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RECURRENCE RELATIONS FOR PATTERNS OF TYPE (2, 1) IN FLATTENED

PERMUTATIONS

TOUFIK MANSOUR, MARK SHATTUCK, AND DAVID G.L. WANG*

Abstract. We consider the problem of counting the occurrences of patterns of the form xy-z within
flattened permutations of a given length. Using symmetric functions, we find recurrence relations
satisfied by the distributions on Sn for the patterns 12-3, 21-3, 23-1 and 32-1, and develop a unified
approach to obtain explicit formulas. By these recurrences, we are able to determine simple closed
form expressions for the number of permutations that, when flattened, avoid one of these patterns
as well as expressions for the average number of occurrences. In particular, we find that the average
number of 23-1 patterns and the average number of 32-1 patterns in Flatten(π), taken over all
permutations π of the same length, are equal, as are the number of permutations avoiding either of

these patterns. We also find that the average number of 21-3 patterns in Flatten(π) over all π is the
same as it is for 31-2 patterns.

1. Introduction

The pattern counting problem for permutations has been studied extensively from various perspec-
tives in both enumerative and algebraic combinatorics; see, e.g., [4, 7]. The comparable problem has
also been considered on other discrete structures such as k-ary words [1], compositions [11], and set
partitions [10] (see also [6] and the references contained therein).

In his recent study [2] on finite set partitions, Callan introduced the notion of flattened partitions.
In a previous paper [9], we considered flattened permutations in the same sense and obtained formulas
for the generating functions which count the flattened permutations of size n according to the number
of peaks and valleys. Here, we continue this work for some related statistics on flattened permutations.

Let [n] = {1, 2, . . . , n} if n ≥ 1, with [0] = ∅. Denote the set of permutations of [n] by Sn. Let
π = π1π2 · · ·πn ∈ Sn. A pattern is any permutation σ of shorter length, and an occurrence of σ in π
is a subsequence of π that is order-isomorphic to σ. If r denotes the number of occurrences of a
given pattern σ within a permutation π in general, then the case that has been studied most often in
previous research has been when r = 0, i.e., the avoidance of σ by π. Relatively little work has been
done concerning the case when r > 0, and in what has been done, the patterns were usually of length
three. Simple algebraic maps show that the six patterns of length three are classified into two classes
with respect to the pattern counting enumeration, that is, the class with the representative pattern
σ = 123 (see [14, 15]) and the class with the representative pattern σ = 132 (see [12] and references
therein).

By specifying the length of adjacent letters allowed, Claesson and Mansour [3] further generalized
the notion of patterns. Precisely, a pattern σ = σ1-σ2- · · · -σk is said to be of type (ℓ1, ℓ2, . . . , ℓk) if the
subword σi of σ has length ℓi. In this notation, a classical pattern of length k is of type (1, 1, . . . , 1)
which consists of k occurrences of 1. In particular, the permutation π is said to contain a pattern
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τ = xy-z of type (2, 1) if there exist indices 2 ≤ i < j ≤ n such that πi−1πiπj is order-isomorphic to
xyz, where xyz is some permutation of {1, 2, 3}. Otherwise, we say that π avoids τ .

Let π ∈ Sn be a permutation of length n represented in its standard cycle form, that is, cycles
arranged from left to right in ascending order according to the size of the smallest elements, where
the smallest element is written first within each cycle. Define Flatten(π) to be the permutation of
length n obtained by erasing the parentheses enclosing the cycles of π and considering the resulting
word. For example, if π = 71564328 ∈ S8, then the standard cycle form of π is (172)(3546)(8) and
Flatten(π) = 17235468.

One can combine the ideas of the previous two paragraphs and say that a permutation π contains
a pattern τ in the flattened sense if and only if Flatten(π) contains τ in the usual sense and avoids
τ otherwise. Here, we will use this definition of pattern containment and consider the case when
τ is a pattern of type (2, 1). For example, the permutation π = 71564328 avoids 23-1 but has four
occurrences of 31-2 by this definition since Flatten(π) = 17235468 avoids 23-1 but has four occurrences
of 31-2.

Let st denote the statistic on Sn which records the number of occurrences in the flattened sense of
one of five patterns under consideration in this paper. In accordance with the previous paper [9], we
will use the notation

gstn (a1a2 · · · ak) =
∑

π

qst(Flatten(π)),

where π ranges over all permutations of length n such that Flatten(π) starts with a1a2 · · · ak. It is
easy to see that gstn (a1a2 · · ·ak) = 0 if a1 6= 1. We will write gn = gstn (1) when considering a particular
pattern.

In this paper, we use symmetric functions to develop recurrences for the generating functions gstn (1)
in the cases when st is the statistic recording the number of occurrences of τ , where τ is any pattern
of type (2, 1) (except for 13-2). As a consequence, we obtain simple closed formulas for the number
of permutations avoiding a pattern of type (2, 1) in the flattened sense as well as the average number
of occurrences of a pattern over all permutations of a given size. We provide algebraic proofs of these
results, as well as combinatorial proofs in all but two cases. The results are summarized in Table ??
below.

Note that as an immediate consequence, we have the following result.

Theorem 1.1. For any pattern p of type (2, 1), the average number avr(n) of occurrences of p in

Flatten(π) over all permutations π of length n satisfies

lim
n→∞

avr(n)

n2
=

1

12
.

We will need the following notation related to symmetric functions. Let X = {x1, x2, . . . , xm} be
an ordered set. Define

ej(X) =
∑

1≤i1<i2<···<ij≤m

xi1xi2 · · ·xij ,

e′j(X) =
∑

1≤i1≤i2−2≤i3−4≤···≤ij−2(j−1)≤m

xi1xi2 · · ·xij ,

hj(X) =
∑

1≤i1≤i2≤···≤ij≤m

xi1xi2 · · ·xij .

In other words, ej(X) is the sum of products of any j distinct elements of X ; e′j(X) is the sum of
products of any j pairwise non-adjacent elements in X ; hj(X) is the sum of products of any j elements
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Table 1. The number of avoiding and the average number of occurrences for patterns
of type (2, 1) over flattened permutations of length n.

pattern number of avoiding average number reference

13-2 2n−1 n2 + 3n+ 8

12
−Hn [13]

31-2

(
2n− 2

n− 1

)
Corollary 2.4

21-3 2

n−1∑

k=1

kS(n− 1, k)

n3 − 3n2 + 26n− 12

12n
−Hn

Corollary 4.4

32-1 Corollary 3.5

23-1

n−1∑

k=1

2kS(n− 1, k)
n2 − 9n− 4

12
+Hn

Corollary 4.2

12-3 −2
n−2∑

i=0

(
n− 2

i

)
(Bi +Bi+1)B̃n−i−3

n3 + 3n2 − 40n+ 24

12n
+Hn Corollary 3.8

(non-distinct allowed) of X . For convenience, for any function sj(X) of these three, let s0(X) = 1,
sj(∅) = δj,1 and sj(X) = 0 if j < 0.

