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ABSTRACT. In this paper we investigate some new problems in additive combi-
natorics. Our problems mainly involve permutations (or circular permutations)
ai,...,an of n distinct numbers or elements of an additive abelian group with
adjacent sums a; + a;4+1 (or differences a; — a;4+1 or distances |a; — a;+1]) pair-
wise distinct. For any subset A of an additive torsion-free abelian group G with

|A| =n > 3, we show that there is a numbering a1,... ,an of the elements of A
such that
a1+az2+tas, az+az+taq, ..., an—2+an—1+an, an—1+an+a1, ap+a1+az

are pairwise distinct. We pose 18 open conjectures for further research; for
example, we conjecture that the above assertion holds for any abelian group G.

1. INTRODUCTION

Additive combinatorics is an active field involving both number theory and
combinatorics. For an excellent introduction to problems and results in this
fascinating field, one may consult Tao and Vu [TV]. See also Alon [A] for a
useful tool called Combinatorial Nullstellensatz. In this paper we study some
new problems in additive combinatorics, they involve some special kinds of
permutations or circular permutations.

Now we present our basic results.

Theorem 1.1. Let aq,... ,a, be a monotonic sequence of n distinct real num-
bers. Then there is a permutation by,... b, of a1,...,a, with by = a7 such
that

|b1 - b2|7 |b2 - b3|7 R |bn—1 - bn|

are pairwise distinct.

Remark 1.1. Theorem 1.1 is the starting point of our topics in this paper.
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Corollary 1.1. There is a circular permutation qi, . .. , q, of the first n primes
D1y ,Pn with g1 = p1 = 2 and q, = p, such that the n distances

o — a2, le2 —a3l, -5 |gn—1 — @ul, |an — a1

are pairwise distinct.

Proof. This holds trivially in the case n = 1. For n > 1, by Theorem 1.1 there is

a permutation —q,, —¢n—_1,...,—q2 of —pp, —Dn_1, ..., —p2 with ¢, = p, such
that | —qn +qn_1],--.,| — g3 + ¢2| are pairwise distinct. Set ¢ = p; = 2. Then
qi,qQ2, ... ,qy is a permutation of pi,pa,...,p, and it meets our requirement

since qg1 —q2 = 2—q9 and ¢, —q1 = p, —2 are both odd while those ¢; —¢;1+1 (1 <
i <mn) are even. [

Theorem 1.2. (i) For any integer n > 3, there is a circular permutation
10y.++ ,0n of 0,...,n with ig = 0 and i,, = n such that all the n + 1 adjacent
differences ig — i1,%1 — 12, ... ,in_1 — in, in — Ig are pairwise distinct.
(ii) An integer n > 1 is even if and only if there is a permutation iy, ... i,
of 1,...,n with
i1 — 9, I — 13, «.., ip_1 — in

pairwise distinct modulo n.

Remark 1.2. In contrast with Theorem 1.2(i), for any n > 2 distinct integers
a; < ...<a, we clearly have

a1 +as<ag+taz<...<an_1+ an.

On Sept. 13, 2013 the author asked his students the following question: When
an+a1 = a;+a;41 for some 1 < 7 < n, how to construct a suitable permutation
bi,...,b, of ay,...,a, such that by + by, bs + b3,... ,by_1 + by, b, + by are
pairwise distinct 7 The author’s PhD student Dianwang Hu suggested that

it suffices to take (by,...,b,) = (a1,...,a;,ai+2,0;41,Qi13,... ,0,). But this
does not work for i = n — 2. If i > 2, then the permutation (by,...,b,) =
(al, e A2y Gy Q1 Qi A2y - - ,an) meets the requirement. The case n =

3 is trivial. For n = 4, the permutation (aj, as, a4, as) works for our purpose
since a1 + a2 < ag + a1 < as + a4 < aq + as.

Theorem 1.3. For anyn > 3 distinct elements a1, aq, ... ,a, of a torsion-free
abelian group G, there is a permutation by,...,b, of ai,...,a, such that all
the n sums

b1 + 2by, by + 2bs, ..., by_1+ 2b,, b, + 2b;

are pairwise distinct.
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Theorem 1.4. For anyn > 3 distinct elements a1, aq, ... ,a, of a torsion-free
abelian group G, there is a permutation by,...,b, of ai,...,a, such that all
the n sums

by +ba +0b3, ba+b3+0ba, ..., byo+by1+bn, b1 +0by+b1, by +0b1+ b2

are pairwise distinct.

Theorem 1.5. For any odd prime powern > 1, there are integers ay, az, . .. , Gp(n)
such that both {ay, ... ,a,n)} and

{al — a2, G2 — A3, ..., Gp(n)—1 — Qy(n); Ap(n) — al}

are reduced systems of residues modulo n, where ¢ is Fuler’s totient function.

Remark 1.3. We conjecture that this holds for any odd number n > 1.

Theorem 1.6. Let F, be a finite field with ¢ = 2n+1 > 256, Set S = {a? :
a € Fy =F,\{0}} and T = F; \ S. Then, there is a circular permutation

ai,...,an of all the n elements of S such that

{a1 + az, as+as, ..., an_1+an, ap+a1} =39 (orT).
Also, there is a circular permutation by, ..., b, of all the n elements of S such
that

{bl — bg, b2 —b3, ceey bn—l —bn, bn — bl} =5 (OT‘ T)

Remark 1.4. Via a complicated reasoning, the number 2% in Theorem 1.6 can be
reduced to 13. In the initial version of this paper, the author posed the following
conjecture weaker than Theorem 1.6 which was later confirmed by N. Alon and
J. Bourgain [AB|: For any prime p = 2n+1 > 13, there is a circular permutation
ai, ... ,a, of the (p—1)/2 = n quadratic residues modulo p such that all the n
adjacent sums aj +ag, as+as, ... ,a,_1+ay, a, +ay are quadratic residues (or
quadratic nonresidues) modulo p. Also, for any prime p = 2n+1 > 5, there is a
circular permutation by, ... , b, of the (p —1)/2 = n quadratic residues modulo
p such that all the n adjacent differences by — by, bs — b3, ... ,by_1 — by, b, — b1
are quadratic residues (or quadratic nonresidues) modulo p.

