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Abstract. We show that the Hankel determinants of a generalized Catalan sequence
satisfy the equations of the elliptic sequence. As a consequence, the coordinates of
the multiples of an arbitrary point on the elliptic curve are expressed by the Hankel
determinants.
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1. Introduction

Our main purpose in this paper is to express the solution of the elliptic sequence by
means of the Hankel determinants. The general solutions of the elliptic sequences
and Somos 4 over C have been analytically studied by the elliptic function via the
corresponding elliptic curves[23, 16, 8, 3]. Meanwhile in the integrable systems, it is
known that the Toda and Painlevé equations have the Hankel determinant formula[10].
Therefore it is natural we presume the elliptic sequence also have the Hankel determinant
formulae. In section 2, we briefly summarize the related preceding studies. The main
results and examples are shown in section 3, and in section 4 the solution of Somos-(4)
is shown by our parametrization as an application, which was obtained in [24]. The
last section 5 is devoted to the summary and the appendix describes the proof of the
theorem.

2. Elliptic sequences and Somos 4

2.1. Elliptic sequence

An elliptic sequence is defined by the equation
Wm+nWm—n = m—i—le—le - Wn—l—an—lWi; m,nc 7. (1)

It is easy to show W_,, = —W,,, and there is no loss of generality in taking W; = +1.
If {W;} is an integer sequence and W,, divides W,,, whenever n divides m, the sequence
{W,} is called elliptic divisibility sequence (EDS). Morgan Ward|[23] showed that {W;} is
an EDS if and only if W5, W3 and W, are integers, and W5 divides Wj. He also showed
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that the elliptic sequence may be parametrized by the Weierstrass sigma function o(z)
as
W, = o(nz)/o(2)" (2)

for the case WoW3 #£ 0, from which the name elliptic comes. The sequence with this
condition WyW3 # 0 is called proper{23].
In the case n = 2, the equation (1) turns into

WinsoaWim—o = WaW Wy — WiWaW2 (m > 3), (3)
and
Tn—lrirn-i-l = W227“n - WiWs, (4)
with the definition
W1 W,
EES % (n #0). (5)

Note that this type of equation (4) is the special case of QRT mappings[15, 16]. The
elliptic sequence {W,,} has one conserved quantity I = I,,, which is independent of n:

W oW, Wo\* W2 W 1 W,
Wn—IWn Wl Wn—IWn+1 Wan—l—l
= Tp_1Tn + (Wg/Wl)z/’f’n + nTpat1-

I, =

Let E be an elliptic curve over a field K that is given by Weierstrass form [17, 21, 18]
y? + crxy + ey = 2 + cox® + ey + g, (7)

and the constants by = ¢ + 4cy, by = cic3 + 2¢4, bg = 2 + 4dcg and bg =
clcg — ciczcy + degcg + cocs — 3. Let P = (x1,y1) be a point on E. The division
polynomials 1, = ¥, (x1,y1) are defined by the following recursion:

Yo =0,

v =1,

e =2y + ar + s,

vy = 3:811 + bgl’i’ + 364:17% + 3bgx1 + b,

Yy = Pa(225 + box} + Bbyxy + 10bex + 10bg; (8)

+ (bobg — babg )1 + bsbs — b2),
VYopt1 = ¢2¢n+2 - ¢n—1¢2+1 (n > 2),
VYo = (V2 _1¥nt2 — noth2 )0/t (n > 3),
Yon = —tn (n<0).

These polynomials are essentially the elliptic sequence, namely, W,, = 1, (x1, y1) because
the recursion relations (8) coincide with (1) in the case m =n+ 2 or n + 1:

WaWo = Wn(W3—1Wn+2_Wn—2W3+1)7

9
W2n+1 = Wri’Wn+2 - Wn—IWS+1- ( )
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n

The coordinate (z,,y,) of the point nP := P+P+---+ Pon E is expressed by
the division polynomials as

oy (alery)  walen )
nE = ) (%z(ffl,yl)z’ @Dn(ﬂfl,yl)?’) ’ 10)

where 0, (21, 91) = 2100 (21, 91)* = Yno1 (21, Y1)¥nr1 (21, 91), and if char(K) # 2 and
1 n(T1,
n#0, wu(r1,91) = Von (@1, 1) - (Clen(xlvyl) +C3¢n(x17y1)2) ¢n($17y1)) 21, 17].

