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ABSTRACT. Let G be a finite group and p a prime number. By a theorem of K.S. Brown, the reduced Euler
characteristic of Sg+*, the poset of nonidentity p-subgroups of G, is a multiplum of |G|y, the p-part of the group
order. We prove here an equivariant version of Brown’s theorem for the case where G is equipped with an action
of a finite group A. The equivariant version asserts that the reduced Euler characteristic of ng+* (A), the poset of
nonidentity A-normalized p-subgroups of G, is a multiplum of |Cg(A)|p, the p-part of the centralizer order.

We also examine the higher equivariant Euler characteristics xr (Sg”, G), r > 0, introduced by Atiyah and Segal,

for the conjugation action of G on Sg_*. We observe that the rth equivariant Euler characteristics can be computed
in the class function space from a virtual rational representation of G, the rth Euler class function. The second
equivariant Euler characteristic is especially interesting in connection with the Knoérr—Robinson conjecture.

1. INTRODUCTION

Let A be a finite group and C a finite A-category. For any subset X of the action group A, the X-centralized
subcategory, C¢(X), is the subcategory of C consisting of all C-morphisms ¢ %5 d such that ¢* = ¢, d* = d and
©* = ¢ for all endofunctors = in X. Atiyah and Segal [4] define the rth, r > 0, equivariant Euler characteristic to
be the normalized sum

1
(@A) = > x(Ce(X)
XeC,(A)
of the Euler characteristics of the X-centralized subcategories as X ranges over the set C,.(A) of commuting r-tuples
in A. We are implicitly assuming for instance that C is an El-category so that X-centralized subcategories have
Euler characteristics in the sense of Leinster [23].
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Alternatively, the equivariant Euler characteristics may be computed in the virtual rational representation ring
Q ® Rq(A) of A: The rth equivariant Euler characteristic is the character inner product

xr(C, A) = (ar(C, A), |CA|>A
of the rth Euler class function of (C, A),
ar(C,A): A— Q,z = xr—1(Ce(x),Cal(x)), r>1,

and the permutation character |C4| for the action of A on itself by conjugation (Definition 2.10).

An especially interesting case of this general set-up arises when G a finite group, p is a prime, and C = Sg+* is
the Brown poset of nontrivial p-subgroups of G, and A = G acts by conjugation. The G-poset Sg’” has equivariant
Euler characteristics XT(SZJF*, G) defined for every r > 0. We shall mainly focus on the cases r = 0,1,2 as the
significance of the higher equivariant Euler characteristics for > 3 remains unclear (Remark 2.17). It seems that
these three first equivariant Euler characteristics carry some interesting information. For r = 0 it is immediate from
the definition that the equivariant Euler characteristic of the Brown poset

Xo(S&™,G) = x(S&)/IG
is simply the usual Euler characteristic divided by the order of G. The strong form of a conjecture by Quillen
asserts that

Xo(SET,G) =0 <= 0,(G) #1
For = 1, Webb [38] proved that
X1(SE™,G) =1

when S%* is nonempty. For r = 2, Knérr and Robinson [20, 37] conjecture that

X2(SE", G) = K(G) = 2(G)

The Knérr—Robinson Conjecture is known to be equivalent to (the non-blockwise form of) Alperin’s Weight Con-
jecture. (See Notation 1.4 for explanations of the symbols k(G) and z,(G).)

A little more generally, suppose G is an A-group. The poset Sf, of p-subgroups is then an A-poset. The objects
of the centralized subposet ng (A) are the A-normalized p-subgroups of G. For any such A-normalized p-subgroup
H of G, the sub-quotient Ng(H)/H is an A-group with associated centralized Brown poset, CS'];:TJr*( (A). The

G(H)/H

main result of this paper explores the local Euler characteristics given by the function H — —X(Cgp+~ (4))
Ng(H)/H

defined for H € Cgr (A). It is easy to see that this function vanishes off the poset Cgpiraa(A) of A-normalized
G
G-radical p-subgroups of G (Lemma 3.10).

Theorem 1.1. Let G be a finite A-group and p a prime.
(1) If |Cq(A)p| denotes the number of p-singular elements of G centralized by A then

Y X(Care  (A)[Cu(A) = |Ca(A)y]

P
Ng(H)/H
Hecsg+rad (4)

(2) For any A-normalized G-radical p-subgroup H of G
> —X(Cgri-  (A)) =1

NG (K)/K
HSKGCSP-%—rad (A)
G

where the sum runs over the set of A-normalized G-radical p-subgroups K containing H.
(8) If |Cq(A)|, denotes the p-part of the order of the centralizer subgroup then

Ca(A)y | U(Cgpee (A)

The proof of Theorem 1.1, to be found in §3.2 and §4.2, is obtained by analyzing the Euler characteristics
of the orbit category OF of p-subgroups of G and (a category related to) its A-centralized subcategory Cor (A)
(Propositions 4.6, 4.6, 4.25, 4.27). Theorem 1.1.(1) expresses the number of A-centralized p-singular elements in G
as an affine combination of the number of A-centralized elements in the G-radical p-subgroups of G. The divisibility
statement of Theorem 1.1.(3) follows from this affine relation by induction over group order.

