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SPARSE MATRICES DESCRIBING ITERATIONS OF
INTEGER-VALUED FUNCTIONS

BERND C. KELLNER

ABSTRACT. We consider iterations of integer-valued functions ¢, which have no fixed
points in the domain of positive integers. We define a local function ¢,,, which is a sub-
function of ¢ being restricted to the subdomain {0,...,n}. The iterations of ¢, can be
described by a certain n x n sparse matrix M, and its powers. The determinant of the
related n x n matrix ]/\4\ = I — M,,, where [ is the identity matrix, acts as an indicator,
Whether the iterations of the local function (bn enter a cycle or not. If ¢,, has no cycle, then
det Mn = 1 and the structure of the i inverse M I can be characterized. Subsequently, we

give applications to compute the inverse Mn ! for some special functions. At the end, we
discuss the results in connection with the 3z + 1 and related problems.

1. INTRODUCTION

Let Z and N be the set of integers and positive integers, respectively. Let Ng = NU {0}.
Let n,m denote positive integers in this paper. Define the finite domain D,, = {1,...,n}
and let D, o = D,, U {0}.

We consider integer-valued functions on domains S C N, where

¢ps:S =N, ox)#z (xe€b).

We may define a function ¢ induced by ¢g by

os(x), ifzes,
0, else,

¢(r) =

which has the properties that
¢»:Ng =Ny, ¢0)=0, ¢(z)#z (zeN), (1.1)

having no fixed points in N. Let ® be the set of all such functions satisfying (1.1).

Note that a function ¢ does not have to be analytic, i.e. being an integer-valued polyno-
mial. It can be arbitrarily defined, for example, using piecewise functions or tables of any
complexity.
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We construct a local function ¢,,, that is a sub-function of ¢ € ® being restricted to the
domain D, o, by

¢(x), if (z,¢(z)) € Dy,

0, else.

¢n : ]D)n,(] — ]Dn,Oa an(l’) - {

We denote ¢™ = ¢ o --- 0 ¢ as an m-fold iteration of ¢. We say that an iteration stops,
if there exists an index k such that ¢*(z) = 0, since all successive values of the iteration
also vanish by definition. We say that ¢ has a cycle of length m > 2, if there exists x € N
such that ¢™(z) = x and ¢™ (z) # x for m’ < m. If ¢ has a cycle of length m containing
x, then we may define the set

Clo,m,x) ={¢(x),...,¢"(z)}, (1.2)
describing all elements of this cycle. By definition this set has the properties that
z €C(p,m,x) and [C(p,m,z)|=m > 2. (1.3)

Regarding ¢,,, we require that x € D,, to define a cycle C(¢,, m, x) of length m > 2. Note
that ¢, cannot have a fixed point x € D,, by definition.

Lemma 1.1. Let ¢ € ®. Assume that there exists a cycle C(¢,m,x). Then
C(p,m,x) =C(¢p,,m,x) <= n>max C(¢,m,z).
Proof. Set N = max C(¢,m,z). If n > N, then we have
(¢(2),6°(@)), ... (¢" ' (x),¢™(x)) € D},

which also holds for ¢, having the same function values by definition. Therefore ¢, has
the same cycle as ¢ in this case.

Conversely, if n < N, then there exists an index 4, such that ¢‘(z) > n showing that
¢'(z), ¢! (z) ¢ D, where ¢! (x) = 0. Accordingly, C(¢,m,z) = C(¢,, m,x) implies that
n > N must hold. O

Lemma 1.2. Let ¢ € ® andn > 1. Assume that ¢, has no cycle. We define the height of
x € D, regarding ¢, by
h(x) = min {k € N : ¢F(z) = 0}.
We then have
1<h(z)<n (zeb,).
Proof. Let z € D,. The property h(zx) > 1 follows by definition. Next, we show that

1
h(z) < n. Assume to the contrary that ¢!'(x) € D, implying that h(z) > n. Since ¢, has
no cycle, we then obtain that

X =A{z,¢u(2),...,¢p(x)} C Dy,

where X must contain n + 1 distinct elements. This gives a contradiction to |D,| =n. O
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We define the i-th unit vector of size n by e; and the zero vector by g, which we shall use
in an unambiguous context. Let A, B, E,(-,-), I, be n X n matrices. As usual, I,, denotes
the identity matrix, where we use [ instead, if possible. Define the matrix

E,(i,j) = eiez-,

which only has the entry 1 at row ¢ and column j and zeros elsewhere. Let # A denote the
total number of nonzero entries of A. The term # A" should be read as #(A¥). We define

for A and B that
ANB= Y 1,

1<i,j<n
AijBiJ?ﬁO

counting all entries, where both matrices have nonzero entries in common. We call A and
B to be disjoint, if
ANB=0
implying that
#(A+ B) =#A+ #B.

