially introduced parameters a, b, ¢, and u. On the base of
this equation in [41] three cuboid conjectures were formulated. These conjectures
were studied in [42-44]. However, they are not yet proved.

In [45] another approach to the equations (1.1) was tested. It is based on the
intrinsic S3 symmetry of the equations (1.1). Indeed, if o € S5, then we can write

0'(5[:1) = Toiy O'(dl) = dm', O'(L) =L. (12)
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Each transformation o € S3 permutes the equations (1.1), but the system in whole
remains unchanged. Factor equations are produced from (1.1) by introducing new
variables which are unchanged under the transformations (1.2). In [45] such vari-
ables were defined as values of elementary multisymmetric polynomials:

€0 = 1 + X2 + T3,
€200 = T1 T2 + T2 T3 + X3 71, (1.3)

€[3,00 = L1 T2 T3,

w1 = d1 +d2 + ds,
€p,2) = d1da + dads + d3 dn, (1.4)
€l0,3] = dy da d3;

€2 = T1 T2 d3 + 2 3 d1 + 3 21 da,
enq =x1de +dyx2 +20ds +dapxs +x3d +d3xq, (1.5)
€,2) = X1 dods + xodszdy + x3dy ds.

The polynomials (1.3) coincide with regular elementary symmetric polynomials
in x1, x2, x3 (see [46]). The polynomials (1.4) coincide with regular elementary
symmetric polynomials in dy, da, ds. As for the polynomials (1.5), they are actually
multisymmetric, i. e. they depend on double set of variables.

General multisymmetric polynomials, which are also known as vector symmetric
polynomials, diagonally symmetric polynomials, McMahon polynomials etc, were
initially studied in [47-53] (see also later publications [54-67]).

A general multisymmetric polynomial in our case is defined as an element of the
ring Q[z1, x2, x2,d1, do,ds, L] invariant with respect to the transformations (1.2).
The variables x1, x2, x3 and dy, ds, d3 are usually arranged into a matrix:

r1 T2 X3

di dy ds

. (1.6)

Due to (1.2) the group S3 act upon the matrix (1.6) by permuting its columns. The
polynomials from Q[z1, 22, 22, dy, da, d3, L] invariant with respect this action of S3
constitute a ring!. We denote this ring through SymQ[M, L].

Let’s denote through p1, p2, ps3, P4, P5, Pe the left hand sides of the cuboid
equations (1.1). Then we have the following six polynomials:

p1 = (21)% + (z2)? — (d3)?, pa = (d3)? + (v3)? — L2,
p2 = (x2)* + (x3)” — (d1)?, ps = (d1)? + (x1)* — L?, (1.7)
p3 = (x3)* + (21)* — (d2)?, pe = (d2)? + (w2)* — L*.

The polynomials (1.7) generate an ideal in the ring Q[x1, 2, x2, d1,d2, ds, L]:

I={(p1,p2,P3,P4,D5:P6)- (1.8)

L Actually both rings Q[z1, 22, x2,d1,d2,ds, L] and SymQ[M, L] are algebras over the field of
rational numbers Q.
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The intersection of the ideal (1.8) with the subring SymQ[M, L] of the polynomial
ring Q[x1, xo, T2, d1, da, ds, L] is an ideal in SymQ[M, L]:

Iym = I N SymQ[M, L. (1.9)

Definition 1.1. A polynomial equation p(z1,22,x2,d;,ds,ds, L) = 0 with the
polynomial p € Iy is called a factor equation of the cuboid equations (1.1) with
respect to their S3 symmetry.

The main goal of this paper is to describe the ideal (1.9) in the ring of multi-
symmetric polynomials by calculating a finite basis of this ideal.

2. THE SUBSTITUTION HOMOMORPHISM.

Let Q[E, L] = Q[Elo, EQO, Ego, E()l, EOQ, Eog, Egl, Ell; Elg, L] be a polynomial
ring with ten independent variables. If ¢ € Q[F, L], then substituting the elemen-
tary multisymmetric polynomials (1.3), (1.4), and (1.5) for E1g, E29, FE30, Eo1, Eoz,
Eos, Ea1, E11, E12 into the arguments of ¢, we get a polynomial p € SymQ[M, L].
This means that we have a mapping

v: Q[E, L] — SymQ|[M, L]. (2.1)

It is easy to see that the mapping (2.1) is a ring homomorphism. Such a homomor-
phism is called a substitution homomorphism.