We are going to prove Theorem 1.1-1.6 in the next section, and pose some
conjectures in Section 3 for further research. We have posted to OEIS some
sequences (cf. [S13]) related to our conjectures.
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2. PROOFS OF THEOREMS 1.1-1.4

Proof of Theorem 1.1. If a1 > as > ... > a,, then —a; < —as < ... < —ay,.
So we may assume that a1 < as < ... < a, without loss of generality.
If n = 2k is even, then the permutation

(bl, e ,bn) = (al, A2y A2, A2k —T1y« «+ 3 Afg—1, Af42, A, ak+1)
meets our purpose since
a2 — Qa1 > A2k — A2 > A2k—1— G2 > ... > Q42 — Qk—1 > Q42 — Q) > Q4] — Of-
When n = 2k — 1 is odd, the permutation
(b1,...,bn) = (a1, a26-1, 02, @2%—2, ... ,Ak—1, Cl41, Ok)
meets the requirement since
A2k—1 — A1 > A2k—1 — A2 > A2k—2 — A2 > ... > Q4] — Qk—1 > Q41 — Qk-

This concludes the proof. [

Proof of Theorem 1.2. (i) We first assume that n = 2k is even. If k is even,
then the circular permutation

(igy v yin) =(0,2k = 1,1,2k —2,2,... ;k+ 1,k —1,k, 2k)
meets the requirement since
—(2k-1), 2k—2, —(2k—-3), 2k—4, ..., 2, -1, -k, 2k

are pairwise distinct. If £ is odd, then it suffices to choose the circular permu-
tation

(igy - in) = (0,1,2k—1,2,2k—2,... ,k—1,k+1,k,2k)

since
-1, —(2k—2), 2k -3, —(2k—4), ..., =2, 1, —k, 2k

are pairwise distinct.
Now we handle the case n = 2k +1 = 1 (mod 2). If k£ is even, then the
circular permutation

(igy .- yin) = (0,2k, 1,26k — 1,22k —2,... ;k—1,k+ 1,k,2k+ 1)
meets the requirement since

2k, 2k —1, —(2k—2), 2k —3, —(2k—4), ..., =2, 1, —(k+1), 2k+1
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are pairwise distinct. If k£ is odd, then it suffices to choose the circular permu-
tation

(io, ... vin) = (0, k, k42, k+1,k—1, k+3,k—2, k+4,k—3, ..., 2k—1,2,2k, 1, 2k+1)
since

—k, =2, 1,2, —4,5, ..., —(2k—2), 2k — 1, —2k, 2k +1
are pairwise distinct.

(ii) Suppose that i1, . .. , i, is a permutation of 1, ... ,n with the n—1 integers
ik —ig+1 (0 < k < n) pairwise distinct modulo n. Then

{ix —igg1 modn: k=1,...,n—1}={rmodn: r=1,... ,n—1}
and also
{ik41 —tgmodn: k=1,...,n—1}={rmodn: r=1,... ,n—1}.
Therefore
n—1 n—1 n—1
Z(zk —ikt1) = Z r= Z(ikH — i) (mod n)
k=1 r=1 k=1

and hence n | 2(i; — i) which implies that n is even.
Now assume that n > 1 is even. Write n = 2m. Then

(i1, yin)=(mm—-1,m+1,m—-2m+2,...,2,2m—2,1,2m — 1,2m)

is a permutation of 1,...,n with the required property.
In view of the above, we have completed the proof of Theorem 1.2. [

Proof of Theorem 1.3. The subgroup of G generated by aq, ... ,a, is a finitely
generated torsion-free abelian group. So we may simply assume that G = Z"
for some positive integer r without any loss of generality. It is well known that
there is a linear ordering < on G = Z" such that for any a, b, c € G if a < b then
—b < —a and a+c < b+c. For convenience we suppose that a1 < as < ... < a,
without any loss of generality.

Clearly a1 4+ 2a2 < as + 2a3 < ... < ap—1 + 2a,. Thus the permutation
(by,...,by) = (a,...,ay,) meets the requirement if a,, + 2a; # a; + 2a,41 for
alli=1,... ,n—1.

Below we assume that a,, + 2a; = a; + 2a;41 for some 0 < ¢ < n. Note that
1 <i<n—2since an—1 + 2a, — (an + 2a1) = ap—1 + a, — 2a7 > 0.

Case 1. 1 = 1.
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In this case, a,, + 2a1 = a1 + 2a5 and hence a1 4+ a3z < a1 + a,, = 2a2. The
permutation (by,...,b,) = (a1, as, as,aq,... ,a,) meets our purpose since

ap + 201 = a1 +2as < a1+ 2a3 < as + 2a9 < ag +2a4 < ... < Qp_1 + 2a,.

Case 2. ¢ >1 and n = 4.
In this case, ag+2a; = as+2a3 and we may take the permutation (b1, bo, b, by) =
(az, a1, as,ayq) since

as + 2a1 < a1 + 2a3 < ag + 2a3 = a4 + 2a1 < ag + 209 < az + 2a4.
Case 3. © > 2, n > 5, and a;_1,0a;,a;+1 don’t form an AP (arithmetic

progression).
In this case, the permutation

(bl, e ,bn) = (CLl, e 3 A1, Q541,Q4,A542, . . . ,CLn)
works for our purpose since

min{a;_1 + 2a;41, a;y1 + 2a;}
< max{ai_l + 2041, 0541 + 2(12‘} < a;+2a;41 = a, + 201
<a; + 2ai+2 <...<ap—1+2ay.

