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ABSTRACT. The purpose of this paper is to investigate the connection between context-free
grammars and normal ordering problem, and then to explore various extensions of the Stirling
grammar. We present grammatical characterizations of several well known combinatorial se-
quences, including the generalized Stirling numbers of the second kind related to the normal
ordering problem and the r-Dowling polynomials. Also, possible avenues for future research are
described.
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1. INTRODUCTION

Throughout this paper, we always assume that n > 1. The Weyl algebra can be considered

as an abstract algebra generated by two symbols U and V satisfying the commutation relation
Uv -VU =1. (1)

A well known representation of (1) is by operators V = X and U = D, where X and D are
defined by X (f)(z) = xf(x) and D(f)(z) = %($), respectively. Clearly, (DX — XD)f = f for
any function f. By the commutation relation DX = XD + 1, any word w in X and D can be
brought into normal ordering form

N(w) = Z cij(w) X' DI, (2)

4,7 >0

for some nonnegative integers c;j(w). For specific words w, the problem of normal ordering was
already investigated by Scherk [31] in 1823. In particular, he showed for w = (X D)" that

Nieeor =3 o 3

k=0

where {Z} are the Stirling numbers of the second kind, which satisfy the recurrence relation

DN

k k E—1

with the initial conditions {} =1 and {}} = 0 for k& > n. Since 1930 several other words have
been investigated (for instance, w = (X" D*)" for r,s > 0) and a combinatorial interpretation
of the related normal ordering coefficients ¢;j(w) in (2)) has been given. For instance, in 2005,
Varvak [37] established an interpretation as rook numbers of an associated Ferrers board. Other
interpretations can be found in [1 [5, [19] 25| 26], [30, [34]. In particular, Lang [19] and Mohammad-

Noori [30] considered generalized Stirling numbers and drew a connection to certain labeled trees.
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Copeland [13] considered representations of powers of vector fields in terms of forests. In [,
Asakly et al. showed how the normal ordered form of a word can be read off from a labeled tree.

In the physical context, the relation (1) appears in quantum physics as the commutation
relation for the single mode boson annihilation operator b and creation operator b satisfying
bb! — b'b = 1. The number operator N = bfb has a special importance in physics. In this
context, normal ordering is a functional representation of operator functions in which all the
creation operators stand to the left of the annihilation operators. The normal ordered form of
functions in b and b' allows to evaluate correlation functions in a simpler way and has been
investigated since the beginning of quantum mechanics. Katriel [17] considered normal ordering
N" = (b')" and showed that

n

wwor) =Y {7 bty (@

k=0
This relation (and also generalizations thereof) and the combinatorial nature of the correspond-
ing coefficients has been studied in the physical literature (see [2] 3], 4 5] 17, 18], 27 28] B2, 33]).
Let A be an alphabet whose letters are regarded as independent commutative indeterminates.
A context-free grammar G over A is defined as a set of substitution rules that replace a letter
from A by a formal function over A. The formal derivative D is a linear operator defined with
respect to a context-free grammar G. For any formal functions v and v, we have

_ of(w)

D(u+wv)=D(u)+ D(v), D(uv)= D(u)v+uD(v) and D(f(u)) 5

D(u),

where f is an analytic function. It follows from Leibniz’s formula that

n

RUHESY <Z> DF(u) D" *(v). (5)

k=0
The grammatical method was systematically introduced by Chen [§] in the study of exponential

structures in combinatorics. In particular, Chen [8, Eq. (4.8)] studied the Stirling grammar
G={z—azyy—y} (6)
and he found that

D"(z) = g;g {Z}yk (7)

Subsequently, Dumont [14] considered chains of general substitution rules on words. In partic-

ular, Dumont [I4], Section 2.1] introduced the Fulerian grammar
G ={x = zy,y = ay},
and he proved that
n—1
D"(x)==x Z Z>xky"_k,
k=0
where () is the Fulerian number. The number (}}) is closely related to {}'} (see [16], Eq. (6.39)]):

SRR »
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Recently, various extensions of the Eulerian grammar have been studied by several authors
(see [9, 10, 211, 22, 23]). For example, Chen and Fu [10] showed that the grammar

G={zx— x2y,y — a:2y}

can be used to generate the second-order Fulerian numbers (see [35, A008517]).