Theorem 2.1. The elementary multisymmetric polynomials (1.3), (1.4), and (1.5)
generate the ring of all multisymmetric polynomials, i. e. each multisymmetric poly-
nomial p € SymQ[M, L] can be expressed as a polynomial with rational coefficients
through these elementary multisymmetric polynomials.

The theorem 2.1 is known as the fundamental theorem for elementary multi-
symmetric polynomials. Its proof can be found in [53]. The theorem 2.1 means
that the mapping (2.1) is surjective. Unfortunately the elementary multisymmetric
polynomials (1.3), (1.4), and (1.5) are not algebraically independent over Q. For
this reason the homomorphism (2.1) is not bijective. It has a nonzero kernel:

Keryp = K # {0}. (2.2)

The kernel (2.2) is an ideal of the ring Q[FE, L]. According to Hilbert’s basis theorem
(see [68] and [69]) each ideal of the Q[F, L] is finitely generated. This means that

K={q1,...,qn). (2.3)

At present time I know seven polynomials belonging to the ideal (2.3). They are
found by means of direct calculations. Here is the first of these seven polynomials:

q1 = 4 Eo1 Eoz2 E2o — Eo2 Efy Eon — By Eao +
+ Evo E11 E3) — B}, Eo1 — 2 Evo Eo1 E12 + 3 Eos Bfy — (2.4)
—9 Eo3 Eag — 3 B2y Eo2 + Eoy E3y + 3 Eyq Ero,
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The other six polynomials are given by the following formulas:

q2 = 4 E19 B2 Eo2 — B2 E5, E1o — E3y Eo2 +
+ Eo1 E11 B3y — E%, Evo — 2 Eo1 E1g Fay + 3 E3o B2, — (2.5)
— 9 E30 Ega — 3 E12 Eoo + Er2 E3y + 3 E1q Ea,

q3 = 9 Foy Byy — E3) Eyg Ea1 — 6 E19 By Eia — 6 Egy Evg Eap +
+5 Eo1 B}y F1a — 3 E3, + 7T E19 E}, Eog1 + 12 Eyy Eog Ego —
—3E3 FE11 Eog —3Eg By E1y —4E3 E?) Eyy — 81 Egz E3p + (2.6)
+ 18 Eo1 Eo2 E30 — 3 B3y 3o + 36 Eag E1o Eoz — 9 Eoz B3y —
— 16 Eo1 Eo2 Eso Evo + 4 B3y E19 Exo + 4 Eo1 E} Eoa,

q1 =3 Eo1 B3, — 2 E3) Eo1 Eag — 9 Egy Era B3 +
+ Ero E12 Eo1 Eag — B}y Exo Eo1 + 3 Eg, Eso Bi1 + Ev1 Eog Egy Evo — (2.7)
— 3 Eo1 E30 Eo2 Evo + 4 Eo1 B3y Eg2 — Ejy B3y — Eo1 Eag Efy Eoa,

g5 = —27 E1o E21 Eoz + E1o By Ea1 + 9 Evo B}y — B} Evo Egy —
—6 Eo2 Evo B}y — 2 B3y E1a B}y — 3 Eo2 E?, E1g — Egy E3y Eg2 +
+9FEyy Eoz Efy + 3 Eo1 Eog E?) E11 + E3y E11 By — 3 Ejy E5y + (2.8)
+3 By Eo1 Eos + 12 E1o Ex Egy + Eoz Eao Egy Ero —
— Egy Ex Evo — 18 Evg En Eos Eao + 3 E11 Eoy Evo Era,

g6 = —27 Eo3 E21 + Fa1 E3y + 9 E}y + 3 B12 Egp Eq1 —
—2Eg, Evg Evg — 3 Eoz B}y — Egy B}y + 9 Eoz Evi Exg —
— 3 B}y E3, + 3 Eo1 Eg2 Ev1 Evo + Ey E11 Ero — (2.9)
~18 Eao Eo1 Eo3 + 3 Eo3 Eoy B3y — 6 Egz E19 B12 —
— Ej, Eao + 12 E2, Esg + E2, Eo2 Exo — E3y B3 Eoa,

q7 = 3 E3 — 2 Ey Eqy Ea1 — 9 Esg E1o + Eig 1 By —
— Eoo E?, +3 E30 Evy Eo1 + Eig Foo E11 Eo1 — (2.10)
— 3 FEgs Fig E3p + 4 ESO FEyo — E§1 E220 — E120 FEoq Eps.

