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RUDOLF WINKEL

ABSTRACT. Grobner’s Lie Series [G] and the Exponential Formula [W] provide differ-
ent explicit formulas for the flow generated by a finite-dimensional polynomial vector
field. The present paper gives (1) a generalization of the Lie series in case of non-
commuting variables called Exponential Substituition, (2) a structural understanding
of the three formulas and their mutual relationships in terms of rooted trees, and
(3) as a byproduct new results on the enumeration, coding, and statistics of different

kinds of rooted trees.

1. INTRODUCTION

Exponential formulas of the type

00 o
eXp(D) = Z W )
n=0 ’

are of widespread use in mathematics. Familiar examples are the ordinary exponential
function (O = x a real or complex variable), a generating function (O = y f(¢) with f(¢)
a formal power series without constant term), the exponential map (O = tX with X a
tangent vector at the unit of a Lie group G), a unitary one-parameter group (0 = tA
with A a selfadjoint linear operator), and the matrix exponentiation (0 = tM with M
an N x N matrix over the reals R or complex numbers C). It is well known that exp(tM)
describes the global flow for the linear sytem of ODE & = Mx, where x = (z1,...,zx)*
("« for ‘transpose’), and the local power series solution when applied to any initial value
T € RV,

In the present paper the connection between differential operators and rooted trees
— as observed already by Cayley [C1,C2] — is used to understand and compare three
generalizations of the matrix exponentiation: Grébner’s Lie series |G|, the Exponential
Formula for polynomial vector fields [W], and the exponential substituition (introduced
here for the first time). More specificaly, let R be any commutative ring with unit con-
taining the real numbers R, and for any natural number N € Nlet f : RN — R" be the
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mapping, which has as components the formal power series fi, ..., fv € R[[z1,...,xn]].
Let V be the “column vector”, which contains the formal partial derivatives 0,, = 9/0,.
fori=1,..., N as entries, and set

(1.1) D=D(f)=f-V=fiOp + -+ fnOsy .

Let D" = Do ---0 D be the n-fold composition of D with itself, where of course
DY is the identity operator. Since the application of D to any formal power series

g € R[x1,...,xn]] is again an element of R[[xy,...,xy]], the same is true for its
exponentiation:
o0 tn .
(12) Py(a) =3 U Dvg(r) € Bl ... an 1]
n=0
If g = (g1,...,9n8)" is a vector of formal power series g; € R[[x1,...,2y]], then the

operator exp(tD) is applied componentwise.— Grobner has called expressions of the
form exp(tD)g(x) Lie series, because they first occured (rather marginally) in the work
of Lie [L, 1. Abschnitt, Kap.3, §12]. Grébner was the first to observe that the Lie series

(1.3) Py = etDa:\x:j
solves the initial value problem (IVP)
(1.4) &= f(x), z(0) =7 € RN

in case of convergent (= analytical) component functions fi,..., fy € C{xy,...,zn}.
In Section 2 we will give a concise account of Grobner’s basic results on Lie series and
discuss an application to the inversion of mappings f and the Jacobian Conjecture.

For the second generalization of matrix exponentiation assume that f : RY —
RY is a polynomial mapping, where all components fi,..., fy € R[zi,...,zy] are
homogeneous of degree m. (This is no restricition of generality, because every non-
homogeneous polynomial f can be made homogeneous at the expense of one additional
dimension.) In [W] it has been shown that the polynomial IVP (1.4) is solved by the
Exponential Formula exp(tu) applied to the initial vector 7 € RY: let ey, ..., ey be the
canonical basis vectors of RV, then y is defined as the R-linear mapping

(1.5) p:T,RY = QRN = RV, plen, ®...@en,) =Y ah , e
=1

which is associated to the m-homogeneous polynomial vector field f with components

(1.6)  filwr,oan) o= > b, g Tn Th, (i=1,...,N).



Using the abbreviation
(1.7) [k] :==k(m —1)+1 for all k € Ny and fixed m € N

one defines for every p € L(T,,RY, RY) the following mappings:
dup : T,RY — T, i1 RY

(1.8) . 0 ,if p < m,
wp p m+1 V™ 1Zd®u ® @P—m— V+1Zd , lfp Z m
(1.9) 6, RY —>TpRN, vi— ®Pv |, if p >0, and
i Lifn =0
(1.10) -

iy 0+ 0 dujn © 0, >0
Therefore the “powers” p" can be represented as the concatenation:

[n 1] .« .

RN 2 RN SRy

11=H

Y8 7 RN = T,RY "5 pY

and the exponentiation of u as

[e.o] Tl

(1.11) exp(tp) : Z—'

n=0
It is well known that for (real) analytic f the solution of the IVP (1.4) is (real) analytic,
hence it follows immediately from the uniqueness of the local power series solution that
for homogeneous polynomial mappings f one has

(1.12) D"(z) = p"(x) foralln>0.

But this identity is not at all obvious from the definitions: in the definition (1.1) of D
it is necessary to fix the dimension N, whereas the degree of m of f is secondary; for u
the degree m is primary, whereas the dimension N is irrelevant for the construction of
exp(tu). Therefore one of the main tasks of the present paper is to provide a constructive
understanding of the family of identities (1.12).

So far we have considered the case of commuting variables xq,...,xy5. The third
generalization of the matrix exponentiation is concerened with the case of mappings
f in non-commuting variables x1, ..., xy: it will be shown that the non-cummutative

analog to the linear partial differential operator D of (1.1) is the substitution operator

on monomials defined as
(1.14) (fio L) (py -+ - Thy) = Y (fe S an)  with
k=1



0 ,if k # hy,
(1.15) (fy S ) = . e
ZL‘hl...l‘hk_l fyxhk+l...th ,lfk':hk

and extended R-linearily to all power series of R[[z1, ..., Zn]|ne (subscript ‘ne’ for ‘non-
commuting variables’). In other words: the operator (f, | x;) replaces every occurence
of x; in a monomial by f, and sums up the resulting expressions. It is not hard to
see that for power series in commuting variables the substitution operator D coincides
with the differential operator D, where in particular: 0,, = (1 | x). Therefore we
conclude that in the context of formal power series substituition includes differentiation
as a special case. It will be shown in Section 4 that the non-commutative initial value
problem (1.4) is solved by the exponential substitution

(1.16) P = ePufps .

On the other hand the Exponential Formula (1.10) also solves the IVP (1.4), if f is a
homogeneous polynomial mapping in non-commuting variables, whence the family of

equations (1.12) has the non-commutative analog
(1.17) D"(z) = p"(x) forall n >0,

which we will prove constructively. The constructive proofs of (1.12) and (1.17) both
have an algebraic part (Sections 3 and 4) and a combinatorial part (Sections 6 and 7),
where the combinatorial part is based on a combinatorial description of the structure of
the Lie series (1.2), the exponential substitution (1.15), and the Exponential Formula
(1.11) in terms of certain rooted trees (Section 5 ff.). Different kinds of rooted trees
will be seen to provide different perspectives. We describe not only their respective
significance for the understanding of the powers D", D", and u”, but also address the
following questions:

Counting (the number of rooted trees on n vertices of a given kind), statistics (finer
counting properties related to levels, branching, leafs, etc.), enumeration (the concrete
description of all rooted trees of a given kind), and codes (linear strings or words of
integers). Codes have been systematicaly investigated for the first time by Read [R1,R3]
as a tool for the enumeration of trees. We use them mainly as a substitute for a space
consuming drawing of a tree and as a description revealing structural features.

Moreover, the relation between different kinds of rooted trees is investigated with
emphasis on the properties of projection classes: the ‘projection’ of rooted trees of
type A onto rooted trees of type B with less structure induces a partition of A into
equivalence classes, where two trees of type A are equivalent iff they have the same
image under projection. In Section 7 a new recursive algorithm for the enumeration

of rooted trees is described, which works without comparisons and normal forms and
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which allows the simultaneous computation of certain projection numbers (=cardinality
of projection classes). In Section 8 we introduce several new statistics for monotonely
labeled rooted trees, which extend the well known permutation statistics.

2. BASIC THEORY OF LIE SERIES

The R-lineararity of the operators D™ for all n > 0 implies the R-linearity of the

exponential operator e*”. From

(2.1) D(gi(z)ga2(z)) = D(g1(x))g2(x) + g1(x) D(ga(z)) for all g1, g2 € R[[x1,...,25]]

it follows by induction that

n
n

22 D) =Y () Do) D) foralln >0

k=0

An easy calculation [G, p.14] then establishes
(2.3) ¢ (g1()ga(2)) = (e"Pg1(2)) (e ga()),
which implies [G, (2.11)]
e’PP(gi(),...,9,(x)) = P(ePgi(x),...,e"Pg,(x)) forall P Ry, ...,y

and in the (formal) limit

(2.4) ePF(g(2),...,9,(2)) = F(e'Pgi(),...,ePg,(x)) forall F € R[[y,...,y,)]

Of course the last equation is true also for F' € C{xy,...,zx} (|G, Satz 6]). Set

Pz = ePr|pey for T = (7y,...,75)" € RY,

i.e., exp(tD) is applied componentwise to the variables z;, and then evaluated at z. A
usefull notation is

(2.5) X; = gj(x;t) = ePuy
whence ¢;(2;0) = x; and as a special case of (2.4) one gets
(2.6) ePF(z) = F(X).