By the theorem of K.S. Brown [8], reproved by Quillen [27] and Webb [38] among others, the p-part of the group
order divides the reduced Euler characteristic of the Brown poset. Theorem 1.1.(3) is an equivariant generalization
of Brown’s theorem.
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In the special case where A is trivial, item (3) of Theorem 1.1 reduces to Brown’s theorem while item (1),

(1.2) Z _%(S%Z?H)/HNH‘ = |GP|
HespH

expresses the number of p-singular elements in G as an affine combination of the orders of the G-radical p-subgroups.
Frobenius proved in 1907 (or even earlier) that |G|, divides |G| [11, 17]. Brown’s theorem, |G|, divides Y(S&"),
came much later in 1975. The affine relation (1.2) provides a link between these two theorems showing that they
actually are equivalent (Theorem 4.10). Thus the theorems of Sylow, Frobenius, and Brown are equivalent.

We note that already in [16, Theorem 6.3] Hawkes, Isaacs, and (jzaydin prove a more general version of Equa-
tion (1.2) and also observe the connection in one direction between the theorems of Brown and Frobenius.

In Section 5 we compute the second equivariant Euler characteristic ys (Sng*, G) for the Mathieu group G = M,
and check the validity of the Knérr—Robinson conjecture for this group (Example 5.6). We also compute (Table 2)
the uniquely determined Artin decomposition of the second equivariant Euler class function

~ Ptk _ ~ D+* 1g
a2(8G ’G) - Z a’2<SG ’G)(C)‘NG(O) : C‘

[Cle[sE +r°]

into Z-linear combinations of the class functions |[Ng(C) : C|~11& where C runs through the set of p-regular cyclic
subgroups of G (Corollary 3.15).

1.1. Notation. The following definitions and notation will be used throughout this paper:

Definition 1.3. Let G be a finite group and p a prime number.
(1) An element g € G of order |g| is p-regular if p1 |g|, p-irregular if p | |g|, and p-singular if |g| is a power of
p [10, Definition 40.2, §82.1]
(2) A finite group A is p-regular if p t|A|
(3) An irreducible C-character on G has p-defect 0 if p does not divide |G|/x(1) [18, p 134]
(4) Op(Q) is the largest normal p-subgroup of G
(5) A p-subgroup H of G is G-radical if H = Op(Ng(H)) [3]

Notation 1.4. Let G be a finite group and p a prime number.

e G, =|JSyl,(G) is the set of p-singular elements of G, the union of the Sylow p-subgroups

|G|, is the p-part and |G|, the p’-part of the group order |G| = |G|,|G|y

[G] is the set of conjugacy classes of elements of G

k(G) = ||G]| = |Irt(G)] is the number of irreducible C-characters of G

2p(G) = {x € Irt(G) | |G|p | x(1)}] is the number of irreducible C-characters of p-defect 0

ky (G) = {lg] € [G] | pt|g|}] is the number of p-regular conjugacy classes in G

S is the poset of subgroups of G and [S] is the set of conjugacy classes of subgroups (Section 3)
Ng(H,K)={g € G| H? < K} is the transporter set

O is the orbit category of G with morphism sets O (H, K) = Ng(H,K)/K (Section 4)

F¢ is the fusion category of G with morphism sets F,(H, K) = Cq(H)\N¢(H, K)

Rc(G) is the ring of virtual C-characters and Rq(G) the subring of virtual Q-characters of G [29, 12.1]

If C is a finite category of subgroups of G then C* CP, CP', Cabe, Ceab (¢rad ig the full subcategory of C generated
by all nonidentity subgroups, p-subgroups, p-regular subgroups, abelian subgroups, elementary abelian subgroups,
G-radical p-subgroups, respectively. We shall also use various combinations of superscripts; CPT**2d_ for instance,
denotes the full subcategory of C generated by all nonidentity G-radical p-subgroups of G. C(H, K) denotes the set
of C-morphisms from H to K and C(H) = C(H, H) for the C-endomorphism monoid of H. H/C is the coslice of C
under H and H//C the strict coslice of nonisomorphisms under H [12, Definition 3.2].

2. A-CATEGORIES AND A-POSETS
Let A be a finite group, C a small A-category, and X a subset of A.

Definition 2.1. The X -centralized subcategory of C is the subcategory, Ce(X), of C with objects Ob(Ce (X)) =
Con(c)(X) and with morphism sets Cc(X)(c,d) = Ce(c,a)(X), ¢,d € Ob(Ce(X)).
In mathematical symbols, the X-centralized subcategory Ce¢(X) is the subcategory of C consisting of all mor-

phisms ¢ %> d in C such that (¢ — d) = (¢* LN d®) for all € X. In words, the X-centralized subcategory Cc(X)
is the category of X-stable C-objects with X-stable C-morphisms between them. C¢(X) is an N4 (X)-category.



4 JESPER M. MOLLER

If X; and X are conjugate subsets of A, then their centralizers in C are isomorphic categories. Indeed, C¢ (X9) =
Ce(X)9 for any element g € A and any subset X C A.