The main aim of the paper is to construct n x n matrices, which are connected with the
properties of a function ¢ € ® as well as its local function ¢,,. We define the following
matrix by column vectors induced by the local function ¢, by

M,(¢) = (e%(l), . ,eqsn(n)) ez (pen=>2), (1.4)

being a binary matrix with {0, 1} entries. Further we define the related matrix
Mo (¢) =T — My(9) € Z™" (¢ € D,n > 2),

which consists of entries with {—1,0, 1}. Since ¢,, has no fixed points in D,,, the diagonal of
M, (¢) and M, (¢) has only entries with 0 and 1, respectively. By construction the matrices

M, (¢) and M, (¢) are sparse matrices, since #M, (¢) < n and #]\/Zn(dﬁ < 2n, both being
of order O(n).
The main property of M, (¢) is that for = € D,, the mapping

coincides with

Mn(¢) € = €4,,(x)- (1.5)

If there exists a cycle of ¢, then det ]\//Tn(@ acts as an indicator for this event. This is
shown by the following theorems.

Theorem 1.3. Let ¢ € ® and n > 2. If there exists a cycle C(¢,, m,x), then
det M, (¢) =0
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and M, (@) has an eigenvector v with eigenvalue 1 defined by
V= Z ey.
yeC(dpn,m,z)
Corollary 1.4. Let ¢ € ®. If ¢ has a cycle, then there exists an integer N > 2 such that
det Mo(¢) =0 (n > N).

Proof. By assumption ¢ has a cycle, say C(¢, m,z). By Lemma 1.1 we can find an integer
N > 2 such that

C(p,m,x) =C(¢pp,m,x) (n>N).
Applying Theorem 1.3 for n > N gives the result. U
Theorem 1.5. Let ¢ € ® and n > 2. If ¢, has no cycle, then we have the following
statements:

(1) The matriz M, (¢) is nilpotent of degree at most n.
(2) The powers of M, (¢) are binary matrices satisfying

#Mu(¢) <n—k (1<k<n).
They are disjoint for different exponents that
Mo () N My(¢)' =0 (k#1, k1>1).
(3) The related matriz Mn(qﬁ) is invertible, where
det M, (¢) = 1.
(4) The inverse ]\//Tn(@_l is a binary matriz with the properties that
My(@)™ = T+ My(@) + -+ My(0)"!

and

n—1
#IL (0 =0+ S it < (U1,
k=1

Remark 1.6. The bounds of Theorem 1.5 are sharp. If we consider the function ¢ € ®
being induced by f(z) = x + 1, then M, () is nilpotent of degree n, #M,(¢)* =n — k for

1 < k < n, and consequently #]\//Tn(cﬁ)_l = (";1). This will be shown by Proposition 5.1 as
an example. The next theorem shows that one can compute exact values for an arbitrary
local function ¢, in case it has no cycle.

Theorem 1.7. Let ¢ € ® and n > 2. Assume that ¢, has no cycle. Let
po=Hzr €D, :h(zx)=v} (1<v<n)

and

m = max {v:p, >1}.

Define
™= (ph s 7pm)
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Then m is an ordered partition of n and length m with 1 < m < n, where py,...,pm > 1.
We have the follouing statements:

(1) The matriz M, (o) is nilpotent of degree m.

(2) We have
My(9)f = Y Eu(gp(@),x) (1<k<m)
(% (z),x)€DF
where .
#M(¢) =n—) p, (1<k<m)
v=1
(3) We have

]\//Tn(gzﬁ)_l = (Vl, . ,Vn) ,

where the column vectors satisfy that

h(5)—1
vi=ejt Y ey (1<j<n)
v=1

Moreover,

#M,(0) =Y h(z) = él/pu < nm — (?)