Throughout this paper, we will make use of the Kronecker’s delta notation δi,j defined by

δi,j =

{
1, if i = j;

0, if i 6= j.

We will follow the standard notation [n] =
∑n−1

j=0 qj = 1−qn

1−q and [m]! =
∏m

i=1[i], with

[
n

k

]
=

{
[n]!

[k]![n−k]! , if 0 ≤ k ≤ n;

0, otherwise,

where q is an indeterminate. Note that [n]
∣∣
q=0

= 1 and [n]
∣∣
q=1

= n. Moreover, [n]′|q=1 =
(
n
2

)
.

Let Hn =
∑n

k=1
1
k denote the n-th harmonic number; see Graham, Knuth and Patashnik [5].

Denote the Stirling number of the second kind by S(n, k), the nth Bell number by Bn, and the nth

complementary Bell number by B̃n.

2. Counting 31-2-patterns

For any 3 ≤ i ≤ n, we have

gn(1i) =
∑

j<i

gn(1ij) +
∑

j>i

gn(1ij) =
∑

j<i

qi−j−1gn−1(1j) +
∑

j≥i

gn−1(1j)

= gn−1 +
∑

j≤i−1

(qi−j−1 − 1)gn−1(1j).(2.1)
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Define

Gn,r(v) =
∑

i≥2

gn,r(1i)v
i−2,(2.2)

Gr(x, v) =
∑

n≥2

Gn,r(v)x
n =

∑

n≥2

∑

i≥2

gn,r(1i)v
i−2xn.(2.3)

It follows that Gn,r(1) = gn,r and Gr(x, 1) =
∑

n≥2 gn,rx
n. As before, we have gn,r(12) = 2gn−1,r.

Theorem 2.1. For any integer r ≥ 0, we have

(
1 +

v2x

1− v

)
Gr(x, v) = x

r−1∑

j=0

vr−j+1Gj(x, v) +
2− v

1− v
xGr(x, 1) + 2(2 + v)x3δr,0 +Hr(x, v),(2.4)

where Hr(x, v) = −x
∑r−1

s=0

∑
j≥2

∑j+r−s−1
n=3 gn,s(1j)v

j+r−s−1xn.

Proof. Let r ≥ 0. Extracting the coefficient of qr in (2.1) gives

(2.5) gn,r(1i)− gn−1,r +

i−2∑

j=2

gn−1,r(1j)−
i−2∑

j=2

gn−1,r−i+j+1(1j) = 0, 3 ≤ i ≤ n,

with g2,r = g2,r(12) = 2δr,0. Multiplying each of the four terms on the left-hand side of (2.5) by
vi−2xn, and summing over n ≥ 3 and 3 ≤ i ≤ n, yields

∑

n≥3

n∑

i=3

gn,r(1i)v
i−2xn = Gr(x, v)− 2xGr(x, 1)− 4x3δr,0,

∑

n≥3

n∑

i=3

gn−1,rv
i−2xn =

vx

1− v
Gr(x, 1)−

x

1− v
Gr(vx, 1) + 2vx3δr,0,

∑

n≥3

n∑

i=3

i−2∑

j=2

gn−1,r(1j)v
i−2xn =

x

1− v

(
v2Gr(x, v) −Gr(vx, 1)

)
,

and

∑

n≥3

n∑

i=3

i−2∑

j=i−1−r

gn−1,r−i+j+1(1j)v
i−2xn

=x
∑

n≥3

n+1∑

i=4

i−2∑

j=i−1−r

gn,r−i+j+1(1j)v
i−2xn

=x
∑

i≥4

i−2∑

j=i−1−r

∑

n≥i−1

gn,r−i+j+1(1j)v
i−2xn

=x
∑

s≤r−1

∑

j≥2

∑

n≥r+j−s

gn,s(1j)v
r+j−s−1xn,

which combine to give (2.4). �

Taking r = 0 in recurrence (2.4) gives
(
1 +

v2x

1− v

)
G0(x, v) =

2− v

1− v
xG0(x) + 2(2 + v)x3.
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To solve this equation, we use the kernel method and substitute v = C(x) = 1−
√
1−2x
2x to obtain

G0(x) =
x√

1− 4x
− x− 2x2

and

G0(x,C(x)) = lim
v→C(x)

G0(x, v) =
x2(

√
1− 4x+ 8x− 1)

1− 4x
.(2.6)

Taking r = 1 in (2.4) and using the fact that H1(x, v) = −x
∑

j≥3 gj,0(1j)v
jxj = − 2x4v3

1−xv , we obtain

(
1 +

v2x

1− v

)
G1(x, v) = xv2G0(x, v) +

2− v

1− v
xG1(x) − 2

x4v3

1− xv
.(2.7)

Substituting v = C(x) = 1−
√
1−2x
2x into this equation, and using (2.6), yields

G1(x) =
(3x− 1)(1− 5x+ 2x2) + (1− 6x+ 7x2)

√
1− 4x

x
√
(1 − 4x)3

,

and thus

G1(x,C(x)) = lim
v→C(x)

G1(x, v)

=
(1− 4x)(5x4 − x3 − 16x2 + 8x− 1)− (17x4 + 19x3 − 30x2 + 10x− 1)

√
1− 4x

x
√

(1− 4x)5
.

Continuing in this way for r = 2, 3, we obtain the following result.

Corollary 2.2. For 0 ≤ r ≤ 3, we have

G31-2
r (x) =

ar(x) + br(x)
√
1− 4x√

(1− 4x)2r+1
,

where

(i) a0(x) = x, b0(x) = −x− 2x2;

(ii) a1(x) =
1
x(3x− 1)(1− 5x+ 2x2), b1(x) =

1
x(1 − 6x+ 7x2);

(iii) a2(x) =
1
x(1 − 12x+ 50x2 − 76x3 + 22x4), b2(x) =

1
x(−1 + 10x− 32x2 + 28x3);

(iv) a3(x) = 1
x2 (2 − 37x + 270x2 − 972x3 + 1748x4 − 1346x5 + 220x6), b3(x) = 1

x2 (−2 + 33x −
208x2 + 614x3 − 824x4 + 368x5).

