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We propose a systematic scheme for the construction of graphs associated with binary stabilizer
codes. The scheme is characterized by three main steps: first, the stabilizer code is realized as a
codeword-stabilized (CWS) quantum code; second, the canonical form of the CWS code is uncovered;
third, the input vertices are attached to the graphs. To check the effectiveness of the scheme, we
discuss several graphical constructions of various useful stabilizer codes characterized by single and
multi-qubit encoding operators. In particular, the error-correcting capabilities of such quantum
codes are verified in graph-theoretic terms as originally advocated by Schlingemann and Werner.
Finally, possible generalizations of our scheme for the graphical construction of both (stabilizer and
nonadditive) nonbinary and continuous-variable quantum codes are briefly addressed.

PACS numbers: 03.67.-a (quantum information)

I. INTRODUCTION

Classical graphs [IH3] are closely related to quantum error correcting codes (QECCs) [4]. The first construction of
QECCs based upon the use of graphs and finite Abelian groups appears in [5] and is provided by Schlingemann and
Werner (SW-work). However, while in [5] it is proved that all codes constructed from graphs are stabilizer codes, it
remains unclear how to embed the usual stabilizer code constructions into the proposed graphical scheme. Therefore,
although necessary and sufficient conditions are uncovered for the graph such that the resulting code corrects a certain
number of errors, the power of the graphical approach to quantum coding for stabilizer codes cannot be fully exploited
unless this embedding issue is resolved. In [6], Schlingemann (S-work) clarifies this issue by establishing that each
quantum stabilizer code (both binary and nonbinary) could be realized as a graph code and vice-versa. Almost at the
same time, inspired by the work presented in [5], the equivalence of graphical quantum codes and stabilizer codes is
also established by Grassl et al. in [7]. Despite being very important, the works in [6] and [7] still suffer from the fact
that no systematic scheme for constructing a graph of a stabilizer code or the stabilizer of a graphical quantum code
is available. The solution of this point is especially important in view of the fact that although any stabilizer code
over a finite field has an equivalent representation as a graphical quantum code, unfortunately, this representation
is not unique. Furthermore, the chosen representation does not reflect all the properties of the quantum code. A
crucial step forward for the description and understanding of the interplay between properties of graphs and stabilizer
codes is achieved thanks to the introduction of the notion of graph states (and cluster states, [§]) into the graphical
construction of QECCs as presented by Hein et al. in [9]. In this last work, it is shown how graph states are in
correspondence to graphs and special focus is devoted to the question of how the entanglement in a graph state is
related to the topology of its underlying graph. In [9], it is also pointed out that codewords of various QECCs could
be regarded as special instances of graph states and criteria for the equivalence of graph states under local unitary
transformations entirely on the level of the underlying graphs are presented. Similar findings are uncovered by Van den
Nest et al. in [I0] (VdN-work) where a constructive scheme showing that each stabilizer state is equivalent to a graph
state under local Clifford operations is discussed. Thus, the main finding of Schlingemann in [6] is re-obtained in [10]
for the special case of binary quantum states. Most importantly, in [10], an algorithmic procedure for transforming
any binary quantum stabilizer code into a graph code appears. However, to the best of our knowledge, nobody has
fully and jointly exploited the results provided by either Schlingemann in [6] or Van den Nest et al. in [I0] to provide
a more systematic procedure for constructing graphs associated with arbitrary binary stabilizer codes with special
emphasis on the verification of their error-correcting capabilities. We emphasize that this last point constitutes one
of the original motivations for introducing the concept of a graph into quantum error correction (QEC) [5].

The CWS quantum code formalism presents a unifying approach for constructing both additive and nonadditive
QECCs, for both binary [I1] (CWS-work) and nonbinary states [12]. Furthermore, every CWS code in its canonical
form can be fully characterized by a graph and a classical code. In particular, any CWS code is locally Clifford
equivalent to a CWS code with a graph state stabilizer and word operators consistent only of Zs [I1I]. Since the
notion of stabilizer codes, graph codes and graph states can be recast into the CWS formalism, it seems natural to
investigate the graphical depiction of stabilizer codes as originally thought by Schlingemann and Werner within this



generalized framework where stabilizer codes are realized as CWS codes. Proceeding along this line of investigation,
we shall observe that the notion of graph state in QEC as presented in [9] emerges naturally. Furthermore, the
algorithmic procedure for transforming any (binary) quantum stabilizer code into a graph code advocated in [10] can
be exploited and jointly used with the results in [6] where the notions of both coincidence and adjacency matrices
of a classical graphs are introduced. For the sake of completeness, we point out that the CWS formalism has been
already employed into the literature for the graphical construction of both binary [I3] and nonbinary [I4] (both
additive/stabilizer and nonadditive) QECCs. For instance in [I3], regarding stabilizer codes as CWS codes and
employing a graphical approach to quantum coding, a classification of all the extremal stabilizer codes up to eight
qubits and the construction of the optimal ((10, 24, 3)) code together with a family of 1-error detecting nonadditive
codes with the highest encoding rate so far is presented. With a leap of imagination, in [I3] it is also envisioned
a graphical quantum computation based directly on graphical objects. Indeed, this vision became recently more
realistic in the work of Beigi et al. [I5]. Here, being essentially within the CWS framework, a systematic method
for constructing both binary and nonbinary concatenated quantum codes based on graph concatenation is developed.
Graphs representing the inner and the outer codes are concatenated via a simple graph operation (the so-called
generalized local complementation, [I5]). Despite their very illuminating findings, in [I5] it is emphasized that the
elusive role played by graphs in QEC is still not well-understood. In neither [I3] nor [15], the Authors are concerned
with the joint exploitation of the results provided by either Van den Nest et al. in [I0] (algorithmic procedure
for transforming any binary quantum stabilizer code into a graph code) or Schlingemann in [6] (use of both the
coincidence and adjacency matrices of a classical graphs in QEC) in order to provide a more systematic procedure for
constructing graphs associated with arbitrary binary stabilizer codes with special emphasis on the verification of their
error correcting capabilities which, as pointed out earlier, constituted a major driving motivation for the introduction
of graphs in QEC [5]. Instead, we aim here at investigating such unexplored topics and hope to further advance our
understanding of the role played by classical graphs in quantum coding.

In this article, we propose a systematic scheme for the construction of graphs with both input and output vertices
associated with arbitrary binary stabilizer codes. The scheme is characterized by three main steps: first, the stabilizer
code is realized as a CWS quantum code; second, the canonical form of the CWS code is uncovered; third, the input
vertices are attached to the graphs with only output vertices. To check the effectiveness of the scheme, we discuss
several graphical constructions of various useful stabilizer codes characterized by single and multi-qubit encoding
operators. In particular, the error-correcting capabilities of such quantum codes are verified in graph-theoretic terms
as originally advocated by Schlingemann and Werner. Finally, possible generalizations of our scheme for the graph-
ical construction of both (stabilizer and nonadditive) nonbinary and continuous variables quantum codes is briefly
addressed.

The layout of the article is as follows. In Section II, we introduce some preliminary material. First, the notions of
graphs, graph states and graph codes are presented. Second, local Clifford transformations on graph states and local
complementations on graphs are briefly described. Third, the CWS quantum codes formalism is briefly explained. In
Section III, we re-examine some basic ingredients of the Schlingemann-Werner work (SW-work, [5]), the Schlingemann
work (S-work, [6]) and, finally, the Van den Nest et al. work (VdN-work, [10]). We focus on those aspects of these
works that are especially important for our systematic scheme. In this Section IV, we formally describe our scheme
and, for the sake of clarity, apply it to the graphical construction of the Leung et al. four-qubit quantum code
for the error correction of single amplitude damping errors [I6]. Finally, concluding remarks and a brief discussion
on possible extensions of our schematic graphical construction to both (stabilizer and nonadditive) nonbinary and
continuous variables quantum codes appear in Section V.

Several explicit constructions of graphs for various stabilizer codes characterized by either single or multi-qubit en-
coding operators are worked out in the Appendices. Specifically, we discuss the graphical construction of the following
quantum codes: the three-qubit repetition code, the perfect l-erasure correcting four-qubit code, the perfect 1-error
correcting five-qubit code, 1-error correcting six-qubit quantum degenerate codes, the CSS seven-qubit stabilizer code,
the Shor nine-qubit stabilizer code, the Gottesman 2-error correcting eleven-qubit code, [[4, 2, 2]] stabilizer codes,
and, finally, the Gottesman [[8, 3, 3]] stabilizer code.

II. FROM GRAPH THEORY TO THE CWS FORMALISM

In this section, we present some preliminary material. First, the notions of graphs, graph states and graph codes
are introduced. Second, local Clifford transformations on graph states and local complementations on graphs are
briefly presented. Third, the CWS quantum codes formalism is briefly discussed.



A. Graphs, graph states, and graph codes

A graph G = G (V, E) is characterized by a set V' of n vertices and a set of edges E specified by the adjacency
matrix I' [IH3]. This matrix is a n x n symmetric matrix with vanishing diagonal elements and I';; = 1 if vertices i, j

are connected and I';; = 0 otherwise. The neighborhood of a vertex ¢ is the set of all vertices v € V' that are connected

to i and is defined by V; def {veV:Ty, =1}. When the vertices a, b € V are the end points of an edge, they are

referred to as being adjacent. An {a, ¢} path is an ordered list of vertices a = ay, as,..., an—1, an = ¢, such that for
all 4, a; and a; 41 are adjacent. A connected graph is a graph that has an {a, ¢} path for any two a, ¢ € V. Otherwise
it is referred to as disconnected. A vertex represents a physical system, e.g., a qubit (two-dimensional Hilbert space),
qudit (d-dimensional Hilbert space), or continuous variables (CV) (continuous Hilbert space). An edge between two
vertices represents the physical interaction between the corresponding systems. In what follows, we shall take into
consideration simple graphs only. These are graphs that contain neither loops (edges connecting vertices with itself)
nor multiple edges. Furthermore, for the time being, we do not make a distinction between different types of vertices.
However, later on we will assign some vertices as inputs, and some as outputs.

Graph states [§] are multipartite entangled states that play a key-role in graphical constructions of QECCs codes
and, in addition, are very important in quantum secret sharing [I7] which is, to a certain extent, equivalent to error
correction [I8]. For a very recent experimental demonstration of a graph state quantum error correcting code, we
refer to [19].

Consider a system of n qubits that are labeled by those n vertices in V and denote by I*, X, Y, Z* (or, equivalently,
X'=0.,Y' =0, Z' = ol) the identity matrix and the three Pauli operators acting on the qubit i € V. The n-qubit
graph state |G) associated with the graph G is defined by [9],
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where |—|—>¥ is the joint +1 eigenstate of X* with i € V, U,; is the controlled phase gate between qubits ¢ and j given
by,

1
u,--d:efi[1+zi+zj—z,;zj], (2)
and |fi)_ is the joint eigenstate of Z* with i € V and (—1)"" as eigenvalues. The graph-state basis of the n-qubit
Hilbert space Hy is given by {|GC> Lf go |G>} where C'is an element of the set of all the subsets of V' denoted by

2V, A collection of subsets {C1,..., Cx} specifies a K-dimensional subspace of H} that is spanned by the graph-state
basis {|G01>} with ¢ = 1,..., K. The graph state |G) is the unique joint +1 eigenstate of the n-vertex stabilizers G;
with 4 € V defined as [9],

G xizN L xi ] 2. (3)
JEN;

A graph code, first introduced into the realm of QEC in [5] and later reformulated into the graph state formalism in
[9], is defined to be one in which a graph G is given and the codespace (or, coding space) is spanned by a subset of
the graph state basis. These states are regarded as codewords, although we recall that what is significant from the
point of view of the QEC properties is the subspace they span, not the codewords themselves [20)].

B. Local Clifford transformations and local complementations
1. Transformations on quantum states

The Clifford group C,, is the normalizer of the Pauli group Py in U (27"), i.e., it is the group of unitary operators
U satisfying UPyzU" = Pyp. The local Clifford group C. is the subgroup of C,, and consists of all n-fold tensor
products of elements in C;. The Clifford group is generated by a simple set of quantum gates: the Hadamard gate H,
the phase gate P and the CNOT gate Ucnor [21]. Using the well-known representations of the Pauli matrices in the
computational basis, it is straightforward to show that the action of H on such matrices reads

Um%HUIHT:UZ,Uy—)HUyHTz—Uy, o, = Ho.H' = o,. (4)



The action of the phase gate P on 0., o, and o, is given by,
Or — PalP =0y, 0y — PO’;EP = —0y, 0, — PO‘ZP =0,. (5)
Finally, the CNOT gate leads to the following transformations rules,

02 ® 1 = Ucnor (02 @ 1) Ulnor = 02 ® 04, I ® 00 = Uonor (I @ 04) Ulnor = I © 04,

0. @1 = Ucxor (0. @ N Ulyor = 0.0 I, [ ® 0, = Uonor (I © 0.) Ubnor = 02 @ 0. (6)

Observe that the CNOT gate propagates bit flip errors from the control to the target, and phase errors from the

target to the control. As a side remark, we stress that another useful two-qubit gate is the controlled-phase gate

Ucp def (I ® H)Ucnor (I ® H). The controlled-phase gate has the following action on the generators of Pz,

O’I®I—)UCP(O'I®I)U(T3P:O'z®0'z,I®Jz—>Ucp(I®Uz)UéP:0'Z®Uz,

0. 01 = Ucp (0.0 NUlp =0, 01, [®0, = Ucp (I ©0.)Ulp =10 (7)

We observe that a controlled-phase gate does not propagate phase errors, though a bit-flip error on one qubit spreads
to a phase error on the other qubit.