Cased. 2<i<n—2and a; —aj—1 = Gj11 — Q; 7# Qjr2 — Qjt1-
In this case, the permutation

(b17 L 7bn) == (ala L 7ai—17 ai) ai+27 a‘i—l—l) ai+37 L] :an)
works for our purpose since

ai—1 + 2a; <a; + 2a;41 = a, + 201
<min{a; + 2ai42, Git2 + 2041} < max{a; + 2a;+2, @iy2 + 2041}
<@ijy1 + 20543 < ... < ap—1+2ay.

Case 5. 2<i<n—2, and a;_1,a;,0;+1,a;+2 form an AP.
In this case, the permutation

(b17 s 7bn) = (ab ey Q=15 Q42,5 Q41,5 Ay Q435 - - - 7an)
works for our purpose since

Gi+1 + 2a; <a; + 2a;41 = an + 2a1
<a;—1+ 2(12‘_1_2 (Since A — Qj—1 = Q342 — Qi41 < 2((1,‘4.2 — ai+1))
<Qi42 + 2ai+1 =a; + 2CLZ'_|_2 < a; + 2ai+3 <...<Gp-1+2ay,.



SOME NEW PROBLEMS IN ADDITIVE COMBINATORICS 7

Case6. i=n—22>3and ajy1 —a; = a; — a;—1 7# G;—1 — Qj—2.
In this case, the permutation

(b1,...,bp) = (a1,...,0i—2,0i,a;-1,0i11,0iy2)
works for our purpose since

min{a;_o + 2a;,a; + 2a,-1}
<max{a;_o + 2a;,a; + 2a;_1} < a;—1 + 2a;
<a;—1+ 2041 < a; + 20,41 = an + 2ay
<@iy1 + 20542 = an—1 + 2a,.

Case7.i=n—22>3,and a;_2,a,_1,0;,a;+1 form an AP.
In this case, the permutation

(b17 .. 7bn) - (ab ey A5—2,Q541,04, A5—1, ai—|—2)
works for our purpose since

a;—2 + 2a;—1 <a; +2a;,_1
<aj—g + 2a;41 (since a; — aj—9 = ajy1 — aj—1 < 2(ai41 — Gi—1))
<@jy1 + 2a; = a;—1 + 20,41 < a; + 2041 = an, + 21
<ai—1 + 2042 = an—3 + 2a,,.

Combining the above we have finished the proof of Theorem 1.3. [J

Proof of Theorem 1.4. As in the proof of Theorem 1.3, we may simply assume
that G = Z" for some positive integer r without any loss of generality. It is well
known that there is a linear ordering < on G = Z" such that for any a,b,c € G
if @ < b then —b < —a and a + ¢ < b+ ¢. For convenience we suppose that
a1 < as < ...< a, without any loss of generality.

If n = 4, then the permutation (b1, bs,b3,bs) = (a1,a2,as,a4) meets the
requirement since

a1+ ax+az3<ag+a;+ay<asz+ag+a; <ag+ az+ ay.

Below we assume n > 5.
Clearly

a1 +as+az <agt+as+ag <...<ap_2+ap_1+ ap.
For convenience we set

SIZ{CLi_l—l—CLi—l—CLH_lZ z:2,,n—1}
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Note that
min S = a1 +as+as < ap,+ai+as < ap_1+a,+a; <maxS = a,_o2+a,—1+an,.

If {a, + a1+ a2, an_1+an,+a1} NS =0, then the permutation (by,...,b,) =
(ai1,...,a,) meets the requirement. Obviously

—ap < —Gp-1 < ...< —az < —ay and (—ag2)+(—a1)+(—a,) = —(a1+az+ay,).

So, it suffices to find a desired permutation bq,...,b, of a1,...,a, under the
condition that a,,_1 +a,, +a1 € S.

Case 1. n =35.

As ay + a5+ a1 € S, we have ay4 + as + a1 = as + az + a4 and we may take
(by,...,bs5) = (a1, a9, as,as,ay) since

a1+as+as < ag+ai+as < as+asz+ay = as+as+a; < as+asz+as < az+as+ay.

Case 2. n = 6.

As as + ag + a1 € S, the number as + ag + a1 is equal to as + ag + a4 or
as + ag + as. If a5 4+ ag + a1 = as + as + a4, then we may take (by,...,bg) =
(a1, a9, as,as, aq, ag) since

a1+ ag +as <ag+aiy +az <ag+ag+a <as+ag+ay =az+ a3+ ay
<ao +as+az <az+asz+ag <az+aqg+ ag.

If a5 + ag + a1 = as + a4 + as, then ag + a1 = az + a4 and we may take
(b1,...,bg) = (a1, az,as, a4, ag, as) since

a1 +az+az <as+ay+az <ag+ay+ax =az+az+ay
<az+ a4 +a5 =ag+as+a1 < az+aqg+ag < ag + ag + as.

Case 3. n=1T1.

As ag + a7 + a1 € S, the number ag + a7 + aq is equal to as + ag + a4 or
az+as+asor ag+as+ag. If ag+ar+a, = ag+as+ag, then a7 +a, = as+as
and we may take (b1,...,b7) = (a2, a1, aq4,as, as, ag, a7) since

as+ a1 +ay4 <ay+ag4+as5=a1+a1+ar <ay+as+a;
<ar+ai; +az =a4+as+az <as+asz+ ag
<aq4+a5+ag=a1 +ag+ay <az+ag+ a7y <as—+ag+ ar.

