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Abstract

We study variants of the well-known Collatz graph, by coesitg the action of ther8+ 1 function on congruence
classes. For moduli equal to powers of 2, these graphs avensioobe isomorphic to binary De Bruijn graphs. Unlike the
Collatz graph, these graphs are very structured, and haeeaténteresting properties. We then look at a natural ggne
ization of these finite graphs to the 2-adic integers, anevghat the isomorphism between these infinite graphs is xact
the conjugacy map previously studied by Bernstein and liagafinally, we show that for generalizations of the{31
function, we get similar relations with 2-adic apeadic De Bruijn graphs.
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1 Introduction

The 31+ 1 or Collatz conjecture is a long-standing open problem itheraatics. Let ther3+ 1 functionT be defined on
the integers by

- )_{(3n+1)/2 i nis odd, @
n/2 if nis even

The Collatz conjecture states that, starting from any jpasititegem, repeated application of the functidnwill eventually
produce the number 1, after which it will end in the cyfle2}. This conjecture is true if and only if, on the positive intes
there are no divergent paths (i.e., fim, T¥(n) < « for all positive integers, whereT®(n) = nandTk+1(n) = T(TX(n)) for

k > 0) and there are no other cycles besides the trivial cjtl@} (i.e., there are no natural numbers 3 with T¥(n) = n

for somek > 1). Though easy to state, this problem seems very hard, ifrpmssible to solve.

Because of its simple formulation, researchers from maffigrdnt branches of mathematics have at one time or another
encountered this problem and have become fascinated blyig hais lead to hundreds of papers in the last few decadds, wit
each researcher using his own area of expertise to shed agtewer this problem. An excellent overview of many of these
papers was given by Lagarias [16] 17], while extensive sisreé previous work on this problem can be found in books by
Lagarias[[15] and Wirsching [27].

Three of those branches of mathematics that have been usaadiiothe Collatz conjecture are those of graph theory,
modular arithmetic and 2-adic integers. This paper aim&itavconnections between these three approaches.

We start in Sectioh]2 with studying modular Collatz graptss,, ffinite graphs that capture the behaviour of the-3
function on congruence classes of integers. It turns otittieae is an intimate relation to binary De Bruijn graphs wiiee
modulus is a power of 2. Letting this modulus grow to infinity,Sectiorl B we are led to studying these problems on the
2-adic integers. This leads to a natural generalizatioh@binary De Bruijn graphs to the 2-adic integers. In Sedlove
look at the structure of this infinite graph, and we try to dischow various Collatz graphs are embedded in it. In Se@io
we briefly indicate possible generalizations.

2 Binary Collatz graphs and binary De Bruijn graphs

One particular approach to the 3 1 problem that caught our attention is using directed graphisualize the action, and
in particular iteration, of the functiof. We denote a directed graph /= (V,E), whereV is the set of vertices, ard
is the set of directed edges. Since we will not be dealing wiitthirected graphs, we will refer to directed graphs simgly a
graphs. Consider the grai{N, ) = (V,E) with verticesV = N and edge& = {n— T(n) : ne V}. This graph is known
in the literature as the Collatz gragh[[2]13l[24, 27], andvedl for a simple visual explanation of the3 1 problem to a
broad audience [26].

Since the Collatz graph has infinitely many vertices anddogdy chaotic, we introduce a new family of related, finite
graphs. Given some modulug we define thenodular Collatz graph with modulus as the grapi® = (V, E) with vertices
VvV ={0,1,...,m—1}, and a directed edge runs framo b if there exist some numbees,b; € Z, witha; =a (mod m) and
b; =b (mod m), such thafl (a;) = b;. For instance, takingr= 3 leads to the graph on three vertices in Fiddre 1.

As can be seen from this graph, once we ‘leave’ the Zetv@ will never return, as there are no edges going into the
vertex 0. The only way not to leave this set is to ha\%n) =0 (mod 6 for all n, which impliesn = 0. Hence proving that
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Figure 1: The modular Collatz graph with modulus= 3.