2\ Un(21, 1)
These relations are fundamentally of the elliptic functions

p(n2) = 9(2) = Gnr1(2)Pn-1(2)/n(2)%,

where ¢,(2) = a(nz)/o(2)”. Let Q = (¢x,qy,) and Q +nP = (T,,7,) be also the points
on E. The relations among z-coordinates ¥,, namely, o functions, are presented in
8, 14],

€n—1€i€n+1 = ¢2(36’1, y1)2€n - ¢1($1, y1)¢3(~”€17 yl)v (11)

where e, := x; — T,. Note that (11) is also the special case of QRT mappings, in
which e, is shifted from r, by the translation Q[14, sec. 4]. Let us finally define

the sequence {Sn}nzo by way of s, 15,41 = e,s> and initial values s, s;. This
transformation yields the Somos 4 equation (13) from (11) with a; = 1y(z1,y1)? and
ay = —1(x1,y1)s(z1,91). In the next subsection, we will briefly sketch the Somos
sequences.
2.2. Somos 4
For k > 4, the Somos k sequence {s;} is defined by

[k/2]

SpSn_k = Z QiSp_iSn—kvi (M > k). (12)
i=1

As the special case of the coefficients a; = 1 for all 7 and the initial values so = s =

- = $g—1 = 1, (12) gives the original Somos-(k) sequence[20, 7]. The surprising fact
for 4 < k < 7 is that the Somos-(k) generates only integers s, for all n. This integrality
is now understood as the Laurent property|[6, 9, 11]. In this paper, we will consider only
k = 4 case;

Sn—2Sn12 = Q18p—18n4+1 + Qas, (0 > 2), (13)

where o and ay are the constant coefficients, and sy, s1, o and s3 initial values. If we
choose the six values aq, as, Sg, $1, S2 and sz, then s, for n > 4 are uniquely determined
unless s, 4 = 0. The equation (3) is apparently a special case of (13) with a; = W},
ag = —W1Ws, s = Wy, s1 = Wy, s9 = Wy, s3 = W3. On the other hand, the result in
section 2.1 says that (13) may be obtained from (3) if «; is square or quadratic residue;
that is, (13) follows from the elliptic sequence with W5 = +,/a7, W5 = —ay and the
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sequence s, 15,41 = €,5> with e, that is specified with E, P and Q. The solutions of

(13) is expressed as

S
Sy = nl_l el tel ey (14)
S0
by e, eg, -+, e,-1 and the initial values sy and s;. In the paper[14], the following
identities
W%Sn—tsn—l—t = Wtzsn—msn—l—m - Wt—th—l—mSiu (15)

Wme—i-lSn—tSn—i-t—i-l = VVtVVt—i-lsn—mSn—i-m-‘rl - VVt—th-i—m—i-lsnsn-l—la (16)
were shown, as the title says “Every Somos 4 is a Somos k” for k > 5.
Let us define the Hankel determinant H\™ for m,n > 0 of the given sequence

{ao, ai,as, .. } as

CLm afm—‘,—]_ tee a'm—i-n—l
_ Am+1 Am+y2 Am+n
Hr(zm) = (am+i+j)2j:10 - (n=1), (17)
Um4n—1 Omi4n *°° Am42n—2
and the convention Hém) := 1. The sequence of the Hankel determinants for m = 0,

{HSO), Hl(o), HQ(O), . .}, is usually called the Hankel transform [13] of {a,}. In [1], Paul
Barry studied the families of generalized Catalan numbers with three parameters:

1 (n=0)

bp=% o (n=1) : (18)

by + Bbpz + 7 S bibyaey (0> 2)
where o, f',+" are constants. He conjectured that the Hankel transform of {b,} satisfies
(13) by s, = H”, oy = o292, a = v"2(B'++')2— a’2y’3. This conjecture was proved by
Xiang-Ke Chang and Xing-Biao Hu[4]. Note that Somos-(4) seems not to be included
in this parametrization. The original Somos-(4)was solved in [24].