We also point out that a unitary operator U that fixes the stabilizer group Ssiapilizer (We refer to [22] for a detailed
characterization of the quantum stabilizer formalism in QEC) of a quantum stabilizer code Cgtapilizer under conjugation
is an encoded operation. In other words, U is an encoded operation that maps codewords to codewords whenever

U SstabilizerUT = Sstabilizer- In particular, if S’ e ot (every element of S’ can be written as UsUT for some s € S)
and |c) is a codeword stabilized by every element in S, then |¢') = U |c) is stabilized by every stabilizer element in S’.

2. Transformations on graphs

If there exists a local unitary (LU) transformation U such that U|G) = |G’), the states |G) and |G’) will have
the same entanglement properties. If |G) and |G’) are graph states, we say that their corresponding graphs G and
G’ will then represent equivalent quantum codes, with the same distance, weight distribution, and other properties.
Determining whether two graphs are LU-equivalent is a difficult task, but a sufficient condition for equivalence was
given in [9]. Let the graphs G = (V, E) and G’ = (V, E’) on n vertices correspond to the n-qubit graph states |G)
and |G'). We define the two 2 x 2 unitary matrices,

def . 1 /-1 4 def w 0

where w* =1 —1, and o, and o, are Pauli matrices. Given a graph G = (V = {0,..., n — 1}, E), corresponding to
the graph state |G), we define a local unitary transformation U,,

U, % Q@) Q@ (9)

i€ENa  i¢N,

4_ 2 _

where a € V is any vertex, N, C V is the neighborhood of a, and Tm(l) means that the transform 7, should be applied
to the qubit corresponding to vertex i. Given a graph G, if there exists a finite sequence of vertices (ug,..., Ug—1)
such that U,,_,...Uy, |G) = |G’), then G and G’ are LU-equivalent [9]. It was discovered by Hein et al. and by Van
den Nest et al. that the sequence of transformations taking |G) to |G’) can equivalently be expressed as a sequence
of simple graph operations taking G to G’. In particular, it was shown in [I0] that a graph G determines uniquely a
graph state |G) and two graph states (|G1) and |G2)) determined by two graphs (G; and G2) are equivalent up to
some local Clifford transformations iff these two graphs are related to each other by local complementations (LCs).
The concept of LC was originally introduced by Bouchet in [23]. A LC of a graph on a vertex v refers to the operation
that in the neighborhood of v we connect all the disconnected vertices and disconnect all the connected vertices. All
the graphs on up to 12 vertices have been classified under LCs and graph isomorphisms [24]. In summary, the relation
between graphs and quantum codes can be rather complicated since one graph may provide inequivalent codes and



different graphs may provide equivalent codes. However, it has been established that the family of codes given by a
graph is equivalent to the family of codes given by a local complementation of that graph.

As pointed out earlier, unitary operations U in the local Clifford group C, act on graph states |G). However, there
exists also graph theoretical rules, transformations acting on graphs, which correspond to local Clifford operations.
These operations generate the orbit of any graph state under local Clifford operations. The LC orbit of a graph G
is the set of all non-isomorphic graphs, including G itself, that can be transformed into G by any sequence of local
complementations and vertex permutations. The transformation laws for a graph state|G) and a graph stabilizer
under local unitary transformations U read,

|G) = |G") =U|G) and, Sp — Sp» = USpUT, (10)

respectively. Neglecting overall phases, it turns out that local Clifford operations U € C. are just the symplectic
transformations @ of Z32" which preserve the symplectic inner product [25]. Therefore, the (2n x 2n)-matrices Q
satisfy the relation QT PQ = P where T denotes the transpose operation and P is the (2n x 2n)-matrix that defines

a symplectic inner product in Z3",
def 017
P01 "

Furthermore, since local Clifford operations act on each qubit separately, they have the additional block structure

e (4 7). (12)

where the (n x n)-blocks A, B, C, D are diagonal. It was shown in [I0] that each binary stabilizer code is equivalent

to a graph code. In particular, each graph code characterized by the adjacency matrix I' corresponds to a stabilizer

matrix S, & (T'|I') and transpose stabilizer (generator matrix) 7 def ST = (}). The generator matrix (FI/) for a graph

state with adjacency matrix I'V reads,
T I’ A B r 1
(1) () =(25) ()ern 0

I'YQ[) = (AT +B)(CT +D)~". (14)

where,

Observe that in order to have properly defined generators matrices in Eq. , CT + D must be nonsingular and I
must have vanishing diagonal elements. The graphical analog of the transformation law in Eq. was provided in
[10]. Before stating this result, some additional terminology awaits to be introduced.

Two vertices ¢ and j of a graph G = (V, E) are called adjacent vertices, or neighbors, if {i, j} € E. The
neighborhood N (i) C V of a vertex i is the set of all neighbors of i. A graph G’ = (V', E’) which satisfies V/ C V
and ' C FE is a subgraph of G and one writes G’ C G. For a subset A C V of vertices, the induced subgraph
G [A] C G is the graph with vertex set A and edge set {{i, j} € E : i, j € A}. If G has an adjacency matrix T, its
complement G¢ is the graph with adjacency matrix T 4+ I, where I is the (n X n)-matrix which has all ones, except
for the diagonal entries which are zero. For each vertex i = 1,..., n, a local complementation g; sends the n-vertex
graph G to the graph g; (G) which is obtained by replacing the induced subgraph G [N ()] by its complement. In
other words,

I 5T =g YT +TAT +A®, (15)

where A; has a 1 on the ith diagonal entry and zeros elsewhere and A is a diagonal matrix such that yields zeros
on the diagonal of g;(T"). Finally, the graphical analog of Eq. becomes,

Qi (I) = g:(T), (16)

with,

def (I diag(T;)



and diag(T;) d:efdi:'cmg(r“,..., [;n). Observe that substituting in and using , Eq. gives
Qi (1) = gi(T) & T + TA;T + A® =T + TA;T + [diag (T;) + diag (T;) A,T] (18)
that is,
A = diag (T;) + diag (T;) AT (19)

The translation of the action of local Clifford operations on graph states into the action of local complementations on
graphs as presented in Eq. is a major achievement of [10].

C. The CWS-work

CWS codes include all stabilizer codes as well as several nonadditive codes. However, for the sake of completeness,
we point out that there are indeed quantum codes that cannot be recast within the CWS framework as pointed out
in [I1] and shown in [26]. CWS codes in standard form can be specified by a graph G and a (nonadditive, in general)
classical binary code Ceiassicat. The n vertices of the graph G correspond to the n qubits of the code and its adjacency
matrix is I'. Given the graph state |G) and the binary code Ceiassical, a unique base state |\S) and a set of word operators
{wy} are specified. The base state |S) is a single stabilizer state stabilized by the word stabilizer Scws, a maximal
Abelian subgroup of the Pauli group Payp.

Let ((n, K, d)) denote a quantum code on n qubits that encodes K dimensions with distance d. Following [11],
it can be shown that a ((n, K, d)) codeword stabilized code with word operators W = {w;} with [ € {1,..., K} and
codeword stabilizer Sqws is locally Clifford equivalent to a codeword stabilized code with word operators W',

w def {wl/ =79}, (20)
and codeword stabilizer S¢yyg,

def
Sews = (S1) = (XiZ™), (21)
where ¢;s are codewords defining the classical binary code Cclassical and r; is the [th row vector of the adjacency matrix
T" of the graph G. For the sake of clarity, we stress that ZV in Eq. is the notational shorthand for

AR YAl (22)

where v = (v1,..., v,) € F3' is a binary n-vector. Thus, any CWS code is locally Clifford equivalent to a CWS code
with a graph-state stabilizer and word operators consisting only of Zs. Moreover, the word operators can always be
chosen to include the identity. Egs. and characterize the so-called standard form of a CWS quantum code.
For a CWS code in standard form, the base state |S) is a graph state. Furthermore, the codespace of a CWS code is
spanned by a set of basis vectors which result from applying the word operators wy on the base state |.S),

Cows = Span {|wn)} with, |w) = w[S) . (23)
Therefore, the dimension of the codespace equals the number of word operators. These operators are Pauli operators
in Pyp that anticommute with one or more of the stabilizer generators for the base state. Thus, word operators map
the base state onto an orthogonal state. The only exception is that in general the set of word operators also includes
the identity operator so that the base state is a codeword of the quantum code as well. These basis states are also
eigenstates of the stabilizer generators, but with some of the eigenvalues differing from +1. In addition, it turns out
that a single qubit Pauli error X, Z or ZX acting on a codeword w |S) of a CWS code in standard form is equivalent
up to a sign to another multi-qubit error consisting of Zs. Therefore, since all errors become Zs, the original quantum
error model is transformed into a classical (induced by the CWS formalism) error model characterized, in general, by
multi-qubit errors. The map Cls.,, that defines this transformation reads,

Clsews 1 €3 B =£2VX" 5 Clsgys (£2¥X%) ¥ va@ur € {0, 1}, (24)
=1

where £ denotes the set of Pauli errors E, r; is the Ith row of the adjacency matrix I" for the graph G and w; is
the Ith bit of the vector u. Finally, it was shown in [I1I] that any stabilizer code is a CWS code. Specifically, a



quantum stabilizer code [[n, k,d]] (where the parameters n, k, d denote the length, the dimension and the distance

of the quantum code, respectively) with stabilizer S def (S1,.-y Sn—k) where S; with j € {1,..., n — k} denote the
stabilizer generators and logical operations X7,..., X; and Zi,..., Zy is equivalent to a CWS code defined by,

def = >
Scws = (S1, ooy Snis Z1yeeny Z1) (25)
and word operators wy,
Wy = Xl(v)l ®..Q X,EV)". (26)

The vector v denotes a k-bit string and (v), = v; with [ € {1,..., k} is the [th bit of the vector v. For further details
on binary CWS quantum codes, we refer to [I1]. Finally, for a very recent investigation on the symmetries of CWS
codes, we refer to [27].

III. FROM GRAPHS TO STABILIZER CODES AND VICE-VERSA

In this section, we revisit some basic ingredients of the Schlingemann-Werner work (SW-work, [0]), the Schlingemann
work (S-work, [6]) and, finally, the Van den Nest et al. work (VdN-work, [I0]). We focus on those aspects of these
works that will be especially relevant for our proposed scheme.

A. The Schlingemann-Werner work

The basic graphical construction of quantum codes within the SW-work [5] can be described as follows. Quantum
codes are completely characterized by a unidirected graph G = G (V, E) characterized by a set V of n vertices and a
set of edges F specified by the coincidence matrix = with both input and output vertices and a finite Abelian group
G with a nondegenerate symmetric bicharacter y. We remark that there are various types of matrices that can be
used to specify a given graph (for instance, incidence and adjacency matrices [I]). The coincidence matrix introduced
in [5] is simply the adjacency matrix of a graph with both input and output vertices (and, it should not be confused
with the so-called incidence matrix of a graph). The sets of input and output vertices will be denoted by X and Y,
respectively. Let G be any finite additive Abelian group of cardinality |G| = n with the addition operation denoted
by + and null element 0. A nondegenerate symmetric bicharacter is a map x : G x G 3 (g, h) — x (g, h) = (g, h) € C
satisfying the following properties [28]: (i) (g, h) = (h, g), Vg, h € G; (ii) (g, h1 + ha) = (g, h1) (g, ha), Yg, h1, he € G;
(iii) (9, h) =1Vhe G g=0.IfG=7Z, &of {0,..., n — 1} (the cyclic group of order n) with addition modulo n as
the group operation, the bicharacter xy can be chosen as

def ;2=
X (g, h) = (g, h)y = &i5roh, (27)

with g, h € Z,. The encoding operator v of an error correcting code is an isometry (a bijective map between two
metric spaces that preserve distances),

ve LP(GY) = L* (GY), (28)

where L? (G¥) is the | X|-fold tensor product H®¥* with H = L? (G) (the Hilbert space H is realized as the space of

integrable functions over G) and G Lef Zs in the qubit case. Similarly, L? (QY) is the |Y'|-fold tensor product H®Y.
The Hilbert space L2 (G) is defined as,

def

L(G) = {vlv:G—C}, (29)
with scalar product between two elements ¢ and 15 in L? (G) given by,

def 1

(11, o) = @21/31 (9)¥2(9). (30)

The action of v on L? (G¥) is defined as [5],

(ve) (¢%) < / dg¥ve [¥9] ¢ (6¥) . (31)



XUY:I

where v [g , the integral kernel of the isometry v, is given by [5],

ve [¥] =161 T x(gs 00 =1g1= ] [exp (ijggﬂ

{z, 2’} {z, 2’}
1x1 o2mi X1 m -
10 T [ow (202 100 ) | = 161% oo (T2 ) (32)
{z '}

The product in Eq. must be taken over each two elementary subsets {z, 2’} in X UY. Substituting Eq. (32)
into Eq. , the action of vg on L? (QX) finally becomes,