If ag+ar+a; = as+as+ay, then we may take (by, ... ,b7) = (a1, as, as, as, aq, ag, ar)
since

a1+ a2 +az <ar+ay1+ax<as+ar+a; <ag+ay+a; =a+as+ ay
<as +asz+as <az—+as+ag <az+aqg+ag < ag+ ag+ ay.
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If ag+ar+ay; = az+as+as and as+ag+a1 # as+az+ay, then ag+a; < az+ay
and we may take (by,...,b7) = (a1, a9, as, aq, ar,as, ag) since

ay + as + az <ag + a1 + az < min{as + ag + a1, a2 + az + a4}
<max{a5—|—a6+a1,a2—|—a3+a4}<a1—i—a6—i—a7:a3—|—a4—i—a5
<az+ag+ay<aq+ay+as <ay+as+ ag.

If ag+ar+ay = as+ag+as and as+ag+a; = as+asz+ay, then ar+a; < az+ay
and we may take (b1,...,b7) = (a1, a2, as, aq, ag, as, ar) since

a1 +az+az <ar+ay+az <as+ag+ay =az+az+ay
<as +a7+ay <az+aq +a5 =ag+ay+ ay
<as+ a4 +ag < ayg+ag+a5 < ag+as+ ar.

Cased. n>Tand a, +a;+ax €S.

In this case, there is a unique 2 < ¢ < n — 1 with a;—1 + a; + a;11 =
n_1+ a, +aq. If i <n — 3, then we may take

(b17 L 7bn) == (ala L 7a‘i—27 ai—l) ai) ai+27 a‘i—l—l) ai+37 L] :an)
because

Gi—2+ a;—1 +a; <a;—1 +a; +Aj11 = ap-1 +ap +a1 < aj—1 + a; + a;42
<a; + Qjp2 + Aip1 < G2 + Qip1 + Q343
<41 + Qi3+ Qipg < ... < Ap—2 + Ap—1 + Qp.

When i € {n—2,n—3}, we have i > n—3 > 4, hence in the case a1 + a2 +a,, #
a;_4 + a;_3 + a;_1 we may take

(b1,...,bn) = (a1, ,Qi—a, Qi—3,Qi—1, Qi—2, Qi Qig1, Qi 2, - - 5 Ap,)
because

Qi—4 +0i—3 + a;j—2 <Aj—q4 + Qj—3 +a;—1 < Q;—3 + Qj—1 + Qj—2
<@i—1 +taj—2+a; < aj—2+ a; +a;+1
<@j—1 +a; +ai41 = Qp—1 + an + a1
<a; + @i41 t a0 < ...<ap—2+ap—1+ay

and

ap, + a1 + az <(@j—2 + ap-1 — ait41) + an + a1
<@i—g — @ip1 + (i1 +a; +aiq1) = ai—1 + ai—2 + a;.
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Ifie{n—-2,n-3}and a1 + a2 + a, = aj—4 + a;—3 + a;—1, then we may take
(b1y...ybp) = (a1, ,Qi—4, 03,04, 0;—2,0;—1,0j41, Qit2, - - - 5 Ap)

because

ap + a1+ a2 =a;_4 +a;_3 + a;—1
<Gj_4+a;—3t+a; <aj_3+a;+a;—2<a; +a_2+a;—1
<Qj—2 + Qi1 T+ Qit1 < Qi—1 + @ + Gj41 — Ap—1 + ap, + Q1
<@i—1 +ai41 +aip2 < ... < ap—2 +apn—1 + ay.

Caseb. n>7and a, +a; +as €8S.
In this case, for some 2 < j <7 < n — 2 we have

ap—1+an+ay=a;-1+a; +a;4+1 > a;-1+a; +a;11 =a,+a;+ as.
If j +1 =1, then

ap—1 — ag =(Gp_1 + an + a1) — (an + a1 + a2)

=a;—1 + a; + aiy1 — (a; + ai—1 + ai—2) = ait1 — Qi—2

which is impossible since i > 4 and n > 6.
If i — 7 > 5, then the permutation (by,...,b,) given by

(a,... y Aj—1, A5, Qj42, Qj4+1, Aj4+3, .- 5 Aj—3, Aj—1, Aj—2, A, A1, - - - , Q)
meets the requirement since

aj—1+a;+aj1=a,+a+ax<aj_1+a;+ a2
<aj;+aj42+aj41 < ajro+ a1+ aj43
<...<@j-3+ai—1 +a;—2<a;—1+a;—2+aq;
<a;—2+ta;+ai41<aj—1+a;+a;41=ap-1+ay+ a;
<a;+ a1+ ai42 <...<0p—2+ap_1+ an.

If i —j5 =05, then j +4 =1¢ — 1 and the permutation
(@1, 051,05, 542, Q511, Qi—1, Qi—2, iy Qg 1, - -+ 5 )
meets the requirement. If ¢ — 7 = 4, then the permutation

(CLl, ey A —1,A5, G542, G543, Bj41, gy Qi1 - - - 7an)
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meets the requirement since

aj—1+a; + a1 =a, +ai +ag
<CLj_1 —+ a; + aj+2 < a; + aj+2 + aj+3
<Qjt2 + Qi3+ aj41 < Qjp3 + ajp1 +a;
<@jt+1+a; +a;41 <a@i—1+a; +ai41 = ap—1 +an + a1
<a; tai41 t a0 <...<ap—2+ ap_1+ap.

If i — j = 3, then the permutation

(al, PN ,aj_l, aj, Clj_|_2, Clj_|_1, iy Ajt-1y - - - ,an)
meets the requirement since

aj—1+a; +aj1 =a, +ai + ag
<@j_1+aj;+ajo <aj+ajro+ a4
<@jt2 +ajr1+a; =a;—1+a;—2+a; < a;—2+ a; + aj41
<aj—1 ta; +aij4+1 = apn-1+a, + a1
<a; + @i41 a0 < ... < Ap—2+ ap_1+ ap.

If j >4 and i = j + 2, then the permutation (by,... ,b,) given by

(ai,... y Aj—35 Aj—1, Aj—2, Aj4-1, Ajy Ajy Ajp1, Q425 - - - , Q)
meets the requirement since

Gj—4+taj—3+aj1<aj-3+aj_1+aj-2<aj-1+a;—2+ a1
<aj_2+aj+1+a; <aj—1+a;+aj41=a,+ay+az
<ajy1t+a;+a; <aj+a; + a4
< @j—1 + Qi + Qi1 = Ap—1 + Ap + a1 < @ + Qi1 + Qiy2.