3. Solution of elliptic sequence by Hankel determinant

3.1. Main theorem

Let a,b and ¢ be constants over a field K and suppose the following sequence {a,}:
ag =a,a; =b,a3 = ¢, Ay = Zaian_,- (n>2), (19)
i=0

which is similar to {b,} in (18). We refer to (19) as the (a, b, ¢)-Catalan sequence. The
so-called Catalan numbers may be retrieved from the (1, 1, 2)-Catalan sequence. By
means of the Hankel matrices whose elements are the (a, b, c)-Catalan, we also define
the sequence {W,,}

nez’
W2n+1 = (_l)an(Ll) (nZO)
Wanie = o"HPW, (n>0) (20)

W_, -W,

—~

n >0

~—
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and impose one constraint W, = o(2ab — ¢) with an arbitrary constant sign o = +1.

For example, first few terms are calculated as
(

W o= -Ww, = -1
Wo = 0
w, = HY =1
W,
e (21)
W, = ocHPW, = oclWy
w; = HV = b+ 2abc — A
Ws = o2HPW, = —b(b® + 2abe — 2¢2)Ws
\ .
from a9 = a, ag = b, ay = ¢, a3 = b* + 2ac, ay = 2(2a%c + ab® + be), a5 =

4a?b? + 2b® + 8adc + 8abc + 2, - - -. Note that Wy is not defined in (20) since ¢ = 1 and
Hé2) = 1. The following is our main theorem and the appendix is devoted to the proof:

Theorem 1
The double-sided infinite sequence {W,,}

(3).
This parametrization by (a, b, c) of the elliptic sequence {W,} is almost general:
Let us consider (20) over a field K such that char(K) # 2. We may determine the

(a, b, c)-Catalan sequence (19) from the four initial values Wi(= 1), Wy, W3, W, of the
elliptic sequence by

o [[4 4 [[4
_ w. b= —W —0— 22
“= o, <W2+ 2)’ S T (22)

as long as the sequence is proper (WyW3 # 0). Conversely, given (a,b, c)-Catalan

ez defined above satisfies the elliptic sequence

sequence, the corresponding elliptic sequence should satisfy
Wy =0c(2ab—c), Ws=—b W, =oacW,.

Provided that o(2ab — ¢) have the fourth root, the equation and its solution exist. If
especially K = R, choosing ¢ as the same sign of (2ab—c) always yields Wy = {/|2ab — ¢|.
We note that the parameter a in (22) is essentially p”(z) in the case K = C [23].

For EDS, the parameter a is not necessarily integer. The following is apparent from
the above arguments and [23], since W, W3 and W, become integers and W, divides
Wy

Corollary 2

Let W5, b and ¢ be integers and o = £1 an arbitrary sign. Then we always obtain EDS
{W,} by (a,b, c)-Catalan sequence, where a = (cW3 + ¢)/(2b) if b # 0, otherwise a is
arbitrary (b=0).
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3.2. Curve and point sequence

As shown in (10), the elliptic sequence leads to the point sequence {nP}, . Hereafter
we limit ourselves to the case of char(K') # 2,3 and W5 # 0 for simplicity. Suppose the
elliptic sequence {W,} by (a, b, ¢)-Catalan sequence. Then comparing (21) with (8), we
may express the point P on the curve E : y? = 23 + gox + g3 associated with the elliptic
sequence as

a’—b 1
P = (21,11) = (W’ QWz) ;
2

(a* + 4a®b + b* — 3ac) = —3z7 — oa,

T

g3 = yi — 15 — gowy = 225 + yi + cazy,

and therefore

Wn—1Wn+1 W2n
0P = (o) = (00 = st Y2 2

from (10). Solving these relations reversely yields the following:

Corollary 3
Suppose the point P = (x1,y1) on the curve E : y*> = 23+ gox+g3. Then the coordinates
of nP are given by (23) through (a, b, c)-Catalan sequence with

a = —o(32 + g),

b = — 3z — 6go] — 129371 + g3,

¢ =20(a] + 59271 + 20507 — 5g5a] — 4gagst1 — g5 — 893),

Wy = 2y,

where 0 = 41 that is the common arbitrary sign.

We thus obtain the solution of the coordinates of nP by means of the Hankel
determinants. The conserved quantity in (6) are also obtained as I = —2ca from
the initial conditions of the elliptic sequence {W,,}.

3.3. BExamples

In this subsection, we show some examples of parametrization from typical elliptic
sequences.