1x1 e —
(va) (97) = /ng G| 7 exp (ng“Y B gXUY) ¥ (97)- (33)
We recall that the sequential steps of a QEC cycle can be described as follows,
p I Vvt = o T (o) = Y FapFr =0, 0 SR = (34)

that is,
R (T (vov*)) = p. (35)
Furthermore, the traditional Knill-Laflamme error-correction conditions read,

(Vihr, FoFpvipe) = w (FyFp) (Y1, ¢2) (36)

where the multiplicative factor w (FFj) does not depend on the states ¢; and 2. The graphical analog of Eq. (36))
is given by,

<Vw1’ FV¢2> =w (F) <1/)17 1/)2>7 (37)

for all operators in U(E), the set of all operators in L?(GY) which are localized in E C Y. Thus, operators in U (E)
are given by the tensor product of an arbitrary operator on H®F with the identity on H®Y\F. A graph code corrects
e errors if and only if it detects all error configurations E C Y with |E| < 2e. Given this graphical construction
of the encoding operator v in Eq. and the graphical quantum error-correction conditions in Eq. , the
main finding provided by Schlingemann and Werner can be restated as follows: given a finite Abelian group G and a
weighted graph G, an error configuration £ C Y is detected by the quantum code v¢ if and only if given that

d* =0 and, Z5d¥ =0, (38)
then,
Eg{uEdXUE =0= dXUE _ 07 (39)

with I = Y\E. In general, the condition EgdB = 0 is a set of equations, one for each integration vertex a € A: for
each vertex a € A, we have to sum the d; for all vertices b € B connected to a, and equate it to zero. Furthermore,
we underline that the fact that vg is an isometry is equivalent to the detection of zero errors. In graph-theoretic
terms, the detection of zero errors requires that =% d* = 0 implies dX = 0. A code that satisfies Eq. (39) given
Eq. can be either nondegenerate or degenerate. We shall assume that Eq. with the additional constraints
in Eq. denotes the weak version (necessary and sufficient conditions) of the graph-theoretic error detection
conditions. However, sufficient graph-theoretic error detection conditions can be introduced as well. Specifically, an
error configuration FE is detectable by a quantum code if,

Ehopd P =0=dXF =0. (40)
We shall denote conditions in Eq. without any additional set of graph-theoretic constraints (like the ones provided
in Eq. ) the strong version (sufficient conditions) of the graph-theoretic error detection conditions. We finally

emphasize, as originally pointed out in [5], that a code that satisfies Eq. is nondegenerate.



B. The Schlingemann-work

Schlingemann was able to show that stabilizer codes, either binary or nonbinary, are equivalent to graph codes
(and vice-versa). However, as far as our proposed scheme concerns, the main finding uncovered in the S-work [6]
may be stated as follows. Counsider a graph code with only one input and (n — 1)-output vertices. Its corresponding
coincidence matrix =, «, can be written as,

T
Enmd:ef< O1x1 Blx(n-1) ) (41)
Binh-1)x(1) Amn-1)x(n-1)

where A(,_1)xn—1) denotes the (n — 1) x (n — 1)-symmetric adjacency matrix I'(;,_1)x (n—1). Then, the graph code
with symmetric coincidence matrix =y, in Eq. is equivalent to stabilizer codes being associated with the
isotropic subspace Sisotropic defined as,

def
Sisotropic =

(Ak|k):k € ker BT}, (42)
that is, omitting unimportant phase factors, with the binary stabilizer group Spinary,

Soinary = {gk = X*Z4% : k € ker B'}.. (43)

Observe that a stabilizer operator gr € Spinary for an n-vertex graph has a 2n-dimensional binary vector space

representation such that gi < vg, et (AE k).
More generally, consider a [[n, k, d]] binary quantum stabilizer code associated with a graph G = (V, E) character-
ized by the (n + k) x (n + k) symmetric coincidence matrix Z ;4 1) x (n+k)

_ def (0 B!
E(ntk)x (ntk) = (B’;XX’; F:i: ) : (44)

To attach the input vertices, = has to be constructed in such a manner that the following conditions are satisfied: i)
first, det Ty, = 0 (mod 2); ii) second, the matrix B;Xn must define a k-dimensional subspace in F3 spanned by &
linearly independent binary vectors of length n not included in the Span of the raw-vectors defining the symmetric
adjacency matrix 'y, xp,

Span {¥1,..., Ux} N Span {171(‘1),..., 17'1@) } = {0}, (45)
where v; € F3 for j € {1,..., k} and 171(‘2') € Fy for i € {1,..., n}; iii) third, Span{vi,..., ¥} contains a vector vp € F¥
such that Up - ﬁl(f) = 0 for any ¢ € {1,..., n}. Condition i) is needed to avoid disconnected graphs. Condition ii)
is required to have a properly defined isometry capable of detecting zero errors. Finally, condition iii) is needed to

generate an isotropic subspace (or, in other words, an Abelian subgroup of the Pauli group, the so-called stabilizer
group) with,

(rel, #) o (reie”, ) o, ()

for any pair (glﬁl)’ 171(1")) in {171(‘1),..., 17(F") } where the symbol ® denotes the symplectic product [21].
As a final remark, we point out that in a more general framework like the one presented in [6], we could consider
three types of vertices: input, auxiliary and output vertices. The input vertices label the input systems and are

used for encoding. The auxiliary vertices are inputs used as auxiliary degrees of freedom for implementing additional
constraints for the protected code subspace. Finally, output vertices simply label the output quantum systems.

C. The Van den Nest-work

The main achievement of the VdN-work in [I0] is the construction of a very useful algorithmic procedure for
transforming any binary quantum stabilizer code into a graph code. Before describing this procedure, we remark that
it is straightforward to check that a graph code given by the adjacency matrix I corresponds to a stabilizer matrix
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S, & (T'|I) and transpose stabilizer T def SF = (F) That said, consider a quantum stabilizer code with stabilizer

I
matrix,

S < (71X), (47)

e (£)-3)

Let us define S, in Eq. . Given a set of generators of the stabilizer, the stabilizer matrix S, is constructed by
assembling the binary representations of the generators as the rows of a full rank (n x 2n)-matrix. The transpose of
the binary stabilizer matrix (i.e., the transpose stabilizer) 7 is simply the full rank (2n x n)-matrix obtained from
Sy after exchanging rows with columns. The goal of the algorithmic procedure is to convert the transpose stabilizer
T in Eq. of a given stabilizer code into the transpose stabilizer 7' = (gi) of an equivalent graph code. Then, the
matrix A" will represent the adjacency matrix of the corresponding graph. Two scenarios may occur: i) Bisan Xn

invertible matrix; ii) B is not an invertible matrix. In the first scenario where B is invertible, a right-multiplication of

and transpose stabilizer T given by,

the transpose stabilizer T = (g) by B! will perform a basis change, an operation that provides us with an equivalent

stabilizer code,
A AB™!
TB™ ! = (B)B_l = ( / ) (49)

Then, the matrix AB~! will denote the resulting adjacency matrix of the corresponding graph. Furthermore, if the
matrix AB~! has nonzero diagonal elements, we can simply set these elements to zero in order to satisfy the standard
requirements for a correct definition of an adjacency matrix of simple graphs. In the second scenario where B is not
invertible, we can always find a suitable local Clifford unitary transformation U such that [10],

S (z)1x)% s (7 1x), (50)

def or_ (ZT\ _ (A U rdei or (27T A
st (5= (5 5= ()= 5)

with det B’ # 0. Therefore, right-multiplying 7’ with B'~!, we get

I /—1 A/ /—1 __ A/Bl_l
T'B _<B’ Bl = ) (52)

Thus, the adjacency matrix of the corresponding graph becomes A’B’~!.
The above-described algorithmic procedure for transforming any binary quantum stabilizer code into a graph code
is very important for our proposed scheme as it will become clear in the next section.

and,

IV. THE SCHEME

In this section, we formally describe our scheme and apply it to the graphical construction of the Leung et al.
four-qubit quantum code for the error correction of single amplitude damping errors.

A. Description of the scheme

We emphasize that our ultimate goal is the construction of classical graphs G (V, E) with both input and output
vertices defined by the coincidence matrix Z in order to verify the error-correcting capabilities of the corresponding
quantum stabilizer codes via the graph-theoretic error correction conditions advocated in the SW-work. To achieve this
goal, we propose a systematic scheme based on a very simple idea. The CWS-, VdN- and S-works must be combined
in such a manner that, with respect to our ultimate goal, the weak-points of one method should be compensated by
the strong-points of another method.
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1. Step one

The CWS formalism offers a very general framework where both binary/nonbinary and/or additive/nonadditive
quantum codes can be described. For this reason, the starting point of our scheme is the realization of binary
stabilizer codes as CWS quantum codes. Although this is a relatively straightforward step, the CWS code that one
obtains is not, in general, in the standard canonical form. From the CWS-work in [I1], it is known that there does
exist a local (unitary) Clifford operations that allows in principle to write down the CWS code that realizes the
binary stabilizer code in standard form. However, the CWS-work does not suggest any algorithmic procedure to

achieve this standard form. In the absence of a systematic procedure, uncovering a local Clifford unitary U such that

Stws &f 17 ScwsUT (every element s’ € Stwg can be written as UsU t for some s € Scws) may constitute a very

tedious challenge. Fortunately, we can avoid this. Before explaining how, let us introduce the codeword stabilizer

matrix Hsqws €of (Z X ) corresponding to the codeword stabilizer Scws.

2. Step two

Two main achievements of the VdN-work in [I0] are the following: first, each stabilizer state is equivalent to a
graph state under local Clifford operations; second, an algorithmic procedure for transforming any binary quantum
stabilizer code into a graph code is provided. Observe that a stabilizer state can be regarded as a quantum code with
parameters [[n, 0, d]]. Our idea is to exploit the algorithmic procedure provided by the VdN-work by translating the
starting point of the algorithmic procedure in the CWS language. To achieve this, we replace the generator matrix
of the stabilizer state with the codeword stabilizer matrix Hsg, corresponding to the codeword stabilizer Scws of
the CWS code that realizes the binary stabilizer code whose graphical depiction is being sought. This way, we can
simply apply the VAN algorithmic procedure to uncover the standard form of the CWS code and, if necessary, the
explicit expression for the local (unitary) Clifford operation that links the non-standard to the standard forms of the
CWS code. After applying this VAN algorithmic procedure adapted to the CWS formalism, we can construct a graph
characterized by a symmetric adjacency matrix I' with only output vertices. How do we attach possible input vertices
to this graph associated with the [[n, k, d]] binary stabilizer codes with k # 07

8. Step three

Unlike the VdN-work whose findings are limited to the binary quantum states, the S-work extends its applicability
to both binary and nonbinary quantum codes. In particular, in [6] it was shown that any stabilizer code is a graph
code and vice-versa. However, in the S-work an analog of the algorithmic procedure for transforming any binary
quantum stabilizer code into a graph code is missing. Despite this fact, the S-work does provide a very useful result
for our proposed scheme. Namely, it is shown that a graph code with associated graph G (V, E) with both input and
output vertices and corresponding symmetric coincidence matrix = is equivalent to stabilizer codes being associated
with a suitable isotropic subspace space Sisotropic- Recall that at the end of the above-mentioned step two, we are
basically given both the isotropic subspace and the graph without input vertices, that is the symmetric adjacency
matrix I' embedded in the more general coincidence matrix =. Therefore, by exploiting the just mentioned very useful
specific finding of the S-work in a reverse direction (we are allowed to do so since a graph code is equivalent to a
stabilizer code and vice-versa), in some sense, we can construct the full coincidence matrix = and finally attach the
input vertices to the graph. What can we do with a graphical depiction of a binary stabilizer code?

4. Step three+one

In the SW-work, outstanding graphical QEC conditions were introduced [5]. However, these conditions were only
partially employed for quantum codes associated with graphs and the codes needed not be necessarily stabilizer codes.
By logically combining the CWS-, VdAN- and S-works, the power of the graphical QEC conditions in [5] can be fully
exploited in a systematic manner in both directions: from graph codes to stabilizer codes and vice-versa.

In summary, given a binary quantum stabilizer code Cgtapilizer, the systematic procedure that we propose can be
described in 3 + 1 = 4 points as follows:

e Realize the stabilizer code Cgiapilizer a8 @ CWS quantum code Cows;
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e Apply the VdN-work adapted to the CWS formalism to identify the standard form of the CWS code that realizes
the stabilizer code whose graphical depiction is being sought. In other words, find the graph G with only output
vertices characterized by the symmetric adjacency matrix I' associated with Cows in the standard form;

e Exploit the S-work as explained to identify the extended graph with both input and output vertices characterized
by the symmetric coincidence matrix = associated with the isometric encoding map that defines Cows;

e Use the SW-work to apply the graph-theoretic error-correction conditions to the extended graph in order to
explicitly verify the error-correcting capabilities of the corresponding Cgsapilizer realized as a Cows quantum code.

B. Application of the scheme

We think there is no better way to describe and understand the effectiveness of our proposed scheme than by
simply working out in detail a simple illustrative example. In what follows, we wish to uncover the graph associated
with the Leung et al. [[4,1]] four-qubit stabilizer (nondegenerate) quantum code [I6]. Several explicit constructions
of graphs for various stabilizer codes characterized by either single or multi-qubit encoding operators are added in
the Appendices: the three-qubit repetition code, the perfect 1-erasure correcting four-qubit code, the perfect 1-error
correcting five-qubit code, 1-error correcting six-qubit quantum degenerate codes, the CSS seven-qubit stabilizer code,
the Shor nine-qubit stabilizer code, the Gottesman 2-error correcting eleven-qubit code, [[4, 2, 2]] stabilizer codes,
and, finally, the Gottesman [[8, 3, 3]] stabilizer code.