The second-order difference transformation of the above formula gives

(2.8) gn(1k) = (q + 1)gn
(
1(k − 1)

)
− q· gn

(
1(k − 2)

)
+ (q − 1)gn−1

(
1(k − 2)

)
, 5 ≤ k ≤ n.

We shall solve it with the initial values

gn(13) = gn−1, n ≥ 3,

gn(14) = gn−1 + 2(q − 1)gn−2, n ≥ 4.
(2.9)

Theorem 2.3. For any n ≥ 2, we have

(2.10) gn =

⌊n/2⌋∑

j=1

(q − 1)j−1bn,jgn−j,
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where

bn,j =

n−j−1∑

k=0

n− k

j

(
n− j − 1− k

j − 1

)(
j − 2 + k

j − 2

)
qk.

Proof. For any k ≥ 3 and any integer j, define ak,j by a3,j = δj,1, a4,j = δj,1 + 2δj,2 and

(2.11) ak,j = (q + 1)ak−1,j − q· ak−2,j + ak−2,j−1, k ≥ 5.

By (2.8) and (2.9), it is routine to verify that

gn(1k) =
∑

j≤⌊k/2⌋
ak,j(q − 1)j−1gn−j , 3 ≤ k ≤ n.

Consequently, for any n ≥ 2, we have

gn =
∑

k≥2

gn(1k) = ngn−1 +

⌊n/2⌋∑

j=2

(q − 1)j−1bn,jgn−j ,

where bn,j =
∑n

k=3 ak,j . By (2.11), we have

bn,j = (q + 1)bn−1, j − qbn−2, j + bn−2, j−1 + 2χ(j = 2 and n ≥ 4), j ≥ 2.

It follows that

B(x, y) =
∑

n≥4

∑

j≥2

bn,jx
n−4yj−2 =

2− x

(1− x)2
· 1

(1 − x)(1 − qx)− x2y
.

We obtain the desired expression of bn,j by extracting the coefficient of xn−4yj−2 from B(x, y). �

Corollary 2.4. For any n ≥ 1, the number of permutations π of length n with Flatten(π) avoiding

31-2 is
(
2n−2
n−1

)
, and the average number of occurrences of 31-2 in Flatten(π) over π ∈ Sn is given by

n3−3n2+26n−12
12n −Hn.

3. Recurrence in terms of symmetric functions

3.1. Counting 32-1-patterns. Let 3 ≤ i ≤ n. We have

gn(1i) =
∑

j<i

gn(1ij) +
∑

j>i

gn(1ij) =
∑

j<i

qj−2gn−1(1j) +
∑

j≥i

gn−1(1j)

= gn−1 +
∑

j≤i−1

(qj−2 − 1)gn−1(1j).(3.1)

Define

Gn,r(v) =
∑

i

gn,r(1i)v
i−2,(3.2)

Gr(x, v) =
∑

n≥3

Gn,r(v)x
n =

∑

n≥3

∑

i

gn,r(1i)v
i−2xn.(3.3)

It follows that Gn,r(1) = gn,r and Gr(x, 1) =
∑

n≥3 gn,rx
n. As before, we have gn,r(1i) = 2gn−1,r.

Lemma 3.1. For any integer r ≥ 0, we have
(
1 +

vx

1− v

)
Gr(x, v) =

x(2 − v + 2vx)

1− v
Gr(x, 1)−

2vx2

1− v
Gr(vx, 1)

+ 2x3(2 + v + 2vx+ 2v2x)δr,0 +Hr(x, v),(3.4)
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where Hr(x, v) =
x

1−v

∑
n≥3

∑n
j=3 gn,r−j+2(1j)x

n(vj−1 − vn).

Lemma 3.2. For any integer r ≥ 0, we have

(1− v + vx)Gr(x, v) =x(2− v + 2vx)Gr(x, 1)− 2vx2Gr(vx, 1)

+ 2x3(1 − v)(2 + v + 2vx+ 2v2x)δr,0 +Hr(x, v),(3.5)

where Hr(x, v) =
∑

n≥3

∑n
j=3 gn,r−j+2(1j)x

n+1(vj−1 − vn).

Proof. Let r ≥ 0. Extracting the coefficient of qr in (3.1) gives

(3.6) gn,r(1i)− gn−1,r +
∑

j≤i−1

gn−1,r(1j)−
∑

j≤i−1

gn−1,r−j+2(1j) = 0, 3 ≤ i ≤ n.

In the last sum in this formula, the subscript j has upper bound min(i− 1, r + 2).
Note that G2,r(v) = g2,r = 2δr,0. We obtain equation (3.5) by multiplying (3.6) by vi−2xn and

summing over n ≥ 3 and 3 ≤ i ≤ n. The expressions that result from performing these operations on
the four summands in (3.6) are

∑

n≥3

n∑

i=3

gn,r(1i)v
i−2xn = Gr(x, v) − 2xGr(x, 1)− 4x3δr,0,

∑

n≥3

n∑

i=3

gn−1,rv
i−2xn =

vx

1− v
Gr(x, 1)−

x

1− v
Gr(vx, 1) + 2vx3δr,0,

∑

n≥3

n∑

i=3

i−1∑

j=2

gn−1,r(1j)v
i−2xn =

vx

1− v
Gr(x, v)−

x

1− v
Gr(vx, 1) + 2vx3δr,0,

and

∑

n≥3

n∑

i=3

i−1∑

j=2

gn−1,r−j+2(1j)v
i−2xn

=x
∑

n≥2

n+1∑

i=3

i−1∑

j=2

gn,r−j+2(1j)v
i−2xn =

x

1− v

∑

n≥2

n∑

j=2

gn,r−j+2(1j)x
n(vj−1 − vn)

=2vx3(1 + 2x+ 2vx)δr,0 +
2vx2

1− v

(
Gr(x, 1)−Gr(vx, 1)

)
+Hr(x, v).

This completes the proof. �

The first-order difference transformation applied to (3.1) gives the recurrence

(3.7) gn(1k) = gn
(
1(k − 1)

)
+ (qk−3 − 1)gn−1

(
1(k − 1)

)
, 4 ≤ k ≤ n.

We will solve it with the initial value gn(13) = gn−1.

