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Homology Decompositions of the Loops on

1-Stunted Borel Constructions of Cs-Actions*
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Abstract

Carlsson’s construction is a simplicial group whose geometric real-
ization is the loop space of the 1-stunted reduced Borel construction.
Our main results are: i) Given a pointed simplicial set acted upon by
the discrete cyclic group Cy of order 2, if the orbit projection has a
section, then this loop space has a mod 2 homology decomposition;
ii) If the reduced diagonal map of the C-invariant set is homologous
to zero, then the pinched sets in the above homology decomposition
themselves have homology decompositions in terms of the Cs-invariant
set and the orbit space. Result i) generalizes a previous homology de-
composition of the second author for trivial actions. To illustrate these
two results, we completely compute the mod 2 Betti numbers for an

example.

1 Introduction

It is a general problem in algebraic topology to compute the homology of a

loop space, failing which, to give a homology decomposition of a loop space.
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R-146-000-143-112). The 2nd author is supported in part by a grant (No. 11028104) of
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In this paper, we show in Theorem 1.1 that, if the orbit projection has a
section, then there is a mod 2 homology decomposition of a certain loop
space Q(X x¢, WLC5). This generalizes a previous homology decomposition
of the second author for trivial actions (see the original paper [18] and Section
4 below.)

The following notational conventions that will be used throughout this
paper. We reserve G to denote the discrete cyclic group Cs of order 2,
written multiplicatively with generator ¢. In particular * = 1. Let X denote
a pointed simplicial G-set. Denote by A the simplicial subset of X fixed
under the G-action. Let Fy denote the finite field with two elements.

The 1-stunted reduced Borel construction X x¢, WL Cy is the homotopy
cofiber of the inclusion from X into its reduced Borel construction. Carlsson
constructed a simplicial group J¢[X] is the loop space Q(X x¢, WL C5). See
Section 2 for details.

The orbit projection is the simplicial epimorphism X — X/G onto the
orbit space. A section of the orbit projection is a simplicial map j: X/G — X
such that the composite X/G EN X/G is the identity map on X/G.
Simplicial G-sets whose orbit projection has a section is characterized in

Proposition 4.1.

Theorem 1.1. If the orbit projection has a section, then there an isomor-

phism of Fy-algebras:

H.(QUX xg WLG);Fy) gé (X/G AS/AS,F2) (1)

Here Zo = Zl = % and:
As = {iClG/\ . '/\I'SG € (X/G)As’ Ji = 1, ey s—1 (%Z = Ti41 € A)} (8 > 2)

To compute the direct summands in (1), we can consider the long exact
sequence associated to cofiber sequence A, — (X/G)™ — (X/G)" /A,

c—= Ho(A,) = H((X/G)) = H((X/G) /A = Ho_1(A,) — - --
(2)



Here we suppress the coefficients Fy. Our next result is a sufficient condition
for there to be a homology decomposition of the pinched set ﬁs.

The reduced diagonal map of A is the simplicial map A — AA A is given
by a — a A a for all a € A,,. A pointed simplicial map f: Y — Z is mod 2
homologous to zero if the induced map f,: H,(Y;Fy) — H,(Z;F,) is the zero
map. We show that if the reduced diagonal map of A is mod 2 homologous
to zero, then the mod 2 homology of &S is completely determined by the
mod 2 homology of the fixed set A and the orbit space X/G.

The following multi-index notation is used. Let by(Y;Fy) := dim H,(Y;F,)
denote the t-th reduced mod 2 Betti number of Y, that is, the dimension of
mod 2 reduced homology of a pointed simplicial set Y in dimension ¢. A
multi-index o = (o, ..., aq) is a (possibly empty) sequence of positive inte-
gers. The length of this multi-index is |a| = ay + -+ - + a4 and its dimension
is dima = d. Given a multi-index o = (aq,...,qq), write for short the

following product:

ba(Y;Fy) i= ba, (Y F2)bay (Vi Fo) - - - ba, (Y Fy)
Theorem 1.2. If the reduced diagonal map of A is mod 2 homologous to

zero, then the mod 2 Betti number of Zs s given by:

(A Fy) =2 > CrubA(X /G Fa)bu(A; Fy),

[A]4+|p|=t—s+dim A+dim p+1
2<dim A+dim p+1<s

dim A++dim ,u) (sfdim A—dim ,ufl) '

where ¢, = ( dim g dim p—1

The condition that the reduced diagonal map of A is mod 2 homologous
to zero is quite general. For example, this condition is satisfied if A is the
reduced suspension on some space (see Example 5.5.)

The homology decompositions of Theorems 1.1 and 1.2 can be applied to
compute the mod 2 Betti numbers of Q(X x¢ WL G) for certain pointed sim-
plicial G-sets X. These homology decompositions are particularly effective
when the orbit space X/G has many trivial homology groups. This leads to

many zero terms appearing in the long-exact sequence 2. We illustrate with
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the computation of the mod 2 Betti numbers with the following example.
Note that the antipodal action on the 2-sphere S? has the equatorial circle
St as the fixed set.

Proposition 1.3. Consider the G-space S*?Ug15? formed by two 2-spheres S*
with the antipodal action, with their equatorial circles identified. The reduced
mod 2 Betti numbers of the loop space of its 1-truncated Borel construction

is given as follows:

b (QU[S? Ugt 82] xg ELG))

L2 R (T, n=2kk > 1,

B J—1
Ziiﬁﬂ 9_:13—1 (2k—er+1) (2r—§iin—2), n=2k+1,k>0

The outline of this paper is as follows. Carlsson’s simplicial group con-
struction JY[X] and the reduced 1-stunted Borel construction are introduced
in Section 2. In Section 3, the augmentation ideal filtration of the group ring
Fo(JE[X]) is considered. We construct simplicial algebras which are isomor-
phic to the graded algebra associated to this filtration. Theorem 1.1 is proved
in Section 4. Theorem 1.2 is proved in Section 5 using the Mayer-Vietoris
spectral sequence. Section 6 is devoted to the example X = S? Ug1 S?t and
the proof of Proposition 1.3.

This paper is a revision of part of the first author’s PhD thesis [8].

2 Preliminaries

To begin, we explain the concepts of the reduced Borel construction and its
1-stuntation.