1. Step one

Recall that the stabilizer S of the Leung et al. [[4, 1]] code is given by [29],
Syeme B (XIXXXY, 2122, 23 7Y (53)

with a suitable logical Z operation given by Z = Z'Z3. Therefore, when regarded within the CWS framework [11],
the Leung et al. code is equivalent to a CWS code defined with codeword stabilizer,

Soovee E(XIXAXXY, 2122, 2370, 21 27 (54)
2. Step two
Taking into consideration Eq. , we observe that SEJ‘YSg is local Clifford equivalent to ngﬁz given by,
Leung def Leun
Sews® = UScws*UT, (55)
with U %' ' @ H? @ H3 @ H* where H denotes the Hadamard transformation. We notice that the codeword stabilizer
matrix H grewns associated with the codeword stabilizer S’CLV?]uSng reads,
CWS
0111]1000
def o [ 1000]0100
Hgaws = (21X =1 00000011 | (56)
1000]0010O0

with det X’ # 0. Therefore, we can find a suitable graph with output vertices only that is associated with the Leung
et al. code by applying the VAN algorithmic procedure. The transpose of H g/Leuns becomes,
CWS

0

e A
T/ d:f HE/Lcung = ( ) =

CWSs B,

OO O =
OO RO OO O
— R, OO o0 OO
O OO0 O O
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From Eq. it turns out that B’ is a 4 x 4 invertible matrix with inverse given by,

1000
1 _[o100
B =10001 (58)
0011
Finally, the adjacency matrix I' of a graph that realizes the Leung et al. code is given by I' = A’B’~!, that is
0101 1000 0111
-1 [ 1000 0100) (1000 def
P=AB"=11000]{0001 ] |1000 | Ftewms (59)
1000 0011 1000

As a side remark, we recall that a graph determines uniquely a graph state and two graph states determined by two
graphs are equivalent up to some local Clifford transformations if and only if these two graphs are related to each
other via local complementations (LC) [I0]. Avoiding unnecessary formalities, we recall that a local complementation
of a graph on a vertex v can be regarded as the the operation where in the neighborhood of v we connect all the
disconnected vertices and disconnect all the connected vertices. For instance, applying a local complementation on
vertex v = 1 on the graph with adjacency matrix I' in Eq. 7 we obtain

0111 0111

def [ 1 000 | LCy def [ 1011
Prews = | 1 g oo | 7 Thewms = [ 1101 (60)

1000 1110

It turns out that I'reune and FLeung are the only two adjacency matrices corresponding to the only two connected
graphs, up to graph isomorphisms, that realize the Leung et al. [[4, 1]] code. As a matter of fact, recall that the LC
orbit L =[G] of a graph G is the set of all non-isomorphic graphs, including G itself, that can be transformed into

G by any sequence of local complementations and vertex permutations. Let G, denote the set of all non-isomorphic

simple unidirected connected graphs on n vertices. Let L, ef {L1,..., Li} be the set of all distinct orbits of graphs in

Gn. All L € L,, are disjoint and £,, constitutes a partitioning of G,,, that is to say

E
def
gn = ULz (61)
i=1
Two graphs, G7 and G4, are equivalent with respect to local complementations and vertex permutations if one of the
graphs is in the LC orbit of the other, for instance Gy € [G1]. In [30], the set £4 of all LC orbits on 4 vertices was

generated. It was shown that despite the fact that there are 2(2) = 64 unidirected simple graphs on 4 vertices, the
number of non-isomorphic connected graphs is only |G4| = 6. Furthermore, it was shown that there are only |£4] = 2
distinct LC orbits on 4 vertices, £4 = {L1, Lo} with,

0111 0111 0101 0101
(1ydef [ 1 001 2 detf [ 1010 3ydet [ 1010 4det [ 1010
= lroor ) ' = {1100 )= (o100 "= (o101 (62)
1110 1000 1000 1010
and,
0111 0111
Gydet | 1011 @6)ydet [ 1 000
L, = 1101 T, = 1000 (63)
1110 1000
We stress that FS;) and Fiﬁ; correspond to I't .. and Ipeung, respectively. Therefore, we have uncovered that the

Leung et al. [[4, 1]] code can be realized by graphs that belong to the orbit Ly of £4 in G4 = L; U Ly, the set of all
non-isomorphic unidirected connected graphs on 4 vertices.

For the sake of completeness, we also point out that all graphs on up to 12 vertices have been classified under LCs
and graph isomorphisms [24]. Furthermore, the number of graphs on n unlabeled vertices or the number of connected
graphs with n vertices can be found in [3T]. Finally, a very recent database of interesting graphs appears in [32].
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8. Step three

Let us consider the symmetric adjacency matrix I'cung as given in Eq. (60). How do we find the enlarged graph
with corresponding symmetric coincidence matrix Zi,cung given I'teung? Recall that the graph related to I'teung realizes
a stabilizer code which is locally Clifford equivalent to the Leung et al. code with standard binary stabilizer matrix
S} given by

S, (X1 227374, 20 X2, XX (64)

Putting g1 % X122232%, 9o ¥ 21X2 and g3 & X3X4, we have
Sy = (91, 92, 93) = {1, 91, 92, 93, 9192, 9193, 9293, 919293} - (65)

The 8-dimensional binary vector representation of these stabilizer operators is given by,

I vy = (00000000) , g1 <+ vy, = (0111]1000), ga ¢ vy, = (1000]0100),
g3 > Vg, = (0000 ]0011), g1ga 4> Vg g, = (1111[1100), g1gs <> Vg4, = (0111]1011),

9203 > Vgpgs = (1000 [0111) , 919293 > Vg, gogs = (1111 [1111). (66)

Recall that for a graph code with both 1-input and n-output vertices, its corresponding coincidence matrix
E(n+1)x (n+1) has the form expressed in Eq. (44f). The graph code with symmetric coincidence matrix =, 1 1)x (n+1) 18
equivalent to stabilizer codes being associated with the isotropic subspace Sisotropic defined as,

def
Sisotropic =

(Ak|k):k € ker BT}, (67)
that is, omitting unimportant phase factors, with the binary stabilizer group S,

Sy & {gr = X*Z4% . k € ker B} (68)
In our case, in agreement with the four conditions for attaching input vertices as outlined in the S-work paragraph,
it turns out that

B4><1 = and, A=

0
def [ O def
< 1 < = FLeung- (69)
1

=== O
S o O
OO O =
OO O

Finally, the enlarged graph is defined by the following symmetric coincidence matrix Ereung,

00011
oo

g = | 01000 (70)
11000
11000

An additional self-consistency check that substantiates the correctness of Zpeung in Eq. is represented by the

fact that any gy in S} in Eq. 1) has a 8-dimensional binary vector representation of the form vy, with vy, f

(TLeungkgy |kg, ) With kg, € ker BT with B given in Eq. (69).

V. FINAL REMARKS

In this article, we proposed a systematic scheme for the construction of graphs with both input and output vertices
associated with arbitrary binary stabilizer codes. The scheme is characterized by three main steps: first, the stabilizer
code is realized as a codeword-stabilized (CWS) quantum code; second, the canonical form of the CWS code is
uncovered; third, the input vertices are attached to the graphs. To check the effectiveness of the scheme, we discussed
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several graphical constructions of various useful stabilizer codes characterized by single and multi-qubit encoding
operators (for details, see appendices). In particular, the error correction capabilities of such quantum codes are
verified in graph-theoretic terms as originally advocated by Schlingemann and Werner (for details, see appendices).
Finally, in what follows, possible generalizations of our scheme for the graphical construction of both (stabilizer
and nonadditive) nonbinary and continuous-variable quantum codes will be briefly addressed.
The scheme proposed is limited to binary stabilizer codes. How about nonbinary and continuous-variable (CV)
codes? How about nonadditive codes? We point out the following three points:

e From additive to nonadditive case. The codeword-stabilized quantum code formalism presents a unifying ap-
proach to both additive and nonadditive quantum error-correcting codes, for both binary and nonbinary states
[12).

e From binary to nonbinary case. The stabilizer formalism, graph states and quantum error correcting codes for
d-dimensional quantum systems have been extensively considered in [33] and [34]. However, as pointed out in
[35], no straightforward extension of the stabilizer formalism in terms of generators within the Pauli group is
possible for d-level systems. As a consequence, it is possible that results obtained within the binary framework
are no longer valid when taking into consideration weighted graph states. The generalizations of the Pauli
group, the Clifford group, and the stabilizer states for qudits in a Hilbert space of arbitrary dimension d appears
in [36). When moving into the nonbinary case, new features emerge. For instance, the symmetric adjacency
matrix does not contain any longer binary entries as in the case of a simple graph as in qubit systems. The
generalization of the Pauli operators, the so-called Weyl operators, are no longer Hermitian. The finite field
F5 is replaced by the finite field of prime order d and all arithmetic operations are defined modulo d. The
dimension d can be naturally generalized to prime power dimension d = p” with p being prime and r being an
integer. If, however, the underlying integer ring is no longer a field, one loses the vector space structure of F,
which demands some caution with respect to the concept of a basis. If d contains multiple prime factors, the
stabilizer, consisting of dV different elements, is in general no longer generated by a set of only N generators.
For the minimal generating set, more elements N < m < 2N of the stabilizer might be needed as pointed
out in [36]. Furthermore, it is possible to show that the action of the local (generalized) Clifford group on
nonbinary stabilizer states can be translated into operations on graphs. However, unlike the binary case, the
single local complementation is replaced by a pair of two different graph-theoretic operations. Furthermore, an
efficient polynomial time algorithm to verify whether two graph states, in the non-binary case, are locally Clifford
equivalent is available [37]. Despite these challenges, new important advances have been recently achieved. For
instance, an explicit method of going from qudit CSS codes to qudit graph codes, including all the encoding
and decoding procedures, has been presented in [3§].

e From discrete to continuous case. A remarkable difference between discrete and continuous variables (DV and
CV, respectively) quantum information is that while quantum states and unitary transformations involved are
described by integer-valued parameters in the DV case, they are characterized by real-valued parameters in the
CV case. The continuous-variable analog of the Pauli and Clifford algebras and groups together with sets of
gates that can efficiently simulate any arbitrary unitary transformation in these groups were defined in [39].
The standard Pauli group for CV quantum computation on n coupled oscillator is the Heisenberg-Weyl group
HW (n) which consists of phase-space displacement operators for the n oscillators. Unlike the discrete Pauli
group for qubits, the group HW (n) is a continuous Lie group, and can therefore only be generalized by a
set of continuously parametrized operators. Furthermore, the Clifford group for CV is the semidirect product
group of the symplectic group and Heisenberg-Weyl group, Sp (2n, R) x HW (n), consisting of all phase-space
translations along with all one-mode and two-mode squeezing transformations [39]. This group is generated by
inhomogeneous quadratic polynomials in the canonical operators. For DV, it is possible to generate the Clifford
group using only the CNOT, Hadamard and phase gates. However, in the CV case, the analog of these gates
(namely, the SUM, the Fourier F' and the phase P (1) gates with € R) are all elements of Sp (2n, R). They
are generated by homogeneous quadratic Hamiltonians only. Thus, they are in the subgroup of the Clifford
group. In order to generate the entire Clifford group, one requires a continuous HW (1) transformation (i.e., a
linear Hamiltonian that generates a one-parameter subgroup of HW (1)) such as the Pauli operator X (q) with
g € R. Finally, the Clifford group in the CV case is generated by the set {SUM, F, P (n), X (q) : n, ¢ € R}.
Continuous-variable graph states were proposed in [40, [41]. It is of great relevance understanding the graph-
theoretic transformation rules that describe both local unitary and local Clifford unitary equivalences of arbitrary
CV graph states. For a particular class of CV graph states, the so-called CV four-mode unweighted graph states,
such transformation rules have been uncovered in [42]. It turns out that even for such restricted class of states,
the corresponding local Clifford unitary cannot exactly mirror that for the qubit case and a greater level of
complexity arises in the CV framework. In addition, the complete implementation of local complementations



16

for CV weighted graphs (a weighted graph state is described by a graph G = (V, E) in which every edge is
specified by a factor €2,;, corresponding to the strength of modes a and b; for unweighted graph states, all
the interactions have the same strength) remains an open problem. In [43], the graphical description of local
Clifford transformations for CV weighted graph states were considered. In particular, it was shown that unlike
qubit weighted graph states, CV weighted graph states can be expressed by the stabilizer formalism in terms of
generators in the Pauli group. The main reason for this difference is that the CZ gate for qubit is periodic as a
function of the interaction strength while the CV CZ gate is not. We remark that in this context, the CV case
is even more subtle, besides the fact that weighted CV graph states are still stabilizer states unlike weighted
qubit graph states. In particular, the most general form of weighted CV graph states has a complex adjacency
matrix. In fact, all real-valued (with real adjacency matrix) CV graph states (weighted or unweighted) are
unphysical states (only defined in the limit of infinite squeezing). In order to represent physical CV graph
states, corresponding to pure multi-mode Gaussian states, the weights become necessarily complex. All this is
introduced and discussed in [44] where it is also described how such general, physical CV graph states transform
under local and general Gaussian transformations. In particular, we emphasize that the general results presented
in [44] include Zhang’s results in [42] [43] as the limiting cases of infinite squeezing and real-weighted states. We
recall that in the qubit-case a systematic classification of local Clifford equivalence of qubit graph states has
been executed and an efficient algorithm with polynomial time complexity in the number of qubits to decide
whether two given stabilizer states are local Clifford equivalent is known. In the CV framework, it can be
proved that any CV stabilizer state is equivalent to a weighted graph state under local Clifford operations, the
equivalence between two stabilizer states under local Clifford operations can be investigated by studying the
equivalence between weighted graph states under local Clifford operations [45]. However, the existence of a
universal method to determine whether two CV stabilizer states with finite modes are equivalent or not under
local Clifford operation has been only partially addressed in [44]. In the CV case, the local-Clifford equivalence of
stabilizer states translates into local-Gaussian unitary equivalence of (pure) Gaussian states. Furthermore, while
a single unifying definition of complex-weighted CV graph states (Gaussian pure states) together with graph
transformation rules for all local Gaussian unitary operations were presented in [44], no systematic algorithm
for deciding on the local equivalence of two given CV (Gaussian) stabilizer states was discussed. This issue,
however, was recently addressed in [46]. Specifically, necessary and sufficient conditions of Gaussian local unitary
equivalence for arbitrary (mixed or pure) Gaussian states were derived. Despite such advances, several questions
remain to be better understood. For instance, the relation between local equivalence of CV Gaussian states and
Gaussian local equivalence deserves further investigation [46], [47]. A thorough analysis of this type of questions
is not only important from a theoretical point of view, it can also be of practical use concerning which states
are the most suitable for optical realizations of stabilizer quantum error correction codes in any dimension [48].