Motivated by the similarity of [B) and (), it is natural to investigate the connection between
context-free grammars and normal ordering problem, and then to explore various extensions of
the Stirling grammar (@)). In this paper we present grammatical characterizations of several well
known combinatorial sequences, including the generalized Stirling numbers of the second kind
related to the normal ordering problem and the r-Dowling polynomials. Also, possible avenues

for future research are described.

2. NORMAL ORDERING PROBLEM AND CONTEXT-FREE GRAMMARS

We can obtain the normal ordering N(w) of a word w by means of contractions and double
dot operations. The double dot operation deletes all the letters @ and @' in the word and then
arranges it such that all the letters b' precede the letters b. For example, : b*(b1)! : = (b1)!bF.
A contraction consists of substituting b = @ and b' = @' in the word whenever b precedes b'.
Among all possible contractions, we also include the null contraction, that is, the contraction

leaving the word as it is. The contents of Wick’s theorem is the statement that
N(w) = Z : {all possible contractions of w} : . 9)

An example for this is given by (@), where the number of contractions of (b7b)" having exactly
n — k pairs of b and b contracted is given by {Z}

Contractions can be depicted with diagrams called linear representations. Let us consider a
word 7 on the alphabet {b,b'} of length n, that is, 7 = mymy - T,_17, with m; € {b,bT}. We
draw n vertices, say 1,2,...,n, on a horizontal line, such that the point ¢ corresponds to the
letter m;; we represent each b by a white vertex and each letter b' by a black vertex. A black
vertex j can be connected by an undirected edge (7, j) to a white vertex i when ¢ < j (but there
may also be black vertices having no edge), where the edges are drawn in the plane above the
points. This is the linear representation of a contraction. An example is given in Figure [ for

the word (b70)? = bTbbTh. A vertex having no edge is also called to be of degree zero.

e O e o .AO
1 23 4 1 2 3 4

FIGURE 1. The linear representation of the contractions of the word (b7b)2.

Let G be the Stirling grammar (@]). Let w,w’ be two words on the alphabet {x,y}. We denote
the number of letters in w by |w|, and we shall write w = wMw® ... W1« We say that (G4, w)

generates w' via the sequence 1 = s1, 89, ..., 5441 if there exists a sequence of words a,, such that
a1 =w, agy1 =w', and for all j =2,3,...,d+1,
_ @ (s;—1) (s5)y, (s5+1) (laj—1l)
a]_aj_l...aj_ﬂl D(aj—Jl)aj—Jl ..,aj_Jll .
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Given the word w, the sequence 1 = s1,82,...,84+1 uniquely determines the word w’. How-
ever, given two words w and w’, there may exist no (or more than one) such sequence 1 =

$1,82,-..,84+1 to obtain w’ from w.

Example 1. Let G be the Stirling grammar (B). For instance, (G?,xy) generates xy> via
the sequence 1,1,1; namely a1 = xy, az = D(z)y = xyy and a3 = D(x)yy = xyyy = x3°.
Also, (G?,zy) generates xy® via the sequence 1,2,1; namely a; = zy, as = xD(y) = xy and
az = D(x)y = zyy = 2y? (also via the sequences 1,1,2 or 1,1,3). As another example, (G2, xy)

generates xy via the sequence 1,2,2; namely a1 = xy, az = xD(y) = xy and a3 = zD(y) = xy.

Theorem 2. Let G be the Stirling grammar (6l). There exists a bijection between the set of
contractions of (bb)" ! and the multiset of words that are generated by (G™, xy).