If i = j +2 < n — 4, then the permutation (by,...,b,) given by

(@1, @2, Q5 —1, Ay Ay Q15 B2, Qi1 B3, Bigdy - - - 5 Q)

meets the requirement since

aj—2+taj—1+a; <aj_1+a;+a;+1=a,+a+az
< CLj_1+CLj+CLZ' < a; +a; +a;—1
< Qi1+ a;+ a1 =0ap-1+an +a;
<a;+ai—1+ ai42 < a;—1 + Q2 + Qiy1
< Qi42 + Qip1 + 043 < Qi1 + Q43 + Qg
<...<ap—o2o+an—1+a,.
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Ifi>n-3,j<4andi—j =2,then 2 =i—j > n—3—4 and hence n € {8,9}.

For n = 8, we need to consider the case i = 6 and j = 4. As ag+ a1 +as =
as + a4 + a5 and a7y + ag + a1 = as + ag + ary, we have ag + a1 = a5 + ag =
az + aq + a5 —as. If 2a5 # a4 + ay, then as + ag + a1 = 2a5 + ag # a4+ ag + ar
and hence we may take the permutation

(b17 cee 7b8) = (ala az, as, a4, a6, a7, as, CLg)
since

a1+ as+az3<as+as+ag <as+ag+as=ag+a+a2 <asz+aqg+ ag
< min{a4 + a¢ + a7, a5 + ag + a1} < max{ay + ag + ar,a5 + as + a1}
<ag+ay+as=ay+ag+a; <ay+as+ as.

If 2a5 = a4 + a7, then ag + ag + a1 = a5 + 2a¢ > a4 + a5 + a7 and we may take
the permutation

(b17 CIEI 7b8) == (Cll,&2,&3,&4,&5,&7,&8,&6)
since
a1+ az+az <ayt+az+ag=ay+az+ag <as+az+ay

<asz+ag+as=ag+ a1 +as <ayg+as+a; <ag+ag+ aq
< as+a7+ag <ay+asg+ ag.

When n =8, ¢ =05 and j = 3, it suffices to apply the result for i =6 and j =4
to the sequence

a) = —ag <ah = —ay < ay = —ag < ay = —as
<ag = —ay < ag=—az < ay, = —az < ag = —ay
since af, + a§ + a) = —(a1 + a2 + ag) = —(a2 + az + a4) = a; + a; + af, and

ag + a} +ab = —(a1 + ar + ag) = —(ag + a5 + ag) = a4 + a), + a.

Now it remains to consider the last case where n = 9, ¢ = 6 and j = 4.
As as + a4 + a5 = ag + a1 + as and as + ag + a7 = ag + ag + ay, we have
as + ay < ag + a1 and hence a3z + a4 + ag < az + a4 + a7 < a7+ ag + ay. If
ar + ag + a1 = a4 + a5 + ag, then

as—a7 = (ag+ag+ar)—(ar+ag+ay) = as+ag+ar—(as+as+ag) = ar—ay.

When 2a7 # ag + a4, we have a7 + ag + a1 # a4 + a5 + ag and hence we may
take the the permutation

(bb s 7b9) = (ala az, a3, a4, g, as, ag, av, CLQ)
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since

a1 +as+a3<ag+az+ag <asg+ag+as=ag9g+ a1 +ax <az+aq+ ag
< min{ay + a5 + ag, a7 + ag + a1} < max{ay + as + ag, a7 + ag + a1}
<ag+as+ay=ag+ag+a; <ag-+as+as
< as + ag + a7 < ag + ay + ag.
If 2a7 = ag + a4, then as + ag + a7 < 2a7 + ag = a4 + ag + ag and hence we
may take the the permutation
(by,...,bg) = (a1, as,as, ay, ag, as, as, ar, agy)

since

a1 +az2+az3<ag+as+ag <az+ag+as=ag+ a1+ a2 <asz—+aqg+ag
<ag+ay+ag<ary+ag+ay <ag+ag+a =as+ ag+ ar
<ag+tasg+ag <asg+ag+as <ag+as+ay <as+ar+ag.

In view of the above, we have completed the proof of Theorem 1.4. [

Proof of Theorem 1.5. When n > 1 is an odd prime power p® with p prime
and a a positive integer, we take a primitive root g modulo n. Clearly, both

{gi: i=1,...,¢(n)} and
(¢ =g =g (1—g): i=1,...,0(n)}

are reduced systems of residues modulo n. (Note that ¢#(™*+1 = g and g # 1
(mod p).) So it suffices to take a; = g* fori =1,...,0(n). O

Proof of Theorem 1.6. Let € € {1}, and let R = S or T. Choose a € T'. By [H,
Corollary 3], there exists a primitive root g of F, with 1+eg? (or a+eag?) also a
primitive root of IF,. Note that 7" contains all the primitive roots of F,. So there
is a primitive root g of F, with 1 +eg? € R. Clearly, {¢*: i=1,...,n} =S
and g% + eg?0t1) = ¢%(1 +e¢g®) € R for all i = 1,... ,n. Therefore

{92 _ 94, g4 _96, e g2n—2 _g2n’ 92n _g2 _ g2n _ 92(n+1)} — R.

This concludes the proof. [J

3. SOME OPEN CONJECTURES

Conjecture 3.1 (2013-09-01). Let aj,as,... ,a, be n distinct real numbers.
Then there is a permutation by, ..., b, of ar,...,a, with by = ay such that the
n — 1 numbers

b1 = ba|, [b2 —bs], ..., [bp—1 — by

are pairwise distinct.