In view of these considerations, we conclude that the extension of our proposed scheme to arbitrary nonbinary/CV
codes and/or additive/nonadditive codes might turn out to be nontrivial. However, in light of the recent advances,
we are confident that its generalization could be achieved with a reasonable effort.
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Appendix A: Single qubit encoding

Before presenting our illustrative examples, we would like to make few remarks on graphs in quantum error correc-
tion.

The coincidence matrix of a graph characterizes the structural properties of a graph: number of vertices, number of
edges, and, above all, the manner in which vertices are connected. The structure of graphs associated with stabilizer
quantum codes hides essential information about the graphical error detection conditions in Egs. and .
Such graphical conditions may not be necessarily visible in a direct manner as originally pointed out in [6]. This
becomes especially evident when the number of vertices and edges in the graph increases in the presence of multi-
qubit encodings and/or big code lengths. However, graphs do maintain part of their appeal in that they provide
a geometric aid in identifying the explicit algebraic linear equations that characterize the graphical error detection
conditions without taking into consideration the explicit form of their corresponding coincidence matrices. In our
opinion, this is no negligible advantage of our graphical approach since identifying the algebraic equations directly
from the coincidence matrices can become quite tedious without a visual aid provided by graphs. Clearly, the peculiar
advantage of our scheme is that it allows to uncover the expression of the coincidence matrix of a graph associated
with a binary stabilizer code. We shall further discuss some of these aspects in our illustrative examples that appear
below.

As an additional side remark, we point out that there could be scenarios where one can exploit the high symmetry
of the graph in an efficient manner in order to check the graphical conditions for error detection [5]. While symmetry
arguments are elegant and powerful, they require some caution in the case of graphs in quantum error correction:
symmetries of graphs are not necessarily the same as symmetries of the associated stabilizer codes [6], [7, 27]. For
instance, graphs with different symmetries can lead to a class of codes that are equivalent to the CSS seven-qubit
code as shown in Ref. [7]. As recently pointed out in [27], a clear understanding of the requirements under which a
graph can exhibit the same symmetry as the quantum (CWS, in general) code is still missing. In this article, we do
not address this issue. However, in agreement with the statement appeared in Ref. [27], we do think that this point
is definitively worth further attention.

1. The [[3,1,1]] stabilizer code

Before applying our scheme for the construction of the graph associated with a [[3,1, 1]] stabilizer code [21], we
emphasize how intricate can be finding the explicit expression of unitary transformations that relate sets of vertex
stabilizers of graphs. For the sake of reasoning, consider the following sets Sr,y, Sir,) and Sjr,) defined as

def

def
S\F1> =

(X', X2, XY, S,y ©(X1222%, 2' X2, Z'X?) and, S,y ©(X'2°2°, 7' X2 7%, 2 22 XP), (A1)
respectively. In the canonical basis Bﬂg of the eight-dimensional complez Hilbert space H3,

Bys < {|000), |001), [010), [011), [100), [101), [110), [111)}, (A2)

the graph states |T';), [T'3) and |T's) read,

det [000) 4 [001) 4 [010) + [011) + [100) + [101) + [110) + |111)

F )
1) 7
IDy) def [000) +|001) 4-[010) 4-]011) + |100) — |101) — [110) 4 |111)
2 \/g )
e 1 10) —|011 100) — |101) — |110) — |111
ITs) def |000) + |001) + |010) — |011) + |100) — |101) — |110) — | > (A3)
V8
We observe that,
Siry) = ull“l>—>|Fs>S\F1>u\Tr1>a\r3>’ (A4)

with,

Uryoiry E ('@ P HY) - (U2 1) (I'e H @ IP) - (I' © UZ,) - (U 0 1%) . (A5)
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Similarly, it can be shown that
_ i
Siryy = Uryy ) SroU iy ey (A6)
with,
Uy & (H @ P P) - (I'o H2 @ IP) - (I' @ UZ,) - (U @ 1%) . (A7)

Finally, combining (A4)) and (AG), we get

_ T _ T _ T t
Sirg) = Uira)—1m5)Sita)Uip,)  ryy = Ur) 10 Srolhie,) gy = Urn—mnUie,) o,y SeaUie) e Uy gy (AS)
that is,
_ Il
Ury)y—ray = Ury»raUe,y e, (A9)

After some algebra, we obtain that the explicit expressions for the Clifford unitary matrices Ujr,y—ry)s Ur,)—rs.),
and Ujr,y s |r,) become,

11 1 -10 0 0 0 101 0 1 0 -1 0
111 1 0 0 0 0 010 -1 0 1 0 1
11 -1 1 0 0 0 0 10-10 1 0 1 0
@l |1 -1-1-10 0 0 0 wtl|01 0 1 0 1 0 —1
Uro-ry =510 0 0 0 1 1 -1 1 ["Uro=t2 =351 101 0 =10 1 0 |
00 0 0 1 —1—1—1 010 -1 0 -1 0 —1
00 0 0 —1 -1 -1 1 10-10 -1 0 -1 0
00 0 0 —1 1 —1 -1 010 1 0 -1 0 1
11 0 0 1 100
110 0 1 —10 0
00 1 1 0 01 1
detl] 0 0 1 -1 0 0 1 -1
Ura»r) =511 1 0 0 -1 =10 0 (A10)
110 0 -1 100
00 —1-10 01 1
00 -1 1 0 0 1—1

A systematic strategy for finding the explicit expressions for the unitary transformations in Eqgs. (A5]), (A7) and (A9)
would be very useful. The VdN-work is especially important in this regard, as we shall see.

Let us consider the three-qubit bit-flip repetition code with codespace spanned by the codewords |0z) def |000) and
1) def |111). The two stabilizer generators of this code are g; ©f 7172 and g2 4f 7173 while the logical operations
can read Z ¥ 212273 and X % X1 X2X3 with,

Z|0L> = |0L>7 Z|1L> = — ‘]-L> y X |0L> = |1L> and, X |]-L> = |0L> (A].l)
This stabilizer code can be regarded as a CWS code with codeword stabilizer given by,
Sows L g1, go, Z) = (2' 22, 21 7%, 2" 22 7%) = (7', Z°, Z%). (A12)

Observe that Scws = U$|p1>UT with Sjp,y in Eq. and U < g2 g3, Therefore, the graph state associated
with Scws is locally Clifford equivalent to the graph state |T';) in Eq. . Let us consider now an alternative
graphical description of the three-qubit bit-flip repetition code that better fits into our scheme.

Let us consider the codespace of the code spanned by the following new codewords,

€ e € ae e 0 + ]- e 0 - ]-
¢ < gpan {|0L>d=f 1000), |11) dzf\m)} — ¢ < Span {|0'L>d=f|L>ﬂ|L>, 11,) d:f|L>ﬁ|L>}. (A13)
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Notice that the codespace of the code does not change since ' = C and we have simply chosen a different orthonormal
basis to describe the code. However, with this alternative choice, the new codeword stabilizer reads

Stws E (g1, 92, 2y = (2'2%, 2' 2%, X' X*X?) (A14)
and the remaining logical operation is given by X’ 4f 712273, Observe that Stws 1s locally Clifford equivalent to

Stws With Sews def USiwsU and U " H2H3. The codeword stabilizer S reads,

Sews = (Z2'X2, 7' X3, X' 22 7%). (A15)
Observe that Sgws equals Syp,y in Eq. 1) Therefore, the graph state associated with S¢lyg is |T'2) in Eq. 1)

We notice that this is such a simple example that we really do not need to apply our scheme. The adjacency matrix
I of the graph associated with the CWS code with codeword stabilizer Siy¢ reads,

0
r=|1 (A16)
1

OO =
o O =

However, acting with a local complementation on the vertex 1 of the graph with adjacency matrix I" in (A16|), we get

011
r—-r=|(101 (A17)
110
Furthermore, the new codeword stabilizer becomes [Séws] ,
Strs — [Séws} W (x12228, 7' X273, 2 22 XPY. (A18)
new

Note that the graph state associated with [Sgws} is |[I's) in Eq. 1) We also point out that following the
VdN-work, it turns out that the 6 x 6 local unitaryngﬁiﬁord transformation ) that links the six-dimensional binary

vector representation of the operators in Séws and [Séws] is given by,
new

100000
010010
def ] 001001
Q=l100100 (A19)
000010
000001
For the sake of clarity, consider
z def
{SCWS} . = {1, 91, 95, 95, 9195, 9195, 9295, 919595} » (A20)
with ¢} ¥ x122723, ¢, ¥ 71x273, g1 1 7122 X3 and,
vr = (000]000) , vy = (011[100), vy = (101]010), vyy = (110]001), vy, = (110[110),
Vgrgn = (101[101), vy g = (011]011), vgrgr0r = (000[111), (A21)

where vy denotes the binary vectorial representation of the Pauli operators. Furthermore,

1 d f
Scws = {1, 91, 92, 93, 9192, 9193, 9293, 919293} , (A22)
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FIG. 1: Graph for a quantum code that is locally Clifford equivalent to the [[3,1,1]]-code.

with g1 % Z1X2, g0 & 21 %3 g, 4 X12273 Using Q in Eq. (A19), we have
I = vgr = (000]000), g1 — vag, = (110]110), g2 — vgg, = (101]101)

g3 — VQg; = (0111]100), g192 = vQg1 g, = (011]011), g193 — vQg,4; = (101]010),

9293 = VQgags = (110|001), g19293 — VQgigags = (000[111). (A23)
From Eqgs. (A21) and (A23]), we arrive at

VI = VQI, Vg; = VQgs» Vgy = VQgrgs» Vgy = VQgags>

Vglgh = VQg1» Vgigsy = VQg2> Vghgh = VQgrg2> Vgighgh = VQg1g293- (A24)

Finally, given I in Eq. (A17) and applying the S-work, the coincidence matrix for a graph associated with a [[3, 1, 1]]
stabilizer code becomes,

def
[3,1,1]] =

=
=
=

(A25)

—_ == O
— O
— O =
O~ =

It is not that difficult to use the graphical quantum error correction conditions presented in the SW-work and verify
that the [[3,1,1]] code with associated coincidence matrix in Eq. (A25) is not a 1-error correcting quantum code.

2. The [[4,1]] stabilizer code

Let us consider the Grassl et al. perfect 1-erasure correcting four-qubit code with codespace spanned by the
following codewords [49],

der [0000) + [1111) et [1001) +(0110)
N

V2
def

The three stabilizer generators of such a code are given by g; dof x1x2x3 x4, g2 = Z'Z% and g3 4f 7273 Further-

more, the logical operations are X 4f X1 x4 and Z % 7173, We notice that such a code, just like the four-qubit code

provided by Leung et al., is also a l-error detecting code and can be used for the error correction of single amplitude
damping errors. When viewed as a CWS code, the codeword stabilizer reads

|OL> and, ‘1L> (A26)

Sows L g1, g2, 95, Z) = (X' X2X3X4, 72124, 7273, 7' 73 (A27)
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Observe that Scws is local Clifford equivalent to Siywg with Sty e ScwsUT and U ©f s A Therefore,

Stws 1s given by
Sews = (X'22732%, Z' X*, X? X3, 7' X?) . (A28)

The codeword stabilizer matrix Hs, . associated with Sty is given by,

0111]1000
def ; iy | 1000|0001
Hsews = 1) =1 00000110 (429)
10000010
We observe that det X'T # 0 and, applying the VdN-work, the symmetric adjacency matrix I' reads,
0111
aet w (emy-1_ [ 1000
r=z".(x" = 1000 (A30)
1000

Therefore, applying now the S-work, the 5 x 5 symmetric coincidence matrix Z4 1} that characterizes the graph with
both input and output vertices becomes,

00011
L0011

Sy ] 01000 (A31)
11000
11000

For the sake of completeness, we also remark that acting with a local complementation with respect to the vertex 1
of the graph with adjacency matrix I' in Eq. (A30)), we obtain the fully connected graph with adjacency matrix I,

0111
Pl =g @Ererar+a®=| 1900, (A32)
1110
where,
1000 0000O
o P I A B (A33)
0000 0001

We also point out that following the VdN-work, it turns out that the 8 x 8 local unitary Clifford transformation @

that links the eight-dimensional binary vector representation of the operators in S/cvvs and [S(ijs} (associated
new

with the graph with adjacency matrix IV in Eq. (A32])) with,

St — {S’CWS] RO CVAVATANAS CUAVANAYAS SYANAVAVAD &8 (A34)
reads,
10000000
01000100
00100010
4t 00010001
@=l10001000 (A35)
00000100
00000010
00000001
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FIG. 2: Graph for a quantum code that is locally Clifford equivalent to the Leung et al. [[4,1]]-code.