Proof. Let (G™,zy) generate xy® via the sequence s = s1,82,...,5,41. Let pj the number
of ones in the subsequence si,s2,...,s;_1, for 7 = 2,...,n + 1. Clearly, s; < p; + 1 for all
j=1,2,...,n+1. Associated to the sequence s we define a contraction C(s) on 2n + 2 vertices

1,2,...,2n + 2, where the vertices 25 — 1 (resp. 2j) are colored black (resp. white), for all
i=1,2,...,n+1, as follows. From left to right, for each j = 2,3,...,n+1, we do the following:
If s; # 1, then we connect the vertex 2j —1 with the (s; — 1)-st white vertex, counted to the left
side of 2j — 1, that has not been used (there exists such a vertex since s; < p; + 1); if s; = 1,
then the vertex 2j — 1 remains unconnected. Hence, C(s) is a contraction of (b'b)"*1.

On the other hand, if C is a contraction of (b'b)"*!, then the sequence s1 = 1,59,..., 8,41
can be defined as follows. We label each edge that connects a black vertex v with a white vertex
w by the number of white vertices between v and w that are not connected to any black vertex
y < v. Now, for each j = 2,3,...,n+ 1, we define s; = 1 if there exists no edge for the vertex
2j — 1, otherwise define s; by the requirement that s; — 2 equals the label of this edge. This
implies that s; = 1 and s; < p; +1 for all j = 2,3,...,n + 1, where p; counts the number
of black vertices in the set 1,3,...,25 — 1 of degree zero. Hence, the sequence s1, Sa, ..., Sp+1

defines a word that is generated by (G", zy), completing the proof. O

For instance, if n = 2, then the multiset of words that is generated by (G2, zy) is given by zy?;
xy?; xy?; zy? and zy via the sequences 1,1,1; 1,1,2; 1,1,3; 1,2,1 and 1,2, 2, respectively, see
Example[Il The corresponding contractions are shown in Figure 2l Note that there are {33 k}

e o e o e o™ o e &£ 0 o o e &£ &
123 12345

® o 00.(\0 [ ] [ ] o
123456 123456 123456 456 6

FIGURE 2. The linear representation of the contractions of the word (b7b)3.

contractions where exactly k pairs are contracted. For instance, there is {g} = 1 contraction
where no pairs are contracted, corresponding to the word zy®. There are {g} = 3 contractions

o . . 2 . . 3
where exactly one pair is contracted, corresponding to the word xy~. Finally, there is {1} =1
contraction where exactly two pairs are contracted, corresponding to the word xy.

As a corollary to the proof of the above theorem, we obtain the following result.
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Corollary 3. Let P, be the set of all sequences s1,s2,. .., sy, such that sy =1 and s; < |{i|s; =
1,4 < j} +1, for all j =2,3,...,n. Then the cardinality of P, is given by By, =Y p_, {}}, the
n-th Bell number. Moreover, the number of sequences in P, that contain exactly k ones is given
by {Z}, the Stirling number of the second kind.

Before closing this section, let us remark that due to D(z) = xy one has (G", zy) = (G"*!, z),
showing that one has a bijection between the set of contractions of (b7b)" and the multiset of

words that are generated by (G", z).

3. ON THE CONTEXT-FREE GRAMMAR G = {z — pz + zy,y — y}

Let F(a,a') be a possibly infinite word on the alphabet {a,a'}. Following [24], we define
C(F(a,a")) to be the multiset of all words obtained by substituting a = e and a! = ef whenever
a precedes a. Moreover, we replace any two adjacent letters e and el with p. For each word
7 € C(F(a,al)), set © = (al)%a’p® for some u,v,w > 0.

We define

NplF(a,al)] = > &

neC(F(a,at))
According to [24], we have the following result.

Theorem 4. For all n > 1, we have
Npl(ata)"] = Sp(n, k)(ah)*a",

where Sp(n, k) satisfies the recurrence relation
Sp(n, k) = (k—14+p)Sp(n—1,k) +Sp(n—1,k—1) (10)
with the initial conditions Sp(n,1) = p"~! and Sy(n, k) =0 for k > n.
In the following theorem, a grammatical characterization of the numbers Sp(n, k) is given.

Theorem 5. If G = {x — px + zy,y — y}, then

D" Nz —xZS (n,k)y =1 for n>2.