For later reference we define A-adjunctions between A-categories and note that there are induced N4(X)-
adjunctions between centralizer categories.

Definition 2.2. A A-adjunction between the A-categories C and D is a quadruple (L, R,n,€) consisting of A-
functors, R and L, and A-natural transformations, 0 (the unit) and € (the counit),

cf.p le =& LR
C < D lp <= RL
such that the A-natural transformations
Ln:L>LRL£>L RiRLRE:}iR

are the identity transformations.

Proposition 2.3. Suppose that (L, R,n,¢) is a A-adjunction between the A-categories C and D.

BR
(1) The induced maps BC —— BD are A-homotopy equivalences between A-spaces.

BL
(2) There is an induced N (X)-adjunction between the Na(X)-categories C¢(X) and Cp(X) and the induced

BR
maps BCe(X) —— BCp(X) are Na(X)-homotopy equivalences between N 4(X)-spaces.
BL

Example 2.4. Let Co = (1) be the group of order two. The product, G x G, of any group G with itself is a
Cs-group with action given by (g1, 92)7 = (g2, 1), and S5, is then a Cs-poset. The product poset S5 x S% is a
Cy-poset with action (Hy, H2)7 = (H2, H1). The Cs-adjunction

R
ngSg _—)‘ SgXG (Hl,Hz)R:HleQ, HL:(H’]ThH’ITQ)
L

restricts to an adjunction between ngx sy, (1) and Osng(T) and restricts further to an adjunction between the
P . -+

posets ng+*xsg+*(7') and CSZJ;*G (7). But S, is isomorphic to Cgp, sz, (7) and Sg"" to ng;z (1), so we conclude

that (S¢, Csr, (7)) and (S, CS?X*G (7)) are pairs of adjoint posets.

2.1. Euler characteristics of A-posets. In this subsection we make a few easy observations about weightings,
coweightings [23, Definition 1.10], and Euler characteristics of finite A-posets.

Lemma 2.5. Let S be a finite A-poset. Then the Mdébius function pu: S X S — Z, the weighting k®*: S — Z and
the coweighting ke: S — Z are A-invariant.

Proof. Note thet ((r,s) = ((r®,s%) for all ,s € S and a € A. The function (s,t) — p(s®,t*) satisfies the definining
relations

Z C(Ta S)M(Saa ta) = Z C(Taa SQ)M(S(I’ ta) = 5T“,t“ = 5r,t
for (s,t) — pu(s,t). It is now clear that the weighting k* = ", u(s,t) and the coweighting k; = > u(s,t) are
constant on the orbits for the A-action on S. O

For any two A-orbits x,y € §/A and any two elements s,t € S, let S(s,y) = |{t € y|s < t}| be the number of
successors of s in y and S(x,t) = |{s € z|s < t}| the number of predecessors of ¢ in .

Definition 2.6. A weighting on S/A is a function k*: S /A — Z such that 3 5,4 S(s,y)k¥ =1 for alls€ S. A
coweighting on S /A is a function ke: S/A — Z such that 3_, s 4 kaS(2,t) =1 for allt € S.

Lemma 2.7. Let k*: S/A — Z be a weighting and ke: S/A — Z a coweighting on S/A. Then

(1) § - S/A 5 7 s the weighting and S — S/A Eos 7, the coweighting for S
(2) The Euler characteristic of S is 3 cs a kal®| = X(8) = Xy es/a Y[k
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Proof. Let s be a fixed element of S representing the orbit = sA of S/A. Then
SIS pE Y = > S [S(s, )kt = > S(s,y)kY =1
teS yeS/A tey yeS/A

Thus ¢t — k' is the weighting for S. The Euler characteristic is x(S) = Y,.g k'* = Dyes/alylky. O

Corollary 2.8. S/A has a unique weighting and a unique coweighting induced from the unique weighting and
coweighting on S.

Proof. Let k*: S — Z be the unique weighting on S. Since k® is A-invariant (Lemma 2.5) it induces a function
kY: S/A — Z on the A-orbits. Since

1= "S(s, k' = Y D S(s, )k = > S(s,y)k?

tes yeS/A tey €S /A
the function kY is a weighting for S/A. Conversely, if k¥: S/A — Z is a weighting for S/A then Lemma 2.7 shows
that it is induced by the weighting on the poset S. O

2.2. Equivariant Euler characteristics of A-categories. As suggested by Atiyah and Segal [4] there is a
hierarchy of equivariant Euler characteristics x,.(C, A), and reduced equivariant Euler characteristics x,(C, 4),
r > 0, given by

)= Y el wEA=p 3 R(Cew)
2€C,(A) 2€C(A)

Consult Remark 2.20 for the definition of the set C,(A) of commuting r-tuples in A and for the function ¢,(B)
used in Proposition 2.9 below. If A acts trivially on C then x,(C, A) equals the usual Euler characteristic x(C)
multiplied by |C,(A)|/|A| for all » > 0. The relation between the equivariant Euler characteristic and the reduced
equivariant Euler characteristic is that
|Cr(A)]