Remark 3.1. By Theorem 1.1, this conjecture holds when a; is the least element
or the largest element of {a1,...,a,}.
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Conjecture 3.2 (2013-08-31). Let a1 < ay < ... < a, be n distinct real

numbers. If there is a circular permutation by, ... ,b, of a,...,a, with the n
adjacent distances

|b1 - b2|7 |b2 - b3|7 sy ‘bn—l - bn|7 |bn - b1|
patrwise distinct, then there is such a circular permutation by, ... ,b, with ay

and a,, adjacent (i.e, we may require additionally that by = a1 and b, = ay,).

Remark 3.2. For the 6 consecutive primes 11,13,17,19, 23,29, the circular
permutation (11,13,29,17,23,19) has distinct adjacent distances but the least
element 11 and the largest element 29 are not adjacent on the circle. However,
the circular permutation (11,19,17,13,23,29) with 11 and 29 adjacent on the
circle also has distinct adjacent distances.

Conjecture 3.3 (2013-09-02). Let aq,... ,a, ben distinct elements of a finite
additive abelian group G. Suppose that n 1 |G|, or n is even and the Sylow 2-
subgroup of G is cyclic. Then there exists a permutation by, ... b, ofai,... ,a,
with by = ay such that the n — 1 elements b; — b;11 (0 < i < n) are pairwise
distinct.

Remark 3.3. By Theorem 1.2(ii), this holds when {aq,...,a,} = G = Z/nZ
with n even. For the Klein quaternion group

G=17Z/2Z®7/27Z = {(0,0),(0,1),(1,0),(1,1)},
if {a1,a9,a3,a4} = G then we have a; — as = ag — ay.
Conjecture 3.4 (2013-09-03). Let A be an n-subset of a finite additive abelian
group G with 24n or nt|G|.

(i) There always exists a numbering a1, as, . .. ,a, of all the n elements of A
such that the n sums

CL1—|—CL2, a2+a3, PN an_l—l—an, CLn+a1

are pairwise distinct.
(ii) In the case 3 < n < |G|, there is a numbering ai,as, ... ,a, of all the n
elements of A such that the n differences

ap —az, a2 —as, ..., Ap—-1 — Qp, Gp — A1

are pairwise distinct.

Remark 3.4. A conjecture of Snevily [Sn| states that for any two n-subsets A
and B of an additive abelian group of odd order there is a numbering a1, ... ,a,
of the elements of A and a numbering b4, ... , b, of the elements of B such that
the n sums a; + by,...,a, + b, are pairwise distinct. This was proved by
Arsovski [A] in 2009. Note that part (i) of Conjecture 3.4 is stronger than
Snevily’s conjecture in the case A = B.
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Conjecture 3.5 (2013-09-20). Let A be a finite subset of an additive abelian
group G with |A| =n > 3.

(i) If G is finite with |G| £ 0 (mod 3), then there is a numbering ay, ... ,an
of all the elements of A such that the n sums

CL1—|—26L2, a2—|—2a3, PN an_1—|—2an, an—|—2a1

are pairwise distinct.
(ii) There always exist two numberings ay, ... ,a, and by,... b, of all the
elements of A such that the n sums

ar + 2by, as +2by, ..., ap_1+ 2b,_1, a, +2b,
are pairwise distinct.

Remark 3.5. (i) When A = {aq,...,a,} forms an abelian group of the form
(Z/3Z)", the n elements

ai1+2as = a1—ao, as+2a3 = as—as, ..., Qp_1+20, = Ap_1—0p, Ap+2a1 = ap—aq

cannot be pairwise distinct.
(ii) The author has proved part (ii) for n < 4.

Conjecture 3.6 (2013-09-04). Let A be a finite subset of an additive abelian
group G with |A| = n > 3. Then there is a numbering a1, ... ,a, of all the
elements of A such that the n sums

a1 +az+az, ag+ag+ag, ..., Gp_2+ap_1+0an, Qp_1+an+ay, a,+a;+az
are pairwise distinct.

Remark 3.6. By Theorem 1.4, Conjecture 3.6 holds for any torsion-free abelian
group G. In 2008 the author [SO8] proved that for any three n-subsets A, B, C
of an additive abelian group with cyclic torsion subgroup, there is a numbering
ai,...,a, of the elements of A, a numbering bq,...,b, of the elements of
B and a numbering cq,...,c, of the elements of C such that the n sums
a1 + by +c1,...,a, + b, + ¢, are pairwise distinct. Note that Conjecture
3.6 holds in the case A = G = Z/nZ with 3 { n since the natural circular
permutation (0,1,...,n — 1) of the elements of Z/nZ meets the requirement.
We even think that Conjectures 3.5 and 3.6 might hold for any group G.

Conjecture 3.7 (joint with Qing-Hu Hou). (i) (2013-09-05) Let F, be the
finite field with ¢ > 7 elements. Then there is a numbering ai, ... ,aq of the
elements of F, such that all the ¢ sums

CL1—|—CL2, CL2—|—CL3, ey aq_1+aq, aq—l—al
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are generators of the cyclic group Fy =TF,\{0} (i.e., primitive elements of F).
(ii) (2013-09-07) Let p = 2n + 1 be an odd prime. If p > 19, then there is
a circular permutation i1, ... ,i, of 1,...,n such that all the n adjacent sums
11 +19,12+13, ... ,in_1+1in,in+1i1 are primitive roots modulo p. When p > 13,
there is a circular permutation i1, ... ,1, of 1,... ,n such that all the n adjacent
differences i1 — 9,02 — 13,... ,in_1 — ip, in — 11 are primitive roots modulo p.

Remark 3.7. (a) We have verified part (i) for all primes ¢ < 545, and part (ii)
for all primes p < 545. For the circular permutation

(al,ag, Ce ,CL11> = (0,6,7, 1,5,3,10,8,9,4,2)

of 0,1,...,10, the 11 sums ay; + as,as + as,...,a19 + a11,a11 + a1 are all
primitive roots modulo the prime 11.