Proof. Note that D(z) = x(p +y). We define h(n, k) by

n

Dl z) ==z Z h(n, k)yF~L.

Since

D(D" () Z —1+p)h nk‘)k1+:rZhnk:
k k
it follows that

h(n +1,k) = (k =1+ p)h(n, k) + h(n, k — 1). (11)
By comparing (1)) with ([I0), we see that the coefficients h(n, k) satisfy the same recurrence

relation and initial conditions as Sp(n, k), so they agree. O
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Our next aim is to prove combinatorially Theorem [6l In order to do that, we introduce the
following notation and definitions. Let G = {z — px+xy,y — y} be the context-free grammar.
By induction, it is not hard to see that the monomials of D™(x) have the form zy* (we omit the
coefficients), for 0 < k < n. For instance, D?(z) = p?z + (2p + 1)zy + xy?, which implies that
the monomials of D?(x) are z, 2y and zy?. We say that (G?, z) generates xy* via the sequence
1 = 51,59,...,5q441 if there exists a sequence of words a, such that a; = z, agy; = zy*, and for
all j =2,3,...,d+1,

(2 (laj—1l)

ra;”y - ”ajﬂl |,) s; =1,
- (2) aj—1 _
R B A S A >
(1) Sj—2 Sj—l Sj+1 aj—1 )
aj—l ...aj_l aj—l yaj_l ...aj_l s S] 2 3

Thus, s; = 1 means we choose the first letter - which is x - and use the first part of the rule
x — px + xy (namely pzx) in step j, s; = 2 means the same except that we choose the second
part of the rule (namely zy). If s; = k with k£ > 3, then we choose the (k — 1)-st letter - which
is ¢ - and use the second rule y — .

For instance, (G°,z) generates x by the sequence 1, (G', ) generates x by the sequence 1,1
and generates xy by 1,2, and (G2, x) generates x by the sequence 1,1, 1, and zy by the sequences
1,1,2,1,2,1 and 1,2,3, and generates xy? by the sequence 1,2,2. Clearly, each monomial zy*
can be determined uniquely by its sequence, and the set of these sequences si,s2,..., 8,41
satisfies sy =land 1 <s; <gj+2={i|s; =2,i <j—1}|+2,forall j =2,3,...,n+1.

Theorem 6. Let G = {x — px + xy,y — y} be the context-free grammar. Then there exists

a bijection between the set of contractions of (bTb)"*!

with exactly m edges that connect two
adjacent vertices and with exactly ¢ black vertices of degree zero and the multiset of words that

are generated by (G™,z) of the form p™xy’.

Proof. Let (G™,z) generate p™zy’ via the sequence s = s1,89,...,5,41. Associated to the
sequence s we define a contraction C(s) on 2n + 2 vertices 1,2,...,2n + 2, where the vertices
27 — 1 (resp. 2j) are colored black (resp. white), for all j =1,2,...,n+ 1, as follows. From left
to right, for each j = 2,3,...,n + 1, we do the following: If s; # 2, then we connect the vertex
2j — 1 either with the first left white vertex of degree zero when s; = 1, or with the (s; — 2)-th
white vertex, counted to the left side of 2j — 1, that has not been used (there exists such a vertex
since 1 < s; < gj +2); if s; = 2, then the vertex 2j — 1 remains unconnected. Hence, C(s) is

n+1  Note that after starting the generation from xz, each time one adds

a contraction of (bb)
a factor of ¥ means one uses the second part of # — px + xy. Thus, * means that there are
£ 2’s in the sequence s. Consequently, there are ¢ black vertices of degree zero. Similarly, each
time one uses the first part of x — px + zy, one adds a one to the sequence. Thus, p™ means
that there are m ones in the sequence s. Consequently, there are m edges connecting adjacent
vertices in the contraction.