Figure 2: The binary Collatz grapl®2) with modulus 4 (left) and(3) with modulus 8 (right).

all positive integersi= +1 (mod 3 iterate to 1 is sufficient to prove the Collatz conjecturethaugh this conclusion may
seem trivial, and similar but stronger results have beeivetbby the Monkses [2B, 24], it shows that studying theselgga
may be useful.

Upon further inspection, it turns out that in general, thgigphs do not look particularly nice or structured. But when
we take the modulusto be some power of 2, these graphs do have a nice structum®. fow on we will therefore focus on
what we callbinary modular Collatz graphr simplybinary Collatz graphsWe writeC(k) for the modular Collatz graph
with modulusm= 2%, and we refer to this graph as thimary Collatz graph of dimension ior convenience, we writ§
for forward iteration in the grap@8(k), i.e.,Tk(nﬁjs the set of vertices in the graphC(k) that are connected toby an edge
n — v. This relation can be explicitly written

. {(38n+1)/2,(3n+1)/24+ 21} if nis odd, ,
()= {n/2,n/2+ 21} if nis even. &

Fork = 2,3 we get the graph€(2) andC(3) shown in Figuré 2. These can also be found in a recent papemok#/et
al. [24, Figures 7.1, 7.2].

Looking at these graphs, we can immediately see a lot oftstreicBoth graphs have several symmetries, every vertex
has two incoming and two outgoing edges, and reversing teetiin of each edge leads to a graph isomorphic to the afigin
graph. In the grapl(2) we have also labeled each edge with the corresponding cemggLclass modulo 8, e.g., the edge
from 2 to 3 has a label 6, because the numiders2 (mod 4 satisfyingT (a) = 3 (mod 4) are exactly all numbera= 6
(mod 8. With this labeling, we can see a connection betw@€®) andC(3): the latter can be formed by taking the so-called
line graphof the former, associating edgesGn2) to vertices inC(3) and connected edges@{2) to edges irC(3).

Seeing these beautiful graphs, one may wonder what is knbaut ahese graphs, and the title of this paper gives most
of it away. Given an alphabét = {0,1,...,p— 1} of size p and a wordlengttk, the p-ary De Bruijn graph of dimension
k [B] is defined as the grapB(p, k) = (V, E) with vertex se¥ = 5X, and an edge runs from the waagh; - - - a,_1 to the word
boby ---by_p ifand only ifa;, 1 = bj fori =0,...,k—2. Thus, an edge runs from one word to another if thedast symbols
of the first word overlap with the firdt— 1 symbols of the second word. Wher= 2 we also refer to these graphshasary
De Bruijn graphs Besides viewing the vertices as words of a fixed length oweresfinite alphabet, it is also convenient to
associate numbers between 0 gfd- 1 to the vertices. For this we identify wordgby - - - by_1 with numbersz}‘;ol bip'.
Figure[3 shows the two different labelings of the binary DeiprgraphB(2,3) of dimension 3. For the remainder of this
paper, we will choose to label the vertices with these numbaher than with words over a finite alphabet.

We write oy for forward iteration in thep-ary De Bruijn graph of dimensiok. In terms of finite words ovek, this
corresponds t@p k (boby - --by_1) = {b1by---bk_1x: x € Z}. For now we will focus on the case= 2, when the relation
0>« can be described in terms of numbers as

_ . K—1 .
a7k(n)_{{(n 1)/2,(n—1)/2+2*} if nis odd,

{n/2,n/2+ 21} if nis even. )

Since this relation shifts the bits to the left and appendsvalnit, we will refer to this relation as tHeinary) shift relation
De Bruijn graphs are closely related to, and mostly studiedihdingDe Bruijn sequencegyclic sequences of symbols

over a finite alphabet containing each sequence of ldngxlactly once as a subsequence. For instance, a De Bruijarsegju

for k =3 is given by 0001011D0). These sequences correspond precisely to Hamiltoniais patbe Bruijn graphs. The

above sequence corresponds to the path starting at 000pkowlifig the path 000% 001 % 010 % 101 % 011 % 111<—OQ

110@ 100, visiting each vertex of the graph exactly once, hencgaining each sequence of length 3 as a subsequence

exactly once. Since De Bruijn graphs are Hamiltonian, suetBEuijn sequences exist for any valuepéndk, and can be
constructed from a Hamiltonian path in a De Bruijn gr&)h.