Denote by WG any contractible simplicial set with a free G-action. Any
two such simplicial sets are equivariantly homotopy equivalent. In our case
where G = (s, it is standard to give WG concretely as the oo-sphere S
with the antipodal action. Let EG := |IWG| denote the geometric realization
of W@G.



The simplicial set WG is filtered by simplicial G-subsets:
GeW,GCWiGC---CW,GC---CW,oG=W¢C (3)

Here W,G is the p-th skeleton of WG. In fact W,G is the (p+ 1)-th fold join
of G. In our case where G = (j, it is standard to give W,G concretely as
the p-sphere SP with the antipodal action.

The bar construction of G is the orbit space WG := EG/G. In fact WG

is homotopy equivalent to the infinite-dimensional real projective space:
WG ~RP®

The classifying space of G is the geometric realization BG := |WG|. Since G
is discrete, its classifying space BG is the Eilenberg-Mac Lane space K (G, 1).

Consider the action of G on a simplicial set X. The free simplicial G-set
associated to X is X x WG with the diagonal action. The Borel construction
of X is the orbit space X x¢g WG := (X x WG)/G. For example, the Borel
construction of the G-action on the standard O-simplex A[0] = = is bar
construction of G:

*xa WG ~WGQ@

Suppose the G-action is pointed, that is to say, the simplicial set X
has a basepoint and the G-action fixes the basepoint. The reduced Borel
construction of this pointed action, written X xg WG, is the homotopy
cofiber of x xg WG — X xqg WG.

More generally, let X x W,G denote the orbit space (X x W,G)/G of
the diagonal action. For pointed actions, let X xW,G denote the homotopy
cofiber of ¥ X W,G — X xcW,G. For ¢ > p, define the (p, q)-stunted reduced
Borel construction X xg WIG as the homotopy cofiber of X x¢ W, _1G —
X xg WpG. In particular, when p = oo, we call X xg WL G simply as the
q-stunted reduced Borel construction of the G-action on X.

In this paper, we are interested in the 1-stunted Borel construction X x4
WLG. Since X xg WoG ~ X xg G ~ (X x¢ G)/(x Xg G) ~ X, the

1-stunted Borel construction is just the homotopy cofiber of the inclusion
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X < X xg WG. Denote by |X| xg ELG the geometric realization of
X XaG WoloG
Carlsson [4] constructed a simplicial group J[X] whose geometric real-

ization is the loop space of the 1-stunted reduced Borel construction:
[JEIX]| = Q(1X| %6 EG) (4)

Carlsson’s construction is given in the nth dimension by:

F[X, NG,

JOX]n = (Vo € X,Vg,h € Gn(x A g) - (g ANh) ~ (z A gh))’

()

Here F[S]| = coker(F(x) — F(5)) is the reduced free group on a pointed set
S, where F'(e) denotes the (unreduced) free group. The functor F'[e]: Set, —
Grp is the left adjoint to the inclusion functor Grp < Set, that sends a group
to its underlying set with the identity element as basepoint.

Carlsson’s construction is the reduced universal simplicial group on the

pointed simplicial action groupoid X//G:
JYX] 2 UX//G]

For a pointed small groupoid H, its reduced universal monoid U[H]| is defined

the following cokernel:
U[H] := coker(U(Auty(x)) — U(H))

Here Auty(*) denotes the full subcategory of H whose only object is the
basepoint and H : Grpd — Grp is the left adjoint of the inclusion functor
Grp — Grpd that sends a group to the corresponding small groupoid with
one object. The reduced universal simplicial group U[G] of a small simplicial
groupoid G is defined dimensionwise. Further details can be found in the first
author’s thesis [8]. This categorial viewpoint led to a unification of Carlsson’s
construction and a simplicial monoid construction of the second author [18],
which contains the classical constructions of Milnor [13] and James [11] as

special cases. An upcoming paper will further elaborate on this viewpoint.



3 Augmentation Quotients as Free Simplicial

Modules

In this Section, we construct two simplicial algebras each of which is isomor-
phic to the associated graded algebra of the augmentation ideal filtration
of the group ring Fy(JY[X]) (see Proposition 3.5.) In each dimension, each
of these simplicial algebras is a quotient of a tensor algebra by a homoge-
neous ideal. Therefore each augmentation quotient is the reduced simplicial
Fs-module of a pointed simplicial set (see Corollary 3.6.)

In our case where G = (5, there is a natural isomorphism in pointed

simplicial G-sets X:

Gy o FIX]
T = (Ve e X (x-axt ~1)) (6)

Recall from the introduction that F[X] is the reduced free group on X. Via
this natural isomorphism, we will identify J¢[X] with the RHS of (6).

Let K be a field and H be a group. The elements of the group ring
K(H) are finite sums of the form Z)\eK,heH Aph. The augmentation map
K(H) — K is generated by h +— 1 for h € H. The kernel of this map is
the augmentation ideal. Reserve I to denote the augmentation ideal of the
group ring Fy(JY[X]). The augmentation ideal I is generated by h := h — 1
where h € JY[X]. The powers of I filter the group ring (Quillen [16] calls
this the I-filtration:)

Lot C I C C I C I =TFy(JOIX)). (7)

We denote the spectral sequence by {E"} associated to this filtration. The
E° term is just the graded algebra @, /15T associated to the above
filtration.

One of the simplicial algebras we construct is A%[X], defined below. For
an Fo-module M, let T(M) = @y M Qr, - - - ®r, M denote the tensor Fy-

~~
S

algebra on M.



Definition 3.1. Let X be a pointed simplicial G-set. The simplicial graded
Fy-algebra A®[X] is defined dimensionwise by

T (Fy[X0] @r, (@) Fa)

(AC[X])n = (Va € A, (a ®ryc) 1)%)

Here the G-action on X, allows us to view Fy[X,,] as a right Fy(G)-module,
while Fy is viewed as an Fy(G)-module where G acts trivially on the left.

The tensor product Fy[X,,] ®r, () Fa is viewed as an Fy-module.

Proposition 3.2. The augmentation quotient I/I? is generated by {T +

I?|x # *}.