To verify that @ is indeed a local Clifford operation, we observe that it exhibits the required block-diagonal structure
and satisfies the relation QT PQ = P with

def 0 I4><4
P = . A
(I4><4 0 > (A36)

Finally, it is fairly simple to use the graphical quantum error correction conditions presented in the SW-work and
verify that the [[4, 1]] code with associated coincidence matrix in Eq. (A31)) is a 1-error detecting quantum code.

3. The [[5,1, 3]] stabilizer code

The codespace of the perfect five-qubit stabilizer code is spanned by the following codewords [50} 51],

03} aor 1 [ 100000) + [11000) + |01100) + [00110) + [00011) + [10001) — [01010) — [00101) + ] (A3T
4| ~110010) — 01001) — |10100) — [11110) — [01111) — [10111) — [11011) — [11101) | ’
and,
[|11111) + [00111) + |10011) + [11001) + [11100) + [01110) — |10101) — [11010) + |
) 5 (A38)
| —(01101) — [10110) — |01011) — [00001) — [10000) — |01000) — [00100) — [00010) |
Furthermore, the four stabilizer generators of the code are given by,
g x17273x4 g, ¥ X223 70X5 ) g3 W X1 X3 2425 and, g0 & 21 X2 X175, (A39)
A suitable choice of logical operations reads,
X XIx2x3X4X5 and, Z X 21727374 75, (A40)

We observe that the codespace of the [[5, 1, 3]] code can be equally well-described by the following set of orthonormal
codewords,

ef 0 1 of 0r) — |1
o7 2 L0 20D gy e ) Jle), (A41)
V2 V2
with unchanged stabilizer and new logical operations given by,
7 =X ¥ XIX2X3X4X% and, X' = 2 ¥ 212273 74 7°. (A42)

The codeword stabilizer Scws of the CWS code that realizes the five-qubit code spanned by the codewords |07 ) and
[1}) reads,

Sows L (g1, g2, g5, 91, Z' ) = (X122 73X, X223 24 X5, X1 X374 75, 2V X2 X420, X X2 XPXAXO).  (A43)
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FIG. 3: Graph for a quantum code that is locally Clifford equivalent to the perfect [[5,1,3]]-code.

The codeword stabilizer matrix Hs.,, associated with Scws is given by,

01100110010
00110(01001
Hoows F(z|x)=| 0001110100 (A44)
10001(j01010
00000]1 1111
We observe det X # 0. Thus, using the VdN-work, the 5 x 5 adjacency matrix I' becomes,
01001
10100
rezr.(xn " =lo1010 (A45)
00101
10010

Therefore, applying now the S-work, the 6 x 6 symmetric coincidence matrix Zy5 1 3)) characterizing the graph with
both input and output vertices is given by,

011111
101001

— def | 110100

ST 101010 (A46)
100101
110010

In order to show that the pentagon graph with five output vertices and one input vertex with coincidence matrix
E[j5,1,3)) realizes a l-error correcting code, it is required to apply the graph-theoretic error detection (correction)

conditions of the SW-work to (g) = 10 two-error configurations Ej, with k € {1,..., 10}. These two-error configurations
read,

El d:ef {07 ]-7 2}7 E2 d:ef {07 ]-7 3}7 E3 d:ef {07 ]-7 4}7 E4 d:ef {07 17 5}7 E5 d:ef {07 27 3}7

Ee < {0,2,4}, By £ {0, 2,5}, Bs € {0, 3,4}, By = {0, 3, 5}, E1g = {0, 4, 5} (A47)

For instance, the application of the SW-theorem to the error configuration F; = {0, 1, 2} leads to the following set
of relations,

do+dy =0, dy=0 and, dy + dy = 0. (A48)



26

Solving this set of equations, we arrive at dg = d; = do = 0. According to the SW-theorem, this implies that the
the error configuration £y = {0, 1, 2} is a detectable error-configuration. In other words, the detectability of E; is
linked to the non-singularity of the following 3 x 3 submatrix of the 6 x 6 coincidence matrix,

det do+dos =0 101
B ={0,1,2} & do=0 <det[ 100 |0 (A49)
do+dy =0 110

Following this line of reasoning, it turns out that the remaining nine error configurations in Eq. (A47)) are detectable
as well. The detectability of arbitrary error configurations with two nontrivial error operators leads to the conclusion
that the graph realizes a 1-error correcting code.

4. The [[6,1, 3]] stabilizer codes

Calderbank et al. discovered two distinct six-qubit quantum degenerate codes which encode one logical qubit into
six physical qubits [20]. The first of these codes was discovered by trivially extending the perfect five-qubit code and
the other one through an exhaustive search of the encoding space.

a. Trivial case

The first (trivial) degenerate six-qubit code that we consider can be obtained from the [[5, 1, 3]] code by appending
an ancilla qubit to the five-qubit code. Thus, we add a new qubit and a new stabilizer generator which is X for the
new qubit [22]. The other four stabilizer generators from the five-qubit code are tensored with the identity on the
new qubit to form the generators of the new code. To be explicit, the codespace of this six-qubit code is spanned by
the following two orthonormal codewords,

def

|0%,) = 1) ® [+)s (A50)

where |0r) and |11) are defined in Eqgs. (A37) and (A38]), respectively. Following the point of view adopted for the
five-qubit code, let us choose a codespace for the six-qubit code spanned by the new orthonormal codewords given by,

“0L) ® [+)g and, [1)

. / 1/ " Yy =11
o ) 2 D HIIL) g |1y aer 100) — 12, (A51)

V2 V2

The five stabilizer generators of the code with codespace spanned by ’O'IL> and ’12> read,

g S Xx12273x4 g, Y X273 705 g5 9 X1 x37425, g, & 21 X2 X175 and, g5 & X6, (A52)
A suitable choice of logical operations on ‘02> and ’12> is provided by,
X 2172737475 and, Z X X1 X2X3X4X5, (A53)

We remark that X and Z anticommute, and that each commutes with all the five stabilizer generators in Eq. (A52).
The codeword stabilizer Scws of the CWS code that realizes the six-qubit code spanned by the codewords ’O/Ll and

’12> reads,
Scws % (g1, 92, 93, 94, g5, Z ) = (X' Z?Z3X*, X737 XP, X' X* 7 7°, 7' X?X*Z°, XO, X' X2 XP X1 XP).
(A54)
The codeword stabilizer matrix Hs,s associated with Scws is given by,
0110001100100
0011001010010
def 0001101101000
Hsows = (Z]X) = 100010(010100 (A55)
000000|00OO0O0O01
00000O0O|1T1T1110



27

FIG. 4: Graph for a quantum code that is locally Clifford equivalent to the trivial [[6,1,3]]-code.

We observe det X # 0. Thus, using the VdN-work, the 6 x 6 adjacency matrix I" becomes,

010010
01000

def -1 | 010100

Tzt (XN =1 001010 (A56)
100100
000000

Therefore, applying now the S-work, the 7 x 7 symmetric coincidence matrix Ef[révliag]] characterizing the graph with

both input and output vertices reads,

0111111
1010010
1101000

sl € 11010100 (A57)
1001010
1100100
1000000

In order to show that the graph with six output vertices and one input vertex with coincidence matrix E'[;[ré"lia;]] realizes

a l-error correcting degenerate code, we have to apply the graph-theoretic error detection (correction) conditions of

the SW-work to (g) = 15 error configurations Fy with k € {1,..., 15}. It can be verified that any of the ten

error configurations Ej def {0, e, '} with e, e’ # 6 satisfy the strong version of the graph-theoretic error detection
conditions. In addition, the five two-error configurations Fj with an error e = 6 only satisfy the weak form of the
graph-theoretic error detection conditions. This fact is consistent with the finding that concerns degenerate codes
presented in the SW-work.

b. Nontrivial case

The second example of a six-qubit degenerate code provided by Calderbank et al. is a nontrivial six-qubit code
[20], which, according to Calderbank et al., in unique up to equivalence. The example that we consider was indeed
introduced by Bilal et al. in [52]. They state that since their example is not reducible to the trivial six-qubit code
because every one of its qubits is entangled with the others, their code is equivalent to the (second) nontrivial six-qubit
code according to the arguments of Calderbank et al. The codespace of this nontrivial six-qubit code is spanned by
the codewords |01) and |11) defined as [52],

1
[0r) Lt~ [/000000) — |100111) + |001111) — |101000) — |010010) + [110101) 4 |011101) — |111010)], (A58)

8
and,

o 1
1) € —_[]001010) + |101101) + |000101) + |1000010) — |011000) — |111111) + |010111) + |[110000)],  (A59)

8

S
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respectively. The five stabilizer generators for this code are given by,
g1 Y173 x4 x5V g, W Z1x2 X576 g, 1 p2x3xAx5 X6 g, K gag6 g 1 g1 g2 875, (A60)
A suitable choice for the logical operations reads,
X ¥ 20 x3X5 and, Z &' 222526, (A61)
In what follows, we shall consider the codespace spanned by the orthonormal codewords

ef |0 1 of 0r) — |1

o et 00 L E) gy e 100) 1), (A62)
V2 V2

This way, the codeword stabilizer Scwg of the CWS code that realizes the six-qubit code with a codespace spanned
by |07) and |17) is given by,

def =
Scws = (g1, 92, 93, 94, 95, Z') (A63)
with 2/ = X & 71 x3 x5, Therefore, Scws becomes,
Scws 2 (Y'Z3XXPY0, Z2'X?X°Z°, 22 XPX XX, 7470, 7' 2* 723 7°, Z' X*XP) . (A64)
Observe that Scws is locally Clifford equivalent to Styg With Stywg Ly ScwsUT and U L e, Therefore, we
obtain,
Stws = (Y'Z3Z4XPYS, X' X2XPZ°%, 22 X324 XP X0, X420, X' 727375, X' X3 XP) . (A65)
The codeword stabilizer matrix Hs, _ associated with Siyyg reads,
CWS
1011011100011
00000O1|110010
def /\yivsy | 010100(001011
Hsews = X =1 000001]000100 (AG6)
011010|100000
00000O0O]1 01010
We observe that det X'T #£ 0 and, applying the VdN-work, the symmetric adjacency matrix I' becomes,
011010
00010
def /T my—1 100011
FfZ-(X)fOOOO01 (A67)
111001
001110

Therefore, applying now the S-work, the 7 x 7 symmetric coincidence matrix Eﬂg“l“giﬁial characterizing the graph with
both input and output vertices is given by,

0101010
1011010
0100010

Epontivial €01 1100011 (A68)
0000001
1111001
0001110

In order to show that the graph with six output vertices and one input vertex with coincidence matrix Eﬁg“fgﬁial

realizes a l-error correcting (degenerate) code, we have to apply the graph-theoretic error detection (correction)

conditions of the SW-work to (S) = 15 two-error configurations Ej with & € {1,..., 15}. It can be checked that the

only problematic error configuration is Fy et {0, e, €'} with e = 4, ¢ = 6. The only undetectable nontrivial error

is represented by X*Z%. However, this error operator belongs to the stabilizer of the code and therefore it will have
no impact on the encoded quantum state. Thus, the code considered has indeed distance d = 3. Furthermore, since
a quantum stabilizer code with distance d is a degenerate code if and only if its stabilizer has an element of weight
less than d (excluding the identity element), our code with d = 3 and a stabilizer element of weight-2 is indeed a
degenerate code.
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FIG. 5: Graph for a quantum code that is locally Clifford equivalent to the nontrivial [[6,1,3]]-code.