:EGDTL

An ordered partition of an integer, where the order of its summands is relevant, is also
called a composition (cf. [2, Chap. II, p. 123]). We will prove the theorems above in the
following sections. We will give some applications of the theorems in Sections 5 and 6. See
the figures therein for illustrations of examples of the matrices ]\//fn(qb) and ]\/Zn(gzﬁ)*l

2. ITERATIONS

Recall that ¢, : D, — D, ¢ can be any exotic function, i.e. ¢, can be composed of
piecewise functions of any complexity. This situation will be reflected in the following
lemmas and propositions in this section. First, we define an orbit of an element x € D,
collecting the iterations ¢f (z). Regarding these orbits we can define an equivalence relation
on D,,, which leads to a disjoint decomposition of D,,. Second, these disjoint sets in question
can be interpreted as labeled trees, whose properties establish the results. For basic graph
theory see [2, Chap. 1.17, pp. 60].

Lemma 2.1. Let ¢ € ® and k,l,n € N, where k # 1. If ¢ has no cycle, then
¢o"(x) # ¢'(2) (2,6"(x),¢'(2) €N).
Accordingly, if ¢, has no cycle, then
On(@) # ¢u(@) (2, d5(2), ¢, (x) € Dy).
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Proof. By symmetry we may assume that k > [. Set y = ¢!(z). Assume to the contrary
that we have ¢F(x) = ¢!(x). This implies that ¢*~!(y) = y, contradicting that ¢ has no
cycle or no fixed point. Similarly, if x, ¢k (z), ¢! (z) € D, then ¢F(z) = ¢! (z) also would

imply, that ¢, has a cycle or a fixed point. U
Lemma 2.2. Let ¢ € ® and n > 1. Assume that ¢, has no cycle. Define the orbit of
xeD, by

Qz) = {¢n(2) : 0 < k < h(x)} C Dy,
where ¢°(x) = x is defined to be the identity function on D, and h(x) is the height of x.
Then
1 <|Qz)|=h(z)<n (zeb,).
There exists an equivalence relation on D, induced by ¢,, such that

pny = Q@N0Y £D (5,yeD,) (2.1)
Let denote [x] the equivalence class of x and

the set of these classes. Define the set
Q= [J ), (2.2)
' €x]

which covers all orbits of x’ € [x|. Then

D, = U Qo (2.3)
[z]€Dy
gives a disjoint decomposition.
Proof. By Lemma 1.2 we have the bounds
1<h(z)<n (xeD,).
Lemma 2.1 implies that
1< Q) =h(z) <n (zeb,).

It is easy to see that

zoy = GO @) =9l y) (zy € D) (2.4)

defines an equivalence relation on D,. We show that this relation transfers to (2.1) as
follows. If there exists
z € Qz) NQ(y) # 0,
then we have
Q2) = {2, 6n(2), -, 81771 (2)} € QAz) N Q(y).
By construction of )(:) and Lemma 2.1, the elements of an orbit can be uniquely ordered
by height. Thus, there exists only one element of height 1 in €(-). We then infer that

G2 = @) = ),
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showing that x ~ y. Conversely, if x ~ y, then

SN (2), ¥ H(y) € Q(x) N Q(y) # 0,
using the same arguments as above. After all, this shows (2.1). The construction of
in (2.2) implies that

Quy Ny =0, if [2] # [y),
applying (2.1). This finally establishes the disjoint decomposition in (2.3). O

Lemma 2.3. Let ¢ € ® and n > 1. Assume that ¢,, has no cycle. Define
On((2, k) = (dn(x),k—1) (z €D, k> 1).
Let [z] € D,. Then there exists a labeled tree

Ty = Qpa),
which can be uniquely defined by its labeled nodes by
Tiwy = {(y, h(y)) 1 y € Qap}, (2.5)

preserving the structure induced by ¢En. The tree Ty has the following properties:
(1) There exists a unique root node (e, 1) € Tj,, where dn((e,1)) = (0,0).
(2) If a node (d, k) € Ty (k > 1) has m child nodes, then they are given by
{(ci, k + D) h<icm satisfying on((ci k+1)) = (d,k) (1 <i<m).