Proof. The identity Ty = 7y — T — ¥ and the fact that T € I? implies that
T+I1*)+ Y+ I*) =75+ I*
The set S := {Z + I*| x # *} thus generates

{T1@sTp + P21 # *,.. . Ty # %} (8)

By (6), each nonidentity element of J[X] is (the equivalence class of) a word
of the form z ---x, where all z,...,x, are different from the basepoint *,
hence I/I? is generated by (8) and thus also by S. This completes the
proof. O]

Proposition 3.3. Let B be a graded algebra. Let B be the completion of B
with respect to the filtration by degree:

where Bs, := @;-, B;. The above filtration induces a filtration on B

~ ~

. C Bs, C -+ C Bsy C Bsy = B.

Then the map O: EO(B\) — B whose rth grade is given by O,(f + §2T+1> =
fr, where f,. is the rth degree component of f, is an isomorphism of graded

algebras.



Proof. An element of B is a formal power series of the form f = fy + f1 +
-+« fi+--- where f; is of degree i in B. An element of Ezr is a formal power
series of the form f = f,. + f,.1 + --- whose lowest degree is at least r. The
map O, is well-defined since if f € §2r+1, then f,. = 0.

Let A: B — E°(B) be the map whose rth grade is A,(f) = f + Bs,i1.
It is easy to check that © and A are inverses. [

Lemma 3.4. There is an isomorphism of graded algebras natural in X :

d: AY[X] — E°
x Qr,yq) 1 =T+ 12

Proof. Write ® := ®p,(g)for short.

We first verify that ® is well-defined, that is to say, that the map (z,1) —
7 + I? is indeed Fy(G)-linear. On the one hand, (z -t,1) — xt + I?, and on
the other hand (x,¢-1) = (z,1) — T + I*. Since x -zt = 1,

+TZ4+at=(x—-D@t—1)+(x—-1)+(at—1)=z-2t—1=0.

T

~+

This implies T + 2t = —zat € I? so that T+ 2 = —xt 4+ I?> = 2t + I? as the
ground field is Fy. Therefore both (z-¢,1) and (z,¢- 1) are sent to the same
thing which verifies the Fy(G)-linearity of the map (z,1) — T + I*.

Our definition ®(z ® 1) = T + I?* is given for € X, then it can be
extended to a map T(Fs[X,] @, F2) — E°. This is because ®(x ® 1) =
¥+ 17 =1—1+1* = 0 and the tensor algebra T(Fs[X,] ®r,c) F2) is
generated by elements of the form x ® 1. We check that this map factors
through the defining equivalence relation of A“[X]. Given a € A, we have
P((a®1)?)=(@+I?)?=a+1I* Anda®> = (a—1)> = a> — 1 = 0 since
a € A implies a®> = a-at = 1. Thus ®((a ® 1)?) =@ + I* = 0, so we have a
well-defined map ®: A“[X] — E°.

Next we show that ® is an epimorphism. It suffices to show that, when
® is restricted to the first grade, the map ®;: A¥[X] — I/I? is an epimor-
phism, since I/I? generates E°. Using the isomorphism in (6), Proposition

3.2 implies that the augmentation ideal is generated by T where x # x € X.
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Since, for each # € X, the element T+ I? is the image of ®(x®1), this Propo-
sition implies that each element in I/I? has a preimage under ®. Therefore
® is an epimorphism.

To show that ® is a monomorphism, choose a subset B C X of elements
not fixed by the G-action that decomposes X into the disjoint union A U
B U Bt. Then the map f: JY[X]| — JY[A] * F(B) that sends a + a for
a € Aand b+ b bt — b~! for b € B is a group isomorphism. The map
er: JY[A] — A/G[}] generated by a — a ® 1+ 1 ® 1 is well-defined. This is
because e1(a-a) = (a®1+1®1)(a®1+1®1) = (a®1)(a®1)+(1®1)(1®1) =
(1 ® 1) agrees with e;(1) = 1 ® 1. Define ey: F(B) — A/G[Y] by sending
b= b®1+1® 1 In particular, ex(b™") = jormr = Do~ 1) (0@ 1) =
> o2o(b® 1) as the ground field is Fo. The universal property of the free
product gives a map ey xey: JY[A]x F(B) — A/G[? |. The universal property
of the group ring then induces a map é; * ey: Fo(JE[X]) — A/G[\X] This
induces a map E°(e; * e5): E°(Fy(JC[A] x F(B))) — Eo(m]) between

the associated graded algebras. Consider the composite

(]

0
AC[X] % BO(Fo(JOX])) 0 BO(Fo(J9A] + F(B)))
0 6/1;6/2 —
P, poaex]) & A%x).

Here O is the map given in Proposition 3.3. It is easy to check that this
composite is the identity map on A[X] and hence the first map ® is a
monomorphism, as required.

Finally, it is straightforward to the check the naturality. This completes
the proof. O

Proposition 3.5. There are isomorphisms of simplicial graded Fo-algebras:
P /1t = ACX] = T(F,[X/G))/(Va € A(aG)?)
s=0

Here T'(F3[X/G])/(Va € A (aG)?) is the simplicial graded Fy-algebra whose
nth dimension is T(Fy[X,,/G])/(Va € A, (aG)?).
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Proof. Define the map ®: A®[X] — E°(Fo(J¢[X])) dimensionwise using the
previous Lemma 3.4. In each dimension n, the map ®,, is an isomorphism
of graded algebras. But the naturality part of the same Lemma implies that
the map ® commutes with faces and degeneracies and hence it is a simplicial

map. Therefore @ is an isomorphism of simplicial algebras:
®: AY[X] — E°(Fo(JO[X])). (9)

Denote the algebra T(Fo[X/G])/(Va € A(aG)?) by T. Let ¢: Fy[X] x
Fy — T send (z,1) — xG. Since p(z - t,1) = 2tG = xG agrees with
@(z,t-1) = p(x,1) = oG, this map factors to a map Fy|X] ®@p,) Fo — T
from the tensor product. The universal property of the tensor algebra defines
a map T'(Fa[X] ®p,q) F2) — T. We check that this map factors through the
defining equivalence relations of AY[X]. Given a € A, indeed (a ® 1)? is
sent to (aG)?, which is in the quotient ideal of T. Thus we have a map
p: AY[X] = T.

Let ¢: X/G — A%[X] send G — = ®p,(g) 1. This map ¢ is well-defined
since 7t @p,(q) 1 = ¥ @py@) t - 1 = * @py(@) 1. The universal property of the
tensor algebra defines a map v¢: T(Fo[X/G]) — A®[X]. We check that this
map factors through the defining equivalence relations of 7. Given a € A,
indeed (aG)? is sent to (a @, () 1)?, which is in the quotient ideal of A%[X].
Thus we have a map ¢: T — AY[X].