On the other hand, if C' is a contraction of (bb)"*! with exactly m edges that connect
two adjacent vertices and with exactly £ black vertices of degree zero, then the sequence s; =
1,59,...,8,+1 can be defined as follows. We label each edge that connects a black vertex v with

a white vertex w by the number of white vertices between v and w that are not connected to any
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black vertex y < v. Now, for each j = 2,3,...,n+ 1, we define s; = 2 if there exists no edge for
the vertex 2j — 1, s; = 1 if there exists an edge for the vertex 25 — 1 with label 0, and otherwise
define s; by the requirement that s; — 2 equals the label of this edge. This implies that s; =1
and 1 <s; < gj+2forall j =2,3,...,n+ 1, where ¢; counts the number of black vertices in
the set 1,3,...,2j — 1 of degree zero. Hence, the sequence s1, $2, ..., s,41 defines a word that

is generated by (G",z). Now, it remains to characterize the coefficient of the monomial that is

generated via the sequence s = si, So,...,S,41. By the construction, the monomial is given by
:L'y|{i‘si:2vi:2737---7n+1}‘ = :ije with coefficient p|{i\si:l,i:2,3,...,n+l}| = pm O
In Figure B the linear representation of all B(4) = 15 contractions of (b'b)* are shown,

together with the resulting sequences as defined in the proof of Theorem [Bl As an example,
consider the contraction shown in the middle of the third row. Its associated sequence is s =
1,2,1,3. Thus, there exist £ = 1 2’s in the sequence and m = 1 ones, so the associated monomial
is given by pzy. On the other hand, we can generate this monomial explicitly using the sequence
1,2,1,3. Associated to the sequence 1 is the monomial z, to 1,2 the monomial zy, to 1,2,1 the

monomial pxy, and to 1,2,1,3 the monomial pzy, as expected.

)
J

&

J
)

12345678 12345678 12345678
s—=1,1,1,1 s=1,1,1,2 s=1,1,2,1
e &% 0o e 0 @ o e &% ¢ o™ o e 0o e &% €N o
12345678 12345 78 12345 78
s=1,1,2,2 s=1,1,2,3 s=1,2,1,1
e o e &% o e o e o 6% o o e o e o0 e 6 o
12345678 12345678 12345678
s—1,2,1,2 s—1,2,1,3 s—1,2,2,1
e 0O e 0O @ O © 0O e 0 e T e o™ o e % 0 e 5w o
12345678 12345 78 12345678
s=1,2,2,2 s=1,2,2,3 s=1,2,2,4
o oo o ° e o o 0 e o e e & oW o
12345678 12345678 12345678
s=1,2,31 s—1,2,3.2 s—1,2,3,3

FIGURE 3. The linear representation of the contractions of the word (b7b)%.

As a corollary to the proof of the above theorem, we obtain the following result.

Corollary 7. Let Q, be the set of all sequences s1,s2,...,5, such that s1 =1 and 1 < s; <
[{i|si = 2,i < j}| 4+ 1 for all j = 2,3,...,n. Then the cardinality of Qn is given by > p_, {}},
the n-th Bell number. Moreover, the number of sequences in Q) that contain exactly k 2’s is

given by {Z}, the Stirling number of the second kind.
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4. ON THE CONTEXT-FREE GRAMMARS G, = {z — (n — 1)z + zy,y — y}

The falling factorial is defined by z = HSL:_Ol(a; —j) with 2% = 1. Blasiak et al. [4] introduced

the generalized Stirling numbers of the second kind, denoted {Z}T  forr>s2>0, by

bT THS Y — bT n(r—s) n bT kbk 12
N =03 o) (12)
It follows from (E]) that {Z}l , = {Z} An equivalent form of the numbers {Z}m has already
been studied by Carlitz [7] (and in the particular case s = 1 even earlier by Scherk [31]). The
reader is referred to [15] for a thorough survey of the numbers {}} . Blasiak et al. [4] obtained

the following results:

e_xZ%H(k—i-(j— 1)(r —s))2zk = Z{Z}Mxk, (13)

k=s j=1 k=s )
[T+ G-no-or=3{i}
j=1 k=s LA

In particular,

They also found that the numbers {Z}M satisfy fo n > 1 the recurrence relation
1 ~(k+p—
{n+ } :Z( +tp T)Tp{ " } forr <k <nr (14)
k e oo P k+p—r o

with the initial conditions {i}w =land {}}, =0for k<rornr<k<(n+1)r

We define a sequence of grammars {G), }n>1 by
Gn={x— (n—-Dz+zy,y — y} (15)

Let D,, be the linear operator associated to the grammar G,,. The following theorem shows that

the numbers {Z}T , and {Z}M can be generated by the grammars G,.