Proof. By construction of €)[,}, we obviously have a one-to-one correspondence

y < (. h(y) (y€Qp). (2.6)
We can define a labeled tree by

Tiwy = {(y, h(y)) 1y € Y},
labeling the nodes with (y, h(y)) uniquely. We will show that
Tia) = CYa
having the same structure. By Lemmas 2.1 and 2.2 we infer that an orbit {2(y) represents
a simple path
{y,0n(y), - bV ()}, (2.7)

where the elements are ordered by height. The set ;) covers all orbits €2(y), respectively
simple paths as in (2.7), where y € [z]. Since the equivalence relation on D, satisfies (2.4),
all such simple paths are closed by a common element e, where

e=¢"W=1(y) for all y € [x], (2.8)
being the only element with height h(e) = 1 in ;). The structure of ;) is induced by

¢n, where each element y € ;) has its height and a successor ¢,(y) € Qp, if y # e. By

(2.6) and the definition of ¢ the properties of Q) are transferred to Tj;). As a result,
the tree Tj, is a cover of simple paths. Each node (y,h(y)) € T}, has a parent node

Sn((y, h(1))) = (Gu(y), hly) — 1) € Ty, if y # e
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Property (1): By (2.8) there exists only one element e with h(e) = 1. Thus, (e, 1) € Tiy
is the unique root node with ¢,((e, 1)) = (0,0).

Property (2): We assume that (d, k) € Tj, has m child nodes. Since T}, is a cover of
simple paths, there exist m different paths, such that

{(Ci7 h(cz))v én((clﬁ h(CZ))) = (d, h(CZ) - 1)7 cey (67 1)} C T[l‘} (1 <1< m)?
where h(c;) = -+ =h(cn) =k + 1. O
Proposition 2.4. Let ¢ € ® and k,n > 1. Assume that ¢,, has no cycle. Define
Joi(¢) ={z €D, : ¢(z) €D,}.

Then we have
| o (¢)] < max(n —k,0).
In particular,
[Jn1(¢)] = n — |Dy|.
Proof. Since ¢, has no cycle, we have by Lemma 1.2 that

¢n(2) =0 (z € Dy),
which implies that

k(@) =0 (k> n). (2.9)
Define the complementary set

Jun(¢) = {z €Dy : ¢y(z) = 0},

such that
In view of (2.9) and (2.10), we will equivalently show for the remaining cases that
[Tas(@)| 2k (1< k<n). (2.11)

By Lemmas 2.2 and 2.3, there exist unique labeled trees T, for [z] € D,,, where
> [Tl =n.
[z]€Dy,

More precisely, they build a disjoint decomposition of D, if we only consider the first
component of the elements (y, h(y)) € Tjy). We will count those elements in all trees, that
vanish under ¢*. Since the elements can be ordered by height, we can write

[Tok(@)] = {z €Dy gf(x) =0} = Y > L (2.12)

[z)€Dy, (.)€ ()
1<k

In particular, we obtain by counting the root nodes via (2.12) and using (2.10) that
[701(9)] = IDal = 1 and | J,1(¢)] = n — |Dyl, (2.13)
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showing the special case k = 1. Define J, o(¢) = 0. Instead of (2.12), it is more convenient
to consider

50 = [Tar@\Tora@) = S 30 1 (1<k<n), (2.14)

[z]eD,, (¥:k)ET]y)

where s is the number of elements having height £. We derive that

k=1

utilizing the telescoping sum induced by (2.14), where the last equation follows by (2.9)
and (2.10). Hence, S = (s1,...,5,) describes an ordered partition of n, where s; > 1
follows by (2.13). Now, we use the properties of a tree T},) given by Lemma 2.3:

(1) A tree T}, being a labeled tree, is connected.
(2) The heights of a parent node (d,h(d)) € T}, and its child nodes (¢;, h(c;)) € Tiy
differ by 1, such that h(c;) = h(d) + 1.