Al
We are here implicitly assuming that the centralizer subcategories do have Euler characteristics in the sense of
Leinster [23]. We note that the equivariant Euler characteristics are invariant under equivariant adjunctions: If the
A-categories C and D are El-categories and if there is an A-adjunction between them, then their equivariant Euler

characteristics coincide. This follows from Proposition 2.3 and the invariance of category Euler characteristic under
adjunction [23, Proposition 2.4].

xr(C, A) = Xr(C, A) + r=0

Proposition 2.9. The rth, r > 1, equivariant Euler characteristic of the A-category C is

wzxrlcc Ca(@)|Ca(@) = D xr1(Ce(®),Cal@) = > xi(Ce(x),Calw)) =

TEA [z]€[4] [z]€[Cr—1(A)]
1 ¢r(B)
=T > x(Ce(B)er(B)= > x(Ce BN B
4] Besabe (B]e[Sabe] INa(B)|

Stmilar formulas hold in the reduced case.

Proof. This is immediate from the definition. For instance,

X (C, A) = \%I > x(Ce(x1,. ..y Tr 1, 2,))

(130T 1,27)ECH(Ca(x))

|A‘ Z Z X(CCc(xr)(xlw"amT 1 |A| ZXT 1 CC A(m))|CA<x)‘

€A (21,..,27—1)EC-_1(Ca(zr)) z€A
Z Xr— 1 OC OA(‘T))
[z]€[A]

Declare two r-tuples of C,.(A) to be equivalent if they generate the same abelian subgroup of A. The number of
r-tuples in the equivalence class of the abelian subgroup B < Ais ¢.(B). Therefore we may write

Xr(C, A) = > x(Ce(B))er(B)
|A| Besybe

where the sum ranges over the abelian subgroups B of A. O
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For any subgroup C of A
Clx(C. 0) Zx (Ce(B)er(B)ISA(B,C), Y |Blxe(C. B)u(B,C) = x(Ce(C))¢n(C)
B

by Mobius inversion in the poset S, of subgroups of A.

Definition 2.10. The rth, r > 1, equivariant Euler class function ..(C, A) of the A-category C is the rational class
function on A that takes x € A to

ar(C, A)(x) = xr-1(Cc (z), Ca(z))

The reduced Euler class function a,.(C, A) is defined similarly using reduced Euler characteristics.

For any € A and any r > 1 the value at x of the rth equivariant Euler class function is

(€, A) (@) = xr-1(Ce(2),Ca(z) = Y xr-2(Celx,y), Cala,y))
WIE(Ca(@)]

and for r = 2, in particular,

(2.11) as(C A = Y M
welawy 1CA@ )]
because xo(C, A) = x(C)/|A|.

Let (p,0) 4 = [A7' Y ca o(x)(x) = 2 (x€[A] |C ()|~ o(x)1(x) be the character inner product (symmetric
bilinear form) in the complex class function space on A [18, Definition 2.16]. The 1-character 14 is characterized
by the property that its inner product with any class function ¢ is the average (p,14) 4 = |A|7' >, c49(2) =
> (we(a) (@)A1 Ca(z)] of the values of ¢. Let [Cal:  — [Ca(z)] = |C4(z~1)| be the conjugation character: The
permutation character for the conjugation action of A on itself. The conjugation character is characterized by the
property that the inner product (¢, |Cal) 4 = Z[m]e[A] 2% is the sum of the values of ¢ on the conjugacy classes of
A. In particular, the inner product of the rth equivariant Euler class function and |Cy| is the rth equivariant Euler
characteristic:

(2.12) (@ (C,A)[Cal)a = D an(C, A Z Xr-1(Ce (@), Ca(x))
[z]€[A]

Prop 2.9

xr(C; A)

Similarly, the inner product of reduced class function & (C , A) and |C 4| coincides with the reduced equivariant Euler
characteristic x,(C, A).

2.3. Equivariant Euler characteristics of A-posets. We now specialize from a finite A-category, C, to a finite A-
poset, S. The order A-set of S is the A-A-set, AS, of all simplices in § (§2.4). The equivariant Euler characteristics
of a finite A-poset S for r =0,1,2 are

Xo(S,4) = x(S)/IA], x1(S,4) = x(AS/A), x2(S, A) = dimq(K3(BS) ® Q) — dimq(K4(BS) ® Q)

according to Proposition 2.13 below for » = 1 and [4] [37, Corollary 2.2] for r = 2. K%(BS) is the A-equivariant
complex K-theory of the finite A-simplicial complex BS. The corresponding reduced Euler characteristics are
Xo(S,A) = x0(S,A) — A7, X1(S, 4) = x1(S, A) — 1, and X2(S, 4) = x2(S, A) — k(A) (Remark 2.20).

The next proposition shows that the first equivariant Euler characteristic of the A-poset S is the usual Euler
characteristic of the orbit A-set of the A-A-set AS. This implies, as epressed in the following corollary, that the rth
equivariant Euler characteristic for r > 2 can be expressed by means of the usual Euler characteristics of quotients
of A-sets of centralizer subposets of S.