It is easy to check that ¢ and QZ are inverses. This gives an isomorphism
ACX] 2 T = T(Fy[X/G])/(Va € A(aG)?). (10)
Combine the isomorphisms (9) and (10) to complete the proof. ]

Recall from the introduction that the pointed simplicial subset AS of
(X/G)"* is defined as follows. Set Ao = A := * and:

ZS = {le/\ . /\ZL’SG € (X/G)/\5’ di = 1, ey s—1 ($Z = Ti+1 € A)} (3 2 2)
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Corollary 3.6. For s > 1, there is an isomorphism of simplicial Fo-modules:
I/ S |(X/6) /A,
T T+ T s 2 GA - A2 G

Proof. The proof of Proposition 3.5 gives an isomorphism of simplicial graded

algebras:

~

Pod!: é]S/F“ = T(Fo[X/G])/{(Va € A (aG)?)
T+ 1+ zG

The s-th grade of this isomorphism is

~

/I — (T (Fo[X/G])/(Va € A(aG)?))

7T+ I e G2, G

The s-th grade of the tensor algebra is Ty(Fo[X/G]) can be identified
with Fo[(X/G)"*]. Via this identification, the terms of degree s in the ideal
(Va € A(aG)?) are linear combinations of smash products z;G A -+ A z,G
such that, for some i = 1,...,s — 1, the elements x; and z;,, are equal and
belong to A. The result follows by the definition of ZS. O]

4 Proof of Theorem 1.1

In this Section, we show that the existence of a section of the orbit pro-
jection leads to a mod 2 homology decomposition of J¢[X]. There are
two proof ingredients. First, we show that the powers of the augmenta-
tion ideal of Fo(JY[X]) have trivial intersection. Second, we show that
the exact sequences I*T! — [¥ — [I%/I°t! are split. These imply the
Fo(JE[X]) is isomorphic to E° and that the long exact sequence associated
to I*t1 — I* — [°/I°*t! splits into short exact sequences. Therefore the
spectral sequence associated to the augmentation ideal filtration collapses at
the E' term and converges to H,(JY[X];Fs).
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We begin with a characterization of the G-sets whose orbit projection has

a section.

Proposition 4.1. The orbit projection has a section if and only if, there
exist simplicial sets A and Y with A as a simplicial subset of Y, such that

X is a pushout Y Uy Yt with the action of flipping Y with Yt.

Proof. 1f j is a section of the orbit projection, then X = im jU4 (im j)t where
A C X is the set fixed under the action.

Conversely, the orbit space of a pushout Y Uy Yt is isomorphic to Y.
Thus the map Y < Y Uy, Yt that is the inclusion to the left copy of Y gives

the required section. O

For the G-set Y Uy, Y't, its orbit space is isomorphic to Y and the set fixed
under the action is just A. There are two sections of the orbit projection.
One section maps the orbits space to Y, the other section maps the orbit
space to Y.

In the case where the coefficient ring is a field, there is a characterization
of group rings for which the powers of the augmentation ideal to have trivial
intersection. We recall below the characterization if the coefficient ring is a
field of prime characteristic (see Theorem 2.26 of [15].)

We use the following terminology from group theory. A group has bounded
exponent if there exists an integer n > 0 such that every element of the group
has order at most n. We say P is a property of groups if (i) the trivial group
has the property P and (ii) given isomorphic groups G and H, the group
G has property P if and only if the group H has property P. A group G
is residually P if, for each nonidentity element = € G, there exists a group

epimorphism ¢: G — H where H is a P-group such that ¢(x) # 1.

Proposition 4.2. Let J be the augmentation ideal of a group ring K(H)
where K is a field of characteristic prime p. Then (), J" = 0 if and only if
H is residually nilpotent p-group of bounded exponent.

We will need the following result of Gruenberg [9].
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Lemma 4.3. The free product of finitely many residually finite p-groups is
a residually finite p-group.

Let C denote the infinite cyclic group and C), denote the cyclic group

of order p.

Proposition 4.4. A free product of arbitrarily many copies of Cs,’s and C),’s

15 a residually finite p-group.

Proof. Let a group G which is a free product of C’s and C}’s be given. We
write G = *;c; H; where [ is an index set and H; is an isomorphic copy of
either C, or C,. For each i € I, fix a generator t; of H;.

Let a word w = t. 1 t?}:’“ be given. Let H = H;, *---x H;,_. Let
¥: G — H be the group homomorphism given by

1

tj, ifj:il,...,lk
b(ty) =

1y, otherwise.

This ¥ (w) is a nonidentity element of H.

It is easy to show that (), and Cy are both residually finite p-groups.
Thus Lemma 4.3 implies that the group H is a residually finite p-group.
Since 1 (w) is a nonidentity element of H, there exists a group epimorphism
¢: H — K where K is a finite p-group such that ¢(i(w)) # 1. Since the
composite G “HAK , this proves that G a residually finite p-group. [

The following proposition is straightforward and its proof is omitted.

Proposition 4.5. Let X be a pointed G-set. If X is written as a disjoint

unton ALl B U Bt, then there is a group isomorphism

JOIX] — JC[A] « F(B)
ar—a

b—0b
In particular o(bt) = p(b)~1 = b~L.
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Corollary 4.6. Let X be a pointed G-set. The augmentation ideal I of
Fo(JY[X]) satisfies ), I" = 0.

Proof. Write X as a disjoint union A U B LI Bt, then Proposition 4.5 gives
an isomorphism JY[X] = JY[A] x F(B). The group JY[A] is a free product
of Cy’s while the free group F(B) is a free product of C.’s. Proposition
4.4 applies to show that J[X] is a residually finite 2-group. Since a finite
2-group is a nilpotent 2-group of bounded exponent, the group J¢[X] is a
residually nilpotent 2-group of bounded exponent. Then the result follows

from Proposition 4.2. O

This corollary implies that the spectral sequence {E"} is weakly conver-

gent.