As a consequence, we infer that the sequence (s, )1<,<n, counting elements of height 1 up
to n, cannot have gaps, i.e. zero elements, in the middle, such that

S = (81,...,Sl_l,O,Sl_H,...,Sn)

with some index [, where 1 <[ < n, and sy, s, > 1. Therefore, we either must have

S=(1,...,1) or S=(s1,...,5,0,...,0), (2.15)
where 1 <r < n and s1,...,s, > 1. In any case, we finally conclude by an easy counting
argument that

k
[Tok(@) =D s, >k (1<k<n), (2.16)
v=1
since S is an ordered partition of n. This shows (2.11) completing the proof. g

Proposition 2.5. Let ¢ € ® and k,n > 1. Assume that ¢,, has no cycle. Let
p={reD, : hzx)=v} (1<v<n)

and
m = 12122@ tpy > 1}
Define
T = (P1,- - Pm)-
Then m is an ordered partition of n and length m with 1 < m < n, where py,...,pm > 1.
Moreover,

k
[Jos(@) =n=> p, (1<k<m)
v=1

and |J, k(@) =0 for k > m.
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Proof. We use and extend the proof of Proposition 2.4. Regarding (2.15) the sequence
(Su)1<v<n counts elements of height 1 up to n. Therefore, we observe with m = r that

T= (pla"'7pm> - (51,...,87.)7
except for the case where 7 = (1,...,1) and m = n. By (2.10) and (2.16) it follows that

k
[Juk(@) =n=> p, (1<k<m)
v=1

Since 7 is an ordered partition of n, we have |J,, ,,(#)| = 0 and consequently that |J, x(¢)| =
0 for £k > m. O

Lemma 2.6. Let 71 = (p1,...,pm) be an ordered partition of n and length m, where

1<m<n. Then
Zl/py<nm— mn .
v=1 a 2

Proof. Let P, be the set of ordered partitions of n and length m. Define

m

o(m) = Z vp, (7 € Pom)-

v=1
We fix m > 1 for now and use induction on n. For n = m, we only have 7 = (1,...,1) €
Ppn. Then it follows that

o= (757) o= (3) s ()

Now assume the result is true for n > m. Let 7 = (p1,...,Dm) € Pnm. We set
=P, pj1, 0 F Lpjat, o pm) (1< <m), (2.17)
observing that 7T§- € Prt1.m- We then obtain that
/ . . m m .
o(r;) = o(m) +j < nm +j — 5 <(n+1)m-— 5 (1<j<m). (2.18)

The set Pp41., can be constructed from P, ,,, using (2.17). Since m € Py, has been chosen
arbitrarily, we infer that (2.18) holds for any 7" € P,11 ,, showing the claim for n +1. O

3. MATRIX PROPERTIES

Recall the n x n matrix
En(% j) = eieé'a
which only has the entry 1 at row ¢ and column j and zeros elsewhere.

Lemma 3.1. Let n > 2 and a,b,c,d € D,,. Then

E.(a,b)E,(c,d) = {En(a,d), ifb=c,

0, else.
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Proof. By definition we can write
E,(a,b)E,(c,d) = (e.e!)(e.€])) = e.(ele.)e’, = 6. E,(a,d),
using Kronecker’s delta. U

Lemma 3.2. Let A be an n x n matriz with n > 2. If A is nilpotent of degree k, then we
have

det(I—A)=1 and (I—-A)'=IT+A+ ..+ A"
Proof. We first consider the decomposition
I=(I—-A)T+A+---+ A,

since A¥ = (0. This shows that I — A is invertible with the inverse as given above. Since A
is nilpotent, there exists a similar matrix U = T—*AT, that is an upper triangular matrix
having zeros in its diagonal. Thus, we obtain that I — A = T(I — U)T~! and consequently
that det(I — A) = 1. O

Proposition 3.3. Let o € ® and n > 2. Then we have
Mu()F = Y En(¢h(z),x) (k>1).
(¢4 (z),x) €D,

Proof. We use induction on k. For k = 1, we infer by (1.4) that

M,(¢) = (em(l),"' 7e¢n(n)> = Z En(¢n(z), T).

(¢n(x),z)€DZ

Now assume the result is true for k. We then obtain that

(¢n(y),y)€ED?, (¢35 (x),2)€DF,

= Y Eudu).y)Eu(dl(2),)

(én(y),y)ED?
(¢F (z),x)eD?
y=¢k (x)

= Y EuJe(@),2).