(b) If g is a primitive root of the field F, with ¢ > 2 and a; = ¢*~! for all i =
1,...,g—1, then it is easy to see that a; —ag,a2—as, ... ,aq—2—a4—1,a9—1—a1
are pairwise distinct and that a; + a2,a2 +as, ... ,aq—2 +aq—1,a4—1 + a1 are
also pairwise distinct.

Conjecture 3.8. Let p = 2n + 1 be an odd prime. If p > 19, then there is
a circular permutation ay, ... ,a, of all the (p — 1)/2 = n quadratic residues
modulo p such that all the n adjacent sums a1 +as, as+as, ... ,an_1+a,, an+aq
are primitive roots modulo p. If p > 13, then there is a circular permutation
b1,...,bn of all the (p—1)/2 = n quadratic residues modulo p such that all the
n differences by — by, by — bs, ... ,b,_1 — bn, b, — by are primitive roots modulo
p.

Remark 3.8. Compare this conjecture with Theorem 1.6.

Conjecture 3.9 (2013-09-15). Let p=2n+ 1> 11 be a prime.

(i) There is a circular permutation iy, ... i, of 1,... ,n such that all the n
numbers i3 + ig, i3 +143, ..., i2_1 +in, 15 +1i1 are quadratic residues modulo
p. Also, there is a circular permutation ji,...,jn of the 1,... ,n such that all
the n numbers j2 — jo, j5 —j3, ..., J2_1 — Jjn, j2 — j1 are quadratic residues
modulo p.

(ii) If p > 13, then there is a circular permutation iy, ... ,i, of the 1,... n

such that all the n numbers
02+, d5 g, .., G2y Fip, 12 i)

are primitive roots modulo p. Also, there is a circular permutation ji, ..., Jn
of the 1, ... ,n such that all the n numbers

G2 = o, G2 =y ey GEi = dny G2 — 1

are primitive roots modulo p.
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Remark 3.9. For example, (i1,...,411) = (1,6,7,11,4,5,3,8,10,9,2) is a cir-
cular permutation of 1,...,11 for which all the sums i + 49,43 + i3, ..., +
ill,z’%l + 41 are primitive roots modulo 23. Also,

(J1,---»J11) = (1,9,7,5,11,10,3,2,6,8,4)

is a circular permutation of 1,...,11 for which all the sums j? — io,j5 —
i3y .-+, Ji9 — J11,J%; — i1 are primitive roots modulo 23.

Conjecture 3.10 (2013-09-17). Let F, be a finite field with ¢ > 7 elements and

let ag be any element of F,. Then there is a circular permutation ai,. .. ,aq—1
of all the nonzero elements of F, such that all the g—1 elements ag+aiaz, ag+
a2a3, ... ,a0 + Gg—20q—1, 00 + ag—1a1 are primitive roots of the filed .

Remark 3.10. For the circular permutation (i1, ... ,i10) = (1,9,2,4,5,8,10,3,6,7)
of 1,...,10, all the 10 integers i1i5 —1,42i3—1,... ,i9i10— 1, %1071 — 1 are prim-
itive roots modulo 11.

Conjecture 3.11 (2013-09-07). For any positive integer n # 2,4, there exists
a permutation ig, i1, ... iy, of 0,1,... ,n with ig = 0 and i,, = n such that all
the n + 1 adjacent sums

0+ 91, 21 +%2, «ony in_1+ in, tn+ 10
are coprime to bothn —1 and n + 1.

Remark 3.11. (i) Note that there is no circular permutation ig, ... ,i7 of 0,...,7
with 79 + 21,71 + 22, ... ,%6 + 17,17 + ¢ all relatively prime to 7 x 13 — 1 = 90.
We also guess that n £+ 1 in Conjecture 3.11 can be replaced by 2n + 1.

(ii) Now we explain why Conjecture 3.11 holds for any positive odd integer
n. If n =1,3 (mod 6), then n — 2 and 2n — 1 are relatively prime to both n — 1
and n 4+ 1, and hence the circular permutation

(igy .- yin) = 0,n—2,2n—4,4,...,1,n—1,n)

meets the requirement. If n = 3,5 (mod 6), then n + 2 is relatively prime to
both n — 1 and n + 1, and hence the circular permutation

(igy .-+ yin)=(0,1,n—1,3,n—3,... ,n—2,2,n)

suffices for our purpose.

Conjecture 3.12 (2013-09-22). (i) Let A be a set of n > 2 distinct nonzero real
numbers. Then there is a circular permutation ay,as, ..., a, of all the elements
of A such that the n adjacent sums a1 + as,as + as, ...,ap—1 + Gn, a, + a1 are
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pairwise distinct, and that the n adjacent products ajas, a2a3, ..., An_10y, Gpaq
are also pairwise distinct, except for the following three cases:

(a) |A| =4 and A has the form {£s,tt}.

(b) |A| =5 and A has the form {r,t£s,+t}.

(c) |A| =6 and A has the form {£r,+s, £t}.

(ii) For any set A of n > 3 distinct nonzero real numbers, there is a circular
permutation ay,as, ..., a, of all the elements of A such that the n adjacent dif-
ferences a1 — as, a0 — as,...,ap_1 — Qn, an, — a1 are pairwise distinct, and that
the n adjacent products aias,asas, ..., An_10,, a1 are also pairwise distinct,
except for the case where |A| =4 and A has the form {£s,+t}.

Remark 3.12. For the set A = {1,2,...,n} with n an odd prime power, obvi-
ously 1+2,2+43,...,(n—1)+n,n+1 are pairwise distinct since n+ 1 is even,
and 1 x2,2x3,...,(n—1)n,nx 1 are also pairwise distinct since n is an odd
prime power.