Proposition 4.7. Let J be the augmentation ideal of its group ring K(H)
with coefficients in a field K. If (), J" = 0 and the short exact sequence
JHL — J5 — J8/ T s split for all s, then there is an isomorphism of

K-modules:

K(H)= s/
s=0

Proof. Since the coefficients are taken in a field, the split short exact se-
quences imply that J* = J*t1 @ J*/J5T! for all s. An easy induction shows
that K(H) = J" @ @"—, J°/J*"" for all n. Thus there is an isomorphism of

K-modules for each n:
n—1
@/t = K(H) I
s=0
This allows us to identify the filtered system
1 n—1
KH)T'- @7/t = @I/t -
s=0 5=0
with the filtered system
KH)J"— KH)/J* = — KH)/J"— -
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Therefore the colimits are isomorphic as K-modules:

00 n—1
@JS/JS+1 ~ @@JS/JS—FI

s=0 n  s=0

= lim K (H)/J"
~ K(H)/ ("
= K(H),
where we used the assumption that (1), J" is trivial is the last step. O]

Proof of Theorem 1.1. First we show that the following short exact sequence
is split for each s:

R Y ) (11)

For s = 0, the short exact sequence (11) always splits for any group ring.
For s > 1, Corollary 3.6 gives an isomorphism I°/I*T! — Ty [(X/G)AS/ES}
defined by 77 - - - T+ 1° = 217G A- - - Ax,G. Via this isomorphism, it suffices

to show that the following map has a section:

a: I* = Fy |(X/G) /Zs]

T T G A A G
By Proposition 4.1, the assumption that the orbit projection has a section
allows us to write X = Y U, Yt. Then every orbit is of the form yG for some
y € Y. Define §: Fy [(X/G)As/&s] = I by BG A - yG) = i Ts
for y1,...,ys € Y. The map (B is well-defined since if there exists some
i =1,...,8 — 1 such that both y; and y; 1 are equal to some a € A, then
Uil =(a—1(a—1)=a>—1=1-1=0as a®> =1 in J°X] so that

By1G N -+~ ANysG) = 0. Then f is a section of a:

(PG A - ANysG)) = algr- - Ts) = G A - AyG.

Thus we have shown that the exact sequences (11) are split for each s.
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We have shown that [, I™ = 0 in Corollary 4.6. Thus Proposition 4.7

implies
F(JOX) =PI/ =Fa @1/ 17 (12)
s=0 s=1

Using Corollary 3.6 and taking homotopy gives
m(F2(JO(X)) 2 . (F2) @ P (F2 [(X/G)/A,])
s=1

Using the Dold-Thom theorem, this becomes

Fy ® Do, H, ((X/G)AS/KS;I@) . ift=0
6920:1 j:[t <(X/G)AS/833F2> , otherwise

I

Hy(J9[X]; Fy)

Thus the reduced homology of J¢[X] is
H.(JO(X);Fs) = D H, ((X/G)AS/AS;FQ)
s=1

The homotopy equivalence (4) completes the proof. ]

Note that the splitting of the short exact sequence (11) implies that the
associated long exact sequence in homology splits into short exact sequences.
Thus the spectral sequence {E"} collapses at the E' term. The isomorphism
(12) between Fy(JY[X]) and E° implies that this spectral sequence converges
to H.(J9[X];Fs).

Theorem 1.1 should be compared with the following result of the second

author.

Proposition 4.8 (Theorem 1.1 in [18]). Let FF = R,C or H and let X be
a pointed space. Suppose that H, is a multiplicative homology theory such
that (1) both H.(FP>) and H.(FPs°) are free H,(pt)-modules; and (2) the
inclusion of the bottom cell S® — FP> induces a monomorphism in the
homology. Then there is a multiplicative filtration { F, H.Q(FP*AX)|r > 0}
of HQ(FP>® A X) such that Fy = H.(pt) and

F,/F,y 2 XWDsH (X /A))
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where d = dimg F', ¥ is the suspension, 31 = % and 35 ={ri N Nz, €
X x; = 441 for some i} for s > 1. Furthermore, this filtration is natural

with respect to X.

Take FF = R. In this case, the above result holds for the reduced mod 2
homology. Since F, is a field, the multiplicative filtration yields the homology

decomposition:

H(QRP® A X);Fy) = D Ho(X"* /A Fy) (13)
s=0
If G = Cy acts on X trivially, then X coincides with its orbit space X/G.

This induces an isomorphism of simplicial sets for each r:
(X/G)" /A, = X" /A,

The 1-stunted reduced Borel construction has the following geometric real-

ization for the trivial action:
X xg WLG| ~RP®AX

Therefore our homology decomposition in Theorem 1.1 generalizes (13).

5 Proof of Theorem 1.2

We have shown in the previous section that, if the orbit projection has a
section, then H,(JC[X];F,) =~ @ H, ((X/G)AS/AS;IB}). The pinched set

Ay can be written as the following union (see Corollary 5.2):

(A(A) A (X/G) 2 )U((X/G) ANA(A) A (X/G) ) U((X/G)¥ 2 AA(A)) .
(14)

Here A(A) := {aG A aG|a € A} C (X/G)"%
Given a pointed simplicial set Y written as a union Y; U --- U Yy of
pointed simplicial subsets, the Mayer-Vietoris spectral sequence allows one
to approximate the homology of Y in terms of the homology of the intersec-

tions of the Y;’s. Expression (14) suggests using the Mayer-Vietoris spectral
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sequence to study the homology of A,. This can be combined with Theorem
1.1 to obtain further information about the mod 2 homology of JE[X]. We
illustrate this in Proposition 1.3.

We briefly review the Mayer-Vietoris spectral sequence. References for
this spectral sequence are [3,5,10]. Suppose that Y = Y;U- - -UY} is a pointed
simplicial set with each Y; a pointed simplicial subset of Y. Associated
with Y is an abstract simplicial complex K with vertices 1,2,..., N and
{i,...,ip} € K for Y;; n---NY; . For each T = {iy,...,i,} € K, define
Yz =Y, N---NY,,. In particular Yy =Y.

For any simplicial set W, let ZW denote the free simplicial abelian group
on W. One has a chain complex (ZW, 0):

ww, Eaw, Eaw, &

where 0 = 37" (—1)"d; and d; is the ith face of the simplicial abelian group
ZW . The homology of this chain complex is the integral homology of W (see
Page 5 in [7]):

H.(W;Z) = H.(ZW,d).

If W is pointed, its mod 2 reduced homology of W is given by:

H.(W;Fy) = coker (H.(Zx ®F5,0) — H (ZW ® Fs,0)) .