(@n* (2)x)eD2

In the last two steps we have used Lemma 3.1 to exclude those products that provide a
zero matrix. This shows the claim for k£ + 1. U

Corollary 3.4. Let p € ® and n > 2. If ¢,, has no cycle, then
#M, ()" = |Jup(@) <n—k (1 <k<n).



12 BERND C. KELLNER

Proof. By Propositions 2.4 and 3.3 we conclude that
#M(0) = Y 1=z ¢5(@) €D} = [Jup(d) <n—k (1<k<n). O
(% (z),2)€D]
Proposition 3.5. Let ¢ € ® and n > 2. If ¢,, has no cycle, then
Mo(9)* N Mn(¢) =0 (k#1L k,1>1).
Proof. Assume to the contrary that we have

M, ()" N My ()" # 0
for some k # [. We then have an entry of both M, (¢)* and M, (¢)!, such that

En(0p(y),y) = En(h(2), z)

using Proposition 3.3. This implies that y = x € D,, and consequently ¢F (z) = ¢, (z) € D,,.
The last condition gives a contradiction in view of Lemma 2.1. U

4. PROOF OF THEOREMS

Proof of Theorem 1.3. The local function ¢,, has a cycle C(¢,, m, x) by assumption. Using
(1.5) we have

Mp(9) ey = e, (Y € C(on,m, 7).
In view of (1.2) and (1.3), ¢,, maps C(¢,, m,x) onto itself in a cyclic way. Define
V= Z ey.
yeC(Pn,m,z)
We then infer that
M,(p)v =v.

As a result, the vector v is an eigenvector of M, (¢) with eigenvalue 1. Consequently, we
obtain that .
det M,,(¢) = det(I — M, (¢)) = 0. O

Proof of Theorem 1.5. By assumption ¢,, € ¢ has no cycle.
(1), (2): By Propositions 3.3 and 3.5 the matrices M, (¢)* are binary matrices for k > 1,
which are disjoint for different exponents. The estimate
#M, () <n—k (1<k<n) (4.1)

is given by Corollary 3.4. This implies that M, (¢)" is the zero matrix and consequently
M,,(¢) is nilpotent of degree at most n.

(3), (4): By definition we have ]\/I\n(qﬁ) =1 — M,(¢). Since M, (¢) is nilpotent of degree
at most n, we obtain by Lemma 3.2 that det M,,(¢) =1 and

Mo (9)™ =T+ My(@) + -+~ + My(9)" . (4.2)
Recall that M, (¢)* N I = 0, because ¢, has no fixed points in D,,, and that powers of
M,,(¢) are disjoint for different exponents. Therefore M, (¢)~! is a binary matrix composed
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of binary matrices given on the right-hand side of (4.2). Counting entries of these matrices
above, we conclude by using the estimate in (4.1) that

n—1
SN (6) —n+Z#M (”"2”) 0

Proof of Theorem 1.7. By assumption ¢, € ® has no cycle. The properties of 7 are given
by Proposition 2.5.
(1), (2): By Proposition 3.3 we have

Mu(0) = D Eu(dh(@).0) (k=1). (4.3)
(¢ (z),x)EDF
From Proposition 2.5 and Corollary 3.4 we infer that

k

HM () = k(@) =n =D p, (1<k<m). (4.4)

v=1

Since |J,m(¢)] = 0, the matrix M, (¢) is nilpotent of degree m.
(3): Since the nilpotent degree of M, (¢) is m < n, we have by Lemma 3.2 that

My(¢)™" =1+ My(¢)+ -+ My(¢)™ . (4.5)

As already argued in (4.2) and below, the matrices of the right-hand side of (4.5) are
disjoint to each other. Counting entries we obtain by means of (4.4) that

Z Dy = Z VDy, (4.6)

0 v=k+1 v=1

-1

3

m—1
HMu(6) ™ =n+ Y #M

k=1

i

using the fact that 7 is a partition of n and thus

k m
n—Zpl,:Zpy (0<k<m).
v=1

v=k+1

Alternatively, from (4.5) and using (4.3), we derive that

m—1
Mn(¢)_1 =1+ En( ]:L(x)ax>
k=1 (¢k (z),x)eDZ
h(z)—1

. Eu(0%(x), ). (4.7)

zeD, v=1
This implies that
#IL(0) = Y hia). (4.9
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Finally, combining (4.6) and (4.8), we achieve by applying Lemma 2.6 that