Theorem 2.2. Seven polynomials (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), (2.10)

constitute a basis for the ideal K being the kernel of the homomorphism (2.1).
Proving the theorem 2.1 is an algorithmically solvable problem. For this purpose

the Grobner bases technique should be applied to the ring

Q[x1, w2, w3, d1, da, d3, F10, Eao, E30, Eo1, Eo2, Eos, E21, Er1, Erg, L. (2.11)

Grobner bases are associated with monomial orderings (see [69] or [70]). The lexi-
cographic ordering (lex) is the most simple one. It is defined through some ordering
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of variables. In the case of the ring (2.11) one should choose the ordering

Ty > X9 >x3>dy >do >dsy > FEyy > Eio > Eyp >

2.12
> Fs3g > Eos > Eog > Ego > E1g > Eg1 > L. ( )

Due to the lexicographic ordering based on (2.12) each polynomial 7 of the ring
(2.11) gains its leading term LT(r) with respect to this lex-ordering.

Definition 2.1. For each ideal I of a polynomial ring the ideal LT([) is generated
by leading terms of all polynomials of this ideal.

Definition 2.2. A basis rq, ... ,rs of an ideal I is called a Grébner basis if the
leading terms LT(71), ... ,LT(rs) generate the ideal LT(I).

An algorithm for computing Grébner bases was first published by Bruno Buch-
berger in 1965 in his PhD thesis [71]. Wolfgang Grobner was Buchberger’s thesis
adviser. Similar algorithms were developed for local rings by Heisuke Hironaka in
1964 (see [72] and [73]) and for free Lie algebras by A. I. Shirshov in 1962 (see [74]).

The ring (2.11) comprises both of the rings Q[M, L] and Q[E, L]. For this reason
one can consider the following nine polynomials in this ring:

r1 = FE19 — €n0), ro = Eag — €2,0, r3 = E30 — €3.0)
ry = Eo1 — €j0,1), r5 = Eo2 — €0, re = Eoz — €03 (2.13)
r7 = Ey1 — €pqy, rg = Ei1 —epq, rg = Ei3 — € 9.

The polynomials (2.13) are constructed with the use of the elementary multisym-
metric polynomials (1.3), (1.4), and (1.5). They generate the ideal

Ko = (r1,72,73,74,75,76,77,78,79) (2.14)

of the ring (2.11). The kernel of the homomorphism (2.1) in (2.2) coincides with
the 6-th elimination ideal for the ideal (2.14) with respect to the ordering (2.12):

K =Kerp = K = Ko N Q|[E, L. (2.15)
Definition 2.3. Let I be an ideal in the polynomial ring Q[z1,...,2,]. Then
the intersection of the ideal I with the subring Q[zg41,... 2] C Qx1, ..., z,] is

called the k-th elimination ideal of the ideal I:

I, = Iﬁ@[karl, c ,:Z?n]. (216)

Theorem 2.3 (elimination theorem). Let I be an ideal in the polynomial ring

Qlx1,...,zn] and let G = {g1, ..., gs} be its Grobner basis with respect to the
lex-ordering with x1 > xo > ... > x,. Then for any 0 < k < n the intersection
Gr = GNQak+1, ... 0] (2.17)

is a Grobner basis for the k-th elimination ideal Ij.

The definition 2.3 and the formula (2.16) explain the formula (2.15), while the
theorem 2.3 along with the formula (2.17) yields an algorithm for calculating a
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basis for the ideal (2.2) and thus for proving the theorem 2.2. The proof of the
theorem 2.3 can be found in [69].

The algorithm provided by the theorem 2.3 is already implemented in many
packages for symbolic computations. For instance, the Maxima package (version
5.22.1) contains the Grobner subpackage (revision 1.6) with the command

poly_elimination_ideal(L,k,V), (2.18)

where L is a list of polynomials, k is the integer number from (2.17), and V is a
list of variables. Due to (2.12), (2.13), and (2.15) in my case I have k = 6 and

L= [Tl,7'2,T3,T’4,T’5,T6,T7,T8,Tg],
V = [x1,22,23,d1,d2,d3, Ea1, E12, E11, E30, Eo3, E20, Eo2, E10, Eo1, L.

After running the command (2.18) with the above parameters on a machine with
dual core Prescott 2.8E Intel Pentium-4 processor and with 500 megabytes RAM on
board I have got a Grobner basis G of the ideal K consisting of 14 polynomials.
Some of them are rather huge for to typeset them here. Using this Grobner basis, 1
have verified that the polynomials (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), and (2.10)
do actually belong to the kernel of the homomorphism (2.1).