Let By = @47, (ZY7 ®F3), where #7 denotes the number of elements
in the set Z. Then E = @, , E, is a double complex. For of € (ZY7 ®Fsy),,
the vertical differential is 9"(af) := da, which is the above differential of
the chain complex ZY7 ® Fy. For ozg € (ZYr @ Fy), where T = {iy,... .4},
the horizontal differential is 9"(a?) := % := ?Zl(—l)jozqajI where 0,7 :=
(i1, .- ,z’Aj, ...,ip) has p — 1 elements by omitting the jth term. Here aqafz is
an element of (ZYy,z ® Fy), via the inclusion Y7 — Yy, 7.

Write E, = @q E,,. The homology of Ej is the mod 2 homology of Y’
(see [10]):

H, (Y3 Fy) = H.(Eyp).

1
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There is an exact sequence (see Page 94 in [2]):
o o
0—=Ey— - — Fy—0.

Denote Fy = im0}, ..., Fx_o = im 0% |, Fy_1 = imd%. Then we have

the short exact sequences

0— FEy— Fy_1—0
0— Fy_1—> En_1—> Fn_2—0

0> Fy_o—>FEny_9g— Fy_3—0

00— F, — FE — Fy—0.

With respect to the differential 0": E,, — E,, 1, we obtain long exact

sequences

— Hy(Fy_s) 5 Hy(Ex_2) % Hy(Fy_3) % H,_1(Fy_2) —

o Hy(F) 5 H(Fy) L H(Fy) % Hy 1 (F) —

This long exact sequence can be written as an exact couple where 7 has
bidegree (0,0), j has bidegree (0,—1) and ¢ has bidegree (—1,1):

0,0
1
X s
<_17 1) ( ) _1)
H,(F)
The resulting spectral sequence is the Mayer-Vietoris spectral sequence

{E;,q(Xl U---u XN)» dr} = Hp-l-q—l(EU) - ﬁp+q—1(X;F2)a

where the rth differential d": £ — EJ . . 4

r > 1. Note Hy(Eo) =D, , 1- tEOO The E' term of this spectral sequence

= P P H(XzF). (15)

p+q— 1=t XI#@
#I=p>1

is induced by io (" 1o for
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For the rest of this paper, we write H (o) as H (e;Fy) for short. Recall
from the introduction that the pointed simplicial subset A, of (X/G)"* is
defined as follows. Set ﬁo = 81 = x and:

Ay = {21GA - Az,G e (X)G)|Ti=1,... s—1(z;i =z, € A} (s>2)
These simplicial sets A, have the following alternative inductive definition.

Proposition 5.1. The simplicial sets ZS can be defined inductively by:

A, = (&_1 A (X/G)) U ((X/G)2ARA(A)), s> 3.

Proof. We have ZO = A, =x by definition. It is easy to check that A, =
A(A). We will show that

A, = (EH A (X/G)) U ((X/G)"' AA(4)).

Let an element ;G A --- A z,G of Zs be given. There are two cases: either
Ts1 =5 € Aor x; = x;41 € A for some 1 <7 < s— 1. In the former case
1GA- - -Az,G belongs to (X/G)*PAA(A). In the latter case 2;GA- - -Az,G
belongs to A,_; A (X/G). Hence in either case ;G A --- A 2,G belongs to
the union A,_; A (X/G)U (X/G)'*=1 A A(A). This proves one inclusion.

The proof of the reverse inclusion is similar. O]

Corollary 5.2. For s > 2, the simplicial set Es decomposes into the follow-

mng uUnion:
(A(A) A (X/G)Y2)U((X/G) AA(A) A (X/G) 3 U---U((X/GY 2 A A(A)) .

Before we prove this corollary, we introduce multi-index notation to ab-
breviate the expressions. Recall from the introduction that a multi-index

a = (ay,...,aq) is a (possibly empty) sequence of positive integers.
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Definition 5.3. For & > 2, let Zk(A) denote the pointed simplicial subset
of (X/G)"* whose elements are aG A --- A aG for some a € A. We set
— ——
k
Zl(A) = X/G. For a multi-index o = (ay,...,ay), denote by A” the
pointed simplicial set A" (A) A --- A A (A).

The pointed simplicial set A” is a subset of
(X/GY™ e A (XG4 = (X/G) 404 = (X/G).

Proof of Corollary 5.2. We proceed by induction. For s = 2, the RHS re-
duces to A(A). Indeed Proposition 5.1 says that Ay = A(A).
Suppose the above decomposition holds for some s > 2. In the shorthand

notation, the induction hypothesis becomes

where all the multi-indices are of length s. Thus

Mgt = (&5 A (X/G)) U ((X/G)" NA(A))

1,1,..,1,2)

_ [(Z(m ..... 1) U Z(1,2 ..... 1) U..-U Z(m..,,z)) A (X/G)] U Z(

1,1 ——(1,2,..,1,1) ——(1,1,...,2,1)  ——(1,1,...,1,2)

— ABL B GRG2MD LA UA

Then we can use A° A (X/G) = A in the last line. This proves the

induction step. O

Recall from the introduction that a pointed simplicial map f: YV — Z
is mod 2 homologous to zero if the induced map on homology ﬁ*(Y;Fg) —
I::f*(Z ;[Fy) is the zero map. Since we are using homology with coefficients
in Fy throughout, we throw out the reference to “mod 2”. Let fi,..., fi be
pointed simplicial maps. If f; is homologous to zero for some i = 1,... k,
then the smash product f; A --- A fi is homologous to zero. This is because

the induced map (f; A -+ A fr). on homology is just the tensor product
(f1)« ® -+ @ (fi)s
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Proposition 5.4. Let a and 8 be multi-indices of length s. Suppose that the
reduced diagonal map of A is homologous to zero. If A” is a proper subset

of Zﬁ, then the inclusion A — A’ is homologous to zero.

Proof. The higher reduced diagonal map d,: A — A" is given by a

a/---Aaforaée A, We first show that for £ > 2, the higher reduced diag-
—_———

k
onal map dj: A — A’ is homologous to zero. This map is a monomorphism

with image Zk(A) = A. We can write dj, as a composite:

1aNndg_1

dpit A ANA ANRTHA) 5 AN

Since the first map is homologous to zero by assumption, dj; is homologous
to zero.