Theorem 8. When r > 2, we have

- n
D(n—l)r—(n—Q)D(n_2)7,,_(n_3) P D37,,_2D2T_1D7»D1(x) = X {k} 1yk)7 (16)
k:1 T?
D DrDr— ... D n—1 — n k—r—i—l. 1
1( 1 1) (.Z') x;{k}nry ( 7)

Proof. Tt follows from (I3]) that

. T s

) )
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with initial conditions {,16}?1 = k1. Note that Di(z) = zy and D, D;(z) = x(ry + y?). For
n > 1, we define g(n, k) by

D(n—l)r—(n—2)D(n—2)r—(n—3) D3r—2Dap—1 Dy Dl = ng n, k
Using
Dy n-1) {x > g(n, k)y* } = [(mr —n)z + 2y Y g(n, k)" + 2 kg(n, k)y"
k=1 k=1 k=1
we obtain

gn+1,k)=(k+nr—n)g(n,k)+g(n,k—1).

Hence, the numbers g(n, k) satisfy the same recurrence relation and initial conditions as {Z}T 1

so they agree. Using
Dy(DyDy—y -+ Dy)"(x) = D1DyDy_y -+ Dy { Dy(DyDy—y -+~ D1)" ()},

one can show along the same lines the corresponding assertion (I7). This is a straightforward,
albeit tedious, application of (I4)). O

From (I7) we read off that the number of terms in Di(D,D,_1---D1)" () is given by
By(n) =3 {3}, the n-th generalized Bell number.

Example 9. When r = 3, we have the following relations:

Dy (z) = zy,
D3Dy(x) = 2(3y + y°),
DsD3D;(z) = z(15y + 9y% + 3°),
Dy(D3DaDy)(x) = x(6y + 18y + 9y° + y).

The last line shows that B3(2) = 34, see A069223 in [35].

Recall that a board B is a subset of cells of an n x n chessboard. The rook number ry(B)
is defined as the number of ways to put k£ non-attacking rooks on the board B, and the corre-
sponding generating function is called the rook polynomial. We define a Ferrers board to be a
board with column heights given by 0 < hy < hy < --- < hy,, and denote it by F'(hy, ho, ..., hy).
Let Gy, be as in (I5). For n > 1, we define a,(y) and b, (y) by

(D2D1)" () = zan(y),
D1(DaDy)" Hz) = wby(y).

Note that the array of coefficients of the polynomials a,(y) is A088960 in [35]. Moreover, the
coefficients of the polynomials b, (y) are given by {2}272 (see [35, A078739]). It is easy to verify
that a,,(y) is the rook polynomial of the Ferrers board F(1,1,3,3,...,2n—3,2n—3,2n—1,2n—1),
and b, (x) is the rook polynomial of the Ferrers board F'(1,1,3,3,...,2n—3,2n—3,2n—1,2n —
1,2n).
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5. ON THE CONTEXT-FREE GRAMMAR G, = {x — ¢"z + zy,y — y}

The g-analog of the Stirling numbers of the second kind {Z}q is defined by

n

(z+D)(x+q) - (z+qh ZZ{Z} (z + 1)k

k=1 q

Using weighted partitions, Cigler [12] presented a combinatorial interpretation of the numbers

{Z}q and showed that they satisfy the recurrence relation

SURSIHRIA)

with the initial conditions {llg}q = 01,x. This recurrence relation gives rise to the following result.