Proposition 2.13. For any subgroup H of A
x1(Cs(H),Ca(H)) = x(ACs(H)/Ca(H))

A similar formula holds in the reduced case.

Proof. For any simplicial complex B let B, denote set the of d-dimensional simplices in B. Then

1

x(ACs(H)/CA(H))ZZ(—l)dfﬁcs(H)d/CA(H)\:Z(—Udm > ‘CAOS(Hm(x)

d>0 d>0 ( 2€Ca(H)
1
|CA< a:EC;(H)dZ%) ‘ACS H l’>)d‘ ‘CA(H)l mecZA:(H)X(OS«H’ x>)) — Xl(OS(H),CA(H))

where the Cauchy—Frobenius Lemma 2.16 justifies the second equality above. O
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Corollary 2.14. The equivariant Euler characteristics of the finite A-poset S are x1(S,A) = x(AS/A) and
1
(S, A) = Y X(ACs(x)/Calx)) = A > X(ACs(B)/Ca(B)|Ca(B)lp,—1(B)
[z]€[Cr—1(A)] BessPe
forr > 2. The first sum is taken over the set [Cr_1(A)] of conjugacy classes of commuting (r — 1)-tuples in A.

Proof. Proposition 2.13 with H trivial shows that x;(S,A) = (AS/A). Using Proposition 2.9 we get

=TT le (Cs (@) Ca@)|Ca(@)] = Zx (ACs(2)/Ca(x))|Cal(x)|
TEA T€A
so that, by induction,
1
Xr(S,A) = A Y. X(ACs(@)/Ca@)|Ca(@)] = > X(ACs()/Cal(x))
z€C,_1(A) [z]€[Cr—1(4)]

where the last sum is taken over the set [C,_1(A4)] = C,_1(A)/A of conjugacy classes of commuting r-tuples in A
and r > 2. O

Corollary 2.15. The equivariant Euler characteristics xr(S,A) are integers for r > 1 and the equivariant Euler
class functions o (S, A) take integer values for r > 2. The same holds in the reduced case.

Proof. The first Euler characteristic x1(S,A) = x(AS/A) is an integer by Proposition 2.13 since it is the Euler
characteristic of a finite A-set. By induction, using one of the formulas of Proposition 2.9, we get that x,(S, A) € Z
for all » > 1. By applying this result to (Cs(z),Ca(x)) we see that the equivariant Euler class function a,.(S, A)
takes integer values on each x € A when r > 2. OJ

Lemma 2.16. [34, Lemma 7.24.5] Let S x A — A be an action of the group A on the set S. Then

Y Cs(a)| = |S/AllAl =Y [Cals)]

a€cA sES

and the number of orbits is |S/A| = . 41Ca(s)|/| Al

We now specialize even further. When G is a finite group, recall that the Brown G-poset SZH is the G-poset of
nonidentity p-subgroups of G with the conjugation action.

Remark 2.17 (Equivariant Euler characteristics of the Brown poset with conjugation action). Here are three
statements about the equivariant Euler characteristics for = 0, 1,2 of the poset Sng* with conjugation action of
A=G:
(1) VG: —Xo(SET,G) =0 <= 0,(G) #1
- . 0 plIG|
(2) VG - X1(8p+ vG) =
“ 1 ptlG|
(3) VG: — X2(SE™,G) = 2,(G)
Statement (1) is the strong form of Quillen’s conjecture about the vanishing of the reduced Euler characteristic of
the Brown poset [27, Conjecture 2.9] [19, p. 2667], (2) was proved by Webb [38, Proposition 8.2.(i)] (and sharpened
by Symonds [35] and later Slominska [31]), and (3) is equivalent (Section 5) to (the non-blockwise form of) Alperin’s
weight conjecture [37, Theorem 3.1].
The significance of the equivariant Euler characteristics XT(SZH, G) for r > 3 remains unclear. In the case of
the alternating and symmetric groups the 3rd reduced Euler characteristics —x3 (Sgﬂ'*, G) at p =2 are
n |45 6 7 8 9 10
—X3(S3t,4,) [0 8 24 —2 32 20 42
—X3(S%",%,) [0 2 12 —2 10 11 16
For G = GL4(Fs), the Euler characteristics —3(S5%™ ", G) are 12,24,7 at p = 2,3,7 and for G = M, they are
29,19,62,35 at p = 2,3,5,11.
Similarly, the significance of the more general equivariant Euler characteristics x, (Sg“”k7 A), r > 1, for an A-group
G remains unclear. (See Remark 3.19.)
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Using Proposition 2.9, Webb’s computation of y1(S&"*, G) (Remark 2.17.(2)) may be reformulated as either of
three equivalent identities

(218) Y x(Cani-(2)) = |G, Y X(Capi-(@)|G : Co(a)| = |G, Y X(Capre (@G : Cala)| =0
z€G [z]€[G] [z]€[G]

valid whenever p | |G| (and reminiscent of the class equation).