Example 2.1. For D = h10; + --- + hyOy with constants hy,..., Ay € R one has:
D% = x;, Dx; = h;, and D"z; = 0 for n > 2, which yields e’z = z + th. Setting
t =1 then gives for all F' € R[[yi, ..., yn]] the (formal) Taylor formula

. 2) o= 1"
Fla+h) = F(ePz) 2 ePFe) 23 S (h-v)Fa) .
n:
n=0
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Example 2.2. For f(z) = Az with A = (a;;) an N x N-matrix over R one computes

that

N /N

i=1 \j=0
Since D(f) x = f(x) for all operators (1.1), one has
(2.7) D(A)x = Ax .

And since Vz* is equal to the unit matrix Ey one furthermore computes
D*(A) = 2* A*Va* A*V = 2% (A*)*V = 1*(A?)*V = D(4?)
and in general
D"(A) = D(A") for alln > 1.
Therefore the Lie series for D = D(A) has the usual form

t" (2.7) t"
tD n n
e x—g —n!D(A)a:— (Eon!A>a¢
n=0 n—=

of a matrix exponentiation. (The Exponential Formula (1.11) for linear p is immeadi-
ately seen to be the matrix exponentiation and is therefore the genuine generalization
of the matrix exponentiation for polynomial vector fields.)

Theorem 2.3. |G, Satz 7] The Lie series ¢!Px with D given by (1.1) solves the IVP

(1.4) for commuting variables x1,...,xn. If f is (real) analytic, then the Lie series
e!Px is (real) analytic in xy, ..., 2N, t.
Proof. Grobner’s proof in case of fi,..., fy € C{z1,...,xx} generalizes immediately

to the formal case:

For a proof of analyticity see [G, Satz 2]. O

In case of a polynomial vector field f the convergence of the component power series
of ePz can be derived from the Exponential Formula (1.11), too (cf. [W, Sec.1.5]).
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Let

be M operators of the form (1.1). If ¢, ..., ¢y are commuting variables, then replacing
tD by t1 D1+ - -+t Dy in the definition (1.2) of a Lie series leads to a multi-dimensional
Lie series, for which the analogs of formulas (2.1) — (2.5) remain true. If the operators
D; commute pairwise, then the multi-dimensional Lie operator can be expressed as

(2'9) et1D1+~~~+tMDM Z Z _DV

n=0veA(M, n)

where v is a multi-index in
(2.10) AM;n)={v=(v,...,vm) | 1,...,vm 20, V| =11+ -+ vy =n},

and v! = ! vyl 0 =7 ), DY = DY ... DY) in multi-index notation. An
elementary calculation shows |G, (3.6")] that the operators D, commute iff

N O fi Ofi;
2.11 D;, D] =0 Vi=1,...,N: e — ) =0.
1) DppI=0 e vim kNS (gl )
For z = x(ty,...,ty) consider an (multi-dimensional) IVP
Ox;
L = f(z i=1,....N; k=1,.... M
(2.12) B, fri(z) )

[L'Z(O) ::xi(t)’tlz---:tMZO =Z; € R 5
where the z; (or fy;) satisfy the compatibility conditions

2 2

ot,ot; OOty

(2.13)

The computation

OPx;  Ofri(x) alpTeE: &Uh Y 8ka
o0t ot =2 Oz, Zf]h

then shows that (2.13) and (2.11) are equivalent.

Theorem 2.4. [G, Satz 20| The multi-dimensional Lie series with operators D; (2.8)

ettDit+tuDy 7 . — etlDlJr”'thMDMl"x:@

solves the IVP (2.12-13). If f is (real) analytic, then the Lie series exp(tyDy+ -+
taDy) @ is (real) analytic in xy, ..., xN,t1, ..., ty.
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Proof. Analogous to the proof of Thm.2.3, where (2.5) is replaced by
(2.14) X; = @j(x;t) := et PritiuDar g,
O

Note that the multi-dimensional Lie series (2.9) is essentially a Lie series of the form
(1.2) with

N N
=1 \j=1

i.e. with coefficients in R[ti, ..., ty] instead of just R.
We describe next Grobner’s application of multi-dimensional Lie series to the inver-

sion of a mapping of power series.
Corollary 2.5. [G, Satz 23] Let F': RN — RN be a mapping with components
yi = Fi(z1,...,2n) € R[[z1,...,2n]] (i=1,...,N),
which 1s invertible in the neighborhood of some point
y=F(z) € RV,
i.e., the Jacobian Jr has non-vanishing determinant in x. Then
(2.15) Je' = (fi)

for certain polynomials fi; € R[[x1,...,xN]] and for operators D; as in (2.8) the inver-
sion of the mapping F' is given locally by:

DDy _ W =9)" o
(2.16) T; = V1Y) YM —YMm Mz, = Z Z o D T .
n=0 veA(Mn)

Proof. Observe first that (2.15) is equivalent to the system

al'i

— = fij(z) (i,j=1,...,N)

8yj J
with © = 2(yy,...,yn) and 2(0) = Z. An elementary computation shows that the D,’s

commute (cf. [G, p.52]). The result follows immediately from Theorem 2.4 upon setting
ti = Yi — Yi- O

In the one-dimensional case N = 1 Corollary 2.5 spezializes to
8



Corollary 2.6. [G, Zusatz zu Satz 23] Let y = F(z) € R[[z]] be invertible in the
neighborhood of some point y = F(z) € R with f = (F')~ € R|[z]]. Then the inversion
of the mapping F' is given locally by the Lie series

s N =9
(2.17) x=eYY x—z Z o D'z |

n=0 ve A(M,n)

whith D = f(z) d/dz.

As a possible future application of multi-dimensional Lie series and in particular
Corollary 2.5 we mention here the Jacobian Conjecture of O.H. Keller (1939) (see [BCW]
for a historical survey):

Let F': C — C be a polynomial mapping with det Jp € C\ {0}, then
the inverse mapping FI=Y is polynomial, too.

In fact, by Lagrange’s inversion formula for matrices the assumption implies that JEI
has polynomial entries f;;, whence the hard part of the Jacobian Conjecture is to show
that (2.16) has only finitely many nonvanishing summands. The approach to the Jaco-
bian Conjecture via labelled rooted trees of [BCW, Sec.IlI] is an easy consequence of
the combinatorial interpretation of Lie series in Section 6. (See also Zeilberger’s lovely
paper [Z] for another combinatorial approach to the Jacobian Conjecture.)

Grobner [G] gives further applications of the Lie series to the solution of first or-
der partial differential equations, the parametrization of affine varieties, Abelian inte-
grals, and in particular the n-body problem of celestial mechanics. See also the papers
[Sb1,Sb2] (and the references therein) for a wealth of further applications in physics.

3. THE ALGEBRAIC CONNECTION BETWEEN ;i AND THE OPERATORS Dj

As stated in the Introduction the constructive proof of the equations (1.12) has a
combinatorial part (contained in Section 7 below) and an algebraic part, described in
the present section (Lemma 3.1).

Subsequently we use the notations

(a)p :=ala—1)...(a—b+1) fora,be Ny=NU{0}, [(a):= 1],

(3.1) :={1,...,a} foraeN, and

IQ‘@ |2

={v=,...,1p) | ,...,p €a} fora,beN.

In order to connect the operators D; (2.8) depending primarily on the dimension N,

with the mapping p depending primarily on the dedree m we first define a bijection
9



¢ : A(N,m) — K(m, N) between the sets
AN,m) ={a=(aq,...,an) |a1,...,an >0, o] =y + -+ ay =m}
Km,N)={ke N*|1<k <--- <k, <N}

by

(3.2) Oa):=(1,..., 1,2, 2. . N, o N) = (kyy oo o) =
—— —— ——

aq a2 an

We will use k(a) and a(k) as shorthands for ®(a) and ®~1(k), respectively. Set more-
over for any k € K(m, N):

(3.3) Vin(k) := { different m-tuples formed from ky,..., &k, } .

Clearly,

m m! m!
Vin R)] = (a(k)) T o) T k). an(®)!

whence with 2% = 21" ... 2":

(3.4) S any...an, = (Oﬁ))xa(k) .

heVm (k)
For commuting variables 1, ...,y one can rewrite any f as given by (1.6) in the
form
o m [} N
(3.5) fla)y= > <a) Ay 2* (A, € RY),
a€A(N,m)

since the rationals are contained in R. Using the notation
(3.6) a(h) = (ay(h),...,an(h)) with a;(h) :=|{j | h;j=1i; j=1,...,M}|

for any h € N* (M < m) then gives

1) S = 3 () A e

keK(m,N)
Z A Z Thy « - (354) Z Aa(h) Ia(h)

keK(m,N) hevm (k) heN™

The mapping p corresponding to this form of f by (1.5-6) is commutative in the following

sense:
(3.8) plep, ® ...Qep,) = u(ehﬂ(l) R...Q ehﬂ(m)) for all m € S,,,
i.e., for all permutations 7 of the numbers 1,...,m (cf. [W, Example 1.1], the definition

of commutativity there does not say what is meant).
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Notice that the presentation (3.5) of f, which makes the corresponding p commuta-

tive, is unique.