Conversely, the polynomials (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), and (2.10)
generate their own Grébner basis Gg. Using this second Grobner basis G, I have
tested each polynomial of the first Grobner basis Gx and have found that all of
these polynomials belong to the ideal @ = <q1, q2,43,494,45,q6, q7> generated by
the polynomials (2.4), (2.5), (2.6), (2.7), (2.8), (2.9), and (2.10). This result means
that the ideals K = Kery and @ do coincide, i.e. I have got a computer aided
proof of the theorem 2.2.

3. THE FINE STRUCTURE OF THE IDEAL Igy,.

The ideal I producing Iy in (1.9) is generated by six polynomials (1.7) in (1.8).
Actually, the number of generating polynomials of the ideal I can be reduced from
six to four. Indeed, we can write

I'=(po,p1,p2,p3), (3.1)
where pg is a symmetric polynomial given by the formula
po = (21)% + (22)? + (z3)? — L2 (3.2)
Due to the relationship (3.1) each polynomial p € Iy, is written as

3
D= Oéop0+zaipi, (3.3)

=1

where «; € Q[M, L]. Since p is a multisymmetric polynomial, it should be invariant
with respect to the symmetrization operator S defined by the formula

S = 076@). (3.4)
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The invariance of p with respect to the operator (3.4) is written as p = S(p).
Therefore, applying S to (3.3), we derive the formula

3
p=S(aopo) + Y S(aipi). (3.5)

i=1

Now let’s recall the formulas (1.2). Applying them to the polynomials (1.7) and
(3.2), we derive the analogous formulas

o(pi) = Pois a(po) = po (3.6)

for p1, p2, ps, and po. Relying on (3.6) we introduce the following notations:

6o = (o). a= Y T 0m) (37)

oS3
Using (3.7), we can transform the formula (3.5) as follows:

3
p= dopo-i-zdipi- (3.8)

i=1
The formula (3.8) is analogous to the formula (3.3). However, unlike the original
coefficients oy, ag, ag, and ag in (3.3), the coefficients (3.7) obey the relationships
O'(dl) = dgi, U(do) = do. (39)
The formulas (3.8) and (3.9) mean that we have proved the following lemma.
Lemma 3.1. Each polynomial p € Isyy, = INSymQ[M, L] is given by the formula
(3.3) with the coefficients o; € Q[M, L] obeying the relationships
o) = gy o(ap) = ap. (3.10)

The formulas (3.10) in the lemma 3.1 are important since, applying them back
to the formula (3.5) and taking into account (3.6), we derive

p=aopo+3S(a1p1). (3.11)

Note that a3 € Q[M, L] in (3.11) is a polynomial, i.e. it is a sum of monomials:

o = E Osjkmnrs T ) x§ di"dy d; L°. (3.12)
.5,k
m,n,r,s

Substituting (3.12) into the formula (3.11), we easily derive the following lemma.

Lemma 3.2. The ideal Iy, = I N SymQ[M, L] of the ring SymQ[M, L] is gene-
rated by the polynomial po and by various polynomials of the form

S(py 2t o) b d" dy dj L®). (3.13)

Note that the factor L® is invariant with respect to the operator S. It can be
split out from the polynomial (3.13). Similarly, if g = min(é,4,k) > 0 and/or
v = min(m,n,r) > 0, we can split out the invariant factors (x; xg x3)* and/or
(dy d2d3)”. As a result we modify the lemma 3.2 as follows.
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Lemma 3.3. The ideal Iy = I N SymQ[M, L] of the ring SymQ[M, L] is gene-
rated by the polynomial po and by various polynomials of the form

i 0k gm o gn gr
S(praixy x5 di" dy d3),
where at least one of the nonnegative numbers i, j, k is zero and at least one of the
nonnegative numbers m, n, r is zero.

The lemma 3.3 yields a basis for the ideal Isy,. However this basis is not finite.
Getting a finite basis of the ideal Iy, is a little bit more tricky.

4. PARTIALLY MULTISYMMETRIC POLYNOMIALS.

Let’s consider the formulas (3.10). The polynomial «q in (3.10) is multisymmet-
ric, i.e. it is invariant with respect to the transformations (1.2) for all o € S5. As
for the polynomials a1, a2, and a3 in (3.10), they are partially multisymmetric.
The formulas (3.10) for these polynomials yield

o(ay) = ap if and only if o1 =1,
o(ag) = ay if and only if 02 =2, (4.1)

o(a3) = as if and only if ¢3 = 3.