Now we return to the proposition. First consider the case where A” is
just ZS(A), that is the case where dim v = 1. Since A” is a proper subset of

A’ by assumption, ¢ := dim [ > 2. There is a commutative diagram

=

A R
ds T dﬂl A dﬁe

A——=AN-
d, M_/

2

Since e > 2, the reduced diagonal map d. is homologous to zero from what
we have shown above. Since A 2 A°(A) is an isomorphism, the inclusion
A°(A) — A s homologous to zero.
Finally we prove the general case where dimo = d > 1. Since A" is

a proper subset of A’ by assumption, we can decompose the multi-index
B into B = (v, ..., D) such that o, = [yP|,...,aq = [7?|. Thus the
inclusion map A" < A’ decomposes into a smash product of the inclusions
RY(A) = A

A” c

ll |

A (A A--- AAM(A) A A AR




o — @
Each inclusion A" (A4) — A’ " reduces to the case above. Hence it is homol-
ogous to zero. Thus after taking the smash product, the inclusion A" — A’

is homologous to zero. (Actually one j is enough.) O

Example 5.5. If A = YY . then the reduced diagonal map of A is null-
homotopic and thus homologous to zero. The weak category of a space A

is the least k& such that the higher reduced diagonal A — AA---AA is
—_—

null-homotopic (see Definition 2.2 of [1]). For example, a non—conktractible
suspension space has weak category 2. Berstein and Hilton [1] introduced
the notion of weak category to study the Lusternik-Schnirelmann category.
The Lusternik-Schnirelmann category of a topological space X is the smallest
integer number & such that there is an open covering {U;}1<i<r of X with
the property that each inclusion map U; < X is null-homotopic (see [6] and

the references therein.)

Proposition 5.6. The collections

{AZ]T C{(2,1,...,1),...,(1,1...,2)}, #T = p}

and {A"| dimo = s — p} are equal forp =1,...,s — 1. Here all the multi-

indices are of length s.

Proof. Recall that Az = A”. We proceed by induction on p. The base

step p = 1 is obvious.

ael

Let Z = {yU1), ... 4} where j; < --- < j, and 4 is the multi-index
(1,...,2,...,1) with 2 as the jth entry. By the inductive hypothesis, there
exists some (3 of dimension s — (p— 1) = s — p+ 1 such that A ; = A’ where

) ) — (41) (Gp—1)
J = {7, ... 4Ur-D} Recall that A; = A nAT . Since Jp—1 18
the largest term in this intersection, we can decompose g into (', 1,...,1).
ip1—1
S—=Jp—1—

Since  has dimension s — p + 1, 4’ has dimension
(s=p+D)—(s=Jp1—1) =Jp1—p+2
There are two cases: either j, = j,—1 +1 or j, > jp—1 + 1.
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Consider the case where j, = j, 1 + 1. Then Az = A where, writing
e :=dim /',
0= (f1,---, 0, B0+1,1,...,1).
——

S—Jp—1—2

Then
dimd=e+(s—jp1-2)=(p1—P+2) + (s —Jp-1—2) =5 —p,

which proves the induction step for this case.
Next consider the case where j, > j,—1 + 1. Recall § = (§',1,...,1).
——
. . s—jp—1—1
Then Az = A'. Here € is modified from § by contracting an adjacent pair of
1I’s at the j,-th and (j,+1)-th places into a 2. In any case dime = dim -1 =
s — p. This proves the induction step for this cases and completes the whole

proof. O]

Corollary 5.7. Let T C {(2,1,...,1),...,(1,1...,2)} where the multi-
indices are of length s. For each j = 1,...,#I, the inclusion map A —

Za]-I 15 homologous to zero.

Recall that if Z = {7, ... 7™}, then Ay 7 = ﬂi#T is the intersec-
tion omitting the jth term.

Proof. Proposition 5.6 shows that there exists the multi-indices a and f
of length s such that Ay = A" and Zajz = Zﬁ. Since Az is a proper
subset of Zajz, then Proposition 5.4 shows that the inclusion Az < Zajz is

homologous to zero, as required. O

Lemma 5.8. If the reduced diagonal map of A is homologous to zero, then the
Mayer-Vietoris spectral sequence of ZS = Z(m""’l) u.-.--u Z(l’l""2) collapses
at the Bt term so that

HA)= P H,(Ar).

#T+q—1=t
#I>1

Here T ranges over the nonempty subsets of {(2,1,...,1),...,(1,1...,2)}.
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Proof. The differential of the E'-term is given as the following composition:

dy, By, Hy(F,o1) & E,

p—1,q
The homology class of of in I:jq (Az) is mapped to the homology class of

#T

Z(_l)j aqajf

j=1
in @ffl ﬁ[q (Zajz). Since the reduced diagonal is homologous to zero, Corol-
lary 5.7 tells us that each map H,(Az) — Hy(Asz) is zero. Therefore
o’ =0 and ij(—l)ja?jz = 0 so that the differential d' is the zero map.
Therefore the Mayer-Vietoris spectral sequence collapses at the E' term.

Using the expression (15) for the E! term,

HA)= @ D KBz D Hb),
prg—1=t Az4Q #I+q—1=t
#I=p>1 #I>1

since no Az is empty. O
Proof of Theorem 1.2. By the above Lemma implies the following expression
for the mod 2 Betti numbers:

b(A) = Y b(A).

#I+q—1=t
#I>1
To simplify this expression, recall Proposition 5.6 which states that for p =
1,...,s — 1, the collections {Az|#Z = p} and {A"| dima = s — p} are
identical. Thus the above expression becomes:
WA= D> bhA) = Y b(A"). (16)
|a|=s lal=s

(s—dim a)+q—1=t g—dim a=t—s+1
dim a<s—1 dima<s—1

Notice if dim a = d, then
b(A") =" by, (A (A)) -+ by (A™(A)).
lv|=q
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Since Al(A) = X/G by convention and Zk(A) is isomorphic to A for k =
2,3, ..., the homology of ﬁs depends only on the homology of A and X/G.
There must exists constants ¢, depending on the multi-indices A and p such
that
b(As) = ex,ba(X/G)bu(A).
A

Let I denote dim A and J denote dim p. Thus ¢y, is the number of multi-

indices a which are permutations of (1,...,1,a4,...,ay) for some integers
——

I
ai,...,ay > 2 that satisfy I+a;+---+a; = s. After making the substitution

b; = a;—2, this condition is equivalent to b1+ - -+b; = s—I1—2.J where each b;

s—I1—-2J)+(J—1)

T ) = (5717‘]71) nonnegative

J-1
ERIE !