Lemma 3.1. For 1 < j < M < m let f; = (fij,---,fn;)* : RY — RN be any
polynomial mappings; let 1 and f be as in (1.5-6) and (3.5), respectively, with p in its

unique commutative form. Then for

(3.9) Dar="Y fual®@) .. forat(2) Oy 00y = Y fi) O

veNM veNM

one has

(3.10) Dy f(z) = (m)y p(f1(2) ® ... ® fale) @ @™ Ma) .

Proof. The multivariate analog to (d/dx)*(z2") = (n)pz™ * is (with multi-index nota-
tion, v € K(M, N), and 0, as in (3.8))

a—a(v)

0% = () a@)® ,
Then one computes
Dyz® = Z f Z f(u a(u —a)
veNM veNM

Application of this last result to f(z) in the form (3.6) yields
(3.11) Duf@)= > () Aaw Dur @®)
. mjlx) = . Oé(k) ak) v (X

keK(m,
m— M
a(k)—a(v)
Z Aa(k Z f(l/ ( k') _ Oé(V)) x Y

keK(m,N) veNM

because

e al (a —a(v a—a(v)

By the R-linearity of u it follows from (1.5) that for any vectors vy,...,v, € RY

with v; = (U?)hzl 77777 Ny(=1...,m):
N
(3.12) p(v1 ®...Quy,) = Z o vy (e, ® ... @ ep,,)
hi,...y hm=1
15 al
= < Z Ay V177 Uﬁf”) = Z apvyt ol (ap € RY)
hiyeehim=1 i1 N  henm



This together with (3.7) implies for the corresponding commutative p

p(f1(2)®...@ fu(r) @ @™ M)
= Z A Z fhl, o St (T) - Ty - T,

ke K (m,N) hGVm

Comparison of the last equation with (3.10) and (3.11) shows that the proof is complete,
if for fixed k € K(m, N) the following is true:

(3 13)
Z f”) ( " ]aw(y)) )=o) = Z fhl, .th,M(a:) “Thpryq oo Thy, -
veNM hEVim (k)

Take any h € V,,(k), i.e. h = (h,...,hy) is a permutation of the entries of k, and set
v=(hi,...,hy) € N™. For the remaining (m — M)-tuple (hary1,. .., hn) every one
of the (a(zl):]o\jf(y)) different orderings of its entries yields the same factor z®*)~*®) Thig
shows that for every sumand on the r.h.s. of (3.13) there is exactly one summand on the
Lh.s. of (3.13), if one takes into account the multiplicities concealed in the multinomial
expression.

Conversely, taking any v € N such that a;(v) < a;(k) for all i = 1,...,N,
and fixing any order of the variables in 2*®)=2®) vields a unique h € V,(k) with

a(k)—a(v)

(hi,...,hy) =vand @y, ... %, =T . This shows that for every sumand on

the Lh.s. of (3.13) there is exactly one summand on the r.h.s. of (3.13), which completes
the proofs of (3.13) and Lemma 3.1 . O

4. SUBSTITUTION OPERATORS FOR NON-COMMUTING VARIABLES

The Exponential Formula exp(tu) & solves the initial value problem

(4.1) i = f(r), 2(0) =7 € RN |
where f = (fi,...,fn)" and fi,..., fy € R[[z1,...,2N]]n are homogeneous of some
degree m in the non-commuting variables xi,...,xy. This is a consequence of the

non-commutativity of the tensor product: since the constuctions (1.5) - (1.10) and the
proof of the solution property (see [W, Sec.1.2]) rely only on the tensor product and
some elementary algebra, the Exponential Formula is well defined for non-commuting
variables and solves the IVP (4.1). There is however one subtle difference between the
commutative and the non-commutative formalism of the Exponential Formula: if the

arguments of some pu € L(T,, RN, RY) as in (1.6) involve the non-commuting variables
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x1,...,xy instead of just the scalars from R, then one defines

(4.2) o @ ... Q) = Z ap vt phm
heN™
for vectors v; = (vj,..., v} )* instead of deriving it from R-linearity as in (3.12).

In case of non-commuting variables (as in case of commuting variables) the homogen-
ity of the polynomial mapping f is no severe restriction of the applicability of the
Exponential Formula. Although homogenization of f through the introduction of an
additional variable, say z, is not unique in the case of non-commuting variables, we
are interested only in solutions obtained from the homogenized system (- an equation
2 =0 1is added to (4.1) —) upon setting z = 1. Hence all kinds of homogenizations lead

to the same non-homogeneous result.

That homogenity of the polynomial mapping f is not an essential requirement in
case of non-commuting variables can be seen also from the non-commutative version
of the convolution formula described in [W, Sec.2.2], whoose construction we briefly
discuss next: Let x = (zg,%1,%2,...) and y = (yo,%1,¥2,...) be two sequences of
non-commuting variables. Then as usual the convolution of the two is defined by

r*xy = (ToYo » Toy1 +T1Yo , --- Z Yy, )= (@Yo, (@xy)a,...)
475
This generalizes in the obvious way to the convolution of several sequences (M, ..., z(V)
of non-commuting variables, such that for every polynomial p € R[xy, ..., Zx]|n. there
exists a corresponding polynomial p € R[z™M, ... 2], different from p only by the
interpretation of multiplication as convolution and the interpretation of scalars r € R
as sequences (r,0,0,...) € R. If now the polynomial mapping f is replaced by the
corresponding mapping f and f,, denotes the n-th component-vector, then the local

power series solution

(4.3) Z zot"  with oz, = (V. )y
n=0
of the non-commutative polynomial IVP (4.1) is given recursively by
1
4.4 =T w1 = —— £, .
(4.4) To =T, Tntl Nl

This convolution formula can be shown to be essentially equivalent to the Exponential
Formula and can also easily be derived directly with the help of the non-commutative
Cauchy product of power series. (The arguments given in [W] work equally well for

commuting and non-commuting variables).
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It remains therefore to look for a non-commutative analog of the Lie series and as
stated already in Section 1 this analog is given by the exponentiation of the substitution
operator D. But first the question arises, why the linear partial differential operators D
do not work for non-commuting variables x1, ..., zy. Re-examination of the arguments
leading to the solution property of the Lie series (Thorem 2.3) reveals that the crucial
fact is that D is a derivation, i.e., satisfies (2.1). All the formulas (2.2-6) and the proof of
Theorem 2.3 are based on this derivation property (and of course the peculiarities of the
exponentiation). Now for non-commuting variables 1, ...,zy the partial derivatives
0., are derivations, which commute with each other, but even an operator D = f(x)0,,
is not a derivation: for N > 1 and f, g1, g2 € R[[x1,...,2"]],. one has in general

D(g1(x)g2(z)) = D(g1(x)) g2() + f () g1(x) Oa; (g92(2))
7 D(91(2)) g2(%) + g1 (x) D(ga(2)) -
To the contrary the substitution operators D defined in (1.13-15) are derivations, and

with the same arguments as in Section 2 one derives the non-commutative analog of
Theorem 2.3:

D

Theorem 4.1. The substitutional series e = ePx|,—z with

D=D(f)=(filz)+ -+ (fv |l an)

solves the non-commutative IVP (4.1).

For homogeneous polynomial mappings f the problem remains to prove/understand

the equality
ePr = exp(ty) x|

respectively, the equalities (1.17) between the powers of D and p. This will be done by
proving an analog of Lemma 3.1 (Lemma 4.2 below) and by investigating and comparing
the tree structures underlying the respective powers (Section 6).

For 1 < M < m and v € N¥ let a(v) € A(N, M) be given by

a;(v) = Halvg =7}
With
K(M,m):={pe N*|1<p <---<py <m}

we define for any h € N™ the set

Spr(h) := { subwords of h of lenght M } | i.e.

keSu(h) <= IpeKMm)VjeM : kj=h,, .
14



For every h € N™ set
S(k,h) :=={pe K(M,m) | k(h,p):=(hp,...,hy,) =k}
and let s(k, h) := |S(k, h)|. Clearly:
(4.5) 3 slkh) = (Z) and |4 S(k,h)=K(M,m) .
keSa(h) keSp(h)

We are now prepared to define the higher order substitution operators:

(46) (fV l xl/)(xh) = (fVl""7fVM lel?“"xVM)(xhl "'th)

keViy (Z/)

k
where «a(v)! and V), (v) are given as in Section 3 and (f, < x}) means:

substitute M factors of x;, by the M components of f, in accordence to k,
ie., (f, LR xp) =0, if k ¢ Sy(h), or otherwise replace for j =1,..., M
and all p € S(k, h) the variable z; at place p; by f, ;.

Higher order substitution operators result from repeated first order substitutions, if
the latter operators are not applied to the already substituted expressions. For example:

(fi La)[(fi | z)(zizoz)] = (fi | 20)(fizaz: + 2122 f1)
= [(fi L z1)(f)lwowy + fraafi + fizvafi + 2iza[(f1 L 21)(f1)]

but
(fi, fr L z1, 20) (012071) = 2120 f1
It is not hard to see that for commuting variables
(fo L @)(@n) = £, (0 xp)

and for M > m one has in particular Sy;(h) = () and therefore (f, | x,)(z;) = 0. Note
moreover that (f, | z,) = (fz@) | T=)) for all permutations 7 € Sy of the entries.