Example 1

Suppose the solution W, = n of (1), which seems to be simplest as in [23].
Notwithstanding, our representation becomes more complex than it looks. The
corresponding parameters are given as a = —30, b = —3, ¢ = 20,0 = 1 and W, = 2.
Simple calculations show

{a,} " ={—30,-3,20,-3,60,—14,360, —99, - -}, (24)
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and
HY =1, HY = -3 Y =5,... . HD = (—1)"(2n+ 1), - - -,
H® =20 H? =3 H® =40, H® =6"(n+1),---.
The sequence (24) with o = +1 for n > 1 is A184881 in [22];
9 — 2, —2n 42
1

—2n, —2n 4

2F1 1 ’

— ol =1,

where , I, is the hypergeometric series. We note that this example is the singular case

y? = 23,

Example 2 ((1, 1, 2)-Catalan sequence)

The parameters a = 1, b = 1, ¢ = 2 gives Wy = 0 and the Catalan sequence
a, = C,, = L ( 2n ), which leads to
n+1 n
1 (n=1mod4)
W,=< —1 (n=3mod4) forall n.

0 (otherwise)

This example follows from the well-known facts that the Hankel determinants of the
Catalan numbers are H\" =1 and HY) = n+1 forn >0 (cf. (A.3)).

Example 3 (Fibonacci sequence)
The parameters a = —c/2,b=2,c = =30, Wy = 1,0 = £1 yield
{a,}7"y ={—0/2,2,-30,7,—190,56, —1740,561, - - -}
and
W, = (-1 Ve=22p © p —F,_ +F, ., F=0 F=1,
which is the Fibonacci sequence with signs. For the case of 0 = —1,
{a.}oo o =11/2,2,3,7,19,56,174,561, - - -}

is the sum of adjacent Catalan numbers[5] and A005807 in [22]; that is, a,, = Cy,—1 + C,,
with the convention C_; = —1/2 that satisfies the relation of Catalan numbers
(4n + 2)C,, = (n + 2)C,4+1 to negative direction.

Example 4 (Integer factorization)

Let us consider Lenstra’s elliptic curve method (ECM) to find a factor of N = 5429 =
61 x 89 (example in [12]). Suppose, for example, the elliptic curve E : y* = x3 + 2z — 2
over Zy, and let P be the point (1,1) on E that are randomly chosen in ECM algorithm.
We then numerically obtain

2P = (4076, 3384),---,36P = (97,2928),---,72P = O,
where O is the point at infinity. In this case, ECM finds an non-invertible element in

the y-coordinate of 36 P due to the fail in addition-formula for 36 P + 36 P. Thus we
obtain one of the prime factors ged(2928, N) = 61.
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The parameters corresponding to the curve E and the point P above are determined
as
a=—50, b=13, c=—1460, Wy =2, o==1

from (8). By these parameters, numerical calculation indeed yields gcd(Hé?, N) =61
because the denominator of T2P is 173(P) = Wiy = UW2H§? from (10) and (20). Note
that the naive calculation of determinant is typically of cubic-order of the matrix size.
There is no significance for application as is, compared with the addition-and-duplication
method[17, section 3.4] by (9).

3.4. Equivalent sequences

Two sequences {W,} and {Wn} are said to be equivalent if and only if there exists a
constant # # 0 such that W, = #"°~'WW,[23]. Suppose the transformation a; = 6"*'a,.
This transformation leads to

namely, (fa, 8%b, 03c)-Catalan sequence. Let the corresponding Hankel determinants and
the elliptic sequence by (6a, 62, 3c)-Catalan sequence be A and {W,}, respectively.
We then obtain

If n is odd, taking n = 2k + 1 yields W,, = Wopy1 = (—1)’“?],&” = (—1)k9k(k+1)H,gl) =
(0YH* =1 W, Otherwise n is even, n = 2k + 2 yields W,, = Wajpg = a’“WQH,f) =
ok (634, (0D HP) = (94/4)"* 13, Thus (6, 62b, 63¢)-Catalan sequences for all
0(+ 0) are equivalent to (a, b, c)-Catalan sequence if §'/* exists over K.