1in this expression, numbers should be calculated modilaall vertices correspond to congruence classes mobulo 2
2Due to the exponential size of the De Bruijn graphs, this wetibf finding De Bruijn sequences is not very efficient. In &edd we will see a more
practical method for generating these sequences.
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Figure 4: The graph€(4) (left) andB(2,4) (right), and the corresponding isomorphigm = (1,5)(2,10)(9,13).

Comparing FigureSl2 arid 3, it is clear that the gr&¢®, 3) has exactly the same structure as the binary Collatz graph
C(3). In fact, for any value ok, the graph<C(k) andB(2,k) have exactly the same structure. This can be seen as follows.
Let us use the notatiofx;(n)) for the 0— 1 sequence defined by(n) = T'(n) (mod 2, fori € N, as in [13]. For example,
since the orbit oh = 3 under iteratindl is (3,5,8,4,2,1,2,1,2,...), the sequencéx;(n)) is this orbit taken modulo 2, i.e.,
(1,1,0,0,0,1,0,1,0,...). Then it is immediate that(T(n)) = T'(T(n)) = T"*1(n) = x;,1(n) (mod 2, i.e., applyingT
to n means shifting the sequengg(n)) one position to the left. The firdtterms of(x;(n)) depend only on the value of
n (mod Z), andx1(n) andxk+1(n+2k) always are different, as shown in_[13, Equation (2.9)]. Swef consider the
(iterated) action of on a congruence class of somémod ), then we find that the firdtelements ofx;(n)) are identical
for all numbers in this congruence class, and that theKieséments of (T (n))) are those ofx;(n)) shifted by one to the
left, with at the end added a 0 or 1, both occuring equallyroftBut this shows exactly that one forward iteration in the
binary Collatz graph of dimensidncan be described as the shift relation on the bit sequendesgihk, i.e., as the forward
iteration on the binary De Bruijn graph of dimensikn

To summarize our result, we introduce the functigp: {0,...,2K— 1} — {0,...,2¢— 1}, defined by

k—1

o (n) = 4;xi(n>2i. @

Then we have the following statement.
Theorem 2.1. For any k> 1, the function®y is an isomorphism betweer(Kj and B2, k).

For the binary Collatz graphs, we introduced the notalipto indicate forward iteration in the graph, and for binary De
Bruijn graphs we wrote,  for walking along edges in these graphs. Sidges an isomorphism between the two graphs,
we can describe the relation betwekrandog, ) via @k by

Tk = ‘DElOUZ,kO‘Dk: (5)

whered, 1({a,b}) = {®, }(a),®, }(b)}. This is whydy may be called g-dimensional) conjugacy map

While the relation between De Bruijn graphs and the Collatgecture does not appear in the literature, these bijestio
@ have been explicitly studied before by Bernstein and Lagdi@| 4, 18], but in a context different from graph isomor-
phisms. In[[I8, Table 2] these bijections were explicitlyayi as permutations on numbers between 0 #nd 2, e.g., for
k = 3 we get the permutatiofrs = (1,5) cf. Figure$2[B, and fdk = 4 we get the permutatio®, = (1,5)(2,10)(9,13) cf.
Figure4.