Lemma 4.2. Let Inj(M,m) be the set of injective mappings from M to m given as M-
tuples k € m. Let p and f be as in (1.5) and (1.6), respectively, and 1 < j < M < m.

For any collection of polynomial mappings f; = (fij,---» [nj)* : BRY — RN in non-
commuting vartables x,...,xyN set
(4.7) D = Z (fra(@) oo foum(@) L 20y, oo yy,) = Z (foy L @) .

VEMM VGMM
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Then
(48) Dufl)= Y.  p(f™E gma),

k' €Inj(M,m)
where (fIM] & ®™Mx) means:

forj=1,..., M substitute the factor x at place kK in @™z by f;.

Proof. One computes
~ 1.6 ~
Dy =2 Z an Dyr(wp)

heN™
and

DM(.’ﬂh) = Z (f(u) ll‘,/)(.’ﬂh)

veNM
k
= Z a(v)! Z (fw) = =)
veNM keVar(v)
k
=M Y (fwy = @)
keSnr(h)

because for every k € Vi (v) one has: k € Vi (V') for all v/ € Viy(v) € N and

Varw)l = (1) = [Var b))
On the other hand from the non-commutative analog (4.2) of (3.12) it follows that

K/ K/
> uMSemy =3 a > w(fMSm),
k'€Inj(M,m) heN™ k'€Inj(M,m)
where (fIM] £, T3,) means:
for j = 1,..., M substitute the variable at place k; in x5, by the hk}—th

component of f ;.

. K .. . .
Since (fM) < 2;,) is invariant under all permutations of the components of &', one

concludes that
Y DENTIEEPAISTID SETIC S
k'€lnj(M,m) k' eK(M,m)
Now the assertion of the lemma follows from the identity
k K
> Uw=w)= 3w S,
keSn(h) K €K (M,m)

which is true by (4.5) and the definitions. O

16



5. ROOTED TREES: GENERALITIES

A (finite simple) graph G is a tuple G = (V, E), where V = V(G) is a finite set,
whose members are called vertices, and E = E(G) is a set of two-element subsets of V/,
whose members are called egdes. Two vertices vy, v € V are adjacent, if {vy,v2} € E,
and a path from vy to v, in G is a sequence (vy,...,v,) of vertices such that v; and
vj41 are adjacent for 7 = 1,...,r — 1. A path is called a circuit, if in addition the
vertices vy, ..., v, are all different, r is greater than 2, and v, and v; are adjacent. The
distance d(v,v") of two vertices v and ¢’ in G is the minimal number r of edges for a
path between v and v’, where one sets d(v,v’) := oo, if there is no path in G between
v and v'. G is called connected, if d(v,v’) is finite for all v,v" € V(G).

A tree T can be defined as a connected, circuit-free graph and a rooted tree as a tuple
(T,v9) — or T for short —, where T is a tree and vy a distinguished vertex of T called
the root. The trivial rooted tree Ty := ({vo}, ) has the root as its only vertex. A vertex
v of a rooted tree T has rank k or is on level k, if r(v) := d(v,vy) = k. Thus a rooted
tree T' can be identified in a natural way with a ranked patially ordered set (poset) (see
e.g. [Stl]), where v < v’ in T"iff d(v,v") = r(v") —r(v) > 0. Similarly, a rooted tree can
be identified in a natural way with a directed graph or digraph, where the edges are not
just two-element subsets {v, v’} of the vertex set V', but ordered pairs or arrows (v,v’),
where v is called the out-vertex and v’ the in-vertex of the arrow. Namely, (v,v’) is an
arrow for a rooted tree T, if {v,v'} € E(T) and r(v') = r(v) + 1. A(T) is the set of
arrows of the rooted tree 7. The out-degree of a vertex v € V(T') then is the number

of arrows departing from v:
out(v) := [{v" € T | (v,0") € A(T)}] .

(The analogously defined in-degree is not very interesting for rooted trees, because every
vertex except the root has in-degree 1.) Vertices v with out(v) = 0 are called leaves,
the set of leaves of some T is denoted by L(T'). A twig of a tree is a leaf together with
the edge leading to it. The hight of a leaf is its rank and the hight of a rooted tree T is
the maximal hight of a leaf:

= for all L(T T) = = )
h(v) :=r(v) for all ve L(T), h(T) Urer%/agT() d(v,vp) vrerlLa?T() r(v)

The number |T'| := |V(T)| of vertices of T" will be called the weight of T'. For any vertex
v of a rooted tree T the subtree

T () =1 (v,7)

induced by v is the rooted tree with v as root, vertex set {v' € V(T') | v" > v} and the

edges inherited from T'. The successor set of a vertex v of a rooted tree T' (patriarchaly
17



called ‘sons’ of v) is the set
suc(v) = suc(v,T) :={v" € T | (v,0") € A(T)} .

Clearly, out(v) = [suc(v)|. The analogously defined notion is that of a precessor (or
‘father’) of a vertex. Every vertex except the root has exactly one precessor and every
vertex not a leaf has a successor. The principal subtreesTh, . .., Ty of a rooted tree T are
the subtrees generated by the successors vy, ..., vs of the root of T'. The relationship
between T and its principal subtrees will be written symbolically as

T=|T,....,T,| .

As usual we draw the vertices of a graph as points and the edges as lines joining
adjacent edges. A rooted tree (T, vy) is drawn with vy at the bottom and vertices of
rank ¢ 4+ 1 above the vertices of rank .

The set of all trees on n vertices will be denoted by T,,, such that the set of all finite
trees T is

T=HT,.
neN
Similarly, one has the sets r'T and rT,, of finite rooted trees and rooted trees on n

vertices. The notation rTS™ will be used for rooted trees, where out(v) < m for all
occuring vertices v.

In general we will discuss not just rooted trees, but rooted trees with additional
structure, e.g. ordered (= planar) trees. A rooted tree is ordered, if the successor sets
suc(v) are linearly ordered for every v € V(7). Ordered rooted trees will be denoted by
OrT. For non-ordered trees we will introduce normal forms, where all vertices on the
same level are ordered according to appropriate rules. Another way to enrich rooted
trees is to attach labels (from Ny) to their vertices and/or edges. The most important
labelings of rooted trees used here are the linear extensions: for 7' € rT, a linear
extension is is an injective mapping e : V(7)) — {0,...,n — 1}, such that the ordering
of the vertices in T' is compatible with the linear order on the natural numbers:

Vo, o' e V(T) : v < v = e(v) <e(V) .

In particular: e(vg) = 0 for every linear extension of 7'. In drawings of linear extensions
we simply attach to every vertex v its label e(v). The set of all linear extensions of
rooted trees will be denoted by MrT, where M stands for ‘monotonely labeled’. Of
course the notions of successor, out-degree, (principal) subtree, etc. apply accordingly
for rooted trees with additional structure.

The following picture gives an overview about the most important kinds of trees
discussed in the subsequent sections. Double-arrows are bijections, single arrows pro-

jections.
18
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The two leftmost types of rooted trees (discussed in Section 6 below) are m-nary
trees, i.e. every non-leaf of such a tree has either out-degree 1 or m, where m is a fixed
natural number > 2. In addition there may be labelings.

Subsequently we will discuss the significance of different types of rooted trees for
the structural understanding of the Lie series, the exponential substitution and the
Exponential Formula and complete the constructive proofs of the identities (1.12) and
(1.17). But as already explained in the Introduction we also discuss the counting,
enumeration and statistics of trees as well as their codes and their projection properties.

6. m-NARY ROOTED TREES, THE EXPONENTIAL FORMULA AND THE EXPONENTIAL
SUBSTITUTION

For m > 2 the set SmrT,, of sparse m-nary rooted trees of hight h(T') = n contains all
ordered rooted trees T, for which all leafs have rank h(7T") = n. In addition all vertices
on levels 7 < n have out-degree 1 with the exception of exactly one vertex, which has
out-degree m. Alternatively, one can describe the sets SmrT,, as follows: Let SmrT,
be the set containing only the trivial rooted tree and let SmrT; be the set containing
only the m-bush, which is the unique rooted tree in r'T,,,; of hight 1, i.e. for

m:2:\/' m=3: \V etc.

Assume now that the set SmrT,, is already constructed. Then one gets all the elements

of SmrT, ; by taking any 7" € SmrT,, selecting a leaf v € L(T'), and attaching an
m-bush to v and a twig to every other leaf of T". From this construction it is immediate
that

(6.1) |SmrT,| =nl, 1,
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where for every n € Ny and k € N one defines ([W, Sec.1.5]) the generalized factorials
n!j recursively by

Of course: nly =n!and from (v —1) (m—-1) < (v—1) (m—1)+1<v (m—1) one
gets the estimate

(n—1)!'(m-1"1<nl,;<n!(m-1)" forn>0undm > 2.