#IL(0) " = 3 hie) = i v, < nim — (7;)

IG]D)n

It remains to show the structure of the inverse matrix M\n(gb)*l. Let

]\/Jn(gb)_l = (Vl, . ,Vn) :

From (4.7) we conclude for j = x that
h(j)-1
Vi =e;+ Z eg ) (1<j<n). U
v=1

5. SIMPLE PATTERNS

In this section we shall give some applications. Define an n x n sub-diagonal matrix as
n—k
Dok =Y E.(j+kj) (0<k<n)

j=1
and as a zero matrix otherwise.

Proposition 5.1. Let ¢ be induced by f(x) = x+ 1. Then ¢ € ® and has no cycle. We
have the following statements for n > 2:

(1) The matriz M, (¢) is nilpotent of degree n.
(2) We have

(3) The inverse Mn(qb)*l is a full lower triangular matriz whose entire entries are 1.

Consequently, #Hn(gb)_l = (”;1)

Proof. 1t is easily seen that ¢*(x) = 2 + k for € N. Therefore, ¢ cannot have a cycle or
a fixed point in N, hence ¢ € ®. By Theorem 1.7 we then obtain that

Mu(¢)* = Y En(¢h(2),2) =Dpx (1<k<n),
(¢ (z),2)€DZ

implying that #M,(¢)* = n — k. This shows that M, (¢) is nilpotent of degree n. Theo-
rem 1.5 provides that

n—1 n—1
Mo(@) ' =T+ > My(¢)F = D,
k=1 k=0

which is a full lower triangular matrix having only entries with 1. As a consequence, we
have #M,(¢)~" = ("11). O
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Remark 5.2. If one chooses f(z) = z 4+t with ¢t € Z\{0}, where f is defined on the
subdomain Ny in case ¢ < 0, then one similarly obtains the following shapes of the

matrix J/\J\n(qﬁ)_l, where ¢ is induced by f:

(1) Caset =1: ]\/Zn(@_l is a full lower triangular matrix shown by Proposition 5.1.
(2) Case t > 1: M,(¢)" is a lower triangular matrix with

)
My(¢)™ = > Duji
=0

For t = 2 this gives a checkerboard pattern.

(3) Caset = —1: ]/W\n(gb)_l is a full upper triangular matrix.

(4) Case t < —1: ﬁn(gb)_l is an upper triangular matrix, which equals the transposed
matrix of the case [t| > 1.

The cases t # 1 will be left to the reader. See Figure 5.1 for an example.

- SRR
i Sh et e N
e

Case n = 50: ¢ is induced by f(z) =2 — 7.
Red entries: 1, blue entries: —1.

For a second example, let P = {q1, o, ...} be the set of primes and II(x) be the prime-
counting function. Define

w:P—=P, w(g)=qgn
giving the next prime.

Proposition 5.3. Let ¢ be induced by w. Then ¢ € & and has no cycle. We have the
following statements for n > 2:

(1) The matriz M, (¢) is nilpotent of degree I1(n).
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(2) We have
II(n)—k
M, (¢)* = Z En(tj5:05),  #Ma(9)" =T1(n) =k, (1 <k <I(n)).

(3) We have
Mo =T+ > Bulang), #Mi(¢)" =n+ (H;n))-
1<j<i<II(n)

Proof. Since w*(g;) = qj+x > g; for ¢; € P and j,k > 1, the induced function ¢ cannot
have a cycle or a fixed point in N. Thus, we have ¢ € ®. By construction, ¢(z) = 0
for x € No\P. Let N = II(n), then D,, NP = {q1,...,qn}. Using these properties and
Theorem 1.7 we infer that

=z

Mol = Y E(h@)n) =Y Ealgeng) (1<k<N)

(¢ (z),x)€DZ j=1

As a result, #M,(¢)* = N — k for 1 < k < N, implying that M, (¢) is nilpotent of degree
N. The last part follows by Theorem 1.5 and reordering the above sums that

N-1 N—1N—k
V@) =T+ Y M0 =1+ Y Y Balasnt) =1+ 3 Eulawty)
k=1 k=1 j=1 1<j<i<N
Counting entries of ]/\/[\n(gb)_1 in the equation above, we finally obtain that
- N-1 N
M,(¢)™ = N —k)= . O
#ILO =t S =t ()

FIGURE 5.2. Matrices M, (¢) and M, (¢)~!