5. The CSS [[7,1, 3]] stabilizer code

The codespace of the CSS seven-qubit stabilizer code is spanned by the following codewords [53] [54],

L [ 10000000) + 0110011) + [1010101) + [1100110) + ]

def

‘0L> = 3 3 (A69)
(V2)" | +/0001111) + [0111100) + |1011010) + [1101001)

and,

[ [1111111) + [1001100) + [0101010) + [0011001) + ]

. .
(V2)" | +/1110000) + [1000011) + |0100101) + |0010110) |

1) & (A70)

Furthermore, the six stabilizer generators of the code are given by

g W XAXOIXOXT gy W X2X3XOXT gy W XIXBXOXT, gy ¥ 74757677 g5 ¥ 22737677 g0 & 2 23577
(AT1)
A suitable choice of logical operations reads,
X Y x1x2x3 and, Z < 21 2223 (A72)
We observe that the codespace of the CSS code can be equally well-described by the following set of orthonormal
codewords,

def [0L) +[11) def [02) — |11)

0;) = —=—=L and, |1}) = ——, AT3
10%) 7 1%) 7 (A73)

with unchanged stabilizer and new logical operations given by,
7 =X Y X'X2x3 and, X' = 2 Y& 7217273, (A74)

The codeword stabilizer Scws of the CWS code that realizes the seven-qubit code spanned by the codewords |07 )
and |17) reads,

ef =
SCWS d: <gla g2, 93, 94, 95, g6, z' >7 (A75)
that is,
Sows = (X*XOXOXT, X?X3XOXT, X' X3XOXT, 24252077, 2273 2°727, 7' 72 Z2° 27, X' X2 X?) . (AT76)
Observe that Scws is local Clifford equivalent to Siywg with Styg e ScwsUT and U ©f 2 A Therefore,
Sty 1s given by,

Stws = (Z*X°XOXT, Z2X3XOXT, Z' X3XOXT, X4 2° 25727, X? 2325727, X' 7232577, 21 Z° XP) . (AT7)



FIG. 6: Graph for a quantum code that is locally Clifford equivalent to the CSS [[7,1,3]]-code.

The codeword stabilizer matrix Hsé:ws associated with Siyg reads,

0

He (21X =

CWS

— o o oo

We observe det X’ # 0. Thus, using the VdN-work, the 7 x 7 adjacency matrix I' reads,

0
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(A78)

(A79)

Therefore, applying now the S-work, the 8 X 8 symmetric coincidence matrix Zcgs._[7,13)] characterizing the graph

with both input and output vertices becomes,

—_ de
=CSS-[[7,13]] =

== =OOoO
—_— OOk OOOo
OO, OOO

0

[NeNeNoll o
———-0 0000

0

OO~ OO
OO O, O
OO RO MF=F=O

0

0

0

(A80)

It is straightforward to show that the cube graph with seven output vertices and one input vertex with coincidence
matrix Eggs [[7,13) realizes a l-error correcting code. Namely, all the (;) = 21 two-error configurations E} with

ke{l,., 21},

def def def

def def def

def def def

def def def

By 0,1, 2y, B, 40,1, 3}, B3 ¥ {0, 1,4}, By {0, 1, 5Y, BE5 {0, 1, 6}, B ¥ {0, 1, 7},

def

E13 = {Oa 3a 5}a E14 - {Oa Sa 6}a E15 = {Oa 37 7}a EIG dZEf {07 4) 5}a E17 = {07 47 6}a

def

def

Es ={0,4,7}, E19g = {0,5,6}, Ea = {0, 5, 7}, Ear = {0, 6, 7},

E7 = {07 27 3}7E8 = {Oa 2) 4}aE9 = {07 27 5}7E10 = {07 27 6}7E11 dZEf{O7 2a 7}7E12 = {07 3a 4}7

def

(AS1)
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satisfy the strong version of the graph-theoretic error detection (correction) conditions of the SW-work in agreement
with the fact that the code is nondegenerate.

6. The Shor [[9, 1, 3]] stabilizer code
a. First case

When realized as a CWS quantum code, the Shor nine-qubit code [55] is characterized by the codeword stabilizer
Scws given by,

Sows & (g1, 92, 93+ 92> 95, 96> 97> 985 Z) (A82)

with codeword stabilizer generators given by,

AR AV AN R A AN A AN AN A

LIXIX2Y3X4XO X0, g5 W XIX2X3XTX8X0, 7 & X1 X2X3X4XPXOXT X8 X, (A83)

What is the graph that realizes the Shor code? The codeword stabilizer matrix Hs,,s corresponding to Scws in Eq.
(IA82)) can be formally written as,

Hsews = (Z |X) (A84)

SO OO OO O -
OO OO OO OO -
SO OO O OO
[NeNoRoNell =Rl
OO OO OO OO
DO OO OOO
SO ORrRHOOOO
OO OO OO OO
DO O R OODODOOO
R RPRPOOOOOoOOo
[ el i en B o B e i o B e B an)
H == OO0 OO
HORFR OO oo
H O, OO OoOOo
HOMFROOOOOoOOo
R OOoOOoOOoOOoOOoOo
R, OOOoOOoOOooOOo
H = OOOOOoOOoOOo

Since XT is not invertible, the algorithmic procedure introduced in the VdN-work cannot be applied. However, we
notice that the codeword stabilizer Scws in Eq. (A82) is locally Clifford equivalent to Sty defined by,

Stws = UScwsUT with, U ' H2 o H3 @ '@ H* @ HS @ I @ H® @ H°. (A85)
Using Eqgs. (A82) and (A85]), it follows that
def >
Sews = (91, b 955 91> 95 965 G 98> Z') (A86)
with,
/ defZ X2 / def Zng / def Z4X5 / def Z4X6 / def Z7X8 / def Z7X9
D SVAYAD SYAVANE SED CUAYAD AVANARD VYA GYAVAD CUAVAS (A87)

We observe that the the codeword stabilizer matrix Hs,, . corresponding to Sgyyg becomes,

o

Hste = (2'1X") =

CWwWs

(A88)

OO OO OO OO -
e e i e B e B an B an B o)
= —_0 00000
OO OO OHHFEOO
HOROOODOOO
HORFROOOoOOOO
OO, OOOO
e el el es s e N e N an)
_—HR OO0 OO

el e e i el e B an B an B o)
SO DD DODDODO OO
OO OO OO oo O
HO R OOOoOOOO
S OO OoO R OO
OO OO OO OOO
e el el e e e M e N an)
[N eNoNo o NoNo N
OO O OO OO
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FIG. 7: First example of a graph for a quantum code that is locally Clifford equivalent to the Shor [[9,1,3]]-code.

Omitting further details and applying the VdN-work, the symmetric 9 x 9 adjacency matrix I" for the Shor code
becomes,

011000000
100000000
100000000
000011000
Pz (xM =] 000100000 (A89)
000100000
000000011
000000100
000000100

Finally, applying the S-work, the 10 x 10 symmetric coincidence matrix =g 1 3] characterizing the graph with both
input and output vertices reads,

(1]

[9,1,3]] = (A90)

&
——_ OO OO
[N eNeNoNoRael =Nl
SO OO OO OoOOoOO R
SO OO OO O -
SO ORRrHROOoOOOO
OO OO O R OO O =
OO O OO, OO O
il e R e R an i e B e B an J e R e}
OO R OO O =
OO OO OO

In what follows, we shall consider an alternative path leading to a graph for the nine-qubit stabilizer code. Finally,
we shall discuss the error-correcting capability of the code in graph-theoretic terms as originally advocated in the
SW-work.

b. Second case

Being within the CWS framework, consider a graph with nine vertices characterized by the following canonical
codeword stabilizer,

def
Scws = (g1, g2, 93, 94, G55 96 975 J8s 99) » (A91)
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with,

IR SAVAVAYVANVE A CNTE A SHITR VD SV AV AVANITE S ST NS &8

g S AT g5 L ZTXE g = 7% 77 XO, (A92)

The 9 x 9 adjacency matrix I' for this graph is given by,

011100100
100000000
100000000
100011100
r®looo0100000 (A93)
000100000
100100011
000000100
000000100

Applying the S-work, the 10 x 10 symmetric coincidence matrix E’[[g 1,3)] characterizing the graph with both input and
output vertices becomes,

(1]

—=

9,1,3] — (A94)

[N elelololoNoall )
DO OO OO O

o
e}
@,
R~ ORrRFRPRORFRRRFRLROO
OO R P OOORKRO
OO OO O OO O =

(a=)
H R, OOOF,OORFO

OO OO OO OO
OO OO OO
[sNeh SelaNeBaNoRal

OO OO FEEFEOO
(e}

Does the graph associated with the adjacency matrix in Eq. realize the Shor nine-qubit code? If we show
that Scws in Eq. is locally Clifford equivalent to a new stabilizer Siyyg from which we can construct a graph
that realizes the Shor code, then we can reply with an affirmative answer. Observe that Scws in Eq. is locally
Clifford equivalent to Siyyg defined as,

Stws = USowsUT with, U ' P! @ H?> ® H? @ P*® H> @ H® © P" @ H® @ H. (A95)

Using Egs. (A91) and (A95)), it follows that

def =
SéWS :e <g/17 9/27 gé, gzlla gi’)a gév 9/77 gé, Z,>a (A96)
with,

A SNVAWAD SN N SRS SN D SN b o

ARGV AV O SYAVARIA D EV AV A SVAVANV A D CVAVAN GV AV D GVAVAS (A97)

We observe that the the codeword stabilizer matrix Hs,, . corresponding to Stws becomes,

100000000[010000000
100000000{001000000
000100000/000010000
000100000/000001000

M, , ©[000000100/000000010 (A98)
000000100/00000000 1
111111000[(100100000
111000111(100000100
111111111{100100100
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FIG. 8: Second example of a graph for a quantum code that is locally Clifford equivalent to the Shor [[9,1,3]]-code.

Omitting further details and applying the VdN-work, the 9 x 9 symmetric adjacency matrix I' associated with the
new graph reads,

(A99)

—
I
SO OO OO O
OO OO OO
SO DO DD OO OO
OO OR R OO OO
OO OO OHrHROOO
DO DO DODO OO O
H = OOOOOoO OO
OO rROOOoOOOO
OO OO OO

Since the adjacency matrices in Eqs. and represent essentially the same graphs, we conclude that the
graph with canonical stabilizer @ realizes the Shor code as well. In addition, we point out that among all the
possible 36 two-element error configurations, 27 configurations satisfy the strong error correction condition, 3 satisfy
the weak error correction condition and 6 do not satisfy neither of them but they are harmless as we shall show. The
strongly correctable 27 configurations are given by,

{0, 1,4}, {0, 1, 5}, {0, 1, 6}, {0, 1, 7}, {0, 1, 8}, {0, 1, 9}, {0, 2, 4}, {0, 2, 5}, {0, 2, 6}, {0, 2, 7},
{0, 2,8}, {0,2,9}, {0, 3,4}, {0, 3,5}, {0, 3,6}, {0,3,7}, {0, 3,8}, {0, 3,9}, {0,4, 7}, {0, 4, 8},

{0, 4, 9}, {0, 5, 7}, {0, 5, 8}, {0, 5, 9}, {0, 6, 7}, {0, 6, 8}, {0, 6, 9}, (A100)
while the weakly correctable 3 configurations read,
{0, 2, 3}, {0, 5, 6}, {0, 8, 9}. (A101)
Finally, the potentially dangerous 6 error configurations are,
{0, 1, 2}, {0, 1, 3}, {0, 4, 5}, {0, 4, 6}, {0, 7,8}, {0, 7, 9}. (A102)

Each of the 6 two-error configurations in Eq. generates 9 weight-2 error operators for a total of 54 errors. It
turns out that in each set of errors of cardinality 9, there is 1 weight-2 nondetectable nontrivial error. However, this
single error operator belongs to the stabilizer Sgiapilizer Of the code and therefore it will have no impact on the encoded
quantum state. Thus, the code considered has indeed distance d = 3. To be explicit, consider the set {0, 1, 2}. This
sets generates the following 9 weight-2 error operators,

Xix2 x'w? X172, v'x? viv? viz? z'x?, z'v?, 71 72 (A103)

The only nontrivial error with vanishing error syndrome is Z'Z2 which, however, belongs to the stabilizer.
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7. The [[11,1,5]] stabilizer code

The smallest possible code protecting against two arbitrary errors maps one logical qubit into eleven physical qubits.
The existence of such a code was proven in [20] while its stabilizer structure was constructed in [22]. When realized
as a CWS code, the eleven-qubit quantum stabilizer code is characterized by the codeword stabilizer,

def >
SCWS = <gl7 925 93, 94, 95, 96, 975 985 99, 910, Z>7 (A104)
with [22],

o def ZV72 73747575 g def X1X2X3X4X5XS, g, def ZAXPY YTy 8y 9x 10711 o) def X4yS 7877 78 70y 10 x 1t

gs d:Cf Z1Y2X3Z7Y8X97 96 d:Cf X1Z2Y3X7Z8Y9, g7 d:Cf Z4Y5X6X7Y8297 Js d:Cf X4Z5Y6Z7X8Y9,

g0 ZIXPYIZTZ8 20X OV, g, E YL 22XV TYSYO 70X, 7 € 272820210 71, (A105)

What is the graph that realizes such eleven-qubit code? The codeword stabilizer matrix Hs.s corresponding to
Scws in Eq. (A104) can be formally written as,

11111100000/00000000000
00000000000[11111100000
00010111101/000011111710
00001111110[(000110000T11
11000011000[01100001100

Hsows C(Z|X)=[01100001100[{10100010100 (A106)
00011001100[00001111000
00001110100[(00010101100
10100011101[{0110000001 1
11000011110/1010001110°1
00000011111[00000000000

Since X7 is not invertible, the algorithmic procedure introduced in the VdN-work cannot be applied. However, we
notice that the stabilizer Scws in Eq. (A104) is locally Clifford equivalent to S¢yyg defined by,

Stws = UScwsU, (A107)

where the unitary operator U is defined as,

UE (H'PHYoH*oH @ H' o H @ HS 9 H" @ H® @ H® @ H' © (H"' P'' H') . (A108)