Lemma 3.3. Let k ≥ 3. For all j ≥ 1,

ej([1], . . . , [k − 3]) =
1

(1− q)j

k−3∑

a=0

(−1)aq(
a+1

2 )
[

k − 3
a

]

q

(
k − 3− a

k − 3− j

)
.



8 TOUFIK MANSOUR, MARK SHATTUCK, AND DAVID G.L. WANG*

Proof. Let F (x1, . . . , xk) =
∑k

j=0 ej(x1, . . . , xk)z
j . By the definition of elementary symmetric func-

tions, we deduce

F ([1], . . . , [k − 3]) =
k−3∏

a=1

(1 + [a]z) =

(
1 +

z

1− q

)k−3(
qz

1− q + z
; q

)

k−3

=

k−3∑

a=0

q(
a

2)
[

k − 3
a

]

q

qa(−z)a(1− q + z)k−3−a

(1− q)k−3

=

k−3∑

a=0

k−3−a∑

b=0

(−1)aq(
a+1

2 )
[

k − 3
a

]

q

(
k − 3− a

b

)
za+b

(1− q)a+b
.

The desired formula now follows from comparing coefficients of zj on both sides of the above identity.
�

Theorem 3.4. For any n ≥ 2, we have

gn = ngn−1 +

n−2∑

j=2

(
j∑

a=1

(−1)j−aq(
a

2)
n−2−j∑

k=0

(
j − a+ k

k

)[
j − 1 + k

a− 1

])
gn−j.(3.8)

Proof. For any k ≥ 3 and any integer j, define ak,j = ej−1([1], [2], . . . , [k− 3]). By (3.7), it is routine
to verify that

gn(1k) =

k−2∑

j=1

ak,j(q − 1)j−1gn−j , 3 ≤ k ≤ n.

Therefore,

gn =
∑

k≥2

gn(1k) = ngn−1 +

n−2∑

j=2

bn,j(q − 1)j−1gn−j,

where bn,j =
∑n

k=j+2 ej−1([1], [2], . . . , [k − 3]). By Lemma 3.3, we deduce

bn,j =
1

(1− q)j

n∑

k=j+2

k−3∑

a=0

(−1)aq(
a+1

2 )
[

k − 3
a

]

q

(
k − 3− a

k − 2− j

)
,

which gives (3.8). �

Corollary 3.5. For any n ≥ 2, the number of permutations π of length n with Flatten(π) avoiding

32-1 is
∑n−1

k=1 2
kS(n− 1, k), and the average number of occurrences of 32-1 in Flatten(π) over π ∈ Sn

is given by n2−9n−4
12 +Hn.

Proof. Let n ≥ 2. Setting q = 0 in (3.8), we get

gn,0 = ngn−1,0 +
n−2∑

j=2

(−1)j−1

(
n− 2

j

)
gn−j,0.

Note that g1,0 = 1. One can prove by induction that

gn,0 =
1

e2

∑

k≥1

2kkn−1

k!
=

n−1∑

k=1

2kS(n− 1, k).
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The average number can be found in a similar manner as in the case 13-2. �

For more information of the sequence gn(0), see the sequence A001861 in OEIS [17].

3.2. Counting 12-3-patterns. Let 3 ≤ i ≤ n. We have

gn(1i) =
∑

j<i

gn(1ij) +
∑

j>i

gn(1ij) =
∑

j<i

qj−i+1gn−1(1j) + qn−i
∑

j≥i

gn−1(1j)

= qn−ign−1 −
∑

j≤i−1

(qn−i − qj−i+1)gn−1(1j).(3.9)

The first-order difference transformation of the above formula gives the recurrence

(3.10) gn(1k) = q−1gn
(
1(k − 1)

)
+ (1− qn−k)gn−1

(
1(k − 1)

)
, 4 ≤ k ≤ n.

We will solve it with the initial value

(3.11) gn(13) = qn−3gn−1 − 2qn−3(qn−3 − 1)gn−2, n ≥ 3.

Lemma 3.6. Let n ≥ 0, 0 ≤ j ≤ k − 1 and X = {[n+ i] : 0 ≤ i ≤ k − j − 1}. Then

hj−1(X) =

j−1∑

i=0

(−1)i
[
k − j − 1 + i

i

](
k − 2

j − 1− i

)
qin

(1− q)j−1
.

Proof. By the definition of complete symmetric functions, we have
∑

j≥0 hj(X)zj =
∏

x∈X(1− xz)−1

for any set X . Taking X = {[n+ i] : 0 ≤ i ≤ k − j − 1}, we deduce

∑

j≥1

hj−1(X)zj−1 =

(
1− z

1− q

)j−k k−j−1∏

i=0

(
1 +

zqn

1− q − z
qi
)−1

=
∑

a≥0

(−1)a
[
k − j − 1 + a

a

]
qnaza

(1 − q)a

(
1− z

1− q

)j−k−a

=
∑

a,b≥0

(−1)a
[
k − j − 1 + a

a

](
k − j + a+ b− 1

b

)
qnaza+b

(1− q)a+b
.

The desired formula now follows from comparing coefficients of zj−1 on both sides of the above
identity. �

Theorem 3.7. For any n ≥ 3, we have

(3.12) gn =

n−1∑

j=2

cn,jgn−j ,

where

cn,j =

j−1∑

i=0

n−1−j∑

k=0

(−1)i
(
2

[
k + i

i

](
k + j − 1

j − i− 1

)
−
[
k + i− 1

i

](
k + j − 2

j − i− 1

))
q(i+1)(n−j−k−1).

Proof. By (3.10) and (3.11), it is routine to verify that

gn(1k) = qn−k
k−1∑

j=1

(1− q)j−1an,k,jgn−j , 3 ≤ k ≤ n,
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where an,k,j = 2hj−1

({
[n− i] : j + 1 ≤ i ≤ k

})
− hj−1

({
[n− i] : j + 2 ≤ i ≤ k

})
. Therefore,

(3.13) gn =
∑

k≥2

gn(1k) =
(
2qn−2 + [n− 2]

)
gn−1 +

n−1∑

j=2

bn,j(1− q)j−1gn−j ,

where

(3.14) bn,j =
n∑

k=j+1

(
2hj−1

({
[n− i] : j + 1 ≤ i ≤ k

})
− hj−1

({
[n− i] : j + 2 ≤ i ≤ k

}))
qn−k.