Example 6.1. For m = 2,n = 3 the 6 elements of S2rT3 are

KRNSO

The above recursive construction of the m-nary rooted trees in SmrT,, leads not only
to formula (6.1), but also to a natural representation of the trees by L-codes: there is a
natural bijection between the sets SmrT,, and

Lim,n) ={l=(l,—1,...,lo) |v(im—=1)>1, >0},
the latter having cardinality n!,,_1: Since T € SmrT,, is ordered and has exactly

vim —1)+1 &
with 0, where on level v in T the m-bush is attached. This number gives entry [, of

v| vertices on each level v, one counts from left to right beginning

the L-code I(T') of T'. Of course the trees in SmrT,, are easily reconstructed from the
elements of L(m,n). The L-codes in L(2, 3) of the trees in Example 6.1 above are from
left to right:

(0,0,0), (1,0,0), (1,1,0), (2,1,0), (0,1,0), (2,0,0) .

The significance now of the sparse m-nary rooted trees for the understanding of the
Exponential Formula is that they reflect exactly the structure underlying the powers
of a p € L(T,,RY, RY): the m-to-1 mapping p can be represented pictorially by an
m-bush, where the m leafs stand for the m input vectors and the root for the image
of the input under p. The identity mappings correspond to the arrows (v,v’) with
out(v) = 1, such that the recursive construction of the sets SmrT,, corresponds exactly

to the building up of the powers p", or, in terms of the sets L(m,n):
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Proposition 6.2. For € L(T,,RY, RN) the powers u" for n > 0 can be represented

as sums over or the L-codes | € L(m,n):

u" = Z l(p) , where
leL(m,n)

1

ln—
Up) i=dy - 0d,f o0, and

lu . ll/ N v _ll/_ >
d ey =@ id @ p@ @Y id
Proof. Immediate from (1.7-10) and the linearity of the tensor product. O

The set mr'T,, of m-nary rooted trees on n m-bushes is the set of all ordered rooted
trees, such that every vertex has either out-degree m or 0 and that the number of vertices
v with out(v) = m is n. The set MmrT,, of monotonely labeled m-nary (ordered) rooted
trees on n. m-bushes is the set of all trees T' € mr'T,,, which in addition have a labeling
of the n. m-bushes by the numbers {0, ..., n—1}, such that the ordering of the m-bushes
in T is compatible with the natural linear order on the integers. The sets MmrT,, are
in bijective correspondence to the sets SmrT,,: for any 7' € SmrT,, label the root of an
m-bush by its rank and contract all arrows (v, v’) with out(v) = 1, such that v and v’
are identified. (Clearly, every T' € MmrT,, contains all information necessary for the
construction of the corresponding tree in SmrT,,.)

In terms of the powers ™ the contraction of the arrows with out(v) = 1 to a point
makes sense, because exactly these arrows correspond to the identity mappings, which
do not alter the input. (But it would be very cumbersome to express algebraically the
powers u” right from the outset without the use of the identities.)

The set ME,,rT,, of monotonely labeled m-nary rooted trees on n vertices with edge-
labels in m is the set of all (non-ordered) rooted trees, where the vertices are monotonely
labeled with 0,...,n — 1 (as explained in Section 5) and the labels of the edges from
m are restricted only by the condition that the out-going edges of a fixed vertex have
different labels. Again the sets ME,,rT, are in bijective correspondence to the sets
MmrT,: for any T" € MmrT,, replace every m-bush by a vertex with the same label
and join the new vertices by edges according to the way the m-bushes are stacked upon
each other, i.e., if in MmrT,, the m-bush b’ has as its root a leaf of the m-bush b, then
in ME,,rT,, the vertex for ¢’ is joined to the vertex for b by an upward leading edge.
In addition the number of the leaf of b in MmrT,, where b’ has its root — the leafs of
every m-bush in T" are numbered 1, ..., m from left to right — is recorded by the edge
label in ME,,rT,,. (Clearly, every T' € ME,,r'T,, contains all information necessary for

the construction of the corresponding tree in MmrT,,.)
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Although one has a more compact pictorial representation of the sparse m-nary trees
now, the new representation does not add (so far) any new insight on the structure
of the powers p". But it provides the information necessary for the proof (below in
this section) of the equalities (1.17), and it will be a useful step for the proof of the
equalities (1.12) between the powers of p and D (in the next section). Notice, that for
non-commuting variables it is essential to record with the help of the edge labels, on
which place i has a certain input.

Example 6.3. As an illustration for the bijective corresponences
SmrT,, +— MmrT, +— ME,rT,

we give an example for m = 2 and n = 4:

We describe next the two-row code for the trees in ME,,r'T,,. The first row contains
a permutation of the vertex labels 1,...,n — 1 and the second row contains the edge
labels from m, namely, the label of the arrow leading up to j, where we identify a
vertex v of T' by its label j. The permutation of the first row is the walk-around code
(wa-code) — this idea goes back at least to [dBM], see also [R3] —, which specifies both
the information about the underlying rooted tree and the monotone vertex labeling. To
determine the wa-code of some tree 7" € ME,,rT, we temporarily remove or ignore
the edge labels and investigate only the underlying monotonely labeled tree T' € MrT,,.
This tree has to be put in a planar normal form first (— the original 7" is not planar
—) by ordering every set suc(v) such that the vertex labels decrease from left to right.
For this planar normal form of 7" one writes down in a sequence every newly appearing
vertex label while “walking around” the tree in clockwise direction beginning with the
root (always having the lines of the tree right hand).

Example 6.4.

6
T = € MI‘TlO
0
is in normal form and has the wa-code 6 3794128 5.

From the wa-code it is easy to reconstruct the monotonely labeled rooted tree T' €

MrT,, by subdividing the wa-code into sections as follows: the first section begins with
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the first number and ends before the next number smaller than the first. To find the
next section repeat the procedure for the remaining wa-code, etc. . In other words: the
beginnings of the sections are given by the unique maximal decreasing subsequence of
the wa-code, which begins with the first number. The sections of the wa-code 637941285,
e.g., are 6, 3794, and 1285. Clearly these sections correspond to the principal subtrees
generated by the successors of the root, and a repetition of the sectioning gives the
higher order sections (= subtrees with roots on higher levels). Notice, that with the
sectioning method one can determine recursively not only the sections (= subtrees) of
the wa-code, but also the levels of all vertices (= roots of the subtrees). For example,
sectioning and subsectioning of the wa-code 637941285 gives the levels (written below)

6 3 7941285 6 3 7941285
—
11 1 11 2 2 1 2

6 37941285
112321233

We briefly indicate how the two-row code of a 7" € ME,,r'T,, can be computed from
the L-code of the corresponding tree T € SmrT,, (without sketching the trees):

From the L-code | = (l,—1,...,ly) € L(m,n) one constructs first the parenthesis code
as follows: for [y write ¢(0,...,0) with m zeros, then replace the l;-th zero (counted
0, 1, ... from left to right) by 1(0,...,0) (again with m zeros), then replace the l5-
th zero by 2(0,...,0), and so on. Clearly, for the parenthesis code the content of a
parenthesis ;( ... ) is a faithful image of the subtree T (v,T) of the vertex v with label
j. Hence all information necessary for the two-row code of T’ can be extracted. For
example the tree T' € S2rT, of Example 6.3 has L-code (1,2, 0,0) and parenthesis code

0(1(07 3(07 0))7 2(07 O))

We are now in a position to complete the constructive proof of the equalities

(6.3) D"(z) = p"(x)  (n=0)

for non-commuting variables xy, ..., xy. In fact we will show an even stronger assertion:
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Definition 6.5. Let f : RY — R be a polynomial mapping with f = (fi,..., fn)*
and fi,..., fx € R[[z1,...,2"]|ne. Then for T € MrT, and D as in (1.13) the substi-

tution operator DT is defined recursively as

D" := D],
DIy= S (e S8 L) o if suc(s) = (k... har} # 0
veNM
T fo(@) ,if q is a leaf of T
M(x) =

DTT(q)fp(x) , otherwise.

In other words, to every vertex of the tree I' € MrT,, one associates an N-dimensional
vector of polynomials: to every leaf of T" the original mapping f and then to every
other vertex v in a recursive fashion the result of the componentwise application of the
operator Dy from Lemma 4.2 to f(x), where the arguments f1,..., f s of Dy are the
M mappings already associated to the M successors of v.

Theorem 6.6. Let f, T, and DT be given as in the definition above, where in addition
f is homogeneous of degree m, and let p be associated to f by (1.5-6). Let moreover
E(T) denote the set of all trees in ME,,,r'T,,, which reduce to T upon forgetting the edge
labels. And finally let [T be the L-code corresponding to a T' € ME,,rT,. Then with
the notation of Proposition 6.2:

(6.4) D)= ) 1"(n ().