Case n = 50: ¢ is induced by w.
Red entries: 1, blue entries: —1.
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6. THE 3x + 1 PROBLEM

A variant of the Collatz function may be defined by

() = {x/Z, if x is even,

(3x+1)/2, if zis odd.

The behavior of the iterations of this function is known as the 3z + 1 problem. It is still
an open problem to decide, whether a sequence of iterations Z.(x) = (c*(x))>1, starting
from a positive integer x, eventually returns to 1 entering a trivial cycle {1,2} afterwards.
It is conjectured that all such iterations eventually return to 1. For a wide survey of the
3z + 1 problem see Lagarias [3].

There are three possible cases of the behavior of a sequence Z,.(z):

(1) It eventually enters the trivial cycle {1,2}.
(2) It eventually enters a cycle other than {1,2}.
(3) It is unbounded.

We can establish a connection between the cases (1), (2), and the given theory in the
former sections. To get rid of the trivial cycle {1,2}, we define

0, if <2,
Ge(x) = ¢ /2, if x > 2 is even,
(Bzx+1)/2, ifx > 2isodd.
Then we have ¢, € . As a result of Corollary 1.4, if ¢. has a cycle, then there exists an
integer N > 2 such that
det M, (¢.) =0 (n> N).
See Figure 6.1 for the simple shape of ]\//Tn(qﬁc) and the complicated shape of its inverse

in the case n = 50. Regarding the local function ¢, for this case, we can compute the
following parameters using Theorem 1.7:

7 =(10,4,3,3,3,3,4,2,2,2,2,2,3,2,2,1,1,1), m = 18.
Consequently, the nilpotent degree of M, (¢.) is 18 and

#M(60) " =D vp, = 348.
v=1

Remark 6.1. Zeilberger [1] asked for an evaluation of determinants of certain 2d x 2d
matrices M (d) occurring in an enumeration problem. Actually, this was intended as a semi-
joke [5], because these matrices were disguised intentionally, hiding their close relationship
to the 3z 4+ 1 problem at first glance.

Chapman [!] pointed out, that one obtains, after swapping columns of M(d), that

det M (d) = (=1)*det(I — N(d)),
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where N(d) is the matrix describing the local iteration of

r—1)/2, if z is odd,
w(a) = 0D T
3x/2+1, if z is even.

Chapman showed that either N(d) is nilpotent and det M(d) = (—1)? or N(d) has an
eigenvector with eigenvalue 1 and det M (d) = 0, induced by a cycle of ¢. Furthermore, he
established the connection to the 3z + 1 problem via c¢(z) = ¢(z — 1) + 1.

FIGURE 6.1. Matrices M,(¢.) and M, (¢.)""

ke EERERREReRRRREeRNRRVRRRRL]
ik 1T IR
“HHE Tk e T

Case n = 50. Red entries: 1, blue entries: —1.

As a last example, we consider a more complicated function with r» = 3 branches:

0, if v <1,

x/3, ifx>1and z=0 (mod 3),
(2z+1)/3, ifx>1landx=1 (mod 3),
(bx —1)/3, ifz>1and x =2 (mod 3).

or(T) =

Such functions are called generalized Collatz functions or residue-class-wise affine functions,
which can be defined for any r > 2, r being the number of branches, respectively, residue
classes (cf. [3, (4.1), p. 12]).

The modification here, that ¢,.(1) = 0, is only to prevent a fixed point at x = 1. In
this way, we have ¢, € ®. Again, we compute the parameters of the local function ¢, for
n = 50:

m=(8,2,5,5,6,4,5,84,2,1), m=11.

Consequently, the nilpotent degree of M, (¢,) is 11 and

#ﬂn(¢r)_l = Z Vpy = 267.
v=1
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FIGURE 6.2. Matrices M, (¢,) and M, (¢, )"

Lo e it R

Case n = 50. Red entries: 1, blue entries: —1.

The 3z + 1 problem, as treated in Remark 6.1, was the starting point for the author to
give a general theory here. All computations were performed using Mathematica.
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