Recurrence (3.12) now follows from Lemma 3.6. �

Corollary 3.8. For any n ≥ 2, the number of permutations π of length n with Flatten(π) avoiding

12-3 is −2
∑n−2

i=0

(
n−2
i

)
(Bi+Bi+1)B̃n−i−3, and the average number of occurrences of 12-3 in Flatten(π)

over π ∈ Sn is given by n3+3n2−40n+24
12n +Hn.

Proof. Letting q = 0 in (3.12), we get

gn(0) =

n−2∑

j=1

((
n− 3

j − 1

)
+

(
n− 4

j − 2

))
gn−j(0), n ≥ 4,

with g1(0) = 1 and g2(0) = g3(0) = 2. Define G(x) =
∑

n≥2 gn(0)
xn−2

(n−2)! . Then the above recurrence

translates to

G′′(x) = (exG(x))′ + exG(x).

Solving this differential equation gives

G(x) = 2(ex + 1)ee
x−1

(
1−

∫ x

0

e1−etdt

)
− 2.

Note that

ee
x−1 =

∑

n≥0

Bn
xn

n!
,

ee
x−1+x =

∑

n≥0

Bn+1
xn

n!
,

∫ x

0

e1−etdt =

∫ x

0

∑

n≥0

B̃n
tn

n!
dt =

∑

n≥1

B̃n−1
xn

n!
,

Recall that the sequence {B̃n} contains both positive and negative integers. (See Rao Uppuluri and

Carpenter [16] and entry A000587 in OEIS [17]). We define B̃−1 = −1. Then extracting the coefficient
of xn−2 from the formula above for G(x) gives

gn(0) = −2
n−2∑

i=0

(
n− 2

i

)
(Bi +Bi+1)B̃n−i−3, n ≥ 3,

which completes the proof of the first statement.
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For the average number of occurrences, we differentiate both sides of (3.12) and set q = 1 to obtain

g′n(1) =
(
2(n− 2)qn−3 + [n− 2]′

)∣∣∣
q=1

gn−1(1) + ng′n−1(1)− bn,2
∣∣
q=1

gn−2(1)

=

(
2(n− 2) +

(
n− 2

2

))
(n− 1)! + ng′n−1(1)−

(n+ 2)(n− 2)(n− 3)

3
(n− 2)!.

The desired result now follows from solving this recurrence and noting that the average number of
occurrences is given by g′n(1)/n!. �

4. Recurrence in terms of generalized symmetric functions

4.1. Counting 23-1-patterns. Let 3 ≤ i ≤ n. We have

gn(1i) =
∑

j<i

gn(1ij) +
∑

j>i

gn(1ij) =
∑

j<i

gn−1(1j) +
∑

j≥i

qi−2gn−1(1j)

= qi−2gn−1 + (1− qi−2)
∑

j≤i−1

gn−1(1j).(4.1)

The first-order difference transformation of the above formula gives the recurrence

(4.2) gn(1k) = −qk−3gn−1

[k − 3]
+

[k − 2]

[k − 3]
gn
(
1(k − 1)

)
+ (1 − q)[k − 2]gn−1

(
1(k − 1)

)
, 4 ≤ k ≤ n.

We will solve it with the initial value gn(13) = q· gn−1 + 2(1− q)gn−2.

Theorem 4.1. For all n ≥ 2, we have

(4.3) gn =
(
1 + [n− 1]

)
gn−1 +

n−1∑

j=2

bn,j(1− q)j−1gn−j,

where

bn,2 =

n−2∑

k=1

[k]
(
1 + [k]

)
=

(2− q)n

(q − 1)2
+

q3 − 3q2 + q + 4

(q − 1)3(q + 1)
+

(q − 3)qn−1

(q − 1)3
+

q2n−2

(q − 1)3(q + 1)
,

and for j ≥ 3,

bn,j =

n∑

k=j+1

∑

1≤i1<i2<···<ij−2≤k−3

(
1 + [i1]

)
[i1][i2] · · · [ij−2][k − 2].

Proof. For any 3 ≤ k ≤ n and any integer j, define dn,k,j by dn,3,j = qδj,1 + 2(1− q)δj,2 and

dn,k,j = − qk−3

[k − 3]
δj,1 +

[k − 2]

[k − 3]
dn,k−1,j + (1− q)[k − 2]dn−1,k−1,j−1, 4 ≤ k ≤ n.

By (4.2), it is easy to verify that gn(1k) =
∑k−1

j=1 dn,k,jgn−j for any 3 ≤ k ≤ n. On the other hand,
we can solve dn,k,j by iteration as follows. For any k ≥ 4, we have

dn,k,1 = −[k − 2]

k−1∑

j=3

qk−j

[k − j][k − j + 1]
+ [k − 2]dn,3,1 = qk−2,

dn,k,2 = [k − 2]dn,3,2 + (1− q)[k − 2]

k−3∑

j=1

qj = (1 − q)[k − 2]
(
1 + [k − 2]

)
,
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and for j ≥ 3,

dn,k,j = (1− q)[k − 2]

k−1∑

i=j

dn−1,i,j−1

= (1− q)j−2[k − 2]
∑

2<ij−2<···<i2<i1<k

[i1 − 2][i2 − 2] · · · [ij−3 − 2]dn−j+2,ij−2,2

= (1− q)j−1[k − 2]ak,j ,

where

ak,j =
∑

1≤i1<i2<···<ij−2≤k−3

(
1 + [i1]

)
[i1][i2] · · · [ij−2], j ≥ 3.

Therefore, for all 3 ≤ k ≤ n, we have

gn(1k) = qk−2gn−1 + [k − 2]

k−1∑

j=2

ak,j(1− q)j−1gn−j,

where ak,2 = 1+[k−2]. Consequently, we obtain the desired formula by using gn =
∑n

k=2 gn(1k). �

Corollary 4.2. For any n ≥ 2, the number of permutations π of length n with Flatten(π) avoiding

23-1 is
∑n−1

k=1 2
kS(n− 1, k), and the average number of occurrences of 23-1 in Flatten(π) over π ∈ Sn

is given by n2−9n−4
12 +Hn.

Proof. Let n ≥ 2. Taking q = 0 in the recurrence (4.3), we obtain

(4.4) gn(0) = 2

n−1∑

j=1

(
n− 2

j − 1

)
gn−j(0).

Note that g1(0) = 1. One can prove by induction that

gn(0) =
1

e2

∑

k≥1

2kkn−1

k!
=

n−1∑

k=1

2kS(n− 1, k).