T'€E(T)

Proof. From the description of DT given after its definition it is clear that in every step
on can replace Dy, f(x) by the right hand side

S M @)

ke€Inj(M,m)

of formula (4.8) of Lemma 4.2. But by the definition of (fM LR ®™z) this means to
replace the factor x at place k; in @™« by f;, which in terms of trees means to have
the edge label k; for an arrow leading to the input-vertex f ;. Since for every vertex v
of T" with M successors the possible M-tuples k of edge labels vary over all elements of
Inj(M,m) the assertion (6.4) follows. O

Proof. of (6.3): From Proposition 6.2, the obvious set partition

ME,rT,= {4 E(T),

TeMrT,
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and the bijection between ME,,rT,, and L(m,n) one concludes that
n (6.4)
W= ) @)= 3, 3 >, D).
leL(m,n) TeMrT, T'cE(T) TeMrT,

All that remains to be shown is therefore

(6.5) D'(z)= » D'(z)

TeMrT,

For n = 1 one readily sees

Dx = (Dxy,...,Dry)* = f(x) = DP(2) = Z DY (),

TeMrT,

since the trivial tree Ty on one vertex is the only tree in MrT;. Similarly one computes

for n = 2:

DZZB = Df = Z(f“ l-T“)(f) = Z (fll lxz1) Z DT

11=1 i1€ﬂl TeMrTs

since again MrTs contains only one tree — the root with one successor 1. Now by the
definition of higher order substitution operators (4.6) and the derivation property for

the operators (f; | x;) one computes for n = 3:

D3ZL‘ - D2f = Z(fzg lxw) (Z(fu lxll)(f))

t19=1 11=1
N N
= Z (fi27fi1 lxiwxu + Z fw lxm f’Ll) lxll)(f)
i2,i1=1 i1=1
- Z(fiwfzd lxiwxu Z fz2lx12 fZl lxll)(f)
ieENZ 1€NL ireNd
= D" (z) + D (2 }: DT
TeMrTs
with
2
1 2 1
T = 0 and Ty = .\/ .

0

For n = 4 the application of (fi, | x;,) to the first sum yields three sums over

(fi37fi27fi1 lximxiw‘ril)(f) ) ((fm lxis)(fh)?fh lxi27xi1)(f) )
and (figv (fz3 J/IZB)(fZl) l $i2,$i1)(f)
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and to the second sum it yields three sums over

(((fm lxm)(fw) ! IZQ)(fZI) ! Ih)(f) ) ((fisvfh lxisv‘rw)(fil) ! Ih)(f) )
and ((fw lxh)(fil)vfi?, lxiu‘ris)(f) :

The general pattern is emergent now: by the derivation property the application of the
sum of operators (f;,,, | @i, ,) to the summands of D"z corresponds on the level of
trees to adding a twig with vertex label n+1 to every vertex of every 7' € MrT,,, which
gives exactly the sum over the trees of MrT, ;. This completes the proof of (6.5) and
(6.3). O

Remark 6.7. Binary ordered rooted trees (in 2rT) with labeled leafs are natural repre-
sentatives for repeated brackets in free Lie algebras. Namely, the labeled leafs represent
the (numbered) generators, and the two successors of a non-leaf the two factors of a
bracket. For a comprehensive exposition of the algebra and combinatorics of the free
Lie algebras see the Reutenauer’s book [Re].

7. MONOTONELY LABELED ROOTED TREES, THE EXPONENTIAL FORMULA AND
THE LIE SERIES

The sets MrT,, of monotonely labeled rooted trees and their walk-around codes (wa-
codes), which are permutations in S,_;, have been introduced already in Section 6.
The natural recursive construction of the sets MrT,, proceeds as follows: the trees
in MrT, ;; can be derived by taking any tree T' € MrT,,, selecting a vertex v, and
adjoining a twig with label n + 1 to it. This immediately shows

|MrTn+1| =nl

and simultaneously sugests how to build up an L-code for this trees. Namely, for every
[in
L,:=L2,n)={l=(l,1,.-..,lo)|v>1,>0}

one constructs recursively a tree ' € MrT,, | by attaching a twig with label v41 to the
vertex [, (= the vertex with label [,). In other words: the vertex v > 0 of T' covers the
vertex ,_1. The L-code, e.g., for the tree from Example 6.4 is (7,2, 3,0,2,3,0,1,0) € Ly.
From the L-code of a T' € MrT,, one immediately reads off the out-degree of a vertex
J: it is simply the number of occurences of j in L(T).

We briefly discuss (a) how the L-code of some T' € MrT,, can be computed from the

L-code of some T" € SmrT,, if T is the projection of T”, i.e. T originates from the
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bijective image of 7" in ME,,r'T,, by forgetting the edge labels; and (b) how the L-code
of some T € MrT,, can be computed from its wa-code.

For (a) compute the parenthesis code for 7" as described in Section 6. Then the
vertex j of T' covers i, if ;( is the next unmatched parenthesis to the left of ;(, where
‘unmatched’ means that the matching right parenthesis for ;( is not between ;( and ;(.

For (b) compute the levels of the wa-code of T" as described in Section 6. Then
all vertices 7 on level 1 cover the root 0, and every j on a level greater 1 covers the

next vertex ¢ to the left, whoose level is smaller than the level of j. For example, let
T € MrTg have

wa-code: 6 379 41 2 8 5
vertexonlevel: 1 1 2 3 2 1 2 3 3
coversvertex: 0 0 3 7 3 0 1 2 2

whence the L-code of T is (7,2,3,0,2,3,0,1,0).

Proposition 7.1. For every natural number m > 2 and every tree T € MrT,, let
pr(m) be the number of T' € ME,,r'T,,, which project onto T (upon forgetting the edge
labels). Then pr is a polynomial in Zm| and (with notation (3.1))

n—1

(7.1) pr(m) = [[(m)sq)  with 8(7) = |{v |1, = 5} .

=0
where of course l = (l,—1,...,ly) is the L-code of T.

Proof. Let j be a vertex of T with out-degree out(j). Then for the given m there are
exactly (m)out(j) possibilities to label the outgoing edges with different labels from m.
Since in terms of the L-code out(j) equals 5(j) the wanted projection number for T is
the product over all factors (m)g(). O

For the rest of this section assume that f is a polynomial mapping, which is homo-
geneous of degree m in the commuting variables x1,...,xy, and that the mapping u
associated to f is in commutative form (see Section 3). We are now in a position to
complete the constructive proof of the equalities

(7.2) D"(x) = p"(x)  (n=0)

Despite the fact that (6.3) in case of commuting variables implies (7.2), because then
the substitution operator D specializes to the differential operator D, there are some

new phenomena in case of commuting variables, which make worthwile a fresh start.
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Proposition 7.2. For commutative u € L(T,,RY, RN) the powers u"(z) for n > 0 can

be represented as

w'(x) = Z pr(m) p*(z) , where recursively
TeMrT,
(@) = (@) and

1 (@) = plpfy (@) @ @ pigy (@) @ @ Ma) | if sue() = {ji, -, ju} -
In particular: ,uTT(j)(x) = put(z) = u(®@™x), if j is a leaf.
Proof. Recall from the proof of (6.3) that
- Y
TeMrT,, T'cE(T)

Since for commutative p the ordering of the input vectors is not relevant, it follows
from Proposition 7.1 that for all 7" € MrT,,

> 1M () (@) = pr(m) " (u) (@),
T'eE(T)

where 7" is any fixed tree in E(7"). But commutativity of © means for the parenthesis
code of the T” € ME,,r'T,, that all entries of every parenthesis (...) commute. There-
fore all subparethesis of all ;(...) can be assumed to be in leftmost position, which
gives exactly u”(z) upon recursive evaluation. Hence

() () = p" ()
and the proof is complete. O

Definition 7.3. Let f : RY — RY be a polynomial mapping with f = (fi,..., fn)*
and fi,...,fn € R[[x1,...,2"]]. Then for T € MrT,, and D as in (1.1) the linear

partial differential operator DT is defined recursively as

T ._ NnT
D" = D 100)
D?(J) = Z 2% B I/M]Malf ’ ZfSUC( )_ {jla"'?jM} 7é(2)
vENM
f() L if q is a leaf of T
[y @) :=¢""

T(q o), otherwise.

In other words, if the M polynomial mappings f 1, ..., far for the M successors of a
non-leaf j have been computed already, then they build up DTT( i) the same way as the

operator Dy of Lemma 3.1. We can now proof the following refinement of (7.2):
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Theorem 7.4. Let f, T, and DT be given as in Definition 7.3, where in addition f is ho-
mogeneous of degree m, and let i be the unique commutative mapping in L(T,,RY, RY)

associated to f. Then with the notations of Propositions 7.1 and 7.2:
(7.3) D7 (z) = pr(m) u7(z) .

Proof. From the description of the operator DT given after its definition it is clear that
in every recursive step on can replace Dy f(x) by the right hand side of formula (3.9)
of Lemma 3.1:

M)y p(fa(2) ® ... @ fu(z) @ @™ a)
Then the result follows from formula (7.1) of Proposition 7.1. O

Proof. of (7.2): Since by Proposition 7.2 and (7.3) one has

@) = S prlm) @) = S D),

TeMrT, TeMrT,

it remains to be shown that

(7.4) D'x)= > D'(x).