Theorem 10. Let G, = {x — ¢"x + xy,y — y}, and let D,, be the linear operator associated
to the grammar G,. Then we have, for n > 2, that

Dy -+ D3Dy Dy (x _xZ{ }

Proof. Note that Di(z) = z(q+y) and DaDy(x) = z[¢® + (¢* + ¢ + 1)y + v?]. We define i(n, k)
by

Dp_1++D3DoDy(z) =2 ) i(n, k)y*™!
Note that

Dp(Dn_y -+ D3DyDy(z)) =2 Y (k— 1+ qWi(n, k)y" ' + 2> i(n, k)"

Therefore, we conclude that
i(n+1,k) = (k—14¢")i(n, k) +i(n, k — 1),

and complete the proof by comparing this with ([IS]). O

6. ON THE CONTEXT-FREE GRAMMARS G = {z — rz + xy,y — my}

Let mx + r be an arithmetric progression. The r-Whitney numbers of the second kind
Win.r(n, k) are defined by

(mx +r)" Zm Wi r(n, k)
k=0

(see [29]). The exponential generating functions of the numbers W, ,.(n, k) are given by
erz em? _ 1 k
Z Wi (0, k) = =T ( - ) .

The numbers Wy, ,(n, k) are a common generalization of the numbers {Z}T, the r-Stirling num-
bers of the second kind (see [6]) and W, (n, k), the Whitney numbers of the second kind (see [3]).
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More precisely, we have

Wio(n, k) = {Z},

n+r
Wk = {07

Wini(n, k) = Wy, (n, k).
The r-Dowling polynomial of degree n is defined by

Dy r(nyz) = Z W (1, k)",
k=0

It is well known that the numbers Wy, ,(n, k) satisfy the recurrence relation

Winr(n, k) = (r + km)Wy, »(n — 1, k) + Wy, p(n — 1,k — 1)
with the initial conditions Wy, »(1,0) =7, Wy, »(1,1) =1 and Wy, »(1,k) = 0 for k > 2. This is
equivalent to

Dpy(niz) = (r+ ) Dy p(n — 1;2) + maDy, (n —1; )
with Dy, »(1;2) = r + x (see [I1]). In the next theorem, a grammatical interpretation of the
r-Dowling polynomials is given.
Theorem 11. If G = {z — rax + xy,y — my}, then
D™(x) = xDpmr(n3y).

Proof. Note that D(z) = z(r +vy) and D?(z) = z[r? + (m + 2r)y + y?]. For n > 1, we define
D"(z) = 2 fn(y). Then fi(y) = Dy r(1;y). Moreover, since

D" (z) = D(xfuly)) = x(r + ) fuly) + may f)(y),

it follows that fr4+1(y) = (r + y)fu(y) + myf)(y). Hence, f,(y) satisfy the same recurrence

relation and initial conditions as D, ,(n;y), so they agree. O

The grammar of Theorem [I1] coincides with the one of Theorem [l for » = p and m = 1,
so there should be a close connection between the Sy,(n, k) and W, »(n, k). In fact, writing in
Theorem [l for m = 1 and r = p the result as D"(z) = D1 p(n;y) = x> 1_o Wip(n, k)y* and
comparing this to Theorem Bl one finds the relation

Wip(n, k) = Sp(n+1,k+1).
It follows from (B) that

D"(z) = D"(z + zy) = D"(x) + Z <Z> DF(z)D"*(y).
k=0

Clearly, we have D¥(y) = mFy for k > 0. Thus, we immediately obtain the following corollary.

Corollary 12 ([11, Thm. 5.1]). The r-Dowling polynomials satisfy the recurrence relation

n

Dy r(n+1;2) = rDp, p(n;z) + xz <k

>m"_kDm7r(k‘; x).
k=0
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7. ON THE STIRLING-FROBENIUS SUBSET NUMBERS
Let sgn denote the sign function defined on R, i.e.,

+1 ifz >0,
sgnr =< 0 ifx =0,
-1 ifz<0.
Let

<Z>m - %gw (n j 1> (m(k —j) + 1)"sgn (m(k — j) + 1),

with the special value <8>1 = 1. Luschny [20] introduced the Stirling-Frobenius subset numbers,

denoted {Z}m, by
n 1 n 7
o, w2 (), )

(i, {3,
g, =i

Luschny [20] obtained the following recurrence relations:

(i}, = oo {00}
{T}m = (m(k+1) - 1)Wm + mmm
{Z}m (m(k + 1) —1{ } +mk{Z:i}m

with the initial conditions { } = {8} { }m = 0p,0- In the following theorem, a grammat-

compare this to (). Define

o

3

ical characterization of the numbers {Z} { }m and { }m is given.