The average number of occurrences may be obtained as it was for previous patterns. �

4.2. Counting 21-3-patterns. Let 3 ≤ i ≤ n. We have

gn(1i) =
∑

j<i

gn(1ij) +
∑

j>i

gn(1ij) =
∑

j<i

qn−ign−1(1j) +
∑

j≥i

gn−1(1j)

= gn−1 − (1 − qn−i)
∑

j≤i−1

gn−1(1j).(4.5)

In particular, since gn(12) = 2gn−1, we have

(4.6) gn(13) = gn−1 − (1− qn−3)gn−1(12) = gn−1 + 2(q − 1)[n− 3]gn−2, n ≥ 3.

So we can focus on n ≥ 4. The first-order difference transformation of (4.5) gives

gn(1k) =
qn−kgn−1

[n− k + 1]
+

[n− k]gn
(
1(k − 1)

)

[n− k + 1]
+ (q − 1)[n− k]gn−1

(
1(k − 1)

)
, 4 ≤ k ≤ n.(4.7)
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Theorem 4.3. For all n ≥ 2, we have

(4.8) gn = ngn−1 +

n−1∑

j=2

bn,j(q − 1)j−1gn−j ,

where

bn,2 =

n∑

k=3

(k − 1)[n− k] = − n2

2(q − 1)
+

(q − 3)n

2(q − 1)2
+

q(2qn−2 − qn−3 + q − 2)

(q − 1)3
,

and for j ≥ 3,

bn,j =

n∑

k=j+1

∑

n−k≤i1≤i2≤···≤ij−2≤n−j−1

(n− j − ij−2 + 1)[i1][i2] · · · [ij−2][n− k].

Proof. For any 3 ≤ k ≤ n and any integer j, define dn,k,j by dn,3,j = δj,1 + 2(q − 1)[n− 3]δj,2 and

dn,k,j =
qn−k

[n− k + 1]
δj,0 +

[n− k]

[n− k + 1]
dn,k−1,j + (q − 1)[n− k]dn−1,k−1,j−1, 4 ≤ k ≤ n.

By (4.7), it is easy to verify that gn(1k) =
∑k−1

j=1 dn,k,jgn−j for any 3 ≤ k ≤ n. On the other hand,
we can solve dn,k,j by iteration as follows:

dn,k,1 =
[n− k]

[n− 3]
+

k∑

j=4

[n− k]

[n− j][n+ 1− j]
qn−j = 1,

dn,k,2 =
[n− k]

[n− 3]
dn,3,2 + (k − 3)(q − 1)[n− k] = (q − 1)(k − 1)[n− k],

and for j ≥ 3,

dn,k,j = (q − 1)[n− k]

k−1∑

i=j+1

dn−1,i,j−1

= (q − 1)j−1[n− k]
∑

3≤ij−2<···<i1≤k−1

(ij−2 − 1)

j−2∏

ℓ=1

[n− ℓ− iℓ].

Combining these formulas, we obtain

gn(1k) = gn−1 + [n− k]
k−1∑

j=2

an,k,j(q − 1)j−1gn−j, 3 ≤ k ≤ n,

where an,k,2 = k − 1 and

(4.9) an,k,j =
∑

n−k≤i1≤i2≤···≤ij−2≤n−j−1

(n− j − ij−2 + 1)[i1][i2] · · · [ij−2].

We derive (4.8) by using gn =
∑n

k=2 gn(1k). This completes the proof. �

Corollary 4.4. For any n ≥ 2, the number of permutations π of length n with Flatten(π) avoiding

21-3 equals 2
∑n−1

k=1 kS(n − 1, k), and the average number of occurrences of 21-3 in Flatten(π) over

π ∈ Sn is given by n3−3n2+26n−12
12n −Hn.
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Proof. Let n ≥ 3. Letting q = 0 in (4.8) gives

(4.10) gn(0) = ngn−1(0)−
n(n− 3)

2
gn−2(0) +

n−1∑

j=3

(−1)j−1

((
n− 2

j

)
+

(
n− 3

j − 1

))
gn−j(0).

Note that g1(0) = 1 and g2(0) = 2. By a routine application of the generating function technique, we
may deduce that ∑

n≥0

gn+2(0)
xn

n!
= 2ee

x+2x−1,

which gives the desired formula of gn(0). Differentiating both sides of (4.8), and setting q = 1, yields

g′n(1) = ng′n−1(1) + bn,2
∣∣
q=1

gn−2(1) = ng′n−1(1) +
(n+ 2)(n− 2)(n− 3)

6
(n− 2)!.

Solving this recurrence, we obtain the requested formula for the average number g′n(1)/n!. �

5. Combinatorial proofs

In this section, we provide combinatorial proofs of Corollaries 2.4, 3.5, and 4.2 and of the state-
ments concerning the average number of occurrences in Corollaries 3.8 and 4.4. We first prove the
statements concerning the avoidance of the pattern in question.

Combinatorial proofs of Corollaries 3.5 and 4.2 (avoiding).

We first treat the case 23-1. Recall that the Stirling number of the second kind S(m, k) counts

the partitions of an m-element set into exactly k blocks. Then the sum
∑n−1

k=1 2
kS(n − 1, k) counts

the partitions of the set {2, 3, . . . , n} having any number of blocks in which some subset of the blocks
are marked. We will denote the set of such partitions by π(n)∗. Let π = B1/B2/ · · · /Bk ∈ π(n)∗,
1 ≤ k ≤ n − 1, where the Bi are arranged in ascending order of smallest elements and some subset
of the Bi are marked. Furthermore, we assume within each block Bi that the elements are written in
descending order. Finally, let mi denote the smallest element of block Bi, 1 ≤ i ≤ k.

We now transform π into a permutation of size n whose flattened form avoids the pattern 23-1. We
start by writing the element 1 in a cycle by itself as (1 · · · ). We first consider the block B1. If B1 is
not marked, then write the elements of B1 in descending order after 1 within its cycle to obtain the
longer cycle (1B1 · · · ). If B1 is marked, then write all elements of B1 except for the last one in the

cycle with 1 and start a new cycle with m1 = 2; at this point, one would have two cycles (1B̃1 · · · )
and (2 · · · ), where B̃1 = B1 − {m1}.