Since the graph€(k) andB(2,k) are isomorphic, they share several properties. As merttibeére, the line graph of a
k-dimensional binary Collatz graph is isomorphic to {ker- 1)-dimensional binary Collatz graph, and the transpose graph
of C(k), obtained by reversing the direction of each edge, is agamorphic taC(k). One other remarkable property is that
after exactlyk steps in these graphs, there is exactly one way to end up &eatex in the graph (including the vertex itself).
This can be expressed in terms of the adjacency matrix ofraphgAy, by (Akk)i_,j =1forall indicesi, j. This was previously
noted by Feix et al[[7], and Feix and Rouet [8]. Since everyexehas two outgoing edges, it follows tr(wcﬁ)i,,- =ik
for ¢ > k. In particular, this value does not dependiar j. Thus, if we start at any vertex in the graph, and thlke more
random steps in the graph, we can be anywhere with equal lptitpaSo if we only know thek least significant bits of a



numbem, then we know absolutely nothing abd[}t(n). This also gives some intuition why th@ 3 1 problem is so hard:
unless we know exactly what number we started out with, dueiach iteration we lose one bit of information about the
resulting number.

We are ultimately looking for more insight into the-3 1 problem, but these graphs are not quite the same as thézColla
graph. The vertices are congruence classes rather tharensinaind the graphs are finite. Still, there are relationsdst
these binary Collatz graphs and the regular Collatz graphirstance, if we simply restrict the Collatz graph to thetexe
set{0,...,2K—1}, we get a subgraph @ (k). Also, each edge in the Collatz graph corresponds to a sequaredges in
the graph<(k), e.g., the edge 5> 8 in the Collatz graph corresponds to the edges @ in C(1) andC(2), the edge 5~ 0
in C(3), and the edge 5+ 8 in the graph€£(k) for k > 4. By considering the sequence of gragi{k), and taking only those
edges that appear in infinitely many of these graphs, we lgxget the Collatz graph on the natural numbers (including 0)

3 The2-adic Collatz graph and the 2-adic De Bruijn graph

While considering finite Collatz graphs on congruence esaésads to nicely structured graphs, we would like to knowemo
about the infinite Collatz graph on the natural numbers. &foee it would be interesting to consider extensions ofdhes
binary Collatz graphs and binary De Bruijn graphs to largefir{ite) vertex sets, by in some way lettitkggo to infinity.
Then vertices may actually correspond to numbers ratharrésidue classes.

Although it is not exactly clear what “li;n,., C(k)” means, we can naturally find an answer to this question byngak
a detour along the De Bruijn graphs. First, we can easilynekte concept of De Bruijn graphs to infinite sequences of
symbols over a finite alphabet. We define ithfénite binary De Bruijn graptby the graptG = (V,E), where the vertex set is
defined byv = {bgb --- : bj € {0,1}}, and an edge runs from a vertaya; - - - to a vertextigby - -- if and only if 1 = by,
for eachi € N. Similar to the previous section, to these infinite sequenee may associate numbers, by considering the
set of 2-adic integer&, [11]. We will identify sequencebgb; --- with 2-adic integers;° bi2'. With this labeling of the
vertices, we will also refer to the infinite binary De Bruijnagh as the -adic De Bruijn graph or B(Z;). Note that in this
graph, each vertex has only one outgoing edge. So while ifieelation o,y for finite binary De Bruijn graphs, mapping
verticesm to its set of neighbors, is not a proper function, forwardaition in the 2-adic De Bruijn graph can be seen as a
proper function fron%, to Z,. We denote this function by, and it satisfies

_ J(n=1)/2 ifnis odd,
o= {n/Z if nis even. ©)

In terms of binary sequences, this function simply removes the first bit of a number and shifts the ‘rerimainbits one
position to the left. This function is therefore known in titerature as thehift map[11[3,/4/12] 22].

Before going back to ther8+ 1 problem, consider the limit of the isomorphisig, for k — . Using the definition
Py (n) = ztolm(n)zi, we can just lek tend to infinity to obtaird(n) = T ;x(n)2'. In Zy, this is a convergent series, and
for anyn € Zy, ®(n) is a well-defined 2-adic integer. By investigatitg1(B(Z,)) it then becomes clear what “lign,, C(k)”
should be, asb~1(B(Z>)) corresponds exactly to the Collatz graph extended to theiQiategers. The extension of the
3n+ 1 functionT to the 2-adic integers was previously studied_in [1]3, 414221} 2%, 2[7]. We will refer to this graph, with
vertex sefZ, and edge sen — T(n) : n € Z,}, as the 2adic Collatz graphand denote it b (Z5). The following theorem
is immediate.