Example 2.19. The following two tables list the centralizer indices |G : Cg(x)| and the centralizer Euler charac-
teristics x(C spte (z)) as = runs through the conjugacy classes of G and p runs through the prime divisors of |G| for

G = GL;3(F32) of order 168 and the Mathieu group G = My, of order 7920, respectively.

2| 1 2 3 4 7 7
IG:Co(z)] | 1 21 56 42 24 24
X(Cge-@)[—8 0 1 0 -1 1|0
(33+ ()| 27 3 0 -1 -1 —1/0
(S7+*(x)) 7 -1 1 -1 0 0]0
2| 1 2 3 4 5 6 8 8 11 11
IG: Ca(@)] 1 165 440 990 1584 1320 990 990 720 720

2(2) [ <496 0 8 0 -1 0 0 0 -1 —-1]0
X(Cst- () 54 6 0 2 -1 0 0 0 -1 —1[0
(x)) | 395 11 -1 3 0 -1 -1 -1 -1 —1]0

0

W

o

X(Cque(@)| 143 -1 -1 -1 3 -1 -1 -1 0
Note that all rows satisfy Webb’s relation (2.18). It is no coincidence that X(CS?*(:E)) =0

order of  (Lemma 3.14).

hen p divides the

Remark 2.20 (Commuting r-tuples). For r =0,1,2,... let
Cr(A) ={(z1,22,...,2,) | Vi,5: [, 2;] = 1}

denote the set of commuting r-tuples in A (with the understanding that Cy(A) = {e} is the set consisting of the
unit element of A).

Then |Co(A)] = 1, |C1(A)] = |A], [Ca(A)| = |A[k(A), and
A =14 S k(Ca@).  r=2

zeCr_2(A)
This follows from the recursive relation
A=Y 1C1(Ca(@)| = Y |A: Ca@)|Cra(Cala))],  r>1,
€A [z]€e A

obtained by noting that there are |C,_1(Ca(z))| commuting r-tuples with first coordinate x for any = € A.
Let also

or(A) = {(z1,...,2,) € Cr(A) | {21, ..., 2r) = A}

be the number of generating commuting r-tuples. Of course, ¢, (A) = 0 for all r unless A is abelian. When A is
abelian
A) =[] #-(0s(4))
P

since any abelian group A = [, O,(A) is the product of its Sylow p-subgroups. Thus ¢, is completely determined
by its values on cyclic p-groups.
Similar to one of the expressions of Proposition 2.9 we get

Cr(A) = D ¢n(B)

Besybe

by using the partition of C,.(A4) into equivalence classes.
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2.4. Orbit posets and orbit A-sets. This subsection contains remarks about orbit posets of A-posets.

Definition 2.21. Let S be an A-poset.

A simplex in S is a totally ordered subset of S

B(S) is the set of simplices in S viewed as an A-simplicial complex

A(S) is the set of simplices in S viewed as an A-A-set* [15]

sd(S) is the set of simplices in S viewed as an A-poset

S is graded if S admits an A-invariant rank function p: S — {0,1,2,...} [33, §3.1]
S is A-reqular if S if s <t, s* <t = s =% holds for all s,t €S, a € A [7, p 116]

Any A-poset S admits an orbit poset S/A and the A-A-set A(S) admits an orbit A-set A(S)/A.

Proposition 2.22. Let S be any A-poset.
(1) sd(S) is an A-poset and x(A(sd(S))/A) = x(A(S)/A)
(2) If S is A-regular then sd(S)/A = sd(S/A) and A(S)/A = A(S/A)
(8) If S is graded then sd(S) is A-regular, and x1(S,A) = x(sd(S)/A)
(4) The first subsdivision sd(S) is graded, the second subdivision sd*(S) is A-regular, and x1(S, A) = x(sd*(S)/A)

Proof. (1) Since the standard homoemorphism |A(sd(S))] — |A(S)| between the topological realizations of the
subdivided and the original poset [32, §3, Theorem 9] is A-equivariant by construction, it induces a homeomorphism
between the A-orbit spaces.

(2) The poset morphism S — §/A induces a poset morphism sd(S) — sd(S/A) and a A-set morphism A(S) —
A(S/A). When S is A-regular these induced morphisms induce isomorphisms sd(S)/A — sd(S/A) and A(S)/A —
A(S/A) because {s? | s € o} = {t* |t € T} = o” =77 for all simplices o and 7 in S.

(3) We must prove that ¢ C 7, 0* C 7 = o = ¢ for all simplices o, 7 in § and a € A. The elements of
the totally ordered subset 7 are determined by their values under the rank function. Subsets of 7 are therefore
determined by their images under the rank function. Since the rank function is A-invariant, o and ¢ have the
same images, so they must be equal. The first equivariant Euler characteristic is

X1(8, 4) T (AS)/A)) L v(A(sd(S))/A) Z X(A(sA(S/A))) = x(sd(S)/A)

because sd(S) is A-regular.
(4) The dimension function is an A-invariant rank function on sd(S). The first equivariant Euler characteristic is

X1(8, 4) T (AS)/4)) L v (A(sd(8))/A) E x(A(sd*(8))/4) D y(A(sdX(S)/4)) = x(sd*(S/A)
since sd?(S) is A-regular by (3). O

For any finite A-group G and any subset X of A, the X-centralized Brown poset ngﬂ (X) is a graded N4 (X)-

poset with rank function p given by |H| = pP) for any X-normalized p-subgroup H of G. Thus the first equivariant
Euler characteristic of Proposition 2.13

X1(Cgpi+(X), Ca(X)) = x(sd(Cgpi+ (X)) /Ca(X))
can be expressed entirely within the category of posets.