The operator U can be regarded as the composition of three unitary operators U def Us o Uy o Uy with,

def

U]_:Hl®I2®13®I4®15®16®I7®18®Ig®110®H11,

def

U2:Pl®I2®I3®I4®15®16®I7®18®19®110®P11,

U, S emeHeoH o H o H o H @ Hd @ H> @ H'' @ H'. (A109)

Using Egs. (A104) and (A108]), it follows that

def =
Stws = (91, g5, 95, 94 G5, 96, G5, Gk, Gb, Ghos Z') (A110)
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FIG. 9: Graph for a quantum code that is locally Clifford equivalent to the Gottesman [[11,1,5]]-code.

with,

g def VIX2X3X4X5 X6, g def X'72273747°75, g} def XAZPYSYTYysyo 70y gl def ZAYS X6 XTX8 X0y 10 x11

g CYIY2Z3XTY8 20, g W XIX2Y3ZTXSYO, o W XAYS 2627y X0, gf & ZAXPYOXTZ8Y9,

; def def

= Y1Z2Y3X7X8X9210le, 9,10 ¢ ZlXZZ3Y7Y8Y9X10X11, Z/ d:ef X7X8X9X10Y11. (Alll)

We observe that the codeword stabilizer matrix Hs,, . corresponding to Sgyg becomes,

10000000000|11111100000
01111100000[10000000000
00001111111/0001011110°1
00011000010[00001 111111
11100001100(11000011000

M E(X'[2)=[00100010100[11100001100 (A112)
00001111000[00011001100
00010101100[00001110100
11100000011[/10100011100
10100011100[010000111T11
00000000001[0000001111°1

Omitting further details and applying the VdN-work, the 11 x 11 symmetric adjacency matrix I" for the eleven-qubit
code becomes,

(A113)

HORFRFPRPROODORFROR
—_ R R, O, R R OORF
HOORrROO OO OR
H R R RO, ORROR
= OOKRKFEMEEFEORFO
OO R, OFFO

DO OO HEREMFHERFEO
OO R P OO OO
O OO0 O0OOH~FHO
R OO, PO, OF,OO
ORFHFEF P OOFRFFERFEO
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Employing the S-work, the 12 x 12 symmetric coincidence matrix =11 1 5] can be written as,

0 a1 az az ag4 as ag ar ag ag ajp aix
ag 01 1 1 1 1 0 0 0O O O
aa 1 0 1 0 O 0O 1 1 1 0 1
a3 1 1 0 0 1 1 1 0 1 1 1
ag. 1 0 0 01 0 0 1 0 0 1
- def| a5 1 0 1 1 0 1 0 1 1 1 1
sl = | ge 10 101 0011 0 0| (Al14)
az 01 1 0 0 0O 0 1 0 1 O
ags 01 0 1 1.1 1 0 0 1 1
ag 0 1 1 0 1 1 0 0 O 0 1
aio 0 01 0 1 0 1 1 0 0 1
a;7 0 1 1. 1 1 0 0 1 1 1 O
where the eleven matrix coefficients ay with k € {1,..., 11} satisfy the following eleven constraints,
as +as+ag +as +ag =0,
ay +az+ar+ag+ag+apn =0
ay +az+as+ag+ar+ag+apt+an; =0,
a1+ as +ag + a;p =0,
ay +az+ a4 +ag+ag+ag+apg+an =0,
a1 +as+as+as+ag =0,
az +ag +ag + ajp =0,
ag +ag +as+ag+ar+ap+a; =0,
as + as + as + ag + a1 =0,
a3+a5+a7+a8+a11:0,
a2+a3+a4+a5+a8+a9+a10:0. (A115)
It turns out that a suitable solution of the system of equations in (A115|) reads,
a= (a17 as, az, a4, as, ag, A7, ag, a9, A10, all) = (1a Oa 17 17 17 17 07 17 Oa Oa 1) . (A116)
Finally, the coincidence matrix Z(11,1,5)) for a graph associated with the eleven-qubit code reads,
010111101001
101111100000
010100011101
111001110111
110001001001
- def|] 110110101111
Smsl = [ 110101001100 (ALLT)
001100001010
101011110011
001101100001
000101011001
101111001110

It is straightforward, though tedious, to check that all the (121) = 330 four-error configurations satisfy the graph-
theoretic error detection conditions in their strong version in agreement with the SW-work for nondegenerate codes.
However, we also remark that checking out 330 graphical error detection conditions is always better that checking out
529 Knill-Laflamme error correction conditions,

11 11 11
30(O>+31(1)+32<2>:529>330. (A118)

In the next section, we shall consider few graphical constructions of stabilizer codes characterized by multi-qubit
encoding operators.
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Appendix B: Multi-qubit encoding
1. The [[4,2,2]] stabilizer code

In what follows, we shall consider the graphical construction of two non-equivalent quantum stabilizer codes encoding
two logical qubits into four physical qubits.

a. First case

The [[4,2,2]] code is the simplest example of a class of [[n — 1,k + 1,d — 1]] codes that are derivable from pure (or,
nondegenerate) codes [[n, k, d]] with n > 2 (for more details, we refer to [20]) and is an explicit example of multi-qubit
encoding. It is derivable from the perfect five-qubit code and can detect a single qubit error. The stabilizer generators
of the code are defined by [21],

g X1 2273X4 and, go & YIX2X3Y4 (B1)

Each encoded qubit ¢ with i € {1, 2} has its own of logical operations X; and Z;. A convenient choice is,

X, ¥ xysyd x, € xtxszt 2, ¥yl 22y and, 2, & x223 2%, (B2)

The codeword stabilizer Scws associated with the CWS code that realizes this stabilizer code reads,
Sows = (g1, 92, Zh, Zo ) = (X' Z°Z°X* V' X2 X3V Y1 Z2°Y3 X223 7). (B3)

The codeword stabilizer matrix Hs.s associated with Scws reads,

0110|1001
def 10011111
Hsows = (ZIX)=1 117101010 (B4)
0011({0100
We observe det X # 0. Thus, using the VdN-work, the 4 x 4 adjacency matrix I" becomes,
0010
def | 0011
T=11100 (B5)
0100

We remark that the graph with symmetric adjacency matrix I' in Eq. (B5) is in the local unitary equivalence class of
the square graph (see Figure 7 in [9]). Therefore, an alternative graph (with only output vertices) for our stabilizer
code can be characterized by the alternative 4 x 4 symmetric adjacency matrix I",

0101
sdef [ 1010
= 1o101 (B6)
1010
Finally, applying the S-work and considering I, the 6 x 6 symmetric coincidence matrix Eﬁ:igiQ]] characterizing the

graph with both input and output vertices is given by,

001001
000110

—Beigi  def 100101

S22l T 011010 (B7)
010101
101010

Using the SW-work, it is simple to verify that any graphical single-error configuration {0, 0/, e} with e € {1, 2, 3, 4} is
detectable. Thus, the code detects any single-qubit error. As a final remark, we emphasize that the graph associated
with Eﬁjlglm is identical to the one appeared in [15].
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FIG. 10: Graph for a quantum code that is locally Clifford equivalent to the Beigi et al. [[4,2,2]]-code.

b. Second case
Let us consider a different [[4, 2, 2]] stabilizer code with stabilizer generators defined by [21],
def 1 42 3 y4 def 15273 74
g = X' X°X°X*and, go = Z°Z°Z°Z". (BY)

Each encoded qubit i with i € {1, 2} has its own of logical operations X; and Z;. A convenient choice is,

X, Y xix2 x, % xt1x3 7, & z24 qnq, 7, & 2324, (BY)
The codeword stabilizer Scws associated with the CWS code that realizes this stabilizer code reads,

Sows L g1, g2, 7, 7o ) = (X'X2X3XY, 2 222324, 7270, 737 ) (B10)

The codeword stabilizer matrix Hs.,, associated with Scws reads,

0000|1111

def 11110000
Hscws = (Z|X) = 010110000 (Bll)

0011]0000

We observe det X = 0 and the VdN-work cannot be applied. However, we also notice that Scws is locally Clifford

equivalent to Siyws With Shws = UScwsUT and U f 2 g3 e Thus, Siws becomes,

Stws L dh, gh, 74, 7 ) = (X' 222324, 2P X2XPX, XX, XOXY). (B12)

The codeword stabilizer matrix Hs,  associated with Sgyg is given by,

0111]1000
def ;v | 1000|0111
Hsows = @) =1 90000101 (B13)
0000[0011
We now have det X’ # 0. Therefore, using the VdN-work, the 4 x 4 adjacency matrix I" becomes,
0111
def | 1000
= 1000 (B14)
1000

—Schlingemann

Finally, applying the S-work and considering I' in Eq. 1) the 6 x 6 symmetric coincidence matrix Z(4,2,2)]
characterizing the graph with both input and output vertices reads,

—Schlingemann def

Z(4,2,2]] (B15)

O == OOO
= =000 0O0O
R R PR, OOO
SO O O
O OO ==
SO O R RO
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FIG. 11: Graph for a quantum code that is locally Clifford equivalent to the Schlingemann [[4,2,2]]-code.

Applying the SW-work, it is simple to verify that any graphical single-error configuration {0, 0', e} with e € {1, 2, 3, 4}
is detectable. Therefore, the code detects any single-qubit error. As a final remark, we emphasize that the graph
associated with Eﬁf;gﬁemann is identical to the one appeared in [6].

We stress that the stabilizer generated by the stabilizers in Eq. for the first code can be obtained from the

stabilizer generated by the stabilizers in Eq. (B8) for the second code by applying a local unitary transformation

U Q'H?H?Q* where Q ' pHP. However, the codeword stabilizer in Eq. cannot be obtained from the
codeword stabilizer in Eq. via a local unitary transformation. This feature is consistent with the fact that
graphs associated with adjacency matrices in Egs. and are inequivalent. In other words, these two matrices
characterize graphs that belong to different orbits [9].

2. The [[8,3,3]] stabilizer code

The [[8, 3, 3]] code is a special case of a class of [[2j, 2 —j -2, 3” codes [56]. It encodes three logical qubits into
eight physical qubits and corrects all single-qubit errors. The five stabilizer generators are given by [21],

g1 & XIX2XBXAXOXOXTXE, g0 ¥ 212273242575 27 78, g5 X X2 XY P 28V T 78,

g0 X273y X6 7Ty gs Ty 2 x8 74 x5 76y 8, (B16)
and a suitable choice for the logical operations X; and Z; with i € {1, 2, 3} reads,

X, M xix27078 X, x1x374 77 X, W x174x546 7, K g2y 68 7 K gspa gt s 7o Aot g5 g6 47 g8
(B17)
The codeword stabilizer Scws of the CWS code that realizes this stabilizer code is given by,

def = ~ ~
SCWS = <gla 92, 93, 94, 95, Zl7 Z27 Z3> . (Bls)

We observe that Scws is locally Clifford equivalent to Skys = UScwsUT with U % HLH2H3 H®. Therefore, Sty
reads,

def = = =
SéVVS :e <gllﬂ 9/23 géa 94/17 gg, Ziv Zéa Z§>7 (Blg)
with,
gll d:ef 212223X425X6X7X8, 9/2 d:ef X1X2X3Z4XSZ6Z7Z8, g;lg d:ef Z2X4YSZ6Y7287
A G 6D GV SN CYAVAVAVAL &) (B20)
and,

D SVAVAVAN /S CYAVAVAR /R D CYAVANAS (B21)
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FIG. 12: Graph for a quantum code that is locally Clifford equivalent to the Gottesman [[8,3,3]]-code.

The codeword stabilizer matrix Hs;, . associated with Stwg 1s given by,

111010000001 0111
00010111(11101000
010011110001 1O010O0
def /iy | 01 010011{00110101
Hstwe =2 X)=1 01 111101/0100000 1 (B22)
00010101(]010000O00O0
00010011001 000O00O0
0000011100001 00O00O0
ince det , we can use the -work and the 8 X 8 adjacency matrix ecomes,
Si det X' #£0 he VAN k and the 8 x 8 ad]j v ixI'b
00010110
00010101
00010011
def /T m~-1_ 111100000
F=20-(X") =100000111 (B23)
11001000
10101000
01101000

We observe that the graph associated with the adjacency matrix I' (with detT" # 0) in Eq. (B23)) is the cube. Acting
with a local complementation with respect to the vertex 1, I' becomes I'" (with det T = 0).

e (B24)

OR PO, OOO
OO, OF,OO
OO R OO RO
—== == O OO
OR PO, OOO

[N ool S e
——_0 O = O
— O R ORORRF

Finally, applying the S-work and considering I in Eq. (B24)), the 11 x 11 symmetric coincidence matrix =g 3 3]



42

associated with the graph with both input and output vertices becomes,

def
(18:3,3]] =

(1]

(B25)

— R, R OO, RFROOO
OO R FPF O, OOOO
OO R R EHEF PR OODOOO
OFR PO OOOO O
O ORrROFrROOORRK
OO R OO, OHF,HOR
— R, R R, OO0OOR~RKFO
OO O, R PR, ORFRFRO
R, OO R EFEFORFRFROR
O ORFRORFFEOFF
OR PO OO OO

Using the SW-work, it can be finally verified that any of the (g) graphical two-error configuration {0, 0’, 0", ey, e}
with e; o € {1,..., 8} is detectable. Thus, the code corrects any single-qubit error.
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