Theorem 3.1. The graphs €Z,) and B(Z;) are isomorphic, and the functioh : Z, — Z,, defined by
®(n) =y x(n2, ™
2,

is an isomorphism from (Zy) to B(Zy).
The function® is known in the literature as trenjugacy ma3,/412[ 13, 15,22, 27], and it clearly satisfies

T=dlogo. 8

For values ofn for which the behaviour of iterates ofis completely known, one can easily compdién). For instance,
®(1) =101010Q..=-1/3,d(5) = —13/3, and all numbers ending in the cydl& 2} correspond to rational numbers in the
2-adic De Bruijn graph with denominator 3. The Collatz cahjee is equivalent to the statemep{N, ) C %Z\Z [13].

4 Structureinsidethe 2-adic Collatz graph

Let us now further investigate the gra@iiZ,). First, the graplC(Z,) is not connected, and contains uncountably many
components. It contains two types of components: cyclicgmmnts, corresponding to cycles of the functibnand
divergent components, which do not contain a cycle, butnekiefinitely far in both directions.

The subgraph of(Z,) containing all divergent components, which we will denoyedV(Z,), is arguably the least
interesting part of the graph. Although it contains uncabiyt many components, they are all pairwise isomorphic,thad
vertices in each of these graphs are all indistinguishablbe sense that the forward mapping is an automorphisnuré&ffg
shows one of these components, containing an irrationdi@iategera = 10110 - -, and the corresponding component in
B(Zy).

Note that theoretically, it is possible that a divergent poment arises from sonrational 2-adic integer, i.e., a rational
number with an odd denominator. It has been conjecturedq&8pdicity Conjecture] that all rational 2-adic integare



Figure 5: A divergent component {(Z,) with an irrational numbeo = 10110.. (left), and the corresponding componentB(Z,) with the irrational
numberd(a) = B =10010... (right). Note that the first five bits g8 follow from ®5(10110 = 10010, or equivalentlyPs(13) = 9.

part of a cyclic component, which can be formulatedd%, N Q) = Z,NQ. But so far, we only know for certain that cyclic
components must arise from rational numbers, 7, Q) D Z>, N Q [3} Corollary 1].

The other part of the graph, formed by the 2-adic integersehd in a cycle, has different properties. The number of
components is only countably infinite, since we can enureathpossible cycles to find all components. For instanasgeth

are two components with a cycle of length 1 (containing th&esyog Oand-1% —1), and there is exactly one component
with a cycle of length 2, shown in Figufé 6. The Collatz cohjee states that this latter component contains the entire
Collatz graph on the positive integers as a subgraph.

Writing My for the number of components@{(Z,) with a cycle of lengttk, by counting words of lengtkand computing
their cyclic orders, it follows that

X = > d My. 9)
dlk

Applying Mobius inversion to the above, we obtain a dirextiula forMy as

My = % ;u(d)Zk/d = %2“+0(2“/2). (10)
dlk

The sequencéMy)k>1 = (1,2,1,2,3,6,...) has been encountered before in the context of the Collajectome [14], but has
also been studied in different contexts|[28] and is known asdéu’s necklace-counting functian [25]. What this fuooti
M is actually counting is the number of Lyndon words of lenfgthstrings of lengttk that are inequivalent modulo cyclic
rotations, and with period equal t0[18]. Somewhat surprisingly, a connection between Lyndamds and De Bruijn
sequences has been made before in the literéatirel[9, 10nmagebtain a De Bruijn sequence of ordeby appropriately
concatenating Lyndon words of length some dividaof k. For instance, fok = 4, the Lyndon words of lengthd|k are
given by 01,01,00010011,0111. By extending these words to words of length 4, we magrditem lexicographically as
0(000),0001,0011,01(01),0111 1(111). Concatenating the Lyndon words in this order, we get theeecp