Example 2.23. In case G = GL3(F3) and p = 2 the 2-dimensional contractible orbit A-set A(S5™)/G

5 7 6 5 7
1 235555 5 5 4 4 4 89
4 4 4 4 1 3 2 4 4 123 1 2

a,...,5} a,...,9 ,...,5

is not a simplicial complex as three 1-simplices connect the O-simplices 4 and 5. In the realization, 2-simplices 1, 4
and 2,5 form two cones joined along the 1-simplex 4 to which also one edge of 2-simplex 3 is attached.

LA A-set is a functor A« — SET where A, is the category of standard simplices ny = {0,...,n}, n =0,1,2,..., with strictly
increasing maps.
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3. THE POSET OF p-SUBGROUPS

Write S, for the poset of all subgroups of G ordered by inclusion, S, for the poset of all p-subgroups, and Sgr*
for the Brown poset of all nonidentity p-subgroups of G.
For any p-subgroup K of G, the poset Sy of subgroups of K has both an initial, 1, and a terminal element,

K. We write S%K) for the poset of nonidentity and proper subgroups of K. The Mobius function on S is the

restriction of the Mdbius function p for S [19, Remark 2.6]. It is well-known that %(SE’K)) = u(1, K) when K is
nontrivial. In fact, if S is any finite poset with M&bius function p, a € S, b € S with a < b, and (a,b) and [a, b] are
the open and closed intervals from a to b, then

1:X([a’b]): Z (s, t) = Z (s, t) + Z /.L(Cl,t)-i— Z (s, b) — p(a,b)

a<s,t<b a<s,t<b a<t<b a<s<b
= x(a,b) + 6(a,b) + &(a, b) — p(a,b) = x(a,b) — pu(a,b)

by the defining properties of Mébius functions [33, 3.3.7].
For any p-subgroup H of G we write O (H) for Ng(H)/H (the automorphism group of H in the orbit category
or).

3.1. Euler characteristic of the Brown poset Sg+*. The arguably most basic fact about the Brown poset is
its contractibility when O,(G) is nontrivial.

Lemma 3.1. [27, Proposition 2.4] O,(G) #1 = SE™ ~% = x(SH™) =1
The weighting and the coweighting in the sense of Leinster [23, Definition 1.10] for the Brown poset are known.

Proposition 3.2. [19, Theorems 1.1 and 1.3] The functions
B = —X(H/[SE) = =X(Sh ), ki = —X(SE™)

are a weighting for S and a coweighting for Sg“. The Euler characteristic of Sgr* 18

~ * * ~ 1,K
Yo XS =xSET = Y XS
Hesg+*+md Kesg+*+eab

The weighting is concentrated on the nonidentity G-radical p-subgroups (Lemma 3.1) and the coweighting on
the elementary abelian p-subgroups [19, Lemma 3.2]. We observed above that the coweighting can also be viewed
as a Mobius function. Let K be any p-subgroup of G. Since the weighting for Sf. restricts to a weighting for the

contractible left ideal SgZK of p-subgroups of G containing K [19, Remark 2.6] there is a relation
S Qpt* _
(3.3) > XSBk) =1
KcH/sEd
between the Euler characteristics of the Brown posets of O, (K) = Ng(K)/K for K € [H,G].
Proposition 3.4. The weighting k¥ : S%, — Z for SZ, is given by
pH {k:[H] H is G-radical

0 otherwise

where kM) Sg+wd/G — Z is the weighting for Sg+rad/G (Definition 2.6). The coweighting ki : SE — Z for
SET* s given by

kix) K is elementary abelian

kr = .
0 otherwise

where ki) : Sg+*+eab — Z is the coweighting for Sg+*+eab/G.

Proof. We noted above that the weighting k® for S vanishes off the subposet Sgrrad of G-radical p-subgroups. If

H is any G-radical p-subgroup of G, then the inclusion H// Sg+rad — H//SP?, is a homotopy equivalence by Bouc’s
theorem [6] [12, Theorem 4.2] because

JIJ(H][SE) # 5 <= J][Sh#Ex < ST, "85 T e HY/SE™
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for any J € H//SE. Thus the weighting for S% on H, k¥ = —X(H//SE) = —X(H//SE™?), is the weighting for
Sg+rad on H. The weighting on Sg+rad is invariant under conjugation by G so it induces the unique weighting

KH] S’C’frad/G — Z defined on the set of conjugacy classes of G-radical p-subgroups [H| of G (Corollary 2.8).
The part about coweightings is clear as the nonidentity elementary abelian p-subgroups form a right ideal in the
poset of nonidentity p-subgroups (§3.3). O

Definition 3.5. When H and K are subgroups of G, S (H, [K]) is the number of conjugates of K containing H,
and S ([H|, K) is the number of conjugates of H contained in K.