Continue in this fashion, inductively, as follows. If i ≥ 2 and block Bi is not marked, then write
all of the elements of Bi at the end of the last current cycle, while if Bi is marked, write all of the
elements of Bi except mi at the end of the last current cycle and then write the element mi in a cycle
by itself. Doing this for each of the k blocks of π yields a permutation σ of length n which avoids 23-1
such that Flatten(σ) has exactly k ascents. The above procedure is seen to be reversible, and hence is
a bijection, upon considering whether or not the smaller number in an ascent within Flatten(σ) starts
a new cycle of σ.

For example, if n = 10 and π = {6, 5, 2}, {10, 7, 3}, {4}, {9, 8} ∈ π(10)∗, with the second and
third blocks marked, then the corresponding permutation in standard cycle form would be σ =
(1, 6, 5, 2, 10, 7), (3), (4, 9, 8).

For Corollary 3.5, we now define a bijection between permutations avoiding 23-1 and those avoiding
32-1 in the flattened sense. To do so, given σ avoiding 23-1, let t1 = 1 < t2 < · · · < tℓ denote the set of
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numbers consisting of the first (i.e., left) letters of the ascents of Flatten(σ), going from left to right.
Note that the ti are increasing since there is no occurrence of 23-1 in Flatten(σ). Given 1 < i ≤ ℓ, let
αi denote the sequence (possible empty) of numbers occurring between ti−1 and ti in Flatten(σ). Note
that the letters of an αi must belong to the same cycle of σ, by definition of the ti, since σ is assumed
to be in standard cycle form. Write the sequence αi in reverse order for each i, where the letters
remain in the same cycle of σ. If σ′ denotes the resulting permutation, then it may be v erified that
the mapping σ 7→ σ′ is the requested bijection. For example, if σ is as above, then the order of the
letters between 1 and 2 and between 2 and 3 is reversed, which gives σ′ = (1, 5, 6, 2, 7, 10), (3), (4, 9, 8).

Given a permutation ρ = ρ1ρ2 · · · ρn which avoids 32-1, the above mapping is reversed by consider-
ing the subsequence ρir of Flatten(ρ) where ρi1 = 1 and ρir is the smallest letter to the right of ρir−1

if r > 1 and changing the order of the letters between ρir−1
and ρir for each r. �

Combinatorial proof of Corollary 2.4 (avoiding).

We will show that a permutation avoids 31-2 in the flattened sense if and only if it avoids 3-1-2,
whence the result will follow from Theorem 2.4 in [8] where a combinatorial proof was given. Clearly,
a permutation avoiding 3-1-2 also avoids 31-2. So suppose a permutation σ contains an occurrence of
3-1-2 in the flattened sense. We will show that it must contain an occurrence of 31-2. Let Flatten(σ) =
σ1σ2 · · ·σn, which we’ll denote by σ′.

First suppose that there is at least one ascent to the right of n in σ′. Let j denote the index of
the left-most such ascent. That is, there exist indices i and j with i < j < n such that σi = n,
σi > σi+1 > · · · > σj and σj+1 > σj . Since σj < σj+1 < σi, there exists an index ℓ with i < ℓ ≤ j
such that σℓ < σj+1 < σℓ−1. Then the subsequence σℓ−1σℓσj+1 would be an occurrence of 31-2 in σ′,
which completes this case.

On the other hand, suppose there is no ascent in σ′ to the right of the letter n. If σi = n, then
σi > σi+1 > · · · > σn. Apply now the reasoning of the previous paragraph on the subpermutation
σ1σ2 · · ·σi−1, considering instead of n, the largest element among the first i − 1 positions of σ′. If
an occurrence of 31-2 arises as before, then we are done. Otherwise, continue with still a smaller
subpermutation. If no occurrence of 31-2 arises before all of the positions of σ′ are exhausted, then it
must be the case that there is the following decomposition of σ′:

σ′ = TrTr−1 · · ·T1,

for some r ≥ 1, where T1 starts with the letter n and is decreasing and Ti, 1 < i ≤ r, starts with the
largest letter to the left of Ti−1Ti−2 · · ·T1 followed by a possibly empty decreasing sequence.

Now suppose σ′ contains an occurrence of 3-1-2 consisting of the letters x, y, and z, respectively.
If mk = max(Tk), 1 ≤ k ≤ r, then m1 > m2 > · · · > mr, which implies that we may assume that x
and y belong to the same block Ti for some i, with x = mi, and that z belongs to a block Tj for some
j with j < i. (Note that if x ∈ Ti1 and y ∈ Ti2 , where i1 > i2, then we have mi2 > mi1 ≥ x > y, with
mi2 occurring to the left of y in σ′.) Since the letters are decreasing between x and y, inclusive, with
x > z > y, there must exist an occurrence of 31-2 in σ′ where the 3 and 1 correspond to a pair of
adjacent letters between x and y (and possibly including x or y) and the 2 corresponds to the letter
z. Thus, σ′ contains an occurrence of 31-2 in all cases, which completes the proof. �

Given a pattern τ of type (2, 1), we will refer to an occurrence of τ (in the flattened sense) in which
the 2 corresponds to the actual letter i as an i-occurrence of τ and an occurrence in which the 2 and
3 correspond to the letters i and j, respectively, as an (i, j)-occurrence. In the proofs that follow,
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tot(τ) denotes the total number of occurrences of the pattern τ under consideration. Furthermore,
given positive integers m and n, we let [m,n] = {m,m+1, . . . , n} if n ≥ m, with [m,n] = ∅ if m > n.

Combinatorial proofs of Corollaries 3.5 and 4.2 (average).

We first treat the case 32-1 and argue that the total number of i-occurrences of 32-1 (in the flattened

sense) within all of the permutations of size n is given by (n− i)
(
i−1
2

) (n−1)!
i for i ∈ [3, n−1]. Summing

over i would then give the total number of occurrences of 32-1.
Note that within an i-occurrence of 32-1, the letter i cannot start a cycle since there is a letter to

the right of it in the flattened form which is smaller. Note further that the position of j is determined
by that of i’s within an (i, j)-occurrence of 32-1, where i + 1 ≤ j ≤ n. Given i and j, we count
the permutations of size n for which there are exactly r (i, j)-occurrences of 32-1, respectively, where
1 ≤ r ≤ i−2. Note that the position of i is determined within such permutations once the positions of
the elements of [i− 1] have been, which also determines the position of j (note that i must be placed
within a current cycle so that there are exactly r members of [i − 1] to its right within the flattened
form).

Thus, there are (n−1)!
i such permutations for each r, which implies that the total number of (i, j)-

occurrences of 32-1 is given by

i−2∑

r=1

r
(n− 1)!

i
=

(
i− 1

2

)
(n− 1)!

i
.