0/0001001101/01111, (11)

which is indeed a De Bruijn sequence of order 4, correspgntdira Hamiltonian path in the graf$(2,4). This algorithm
is known in the literature as the FKM algorithm, after itstears Fredricksen, Kessler and Maioran@a [9, 10].
Another fascinating property of the cyclic part of the 2ea@bllatz graph, is the fact that there is a one-to-one cpamres
dence between cycles @(Zy), and integer cycles of the family oh3-b functionsT (3P) defined by
T () = {(3n+b)/2 i nis odd, 12)
n/2 if nis even,

for oddb coprime to 3. More precisely, if there is a rational cycl€i{Z,) with all numbers having denominatbythen this
cycle corresponds exactly to an integer cycle of the-® problem. This follows from the fact that(n/b) = T (n)/b.
This correspondence was previously noted by Lagérids B@djogether, ther8+ b problems on integers are very structured,
as we know that every cycle (Lyndon word) corresponds totexane valueb, and finding theb associated to a given
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Figure 6: The components corresponding to the cy@lg, in C(Z.) (left) and inB(Z>) (right). The Collatz conjecture states that the componerihe left
contains all positive integers.

SC(Z2) T -B(Z2) 3
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Figure 7: The structure insid&(Z) (left) and the corresponding structure insBigZz) (right). Solid arrows pointing to the same larger graph yrtpht
the large graph can be partitioned into these smaller grdpbised lines correspond to graph inclusions.

Lyndon word is also not so hard. But when we try to find all cgcssociated to a valle we get stuck. Note that solving
this problem would solve the Collatz conjecture, and muchemo

Going back to the complete 2-adic Collatz grai(Z,), we saw that we may divide the graph in two parts: a cyclic,part
and a divergent part. Furthermore, we know that all cyclestroorrespond to rational numbers, but we do not know whether
all rational numbers also correspond to cycles. So thealti we have three different types of components: cyctitipnal
components; divergent, rational components; and divérgeational components. We will denote these parts of traply
with C%¥¢(Z,NQ), C4V(Z,NQ), andC(Z, \ Q) respectively. Each of these parts of the graph corresporaipart of3(Z;),
under the mayb.

The complete structure 6f(Z;) and its image undeb in B(Z;) are summarized in Figufé 7. The periodicity conjecture
[13] states that the middle paﬁf“"(Zz NQ), is empty. If this is true, then the picture somewhat simggifas then we would
get®C(Z2NQ) = B(Z2NQ) anddC(Z2 \ Q) = B(Z2\ Q).

The challenge of the Collatz conjecture now can be seen asdg 8t more detail of the embedding 6fN.) into
C(Zy). The idea is tha€(N.) is a rather chaotic object, which lies somehow inside theitifedly structured objec€(Z,).

The latter graph is isomorphic via the conjugacy n@apo B(Z,), which indeed has a rich and well understood structure.
Similarly other interesting subgraphs©fZ;) can via® be embedded intB(Zy).

5 Generalizationsand the p-adic De Bruijn graphs

5.1 an+ bproblemsand the 2-adic De Bruijn graph

In the previous section we briefly mentioned a generalinaiidhe 31+ 1 functionT to 3n+ b functionsT (30), A frequently
considered further generalization of these functionsadamily ofan+b functionql/3[4,12,14,2[[,2R.27]. For oddb € Z,
we define then+ b functionT(@0) by

T@b) () = (an+b)/2 if nis odd, (13)
| n/2 if nis even

Fora = 3, we expect that no divergent paths exist, since with equabability’, we either multiply a number by/2 or
(roughly) by 3/2. So on average, the numbers increase by a fag@f4 < 1. Fora > 5, this heuristic suggests a different



behaviour. For instance, for the@% 1 problem and thery+ 1 problem, we expect most paths to diverige [6, 15].