The formulas (4.1) mean that the polynomials o1, as, and ag are Sy invariant, but
they are invariant with respect to different subgroups of the group Ss isomorphic
to the group S2. In order to describe such partially multisymmetric polynomials
we split out the following three matrices from the matrix (1.6):

T2 I3

dey ds

xr1 I3

di ds

L)

M, =
di da

, My = : M, = . (4.2)

Like the matrix (1.6), the matrices (4.2) can be used for producing elementary
multisymmetric polynomials. Here are these polynomials:

fooll] = 22 + 23, foall] = z2 73,
fon[l] = d2 + ds, fon[l] = da ds,
foal2] =25 + 21, fel2] = x5 21, 43)
fon[2] =ds +di, fon[2] = dsdy,
Jo.al3] = o1 + 22, Jiz.0[3] = @1 @2,
fon[3] = di + da, fon[3] = di do

Apart from (4.3) there are three other elementary multisymmetric polynomials:

funll] = z2ds + x3da,
funl2] = z3dy + 21 ds, (4.4)
funBl =z1ds +22dy.

The polynomials in (4.3) and (4.4) are subdivided into three groups depending on
which matrix (4.2) is used for their production.
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Like a1, aa, and ag, the polynomials (4.3) and (4.4) are partially multisymmetric.
They obey the following relationships very similar to (3.10):

o(fuoli]) = fialodl, o(fo0li]) = foaloil,
o(foulil) = foulodl, o(fio2[i]) = foloil, (4.5)
o(funld]) = fuuloi.

The polynomials (4.3) and (4.4) obey a theorem similar to the theorem 2.1.

Theorem 4.1. The elementary multisymmetric polynomials fi o), fiz.005 fros fro.2s
f1y generate the ring of all So multisymmetric polynomials, i. e. each So multisym-
metric polynomial can be expressed as a polynomial with rational coefficients through
these elementary multisymmetric polynomials.

The theorem 4.1 is an Sy version of the fundamental theorem on elementary
multisymmetric polynomials which is formulated for the general case of .S,, multi-
symmetric polynomials (see [53]). Applying this theorem to aq, as, and as, we get

QG = g; (xiv div f[l,O] [Z]v f[2,0] [Z]a f[O,l] [Z]v f[0,2] [Z]v f[l,l] [Z]a L)a (46)

where g; is some polynomial of eight independent variables. The polynomials a;,
a2, and ag are not independent. They are related to each other by means of the
formulas (3.10). Therefore, applying (1.2), (3.10), and (4.5) to (4.6), we conclude
that the polynomials ¢; in (4.6) can be chosen so that they do coincide, i. e.

q1 =42 = 43 = Q(xv d, f[l,O]vf[2,0]7 f[o,l]a f[0,2]7 f[1,1]7 L) (4-7)
Applying (4.7) to (4.6), we write (4.6) as follows:
i = q(wi, diy fr10[i); fre.olils foulil foalis foulil, L), (4.8)

Now let’s return back to the formulas (3.5) and (3.11). Applying (4.8) to (3.11),
we get the following expression for p:

p=agpo+3S(gp1). (4.9)

Here ¢ = q(x1, d1, fu.0ll]; fz.ollls fonl[l]s foall], fuygll], L) and S is the symmetri-
zation operator (3.4). The formula (4.9) applies to any polynomial p € Lgyy,.

5. THE MODULE STRUCTURE OF THE IDEAL Igyp,.

Each ideal is a module over that ring for which it is an ideal. When applied to
the ideal Iy, this fact means that

p € Iyym implies ap € Iy, for any o € SymQ[M, L. (5.1)

Relying on (5.1), let us consider the the product ap for a polynomial p given by
the formula (4.9). As a result we obtain the formula

ap =aagpo+3aS(gp1). (5.2)
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Note that a in (5.2) is a multisymmetric polynomial. Therefore it goes through the
symmetrization operator S as a scalar factor. This yields

ap=aagpo+3S(agpr). (5.3)

Comparing the formulas (5.3) and (4.9), we conclude that the multiplication by «
in Isym is equivalent to the transformation

ap — oo, q— agq. (5.4)

The polynomial « in the formulas (5.4) is expressed the through elementary multi-
symmetric polynomials (1.3), (1.4), and (1.5):

a = a(e[l,o] » €12,015 €13,015 €[0,1]5 €[0,2]5 €[0,3]» €[2,1]5 €[1,1]5 €[1,2]» L)7 (55)

while the polynomial ¢ in (5.4) is given by the formula

q=q(x1,ds, S0 (1], Jizol (1], fion (1], froz (1], S [1],L) (5.6)