Conjecture 3.13 (2013-09-08). For any positive integer n, there is a circular
permutation ig,i1,... ,4t, of 0,1,... ,n such that all the n + 1 adjacent sums
1o + 11, 11 + 12, .., bn_1 + in, in + to are among those integers k with 6k — 1
and 6k + 1 twin primes.

Remark 3.13. Clearly this conjecture implies the twin prime conjecture. Qing-
Hu Hou has verified this conjecture for all n < 100. We also have similar

conjectures for cousin primes, sexy primes, and primes of the form 4k — 1 or
4k 4+ 1 or 6k + 1 (cf. [S13, A228917]). In 1982 A. Filz [F| (see also [G, p.160])

conjectured that for any n = 2,4, 6, ... there is a circular permutation i1,... , i,
of 1,...,n such that all the n adjacent sums i1 +io, 92 +1%3,... ,0n_1+Tn,tn+1i1
are prime.

Conjecture 3.14 (2013-09-08). For any integer n > 2, there exists a circular
permutation ig,i1,...,1i, of 0,1,...,n such that all the n + 1 adjacent sums
Qo+ i1, 41 +d2, « .., in—1 + in, in + g are of the form (p+ 1)/6, where p is a
Sophie Germain prime.

Remark 3.14. A prime p with 2p + 1 also prime is called a Sophie Germain
prime. It is conjectured that there are infinitely many Sophie Germain primes.

Conjecture 3.15. (i) (2013-09-09) For any positive integer n, there exists a
circular permutation ig, i1, ... ,in 0of 0,1,... ,n such that all the 2n+2 numbers

|i0j:7:1|7 |ilii2|7 SRR |in—1iin|7 |2ni20|

are of the form (p — 1)/2, where p is an odd prime.
(ii)) (2013-09-10) For any positive integer n # 2,4, there exists a circular
permutation ig,i1,...,in of 0,1,...  n such that all the n + 1 numbers

2|,

‘2(2) - 7’%‘7 ‘2% - 2'2 < ‘22 ; 5 '2|

n—1 " 2'n‘? ‘Zn — 1
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are of the form (p — 1)/2, where p is an odd prime.

Remark 3.15. Here are two suitable circular permutations: (0,1,2,3,5,4,7,8,6,9)
for n =9 in part (i), and (ip,...,i5) = (0,1,4,5,2,3) for n =5 in part (ii).

Conjecture 3.16 (2013-09-13). For any positive integer n # 4, there exists
a circular permutation ig,i1,... i, of 0,1,... ,n with ig =0 and i,, = 1 such
that all the n + 1 numbers

G2 4y, 12 dg, .., 2y i, 12 4 g

are of the form (p — 1)/2, where p is an odd prime.

Remark 3.16. For i,5 € {0,...,n} with i + 5 > 1, if j is a multiple of 3 and
2(i%2 + j) + 1 is a prime then 2i? + 1 # 0 (mod 3) and hence 3 | i. So, if

10,11, ... ,1n is a permutation of 0,1, ... ,n with iyg = 0 such that all the n + 1
numbers i3 + i1, i3 + ia, ..., i2_1 + in, 12 + ig are of the form (p — 1)/2 with
p an odd prime, then we must have i,, = 1 (otherwise, i,,4,_1,...,7; are all

divisible by 3 which is impossible). To illustrate Conjecture 3.16, we give a
desired permutation for n = 20:

(io,- .. i) = (0,3,12,9,15,18,6,20,19,14,13,4,2,7,16,17,11, 10,5, 8, 1).

Conjecture 3.17 (2013-09-16). Let n by any positive integer. Then there
exists a circular permutation ig, 41, ... ,%, of 0,1,... ,n such that all the n + 1
numbers

Q2 iy, 2 4 dy, .., 02 i, 12 +ig

are of the form (p — 1)/4 with p a prime congruent to 1 modulo 4. Also, there
s a circular permutation jo,j1,---,Jn of 0,1,... . n with jo = 0 and j, = 1
such that all the n + 1 numbers

Jo g1 G+ g2 ooy Jaoy e Jn+ o
are of the form (p+ 1)/4 with p a prime congruent to 3 modulo 4.

Remark3.17. Fori,j € {0,... ,n} withi+j > 1, if j is a multiple of 3 and 4(i%+
j) — 11is a prime then 4i2 — 1 # 0 (mod 3) and hence 3 | i. So, if jo, 71, -, jn
is a permutation of 0,1,...,n with jo = 0 such that all the n 4+ 1 numbers
Je4 g1, Ji 4o, ooy J2_1 + Gn, 2+ jo are of the form (p+1)/4 with p a prime
congruent to 3 modulo 4, then we must have j,, = 1 (otherwise, j,, jn—1,--- ,J1
are all divisible by 3 which is impossible). To illustrate Conjecture 3.17, we
give two desired permutations for n = 9:

(40, ... ,19) = (0,1,2,3,4,6,9,7,8,5) and (jo,...,J9) = (0,3,6,9,2,4,5,8,7,1).
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Conjecture 3.18 (2013-09-17). For any positive integer n > 5 with n # 13,

there is a circular permutation i1,12,... ,1, of 1,...,n such that i1io — 1,93 —
1,... ,ip_1i, — 1,071 — 1 are all prime. Also, for any positive integer n > 1
(resp. n # 4), there is a circular permutation iy,ia,... i, of 1,... ,n such

that 2i1i2 — 1,2i2i3 — 1,... ,2in,_1in — 1,2ini1 —1 (resp. 2i1i2 —+ 1,2i2i3 +
1,000, 201y + 1,2ip191 + 1) are all prime.

Remark 3.18. For the circular permutation

(i1,...,i23) = (1,6,23,10,9,22,11,18,13,14,21,2,15,4,17,16,5,12, 7,20, 19, 8, 3),
all the 23 numbers i1i9 — 1,79t3 — 1, ... ,420023 — 1,49377 — 1 are primes.
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