Since there are n − i choices for j, given i, with each choice yielding the same number of (i, j)-

occurrences of 32-1, it follows that there are (n − i)
(
i−1
2

) (n−1)!
i i-occurrences of 32-1, as desired.

Summing over 3 ≤ i ≤ n− 1, and simplifying, then gives

tot(32-1) =
n−1∑

i=3

(n− i)

(
i− 1

2

)
(n− 1)!

i
= n!

n−1∑

i=3

(
i− 3

2
+

1

i

)
− (n− 1)!

(
n− 1

3

)

=
n!

2

(
n− 3

2

)
+ n!

(
Hn−1 −

3

2

)
− (n− 1)!

(
n− 1

3

)

=
n!

12
(n2 − 9n− 4) + n!Hn.

Dividing by n! yields the average value formula found in Corollary 3.5.
Writing the letter corresponding to 3 directly after (instead of directly before) the letter correspond-

ing to 2 shows that the total number of (i, j)-occurrences of 23-1 is the same as the total number of
(i, j)-occurrences of 32-1 for each i and j, which implies Corollary 4.2. �

Combinatorial proof of Corollary 2.4 (average).

Similar reasoning as in the prior proof shows that the total number of i-occurrences of 31-2 in the

flattened sense within all of the permutations of [n] is given by (n− i)
((

i
2

)
− 1
) (n−1)!

i for i ∈ [3, n−1].
To see this, first note that there are n−i choices for the letter j to play the role of the 3, given i, within

an occurrence of 31-2. Let σ ∈ Sn. Note that for each r, 1 ≤ r ≤ i− 3, there are (n−1)!
i r permutations

which have an (i, j)-occurrence of 31-2 in which the letter i comes somewhere between the (r + 1)-st

and (r + 2)-nd members of [i− 1] from the left within Flatten(σ), and 2 (n−1)!
i (i− 2) permutations in

which i occurs to the right of all the members of [i− 1] within Flatten(σ). Observe that in the latter
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case, the letter i would either occur within a cycle whose first letter is a member of [i − 1] or as the
first let ter of a cycle. Note that in all cases, the possible positions for j are determined by the value
of r and is independent of the value of i. Summing over r, the total number of (i, j)-occurrences of
31-2 is thus given by

(1 + 2 + · · ·+ (i− 3) + 2(i− 2))
(n− 1)!

i
=

((
i

2

)
− 1

)
(n− 1)!

i
.

Summing over i, and simplifying, then implies

tot(31-2) =

n−1∑

i=3

(n− i)

((
i

2

)
− 1

)
(n− 1)!

i

=
n!

2

n−1∑

i=2

(
i− 1− 2

i

)
− (n− 1)!

((
n

3

)
− (n− 2)

)

=
n!

12n
(n3 − 3n2 + 26n− 12)− n!Hn.

Dividing by n! yields the average value formula found in Corollary 2.4. �

Combinatorial proofs of Corollaries 3.8 and 4.4 (average).

We first treat the case 21-3. To handle this case, we will simultaneously consider occurrences of the
pattern 3-21. If i ∈ [3, n− 1], first note that there are (i− 2)(n− 1)! permutations σ of size n in which
the letter i directly precedes a member of [i − 1] in Flatten(σ). To show this, first insert i directly
before some member of [2, i−1] within a permutation of [i−1] expressed in standard cycle form. Upon
treating i and the letter directly thereafter as a single object, we see that there are

∏n
s=i+1(s − 1)

choices for the positions of the elements of [i+ 1, n] and thus the total number of such permutations
is (i − 2)(i − 1)!

∏n
s=i+1(s − 1) = (i − 2)(n − 1)!, as claimed. Within each of these permutations σ,

every letter of [i + 1, n] contributes either an i-occurrence of 3-21 or 21-3 depending on whether the
letter goes somewhere before or somewhere after i within Flatten(σ). This implies

tot(i-occurrences of 21-3) + tot(i-occurrences of 3-21) = (n− i)(i− 2)(n− 1)!, 3 ≤ i ≤ n− 1,

and summing this over i gives

(5.1) tot(21-3) + tot(3-21) = (n− 1)!
n−1∑

i=3

(n− i)(i− 2).

We now count the total number of occurrences of 3-21 within permutations of size n, which is
apparently easier. We first count the number of permutations having an (i, j)-occurrence of 3-21,
where 3 ≤ i < j ≤ n are given. To do so, we first create permutations of the set [i] ∪ {j} by writing
some permutation of [i − 1] in standard cycle form and then deciding on the positions of the letters
i and j. Either i and j can directly precede different members of [2, i − 1] or can precede the same

member (in which case i would come before j), whence there are
(
i−2
2

)
+ (i − 2) =

(
i−1
2

)
choices

regarding the placement of i and j. Upon treating i and the letter directly thereafter as a single
object and adding the remaining members r of [i+1, n]−{j}, we see that the number of permutations
of length n having an (i, j)-occurrence of 3-21 is

(
i− 1

2

)
(i − 1)!

j−1∏

r=i+1

r

n∏

r=j+1

(r − 1) =

(
i− 1

2

)
(n− 1)!

i
.
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Since there are n − i choices for j, given i, the total number of i-occurrence of 3-21 is then given

by (n− i)
(
i−1
2

) (n−1)!
i . Summing over 3 ≤ i ≤ n− 1 gives

(5.2) tot(3-21) = (n− 1)!

n−1∑

i=3

n− i

i

(
i− 1

2

)
.

Subtracting (5.2) from (5.1) yields

tot(21-3) = (n− 1)!

n−1∑

i=3

(n− i)

(
i− 2− 1

i

(
i− 1

2

))

=
n!

2

n−1∑

i=2

(
i− 1− 2

i

)
− (n− 1)!

2

n−1∑

i=2

(i2 − i− 2)

=
n!

12n
(n3 − 3n2 + 26n− 12)− n!Hn,

which completes the proof in the case 21-3.
A similar proof may be given for the case 12-3. In fact, there are the comparable formulas

tot(12-3) + tot(3-12) = (n− 1)!

n−1∑

i=2

(n− i)i

and

tot(3-12) = (n− 1)!

n−1∑

i=2

n− i

i

((
i

2

)
− 1

)
.

Subtracting, simplifying, and dividing by n! gives the average value formula found in Corollary 3.8.
�
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