Formally, the polynomials o and ¢ depend on different sets of variables, though
due to (1.3), (1.4), (1.5), (4.3), and (4.4) both sets reduce to 1, w2, x3, d1, da, ds,
and L. Our next goal is to study the mutual relations of arguments in (5.5) and
(5.6). By means of direct calculations we derive the formulas

foall] = eno — 21, feall] =epo — 21600 + I%, (5.7)
f[[),l][l] = €0,1) — T1, f[0,2] [1] = €0,2) — dy €0, t d12-
The polynomial f, ,;[1] is reexpressed by the formula
funlll =eny —diepo —T1epy +2di 21, (5.8)
In addition to (5.7) and (5.8), there are the following four equations:
LL‘? = ,T% €100 — L1 €20 T €[3,05 (5 9)
d} = df ejor) — di €z + €091, .
2dyx x? T d 1
dq ,T% = Zl)’ ! €110 ?1 €0,1] — ?1 €1 — ?1 €[2,0) T g €2,1]5 (5 0
2 25[:1 dl d12 dl T ' )
r1dy = 3 Con + 3 fno T g fna T g Coa + 3 fna-

The equations (5.9) and (5.10) are easily derived by means of direct calculations
with the use of the formulas (1.3), (1.4), and (1.5).

Let’s substitute (5.7) and (5.8) into the arguments of the polynomial (5.6). As
a result the polynomial ¢ is expressed in the form

q= Cj(xl ydy, €11,015 €12,015 €[3,01» €[0,1]» €[0,2]5 €[0,3] €[2,1]» €[1,1]5 €[1,2]» L)7 (511)
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where ¢ is some arbitrary polynomial of twelve variables. The first formula (5.9)
expresses 3 through 7 and ;. Similarly, the second formula (5.9) expresses d;
through d? and d;. Therefore, without loss of generality we can assume that the
order of the polynomial ¢ in 1 and in d; is not higher than 2, i. e. the variables x
and d; enter this polynomial through the following monomials:

x% dlz, x% dl, X1 d12, T dl, .I%, dlz, I, dl, 1. (512)

Due to the equations (5.10) we can exclude the monomials 27 d; and z; d? from
the above list (5.12) and write the formula (5.11) as

q= Qo di + Quiz1d1 + Q2027 + Qo2 df + Q1071 + Qo1 d1 + Qoo- (5.13)

The coefficients ();; in (5.13) are produced by polynomials of ten variables:

Qij = Qij(eu,o],e[m], €(3.05 €(0,1] €[0.2)5 €[0.3]> €[2,1 €[1.1]5 €[1.2), L) (5.14)

The values of the expressions (5.5) and (5.14) are regular multisymmetric polyno-
mials from the ring SymQ[M, L], while the values of the expression (5.11) constitute
a module over this ring. Due to (5.13) this module is finitely generated.

6. A BASIS OF THE IDEAL [gyp,.

Now we can substitute the formula (5.13) with the coefficients (5.14) into the
formula (4.9). As a result we can write (4.9) as

p=0aopo+ Q2SBaidip1) +Qu SBridip1)+ Qoo S(3xip1) +

6.1
+ Qo2 S(3dip1) +Q10SBx1p1) + Qo1 S(3dip1) + Qoo S(3p1), (6.1)

where p is an arbitrary polynomial from the ideal Iy and ag, Q22, Q11, @10, Qo1,
Qoo are arbitrary polynomials from the ring SymQ[M, L]. The formula (6.1) proves
the following theorem, which is the main result of the present paper.

Theorem 6.1. The ideal Isyy, in the ring SymQ[M, L] defined by the left hand
sides of the cuboid equations (1.1) through the formulas (1.7), (1.8), (1.9) is finitely
generated. Eight multisymmetric polynomials

~1:p05 132:‘5’(3171)7

p3 = S(3d , ps=S3x ,

~3 ( 1]91) ]f4 ( ;Pl) (6.2)
p525(3l“1d1p1), p6:S(3$1p1)7

pr=5(3dip1), ps = SBaidip1)

belong to the ideal Isyy, and constitute a basis of this ideal.

The polynomial p; = pg from the first formula (6.2) is already known in an
explicit form. It is given by the formula (3.2). The polynomial p; used in the other
formulas (6.2) is also known in an explicit form (see (1.7)). Now, applying the
formula (3.4) for S, we can explicitly calculate the polynomials ps, ps3, D4, D5, De,
pr, and pg. Here is the formula for the polynomial po:

Po = (3 + 23 —d?) + (23 + 27 — d3) + (23 + 23 — d3). (6.3)
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The explicit formulas for p3, pa4, Ps, Ps, P7, and pg are listed just below:

p3 =d; (;E% —i—x% —d12) +dy (acg —i—x% —d22) + d3 (ZE% —l—x% — dg), (6.4)
Pa =z (25 +aF — df) + xo (2 + 2] — d3) + 23 (2] + 25 — d3),
Py = x1dq (3:%4—3:%—d12)—|—:172d2(:1:§+33%—d22)+