TeMrT,

From

Dz = f()

N
D*r = Z fi, (03, f)
i1=1

N

D3$ = Z [ fzg(azgfu)(auf) + f22f21(822811f) ]

12,01=1
N

Dz = N [ fu(@ifi) @ i) ) + fisfia Orin fir) (00 )

13,52,91=1

+ f13f22(812f11)(82311f) + fis(aisfi2)fi1 (aZQZlf)
+ fis fin (Oig £i1) (Onis ) + fig fi fir (Diginin f) ]

it is easy to verify (7.4) directly for n = 1 and n = 2. For n > 3 the general pattern is

clear: for given 7' € MrT,, the application of the operator f; ., 0; ., to the summand

n+1
DT (x) of D"z corresponds to an addition of a twig with vertex label n + 1 to every

vertex of 7. Summing up now proves (7.4) and (7.2). O

Notice, that the sums over the expressions

fisfi2 (ai2fi1)(ai3i1 f)v fis (813f22)f11 (aiQil f)v fisfi2 (ai3fi1)(ai2i1 f)

29



correspond respectively to the trees

2 3 3
1&/3 2k/1 1&/2
0 0 0
in MrT,, where

(Oipy.infj)  corresponds to suc(7) ={j1,-- - Jm}-
Notice further, that all three sums, which are the expressions D7 (z) for the three
depicted trees, are equal. More generally one sees: if M(T) C MrT, is the set of all
monotone labelings or all linear extensions of a rooted tree T' € r'T,,, then

(7.5) VT, T, € M(T): D" (z)=D"(x).
This is true, because the result depends only on the kind of composition of the operators
D and not on their absolute order in the composition or, in terms of the parenthesis
code: the result depends on how the parenthesis are set and not on their subscript
numbers. Therefore the expression D7 (z) is well defined for every T € rT,: use any
linear extension 7" € M(T') and compute D'’ (z) according to Definition 7.3.
Similarly, on sees for every T' € rT,, and every commutative p that p?(z) is well
defined, because
(7.6) VT, T e M(T): p"t(x)=pu"(z).
This leads naturally to the study of rooted trees r'T and the projection numbers
(7.7) er == |M(T)| forallT erT,

because, e.g., in terms of x4 one has:

Proposition 7.5. For commutative yu € L(T,,RY, RN) the powers u"(z) for n > 0 can

be represented as

where p7(z) == p* (x) for some T' € M(T) according to Proposition 7.2.
Notice, that pr(m) = 0, if out(v) > m for some vertex v of T'. Therefore:
w'(x) = Z er pr(m) p*(x) for fixed m.
TerTs™
Proposition 7.6. For T € r'T let Aut(T) denote the group of graph automorphisms of
T, i.e. p € Aut(T) is a bijection on V(T'), which preserves adjacency. Let

(7.8) W)= [ I'T W)

veV(T)
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the product of weights of T'. Then

!

(7.9) T = S0 [Aw(T)]

Proof. (7.9) is trivial for |T'| = 1. Assume that 7" with |7| > 2 has s non-isomorphic
types 11, ..., T, of principal subtrees with multiplicities mq, ..., ms, respectively. Then

my
Y

Aut(T)| = [[ma! [Aut(T;)
=1

because Aut(7') is the direct product of the groups S,,, t Aut(7;). Since the principal
subtrees have all together |T'| — 1 vertices, there are

(17| - 1)
[T, md (L™

possibilities to distribute the labels 1,...,|T| — 1 to these vertices, where the factors

m;! are due to the fact that the m; principal subtrees of type T; are indistinguishable.
One then computes inductively:

__ (7= T(onym
er = Hf:l m! (’TZ")mZ Z];Il:(eﬂ-)
(A T\
T md (7™ 11 (V(Ti) \Aut(ﬂ)\)
(71 -t (71 -t

T I (@)™ me (AT [Aw(T)] [T, (L)
_ (r-y )
(A ()| A(T)/IT] ~ A(T) [Aut(T)]

O
Directly from the proof of Proposition 7.6 and from (7.1) one infers the following

Corollary 7.7. Let T be a rooted tree, which has s non-isomorphic types T4, ..., Ty
of principal subtrees with multiplicities myq, ..., mg, respectively. Then the number of

linear extensions of T' can be computed recursively by

(ERIE T
(710 i M)

i=1

Moreover:

(7.11) pr(m) = (m)so) [[n(m)™ with 5(0) = m;



Since Corollary 7.7 allows the recursive calculation of the correct multiplicities for
the expressions u”(x) occuring in the sum p"(x) (cf. Proposition 7.5), the problem
arises how to compute recursively the sets rT,,. Ideally such a recursion will generate
all representatives of all isomorphism classes of ordered trees in linear order without
the need of comparisons, normal forms, etc. (see [R1,R2] for general considerations on
the orderly generation of tables of graphs). Such a recursion will be described now.

The set r'T; contains only the trivial tree. Assume that the rooted trees of rT; for
j=1,...,n are described as (finite) lists of the form

v T, = (TV,74,T,...),

i.e. the superscript j indicates the number of vertices and the subscript enumerates the

elements of r'T; in a certain linear order. Let

An:{A:(/\l7a)‘S)|)‘l>Z)\szlu‘)‘| :/\1++/\S:n}

be the set of all partitions of the number n and let A] be the set A,, ordered lexico-
graphically with respect to the linear order 0 >= 1 > 2 > 3... . Then the weights of the
principal subtrees of every T' € r'T,, ;1 can be assumed to form an element of A,,. Since
for every T' € r'T,, 1 the weights of the principal subtrees can be assumed to form an
element of A, and since every principal subtree of 7" is an element of some rT,; with
1 < 7 < n, one concludes that

(7.12) T=1""=|T)",...,T)*| with 1<, <[rT,|,

11 ! 1

where the position ¢ of T"in the list of r'T,,,; is not yet specified. To get this linear order
take first the upper indices in the linear order of A, and take second the admissable
s-tuples (i1,...,1s) for every partition A in the lexicographic order, which is induced
by the usual linear order on N. A last point to be observed is that for a m,-fold
occurence of a part ), all permutations of the entries of the corresponding m,-tuples
of admissable subindices describe the same rooted tree. Therefore one chooses only the
lexicographically smallest representative of all permutations of such a tuple. The result
up to n = 5 together with the multiplicities er pr(m) is :

MrT,: T! = trivial tree
MrT,: T2 = |T}] m
MrT3: 17 = |T}] m?

T23 = LT117T11J m(m—l)
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MrT,: T = |7 m?
T, = |T7] m?(m — 1)
Ty = |17, 17 3m®*(m — 1)
Tf = |77, T} m(m—1)(m-2)
MrTs: 17 = [TV m?
7, = |1T] m?(m — 1)
3 = |Ty] 3m3(m —1)
7 = |T{] m?*(m — 1)(m — 2)
2 = |T3 T} 4m3(m — 1)
o = |19,11] 4m*(m — 1)?
> = |T?,TE 3m3(m —1)

T = |T3 T T} 6m*(m —1)(m — 2)
Tg) = |_T11’ Tlla Tlla TllJ m(m - 1)(m - 2)(m - 3)
With the help of these tables it is easy to draw a rooted tree TJ’ and to compute its

multiplicities:

Example 7.8. Given T =T = |T3, T2, T#|. Then

T= 1\ = .

Since Ty and T? have multiplicities 3m?(m — 1) and m, respectively, one computes with
(7.10-11): pr(m) = (m)z-m*(m — 1) -m-m =m5(m — 1)*(m — 2) and
8 3 (1)’

If ¢*(p,q) denotes the number of g-element multisets, which can be choosen from p
elements, and if

Lypn ={i=(t1,...,00) | 1> >0, >0 ]l =01+ -+ i, =n},

and «a;(k) == [{v | i, = k}|, then with a little contemplation of the above recursive
procedure for the recursive generation of ordered rooted trees one sees that the numbers

Cin(n) == ' T3

satisfy the recursion

(7.13) Cn(n+1) = Z ﬁc*(C’m(k),ozi(k)) with C,,(0) :==1 .
i€Lm,n k=0
33



Remark 7.9. Formula (7.13) has been observed first by Melzak [Mz], but his statement
and proof of the result are much more complicated. The asymptotic behaviour for n —
oo of the numbers C,(n), Cy,(n), and |T,| has been determined by Polya [P,PR] and
Otter [Ot] with the help of functional equations for the respective generating functions
— in [HRS] these classical methods are crystallized into a twenty step algorithm. The
numbers Cy(n) are known as “Wedderburn-Etherington numbers” [Sl, No.298], because
Wedderburn [W] found them while investigating the number of parenthesations of a non-
assoziative product of n factors — and in fact every commutative p € L(ToRY, RY)
can be viewed as a commutative, but in general non-assoziative multiplication law on
RN,

More (asymptotic) counting results for other types of trees are described and reviewed
in the paper [HPr| and the book [HP]. Counting and coding of trees in connection with
the chemical theory of isomers is investigated further in [GK]. And Labelle [Lb] studies
in depth the counting problems for different kinds of asymmetric trees, i.e. trees with

trivial automorphism group.

Remark 7.10. If derivations and elementary algebraic operations on power series are
represented by certain combinatorial operations on a linear species M (i.e. M is a
functor from the category of finite linearly ordered sets with order preserving bijections
to the category of finite sets with functions), then a solution of the IVP

ay

a7 = M(T)Y), Y(0)=Z
can be interpreted combinatorially in terms of “M-enriched arborescences” [LV]. A
similar combinatorial approach based on the interaction between ordinary differential
equations, substitutions (“grammars”), and trees in some special cases is the theme of

IDR].