4. Solution for Somos-(4)

The solution of the original Somos-(4), which is the case oy = @ = 1 in (13), was
obtained in [24]. The aim of this section is to express the solution via our parametrization
from an elliptic sequence. The first few terms of

Sn—28n42 = Sp_15n41 + 52 (W >2), sy =6 =8y =53=1. (25)
are calculated as

Sg =81 =8y =583=1,84=2,85=3,8=7,57 = 23,58 = 59,59 =314, - - -,
and the sequence {e,} is determined as

e1=1,e0=1,e5=2e4=3/4,e5 = 14/9, e = 69/49, e; = 413/529, - - -
from e, = s,,_15,.1/52. Choosing m = 1 and t = 2 in (15) leads to

2 2 2
Wl Sp—28n42 = W2 Sn—18n+1 — W1W3Sn,
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and results in W} =1 and b= —WW3 = 1. Choosing m =1, ¢t =3 and n = 3 in (15) also
leads to
W2sgse = Wisysy — WolWys3,
and a = —20, ¢ = —b0 via Wy = acW,. Therefore these parametrizations yield
Wi aWoya = Wi Wiy + W2,
Wo=0W,=1,Wi=1Ws=—1,Wy=—5Wy, W5 =—4, Ws = 2905,
W7 =129, W = —65Wy, Wy = —3689, Wiy = —16264Ws, - - -,
I = —20a =4,
where each W, (n # 2) is already determined by not numerical way but the Hankel
determinant through (—20, 1, —50)-Catalan sequence at this stage. We also obtain
r1 =0, =—1,r3 = =5,ry =4/25r5 = —145/16,r¢ = —516/841, - - -,
where 7, = W,_1W,.1/W2, and the elliptic curve E and the point P on E:

E:y’ =2+ gpr+gs, go=-1,95=1/4,
P = (931,?/1) = (1,W2/2)-

Next we solve the translation @ from Q + P = (Z1,7;1) and @ + 2P = (Zs, §a).
Because the z-coordinates are calculated as 7y = 1 —e; = 0 and Ty = 21 — ey = 0 from
r1 =1 and e; = e5 = 1, we may obtain

2Q+3P =0 (26)

and Q = (¢z, qy) = (—1, W2/2) due to P # O. Note that this relation Q@+ (Q+3P) = O
follows from the fact that Somos-(4) sequence is even with respect to n <> 3—n, namely,
S3_n = Sp.

By these parametrizations, Somos-(4) may be solved. The z-coordinate z,, of Q+nP
is calculated by addition formula,
\ — Qy — yn’

qz — Tn
due to ¢, # x,, namely, nP £ @Q # O. If not, nP £ @Q = O gives (2n + 3)P = O, and
this contradicts that the point P is of infinite order, which follows from the Nagell-Lutz

= 2
zn:A — Gz — Tn,

theorem[19] with the fact that the coordinates (4z,,8y,) contain non-integers. From
lengthy calculations, we may obtain

enp =T1 — Tp,
= ((Tn+1 +2)r2 — 8, + 4) /(2 —1,),
and furthermore,
Cnenis = fo1fnr1/f3,
where we define f,, := 2W?2 — W,,_;W,, ;1. These relations with (14) yield

s 8n+3
_ 1 n—1_n—2 1 n+2 n+1
SpSn43 = (Fel €y ‘6’n—1) (8”+2 €1 €y - '€n+2)
0
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2n+3

8 — —
= 8(21)%1‘3?”‘33“6?(6164)” 1(6265)n 2'"(€n—2€n+1)2(€n—16n+2)1

e g (BR) (B (£A) . (Bah
8(2)n+1 1 2 3 f12 f22 fg? n2—1

8%n+3 On—l
2 1
= 2n+1 e?-i_ e;H_ 6? X fn fn
S0 1

where the last equality follows from the constants so = s; =1, e =1, e =1, e3 = 2,
fo=2W¢—-W_ W) =1, f = 2W? — WyW, = 2. Solving (27), we obtain the following
formula:

Jom+k—3fom+k—9 " frt3

Sem = Sk, 28
ok Jem+k—6Semsk—12" " fr g (28)
where m > 1 and 0 < k < 5, and each f,, is given by (20) as
fon = 2W3, — Wap_1Wappy
- 2(H®J2+fﬂﬂﬂﬁ>

fons1r = 2W3, 1 — Wo,Wapio
- Q(Hﬂﬁz—aﬂﬂhﬂfl
Note that not only Somos-(4) but Somos 4 have solutions of this type.
The above relation (27) recursively defines s;. In Somos-(4) case, we may obtain
simpler form by means of (26). Let R be the point (0, W5/2), then (26) yields P = 2R,
@ = —3R and Q + nP = (2n — 3)R. Note that ) + nP are generated by only R. This
special property of Somos-(4) leads to the following: Suppose
E: =2+ gr+gs, g2=-1, gs=1/4,
R =(0,W3/2),
then the corresponding {nR}, is given by the elliptic sequence W, through
a=o0, b=1 c=o, W22:1, o==1
Wn—2Wn+2 = Wn—lwn—l + Wg, Wl =1, Wi’) =—1, W4 = W2-
We obtain the z-coordinate z,, of Q + nP as z, = —W2n_4W2n_2 / W;n_?). This yields
another formula for e, as
en =1 — Tp
=1+ W2n—4W2n—2/W22n_3
= W2n—5W2n—1/W22n—37

and the dependent variables s,, as

_ n—1 _n—2
Sn — n—1 61 62 A en_l
S0

A A n—1 A A n—2 ~ ~ 1
. S? 6n_16n_2 W1W5 W3W7 Wgn_7W2n_3
= —7€1 9 — = Ce f
SO W3 W5 W2n_5
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n Tn—3
- 51 en—len—2 Wl W2 5

=AY, (30)

where the last equality follows from the constants so = s1 = 1, e; = 1, eg = 1,
Wi=1,W;=—1and W,,_3 = (—1)”_21%(}_)2. Here the matrix elements in the Hankel
determinant f[r(f_)Q are (0,1, 0)-Catalan numbers. As a result, the solution of Somos-(4)
is expressed by the single Hankel determinant, which coincides with [24, 2].

Example 5 (n = 6)

Let us verify the above argument in the case n = 6 as an example. We first calculate
the (a,b,c)-Catalan sequence by (19); ap = a = =20, a1 = b =1, ay = ¢ = —50,
az = 2apas + a3 = 21, ay = 2(apaz + a1az) = —940, as = 443, ---. Note that this
sequence corresponds to {nP}. The equation (27) indeed yields

2
fo=2 () + gV HfY

2

a; Gz ds
S I T el N PR
as ay a9 as
as a4 das
2 _

50 21 1 —50 : oo 21
=2| 7 o 50 21 —940
g g 91 —940 443

=2-29% + (—4)(—129)

= 2198

=7-314

= 56Sg9.

Next we verify (30). Since the parameters that correspond to {nR} are a = o,

b =1, ¢c = o, and we obtain the sequence as ag = a = 0, a1 = b =1, as = ¢ = 0,
az = 2apas + a? = 3, ay = 2(apaz + ajaz) = 80, as = 23, - - -, which is A025262 in [22]
in the case 0 = 1. The equation (30) yields

a; Ay az Qq4 1 o 3 8c
o — ay a3 aq4 as | | o 3 8 23 | 7
6= as a4 a; ag| | 3 8o 23 680 |
as as g Q7 80 23 680 207

5. Concluding remarks

In this paper, we give the explicit formulae for the elliptic sequence by means
of the Hankel determinants. The formulae are being expected to contribute to
enumeration in combinatorics or algorithmic number theory through elliptic curves
because determinants have linear algebraic structure behind them. As an application,
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the solution of Somos-(4) by Hankel determinants is shown through the elliptic sequence.
The prime appearing and co-primeness of the general Somos 4 will be future problems.
Integrable aspects of combinatorics or number theory seem to be interesting future
problems, for example, application of Toda and Painlevé equations in a similar manner
will also be interesting[10].
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Appendix A. Proof of theorem 1

In this section, we prove theorem 1. In the case 0 < n < 2, (3) may be easily checked.
For n > 3, let us substitute n =2k + 1 or n =2(k+1) (k> 1) into (3), depending on
the parity of n:

2
H Y, + (= 2a0) 82 1P~ b (87) =0, (A1)
2
W2 {H,ﬁ?lH,gi)l + 1 H, - () } ~0. (A.2)

If Wy =0, (A.2) trivially holds and (A.1) reduces “Somos 2”:
2
a0 (BD) (A3)

due to ¢ = 2ab. This “Somos 2” may be solved as H" = 57™+1/2 (¢f. Example 2). This
solution therefore reproduces Wo, 11 = (—1)"0""*V/2 and Wy, = 0 for n > 0, which
was shown in [23, Thm. 23.1].