+ x3ds (23 + 23 — d3),

6.9
+ 23d3 (25 + 23 — d3). (6.9
Using the formulas (3.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), and (6.9), now we

can write the S3 factor equations for the cuboid equations (1.1). For this purpose
it is convenient to use the polynomials p1, ps, and ps from (1.7):

2} 423+ 23 — L? =0, p1+p2+ps=0,
dip1+dapa+dsps =0, r1p1+x2p2 +23p3 =0, (6.10)
di pr+d3 pa+dips =0, z3p1+ a5 pa +x3p3 =0,
r1dip1 +x2dapa+ atdipy+a5dips+

+ 23d3ps =0, + x3dips =0.

Since the polynomials p1, po, Ps, P4, P5, Ps, D7, Ds constitute a basis of the ideal
Isym, the equations (6.10) compose a complete set of S5 factor equations.

7. COMPARISON WITH THE PREVIOUSLY OBTAINED FACTOR EQUATIONS.

In the previous paper [45] eight factor equations were already derived. But they
were written in so-called E-form, i.e. in terms of the values of the elementary mul-
tisymmetric polynomials (1.3), (1.4), and (1.5). In order to compare the previously
obtained equations from [45] with the equations (6.10) we need to convert them
into xd-form by means of the mapping ¢ from (2.1).

Let’s consider the first of the previously obtained factor equations. In its E-form
this equation is written as follows (see (4.3) in [45]):

B}y —2FEy — L*=0. (7.1)

In order to apply ¢ to (7.1) we should substitute E1g = ep.4, F2o = €p2.0) and then
use the formulas (1.3). As a result we get the equation coinciding with the first
equation in the left column of (6.10).

The second of the previously obtained factor equations is the equation (4.6) in
[45]. In its E-form this equation is written as follows:

FE2 —2FEp —2L*=0. (7.2)
Upon applying the mapping ¢ to (7.2) we get the equation

2(z] + 23 + 235 — L*) — (p1 + p2 +p3) =0, (7.3)
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which is derived from the first equations in the left and right columns of (6.10).
Let’s proceed to the third of the previously obtained factor equations. This is
the equation (4.12) in [45]. In its E-form this equation is written as follows:

2 B9+ 6 E3g — 2 Egy Byy + FEio B3, + 3 E1g L? — E3, = 0. (7.4)
Upon converting to the xd-form the equation (7.4) looks like

eno ((p1+p2+p3) —3(af + a3 + 23 — L?)) -

7.5
—2(z1p1 +x2p2+x3p3) =0. (7.5)

It is easy to see that (7.5) can be derived from the first and the second equations in
the right column of (6.10) and from the first equation in the left column of (6.10).

The fourth of the previously obtained factor equations is the equation (4.19) in
[45]. In its E-form this equation is written as follows:

2 By + 6 Eog — 2 E19 By1 + Eo1 E?) 4+ 5Epy L? — E3, = 0. (7.6)
Upon applying the mapping ¢ to (7.6) we get the equation

o (3(p1+p2+p3)—5(af +a3 +a3 — L?)—

(7.7)
—2(dip1+dap2 +dsps) =0.

The equation (7.7) can be derived from the first and the second equations in the
left column of (6.10) and from the first equation in the right column of (6.10).

The fifth of the previously obtained factor equations is more complicated. It is
given by the formula (5.5) in [45]. Here is its E-form:

8 F19 E1a — 8 Egy oy — 8 E? +4E2 F2, —

7.8
— B}, —3E{,+10E} [* +4E3 L* + L* = 0. (7.8)
Upon converting to the xd-form the equation (7.8) looks like
18 (21 p1 + @3 p2 + 23 p3) + 6 (w1 dip1 + 22 d2pa + x3d3 p3) —
—8epy (dip1+dapa+dsps) —24en o (1 p1 +22p2 +23p3) + (7.9)

+(8epa + 3¢k, +4el o +6e0a) (P1+p2+ps)+
+(2epq —4er, —11e?  — L?) (2} + 23 + 23 — L*) = 0.

[0,1 [1,0

Like (7.5) and (7.7), the equation (7.9) is a linear combination of the equations
(6.10) with coefficients in SymQ[M, L], i.e. it can be derived from (6.10).