Remark 7.11. Grossman and Larson [GL1-3] have introduced a Hopf-algebraic struc-
ture on rooted trees (with possible additional structure), which is compatible with the
evaluation of trees by differential operators as in Definition 7.3. Namely, the product
of two trees T - T" is defined as sum over all possible attachments of the principal sub-
trees of T to the vertices of T”. This is the extension of the procedure of attaching
a twig in all possible ways to a tree as used in the proof of (7.2). The coproduct of
some T is the sum over all possible products of the two trees, which can be formed
from the set of principal subtrees of T'. Clearly, the multiplication is non-commutative
and the comultiplication cocommutative. The obvious unit and counit then complete
the Hopf-algebraic structure, which Grossman and Larson subsequently apply to the
investigation and simplification of the computations with higher order derivations and

Lie brackets of differential operators.
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8. COMBINATORIAL SUPPLEMENTS

Tree statistics count finer structural properties of different kinds of trees. They
describe the distribution of levels, branching (= out-degrees), hights, leaves, (principal)
subtrees, distances, chains and antichains, etc. . The most important two-parameter
statistics are the following ones, where [] stands for any one of
rT, OrT, MrT, ME,, rT,

The principal tree statistics counts the out-degrees of the roots:

po(n, k) = {T € O, | out(vy) = k}| .
The branching statistics counts the out-degrees of the vertices:
=Y v eV(T)|out(v) =k} .
Tel,
The level statistics counts the number of vertices on a fixed level:
=Y HoeV(T)|r) =k} .
Tel,

The hight statistics counts the hight of trees:
ho(n, k) == {T € O, | h(T) =k} .
The leaf statistics counts the number of trees having a fixed number of leafs:
foln. k) = {T € O, | |L(T)| = K} .
The leaf-level statistics counts the number of leafs on a fixed level:
o, k) == > [{v e L(T) | r(v) = k}| .

Tel,
As a three-parameter statistic we mention the level-branching statistics, which counts
the out-degrees in relation to the levels:
bo(n, k.0 =Y [{v e V(T) |out(v) =k, r(v) =1}.
Tel,

In view of the results of Sections 6 and 7 the case [ = MrT appears to be especially
interesting. Since the wa- and the L-code have been seen to induce bijections between
the symmetric groups 5, of permutations and the sets MrT, ., one can use trees to
refine and extend the extensively investigated permutation statistics (cf. [St1,BW,Rw]).
It is well known [St1, Prop.1.3.16] that (suppressing subscripts MrT)

p(n+1,k) = c(n, k) (signless Stirling numbers of the first kind),

f(n+1,k) = A(n, k) (Eulerian numbers).
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Propositions 8.1 - 3 below characterize the other two-parameter statistics in case of
MrT, except for the hight statistics, which seems to be more complicated. First of all,
the principal tree statistics and the level statistics appear to be closely related:

Proposition 8.1. The level statistics for MrT is
(8.1) I(n,k)=c(n,k+1) .

Proof. 1t is obvious that [(n 4+ 1,0) = n! and [(1, k) = . Therefore it is enough to

prove
(8.2) In+1,k)=nlnk)+Ink—-1),

which is the recursion relation for the signless Stirling numbers of the first kind. Recall
form the beginning of Section 7 the recursive generation of the set MrT, ; through
the attachment of a twig with label n + 1 to every vertex v of every T' € MrT,,. Since
T has n vertices this produces n copies of every T, where in addition for every vertex
v of rank r(v) there is a new vertex on level r(v) 4+ 1. This proves (8.2) and therefore
(8.1). O

The statistics described in Propositions 8.2-3 below and the hight statistics seem to
be new (they are not contained in [Sl]).

Proposition 8.2. The branching statistics for MrT obeys the recursion

(8.3) bn+1,k)=(n—1) b(n,k)+bn,k—1),
b(n,0) =n!l/2 (forn>2), b(l,k) =714 .

Proof. For the proof of (8.3) we show first b(n,0) = n!/2, which is the total number of
leafs in MrT,,. As in the proof of Proposition 8.1 above an addition of twigs (in the
recursive generation of MrT, | from MrT,) generates n copies of every T' € MrT,,
whence the new number of leafs is n b(n, 0) plus the n(n — 1)! leafs from the new twigs
minus the b(n,0) cases, where the twig is attached to a leaf. Since b(1,0) = b(2,0) =1
the assertion b(n,0) = n!/2 now follows. Similarly, for £ > 1 the number b(n + 1, k)
equals n b(n, k) minus the b(n, k) cases, where the out-degree is enlarged from £ to
k+ 1, and plus the b(n, k — 1) cases, where the out-degree is enlarged from k — 1 to k.
This proves the assertion. O

Proposition 8.3. The leaf-level statistics for the case Mr'T obeys the recursion

(8.4) Un+1,k)=nll(nk)+Unk—1) (forn>2),
lU(n,1) = (n—1)! (forn >2), U(2,k) =014 .
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Moreover, the level statistics and the leaf-level statistics are connected by the surprising

formula
(8.5) I(n,k) =Un,k+1)+1Unk) .

Proof. Again we use the recursion step leading from MrT,, to MrT, ; and we show
first (8.4) in case of k = 1: the number lI(n+1,1) of leafs on level 1 generated from the
trees in MrT,, is n ll(n, 1) minus the ll(n, 1) cases, where a twig is added to a leaf on
level 1, and plus the number of roots (= (n — 1)!), which yields the desired conclusion.
For k£ > 1 one concludes similarly that

(8.6) Un+1,k)=(n—-1)Unk)+1(nk—1),

where [(n,k — 1) is the number of (arbitrary) vertices on level k¥ — 1 in MrT,. But
the recursion (8.6) implies (8.4), if (8.5) is correct. The latter can be seen as follows:
For k = 0 we know already that I(n,0) = (n — 1)! = ll(n,1) and for £ > 1 the number
l(n, k) — ll(n, k) is the cardinality of the set
Rin.k):=={ve [ V(T)|rw)=k |T()]>1}.
TEMrT,

For a fixed vertex u € R(n, k) of some tree 7" let C'(u) := T"\ T (u) be the subtree of
T', which is complementary to T (u). Let C(u) be the class of all T € MrT,, which
contain C(u) as a subtree. Then by the symmetry of monotone labelings the set of all
complements of C(u) for the trees in C(u) is a complete set of monotonely labeled trees
on | T (v)] > 1 vertices, where the set of labels is given by the labels of T (u). But
from the case k = 0 we know already that |MrT, | = li(n,1) for all n > 1, whence the
number of twigs attached to the vertices corresponding to the set C(u) is |C'(u)|. Since
all the sets C(u) induce a partition of R(n,k) into equivalence classes, formula (8.5)
follows. O

Notice that the monotone labelings in case of MrT allow additional refinements of
statistics. For example Moon [Mo] computes the mean and variance of the distances
d(i, 7) of the vertices 0 < i< j <n—1in MrT,,.

We turn attention now to ordered rooted trees OrT. These trees are counted by the
celebrated Catalan numbers

1 2n
O Tn :On: ’
OrT, | ()

which form the solution of the recurrence

Cry1 = Zcicn—i , Co=1.
=0
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The book [St2] describes 65 families of discrete structures, which are counted by the
Catalan numbers. That OrT belongs to the Catalanian structures is easily seen by
considering the operation | on OrT: T | T" is defined as the ordered rooted tree T,
which has 7" adjoined as its rightmost principal subtree. The assertion then follows

from

OrTnJrl = L‘!‘J OI’Tz J OrTnJrl,Z- .
=1

About the statistics of OrT the following is known: [DZ] containes explicit formulas
for the statistics of leafs, principal trees, branching, and level-branching. [dBKR] gives
a recursion for the hight statistics and computes the asymtotic average hight.

Ordered rooted trees are coded much easier than rooted trees, where the idea of

‘walking around’ appears in many variations:

(1) Parenthesis code: While walking around one writes a left parenthesis for every
step up and a right parenthesis for every step down.

(2) Binary code: Same as the parenthesis code, but with 0 instead of a left paren-
thesis and 1 instead of a right parenthesis.

(3) Walk around valency code (WAV): Attach the out-degree to every vertex, and
then walk around.

(4) Walk around level code (WAL): Attach the level to every vertex.

(5) Walk around weight code (WAW): Attach the ‘weight’ | T (v)| to every vertex.
WAW is closest in spirit to our recursive enumeration for r'T.

The idea of the Bottom up valency code (BUV) is a bit different from the WAV: to
every vertex attach its out-degree, but record it from bottom to top and on each level
from left to right instead of walking around.

T = \4) has

parenthesis code : (()(()))()(()), binary code : 00100111010011, WAV : 32010010,
WAL : 1223112, WAW : 84121121, BUV : 32010100 .

Example 8.4.

The idea of parenthesis code and binary code goes back in principle to the work of
Cayley [C1,C2] and reappears in [dBM]. BUV is introduced in [R3], wheras WAL and
WAW seem to be new.

For the sets rT and T coding ideas similar to WAV and WAL apply, where the WAV
for T is explained — together with the more sophisticated Smolenski code — in [R3,
Sec.12]. For the WAL of a tree T first label all leafs with 0, then remove or ignore them

and label the new leafs with 1, etc. . The ‘shelling’ of T" thus recorded by the labels
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stops when the center of T' consisting of one or two vertices is reached. Next to nothing
seems to be known about the statistics of rT and T and about the projection numbers
from OrT to T or rT to T.
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