Hereafter we assume W5 # 0. Then (3) is equivalent to the following two equations
with the definition (20);

2
H Y, + (= 2a0) 82 1P~ b (87) =0, (A4)
2
2) (2 1) (1 2
a2 + al e - (BP) = o. (A.5)
The proof of these equations is similar to [4]. We first prepare the several notations;
k—1
By := ay, By, == a;, — Zain—i-i-l/al (k> 3), (A.6)
i=2
L(m) = L(m) = B, = A
o =U Ly = Dy = ay, (A7)
B2 A Um41 - Qmi4n—2

B3 A1 Am+2 " Am4n—1
Lm .

—

n>2), (A.8)

Bn+1 Am4n—1 Om4n  *°° Am+4+2n—3
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Ml(m) = Bg, (Ag)
B3 Am Qm41 *° Qm4n—2
B Am Am R I
M= TH T m>2). (A.10)
Bn+2 Am4n—1 Gm4n  *°° Am42n-3

Note also that By is the invert transform of ay[13].

Proposition 4
Forn > 2,

n—2 |12 (1) N 2)
Hél):{b [b HY, + (2ab c)Ln_l] (b 0) (A1)

e H,, (b=0)

Proof

In the case n = 2, (A.11) follows from direct calculations under the convention (A.7).
For n > 3, subtracting >~ (ith column) X a,_,_; and ((n — 1)st column) x 2aq from
nth column of HT(LI), we obtain

ap - Ap—1 (07%
as - (079 Ap+1
HL —
n

Ap - Qap—2 Q2p-1

al . .. an_l 0

[ ap a10n—1
n—

Qp = A2p—2 Zizl A;Aop—2—i

By similar elementary column additions from (n — 1)st to second column, we obtain

aq Qa9 — 2&0@1 0 s 0
a2 aia a1G2 te a10p—1
HWY =| a3 aay+aa;  ajaz+agag - aran, +aga,1 | (A12)
n—1 n—1 n—1
G, Zi:l A;Ap—; Zi:l A;Gp41—; Zizl A;(2n—2—4

Next, let us consider the cofactor expansion along the first row. The (1,1) minor of
(A.12) leads to a?‘leLI_)l due to the row additions from above to bottom. The (1,2)
minor of (A.12) equals

a2 a10ag s a10p_1
as aias + 209 s a1ay, + AoQy—1
(A.13)
n—1 n—1
n Zi:l e e A Zizl A;A2p—2—i

In the case a; = 0, (A.13) yields ag_lH,(f_)2 by the row additions. Otherwise a; # 0,
(A.13) is as follows: By subtracting the first row multiplied by (as/a,) from the second
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row, (A.13) turns into

a2 a1G2 <. A1y
/o ne h i , (A.14)
An Zyz_ll Ailpt1—i - Z?;ll QiG2n—2—i
and by repeating the similar row additions from second to nth row, we obtain
By az az -+ an
_9 B3 as Qy o Qp, —27(2)
e . |=a L. (A.15)
Bn Ap  OGp41 0 A2p—3
Combining these results and replacing ag = a,a; = b, ay = ¢, we obtain (A.11). O
Proposition 5
Forn > 2,
MY, (b0
HY = @ (b70) (A.16)
—C Ay g (b = O)
Proof

In the case n = 2, (A.16) follows from direct calculations under the convention (A.9).
For n > 3, subtracting >_—7(ith column) X a,_,_; and ((n — 1)st column) x 2aq from
nth column of HT(LI), we obtain

a - Ap—1 (079
ag - (07% An+1
1) —
H)W =
Ap -+ Qap—2 Q2p-—1
a -+ Gp-1 a10n—2
Qg -+ Gp  A10p_1 T+ A20p_2
n
Qp = A2p—2 Zizl A;Aop—2—4

By similar method in the previous proof, we obtain

a1 az a1aq a1G2 T a1Gp—2
H7(11) _ (5] a‘s ai1ag + azaq a1a3 + a0 - A10p—1 T A20p—2 (A17)
Ap  OQpyl Z?:l Qi Qp41—i Z?:l QiGpy2—5 - Z?Zl A;Aop—2—i
In the case a; = 0, the cofactor expansion along the first row gives HS" = —angLZ_)z.