The next step is to consider the sixth of the previously obtained factor equations.
It is given by the formula (5.10) in [45]. Here is its E-form:

—~8 F19 E1a +8 Egy Eoy — 8 B} + 4 Eg, Efy —

7.10
— By —3FE);, +20E3 > —2E} L -5 L* = 0. (7.10)

The equation is similar to (7.8) and is equally complicated as the equation (7.8)
since it is of the same order with respect to its variables. Upon converting to the
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xd-form the equation (7.10) is written as follows:

6 (3 p1 + 25 p2 + 23 p3) + 18 (x1d1 p1 + x2 dy pa + w3 ds p3) —
—24epq (dip1 +dap2+dsps) —8ep o (T1p1 +T2p2 +T3p3) +
+ (8epo+9eh ., —4el o +18ep) (p1+p2 +ps3) —
—(10epg20ep ,, —Ter o — 5L°) (af + 23 + 23 — L?) =0.

[0,1] [1,0

(7.11)

Like (7.9), the equation (7.11) is a linear combination of the equations (6.10) with
coefficients in SymQ[M, L], i.e. it can be derived from (6.10).

Let’s proceed to the seventh of the previously obtained factor equations. This is
the equation (5.17) in [45]. In its E-form this equation is written as follows:

A4Fy By —2E1 B3, + 6 Ew B3 +2E12 B}y — E} B3 +

7.12
+FEwEy —2E13 L — EygE5 L+ 2B}, L> —2FEyo L* = 0. (7.12)
Upon converting to the zd-form the equation (7.12) looks like
—dep o (df p1+d3 pa+d3ps) —8epq (x1dip1 + T2 dapa+
+a3d3ps) — (depo +2e00 — 260 o —3€p ) (T1p1+ T2p2+
+3p3) +8epg oy (dip1 +dape +d3ps) + (3epo — (713)

—3epn €1+ 3€p,0 €0 — 3 €02 €10 — 6?1,0] —€p2
+L%ep) (P14 p2+ps)+ (2eps +2 6[31,01 —8ep0 €+
+ 2 6[0,2] 6[1’0] + 2 6[1,0] L2) (I% =+ I% =+ I‘g — Lz) = 0
Again, looking at (7.13), we see that this equation is a linear combination of the
equations (6.10) with coefficients in SymQ[M, L], i. e. it can be derived from (6.10).

The eighth of the previously obtained factor equations is similar to the seventh
one. It is given by the formula (5.22) in [45]. Here is its E-form:

4 Eyy By — 2 Eyy E3y+ 6 By Ey + 2 Eoy B3y — E5 B3y + Eoy Efy +

7.14
+2Fy L? —2E1 By L> +2E0 B}y L> + E3, L? — 3Fy L* = 0. (7.14)
Converting the equation (7.14) to the xd-form, we obtain
—depqy (#7p1+ a5 p2 + a3 ps) — 8epg (1 dip1 + 22 dapa+
+a3d3ps) + 8e€pno e (T1p1 + T2 P2+ 23p3) + (2€7 4 +
+ 2L2) (dl p1+ d2p2 +ds p3) - (46[1,1] €10 46[2,0] €l0,1] — (7 15)

—3epq 6[21,01 +3L%€epy —2¢€py) (p1+p2+p3) — (depy +
+6 €05 — e €on —4epena — 3L e +
+5ep €l y) (@ + a3 +a3 - L?) = 0.

Like (7.13), the equation (7.15) is a linear combination of the equations (6.10) with
coefficients in SymQ[M, L]. This means that it can be derived from (6.10).



ON AN IDEAL OF MULTISYMMETRIC POLYNOMIALS ... 15

8. CONCLUDING REMARKS.

The theorem 6.1 is the main result of this paper. It yields a basis for the ideal
Isyym and a complete list (6.10) of the cuboid factor equations in xd-form. As we
noted above the equation (7.1) is equivalent to the first equation (6.10). Looking
attentively at (7.3), (7.5), (7.7), (7.9), (7.11), (7.13), and (7.15), we find that the
first seven equations in (6.10) can be derived from the previously obtained eight
factor equations (7.1), (7.2), (7.4), (7.6), (7.8), (7.10), (7.12), and (7.14). The
last equation (6.10) is new. Upon converting to an E-form it can be added to
the list of previously obtained factor equations. However, this is not enough for
to complete the list. The matter is that in E-form a complete list should include
kernel equations. Therefore the equations ¢g; =0, g2 =0, g3 =0, g4 = 0, g5 = 0,
g6 = 0, g7 = 0 given by the kernel polynomials (2.4), (2.5), (2.6), (2.7), (2.8), (2.9),
and (2.10) should be added.
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