Although in this sense, tren+ b problems behave differently from th@ 3 1 problem, the story described above related
to De Bruijn graphs applies to all of these problems as Wedfimgc<a=b>(~) similarly as the Collatz graphs(-) but for
thean-+ b function T(@P), and defining<®” (n) analogously tog (), we obtain the following resut.

i
Theorem 5.1. For any k> 1, the graphs P (k) and B(2,k) are isomorphic, and the functioh®® : {0,...,2¢ — 1} —

{0,...,2—1}, defined by
k—1 '
B =3 52, (14)
1=

is an isomorphism betweer®) (k) and B2 k). Furthermore, the graphs @ (Z,) and B(Z,) are isomorphic, and the
an-+b conjugacy ma@(@P : 7, — 7Z,, defined by

() = 5 X2, (15)
=
is an isomorphism from @) (Z,) to B(Z,), satisfying
T@D) = (@@b)~15 g, 0 p@D), (16)
(51)

For example, for therb4- 1 problem ank = 3, we get the isomorphisir; ™~ = (1,3)(2,6)(5,7).

It is of interest to observe that for amn+ b problem, the binary modular graphs that appear are alwaysagphic
to the same binary De Bruijn graphs. Only the labeling of thephs depends on the choiceafndb. In other words,
the binary and 2-adic De Bruijn graphs themselves do notatombuch information anymore about the generalized Collatz
problems. The wanted information is contained in the isghi@ms (the labelings of the graph edges, the conjugacy)maps
which are different for each, b, and not well understood at all. That these maps really diereint can be seen by noticing
that the conjugacy map for th@3- 1 function map< (N, ) into (most probably) one cyclic connected componer&(i;,),
while for the 1+ 1 function the image oE(51) (N4) under its conjugacy map ends up in at least 3 cyclic compsnéent
(most probably) in infinitely many components, most of which divergent. Whil€9"(Z,N Q) is conjectured to be empty,
(C<5‘fl>)di"(Zg NQ) is conjectured to have infinitely many distinct componerithis may be seen as an illustration of the
profound difficulty of the Collatz conjecture and its silg

Note that fora= 1 andb = —1, the isomorphisn®(1:~1) is extremely well understood, sindél—1 = g, andd(®-1) =
id, the identity map. So one could also wrigé2, k) = C(1:~1) (k) andB(Z,) = C(L—D(Z,).

5.2 p-ary functions and the p-adic De Bruijn graphs

A further generalization of the functioh was considered in, e.gl.l[4/8/19+21), 27]. For some apatgyi chosen integers
g andby, let f be defined by

(agn+ho)/p ifn=0 (modp),

f(n) = (aan+by)/p ifn=1 (mod p), (17

(ap—1n+bp_1)/p ifn=p-1 (modp).
For instance, a problem Lagarias attributes to Collatz §bBicerns the functioffy defined by
2n/3 ifn=0 (mod 3,

fo(n)=1¢ (4n—1)/3 ifn=1 (mod 3, (18)
(4n+1)/3 ifn=2 (mod 3.

Iterating these functions leads to similar behaviour asithe b problems. In this case, when considering graphs on congru-
ence classes modufi, we find a relation withp-ary andp-adic De Bruijn graphs as follows.

Theorem 5.2. For any k> 1, the graphs é”(p, k) and B(p,k) are isomorphic, and the functicmglz : {07.A.,pk— 1} —
{0,...,pK—1}, defined by

olf)(n) = ;&“)(m o, (29)

is an isomorphism betweer ©(p,k) and B(p,k). Furthermore, the graphs@(Zp) and B(Zp) are isomorphic, and the

functiontbg) : Zp — Zp, defined by

o (=5 x"(mp, (20)

is an isomorphism from @) (Zy) to B(Zp), satisfying
f= (@) Logyomll). (21)

As an example, Figufg 8 shows the 2-dimensional ternanhgeapresponding to the functiofy in Equation [[I8), and
the corresponding ternary De Bruijn graph.



Figure 8: The ternary modular graph of dimension 2 corredjmgnto the functionfy in (I8) and the ternary De Bruijn graph of dimensiorB23,2). The
corresponding isomorphismgg) of order 7 is given by the permutati@hgg) =(1,4,5,7,3,2,6).
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