Theorem 13. Let m € N.
(a) If G ={z — (m — 1)z + zy,y — my}, then

z) = xé{Z}my’f (19)

(b) If G ={z — (m — 1)x + may,y — my}, then

z) = xé{Z}myk (20)

(c) If G ={x — (m — Da +mzy,y — m(y +y?)}, then

(z) = xé{Z}my’f (21)
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Proof. We only prove the assertion (I9]), the assertions (20)) and (2I]) can be proved in a similar
way. Note that D(x) = z(m — 1 +y) and D*(z) = x[(m — 1)? + (3m — 2)y + y?]. For n > 1, we
define j(n, k) by

"(r) == E j(n, k)y*
k=0
Since

=2 (m(k+1)—1)j(n,k)y* —i—nynk‘ k+1

k
it follows that

j(n+1Lk)=(m(k+1) —1)j(n k) +jn,k—1).
Hence, the numbers j(n, k) satisfy the same recurrence relation and initial conditions as {Z}m,

so they agree. O

8. CONCLUDING REMARKS

In this paper, we considered several extensions of the Stirling grammar (@). In fact, there are

many other extensions of the Stirling grammar. Here we present two further examples.
Example 14. If G = {x — xy + xy?,y — y*}, then
n n 2
n — n k! n—k.
0 =S R(}) o
k=0
Example 15. If G = {z — xy + zy?,y — y3}, then
D" (z) = zy"0,(y),

where 0, (z) = > 7, (nnzk'k' (%)k is the Bessel polynomial (see [35, A001498] ).

d

Recall that for the conventional derivative D = - one may consider the shift operator el

which acts on an analytical function f according to Taylor’s theorem by (e*P f)(x) = f(x + \),
in particular, e*”(x)
formal derivative D. Define e*” by the usual series, that is, e*” = ZnZO %D". It would be

interesting to find explicit expressions for e*”(w) for some simple words w, for example w =

= x + A. Let us consider a context-free grammar G and the associated

or w = xy.

Example 16. Let G = {r — zy,y — y} be the Stirling grammar (@) and D the associated
formal derivative. Since D™(y) =y for alln =0,1,2,..., one finds e (y) = > >0 %D"(y) =
eMy. More generally, a simple induction shows that D™(y™) = m"y™, implying e (y™) =

e)\m

y™. Using (), one obtains
)\
M) =% —wZZ{ }y S = ey, (22)
n>0 n>0 k>0

which was already noted by Chen [8, Eq. (4.9)] from a different point of view. Slightly more
involved is the evaluation of e’P(xy). Recalling D(z) = zy, we find P (zy) = *P(D(z)) =
D(e*P () = D(ze® =), where we have used @2). Applying the formal product and chain
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rule, this gives e (xy) = D(:E)e(ek_l)y + xD(e(ek_l)y) = zyel@ —Dv 4 z(e? — 1)e(ek_l)yy. Thus,

we have shown that
P (zy) = ayetel® Dy (23)

The determination of e’ (w), where the word w contains more than one x (for example, w = x2),

seems to be more difficult.

However, it seems that for most grammars even the determination of e’ (z) is a challenging
task.
We end our paper by proposing the following open problem.

Open Problem 17. Let G = {x — f(z,y),y — g(z,y)}. Find a normal ordering problem that
is equivalent to the context-free grammar G. For example, we showed that G = {x — x+xy,y —

y} is equivalent to the normal ordering problem where xy — yx = 1.
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