Otherwise a; # 0, (A.17) is as follows: By subtracting the first row multiplied by
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(ag/ay) from the second row and repeating the similar row additions from above to

bottom, (A.17) turns into

a1 a2 a1a1 @109

2
H(l) 0 as — CL2/CL1 a1ao aias
N =

n n
(07% Ap+1 Zizl A;Ap4+1—; Zizl AiQp42—;

a1 a2 aiay @102 s (1Qp—2

0 Bg a1a9 ai1as a1Ap—1
0 Bnyi a1an, 410541 a1G2,-3
n—1 (2)

ay M~

This ends the proof of (A.16).

Proposition 6

Forn > 1,
O _ { LY (b #0)
" HY (b=0)
Proof

a10p—2
a1ap—1

n
Zizl A;Aon—2—;

(A.18)

In the case n = 1, (A.18) follows from direct calculations under the convention (A.7) as

H(g) _ bOLgl) = BQ =C (b 75 O)
AHY =¢ (b=0)

For n > 2, subtracting >~ (ith column) X a,_,_; and ((n — 1)st column) x 2aq from

nth column of Hy(?), we obtain

as vt (079 An41
asg - Qpyl QApy2
(2) — n
H® = . .
Apy1 -+ A2p—1 Q2
a2 s ap, a10p—1
10y + A20,_1

as S N |

n
Qpt1 - Q2p—1 Zizlﬁliazn—l—i

By similar elementary column additions from (n — 1)st to second column, we obtain

a2 ayay a10as
as a102 + G201

a1a3 + a0

n n
an+1 Zi:l AiGn+1—i 2121 AiGn+2—i

a10n—1

a1Gn + A20p_1

n
Zizl A;(2pn—1—4
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In the case a; = 0, the cofactor expansion along the first row yields ay H, (1 ) Oth-
erwise a; # 0, by row additions similar to (A.14), we obtain a}~ 1L$L). Thus, by
ap = a,a; = b,as = ¢, we obtain (A.18). O

Proof (Equation (A.4) and (A.5))
We first prove the case b = 0. In this case, (A.11) and (A.18) reduce to

HY = —H?, (n>2), H"Y=b=0, H"=1

n

n—2
H® =cHY (n>1), HP =1.

n —

Then (A.4) and (A.5) hold as follows:

Y

Hk 1H1£+1 + (c— 2ab)H H}gz) S <H]g1)>2
— oM HY, + cHP HP
=0,

a2 HE + HOHY, b (H]g))?
=02\ HY), + 1Y

+1
=0.

Next, we consider the case b # 0. Since Wy # 0 is assumed, we obtain 2ab—c = oW # 0
and

1
L(2) _ 1 1 g _ b2H(1 (A 20)
o — e \ 2 n=l ) '
1
M2y = o HY, (A.21)
from (A.18), (A.11) and (A.16), respectively. The Jacobi identity for determinant
i J J
A A=A A —A A A.22
k1 k l l k ( )
where A Z,l o Z," denotes the minor of A without iy, - -, i,-th rows and j1,- - -, jn-
jl P jTL
th column, is well-known. Applying the following n X n matrix
0 1 0 e 0
B2 A Am41 o Omyn—2
A= B3 Am+1 Q42 o Amyn—1
Bn Um+4n—2 Ami4n—1 *°° Gm42n—a

to (A.22) withi =k =1, j = [ =n yields

n—
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Substituting (A.19) and (A.20) into (A.23) with m = 1, we obtain (A.4). Applying

B2 A my1 - Omgn—2
A= Lgm) _ B3 Am41 Am42  *° Qmin-—1
Bn+1 Um4n—1 Omi4n *°° Am42n-3
to (A.22) withi =k =1, j =1 = n yields
L H"Y = B L - MV T (A.24)
Substituting (A.19) and (A.21) into (A.24) with m = 1, we obtain (A.5). These com-
plete the proof of the thorem. O
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