Since ¢ = |v| = |A] 4+ |p| and dimv = dim A + dim u, so the condition
g —dima =t — s+ 1in (16) is equivalent to [A| + |u| =t — s + dim A +

is a nonnegative integer. There are ((

integer solutions (by,...,by) to this equation. Thus ¢, , = (

dim g + 1. Similarly, since dim o = dim v, the condition dima < s — 1 in

(16) is equivalent to s > dim A + dim p + 1. Thus we obtain the required

by(Ay; Fy) > Cauba (XG5 Fo)b, (A; Fy), (17)

A+ || =t—s+dim A+dim p+1
2<dim A+dim p+1<s

]

Note that (17) is in fact a finite sum, since the condition dim A + dim p +
1 < s implies that [A| + |pu| =t —s+ (dim A +dimp+1) <t —s+s=1t. As
the length is bounded above, there can only be finitely many A and p that
satisfy dim A + dim p + 1 < s.

6 Proof of Proposition 1.3

We illustrate the efficacy of the homology decompositions in Theorems 1.1
and 1.2 by computing all the mod 2 Betti numbers of Q(X x¢ ELG) for an
example X = S?Ug: S?. The discrete group G = Cy acts on the 2-sphere S?
antipodally with the equatorial circle S! as the fixed set. The G-space X is
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formed by taking two 2-spheres S? with the antipodal action and identifying
their equatorial circles.

This pointed G-space is equivariantly homotopy equivalent to the follow-
ing. Take two pairs of discs (that is, four discs in total), and identify all the
boundary circles. Let G act on this union D? U D? U D? U D? by switching

the discs in each pair.

Proof of Proposition 1.3. Put a simplicial G-structure on the G-space. Write
the simplicial G-set as X = S? Ug1 S2. The subscripts serve to distinguish
each of the two S?’s. For i = 1,2, let D;f denote the upper hemisphere of
S? and D; the lower hemisphere. The antipodal G-action sends each upper

hemisphere to the lower hemisphere, so D; = D;'t. Then
X =(Df uUD3)Ug (Dy UDy)
= (D} UDJ)Uug (DftU D)
= (Df UD3)Ug (Df UDF)t

By Proposition 4.1, the orbit projection of X has a section. Thus Theorem

1.1 applies (here and below we suppress the coefficient Fy in the notation):

Ho(QUX 06 WLG) = D H, ((89)/A,) | (18)
s=1
Since S* — ST A S = S2? is mod 2 homologous to zero, Theorem 1.2 also
applies:
~ =~ I+J\ [(t—=2I—-J
HESES D S (M | Gy

J>1 I=n—s+1
Dy (S?) - ba(S?) @by (SY) -+ - by (S1).
Y

~
J
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Since by(S52) = by(S') = 1, so the Betti number is

na =2 s ()

J>1 I=n—s+1
_Z n—s+1+J\/n—2n—s+1)+J
B J J—1
J>1
_Z n—s+1+J\[(2s—n—J—2
B J J—1
J>1
_2873 n—s+1+J\[(2s—n—J—2 (19)
B J J—1 ‘
J=1
Note that if the binomial coefficient (25_;:5 _2) is nonzero, then 2s — n —

J—22>J—1. Thatis, n < 2s —2J —1 < 2s — 3 since J > 1. Thus
H,(A,) =0if n > 25— 3. Combining this observation with the fact that the
only nontrivial homology group of ((S? Ug1 S*t)/G)"* = (S?)¥ = S?% is in
the 2s-th dimension, the short exact sequence &S — % — 525/ As induces

the following long exact sequence in homology:

— 0 — ﬁ25+2 SQS/ZS
— 0 — 0 s Hog SQS/ES
— 0 —  Hoy(S*)=TF, — H, (SQS/ZS>
— 0 — 0 —  Hyy SQS/ZS
— 0 — 0 —  Hye o SQS/ES
— ﬁzs_g(ﬁs) — 0 = Hyy s SQS/KS
—  Hi(A,) = 0 - <S2S/ﬁs>
— 0
Thus )
0, n>2s+1,
Fy n = 2s,




For k > 1, applying this formula to (18) gives

Hor(UX 36 WLG)) = Hy (5% /A ) @ é e (57/A,)

r=k+1

=F, @ GB fIZk—l(zr)-

r=k+1

By (19), the even Betti number is:

2r

Do (QUX 6 WLG)) =

»»Mg
i\l

2/{;—7“+J 2r—2k—J—1
J—1
2r—

2k —r 4+ J 2r =2k —J —1
1+ J 71 .
r=k+1 J=1 o

OO

Here the upper bound r < 2k is obtained by observing that (Qk_;+J) is
nonzero only if 2k —r + J > J or r < 2k.
Similarly we can compute the odd Betti number:
2k4+1 r—k—1
~ 2k:—7"+J—|—1 2r =2k —J =2
bok+1((X e
ok +1(Q2(X xg WG Z ( )( J—1 >
r=k+2 J=1
for £k > 0.
Take geometric realization to obtain the required result. O]

Using these formulas, we compute by hand the Betti numbers in the

dimension 1 to 12 to be

(bn(UX %6 ELG);Fo)bnot .12 = {0,2,1,5,5,14, 19, 42, 66, 131, 221, 417}.

.....

A search with the Online Encyclopedia of Integer sequences [14] gives the
sequence A052547. For n > 0, set a,, to be the coefficient of ™ in the power
series expansion of (1 —x)/(z® — 222 — x + 1). The Encyclopedia informs us
that, for 1 <n < 12:

an = b (QUX g ELG):Fy)
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Note that for n = 0, the initial term aqg = 1 of sequence A052547 differs
from by(QUX xg ELG);Fy) = 0; this is because we are using the reduced

homology. This leads us to conjecture the following:

Conjecture 6.1. The reduced mod 2 Poincaré series of QX xg ELQ) is

1—=x
3 — 22 —x+1

D ba(QUX xg ELG); Fa) 2" =
n=0

The sequence a,, has a geometric interpretation in terms diagonals lengths
in the regular heptagon with unit side length (see [12,17].) These diagonal
lengths are related to the Chebyshev polynomials, which are important in

approximation theory.
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