In particular, S, (1, [K]) = |G : Ng(K)| is the length of K, S;([H],G) = |G : Ng(H)| is the length of H, and
Sa(H,[G]) =1 =84([1], K).
Lemma 3.6. For any two subgroups H, K of G,
|O¢(H, K)| K| |Og(H,K)| _ |Fo(H,K)|  Sg(H,[K]) _ [Na(H)|
So(H,[K]) = =602 g (1] K) = ) - , _
D=0 S = oG] ~ IFn] - S([H] K)  INa(K)

Proof. There is a surjection

Ng(H,K) = {J e [H]|J < K}: g— HY
and the fibre over J = H* is {g € G | HY = H*} = Ng(H)x. Since thus
Ne(H)\Ng(H,K)={J € [H]|J <K}, Ng(H K)/Ng(K)={L€[K||H<L}

we have
[Na(H)|Sq([H], K) = [Na(H, K)| = Sq(H, [K])|Na(K)|
and also
0c(H, K)| = [Na(H, K)||K|™" = S¢(H, [K])|Og(K))|
\Fo(H, K)| = |Cq(H)| "} |Ne(H, K)| = |F(H)|Sc([H], K)
This finishes the proof. O

The point of Proposition 3.4 is that the weighting & for S¢ restricts to the weighting for the G-radical subposet

p+rad p+rad
SG SG

and that the weighting for /G can be computed by solving the linear equation

3.7 seradipg 1 K] .
(3.7) (SE™ LKD), g |

[Klesg/G

Similarly, the coweighting for S5 can be computed entirely inside the subposet Sgﬂﬂab by solving the linear
equation

(3.8) (o o) (SET(1H), K)) =(.. 1 ..)

If k5 is the weighting for (SZ(H, [K]))HKesg/G and ki) the coweighting for (SL™(H, [K]))HKGSP+*/G’
s ’ G

kK1 /|02, (K)| is the weighting for [O%] and k) /|F& " (H)| the coweighting for [F&] [19, §2.4].

Example 3.9. The radical 2-subgroups of GL5(F'5)

H,KeSkr**P /a

then

1 % = 1 0 =« 1 x %
Up=10 1 x|, Uny=10 1 x|, Uy=1(0 1 0|, Un=1
0 0 1 0 0 1 0 0 1

are indexed up to conjugacy by subsets of the set IT = {ay, as} of fundamental roots for the root system A, according

to the Borel-Tits theorem [14, Theorem 3.1.3, Corollary 3.1.5]. The weighting k[V7] = —%(UJ//Séaﬁis(Fz)) = %(Sij*)
for Séali(Fz)/ GL3(F2) lists the reduced Euler characteristics of the Levi complements L; = Ngr,,(r,)(Us)/Uy [14,

Theorem 2.6.5] and is the solution to the linear equation (3.7)

1 00 0\ /1 1
310 0f([-2] [1
301 02 1
21 7 7 1) \8 1

where the matrix is the table (8(2;{2?%2)(U1, [Uk)))s.xcn. In particular, —)Z(l//SéL3(F2)) = —)Z(Sé‘}:;(m)) =38.
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The situation is completely different in the cross characteristic case. With computer assistance one finds that
SL,(F3) contains four SL,(F3)-radical subgroups of orders 16,8, 4, 1. The table (S22 | (H, [K]) and the weighting

SL;(F3)
k& for 82“(&1? /G satisty the linear equation
1 0 0 O 1 1
3 1 0 of|-—2] [1
3 0 1 0 -2 |1
351 117 234 1 352 1

In particular, — (S;E_*(F )) = 352.

3.2. Euler characteristics of centralized subposets of Sng*. Suppose now that the group A acts on GG. The
centralizer of A in S5 is the Ng(A)-subposet

Cpe-(A) = {H € S5 | [H, 4] < H}

of nontrivial A-normalized p-subgroups H of G (Definition 2.1).
As in the non-equivariant case (Lemma 3.1) this centralizer poset is contractible as soon as O,(G) is nontrivial.

Lemma 3.10. O,(G) #1 = CS%**(A) ~ ok = X(Csy*(A)) =1

Proof. The characteristic subgroup O,(G) is a nonidentity A-normalized normal p-subgroup of G. The natural
transformations K < KO,(G) > Op(G) link the identity functor to a constant endofunctor of Cgp++(A). O
G

We can easily determine the unique weighting and coweighting in the sense of Leinster [23] on C' spte (A).

Lemma 3.11. The functions

BT = —X(Crypsp(A) = =X(Cgpr-  (A)), ke = —X(Cgp10(A))

O (H)

are a weighting for ng (A) and a coweighting for C’S?*(A) and the Euler characteristic of ng (A) is

Y. XCspr, () =xCspr-(A) = > —X(Cgpm(4))
Hecsg+*+rad(A) @ KECSg+*+eab(A)

where the sum to the left runs over the nonidentity G-radical A-normalized p-subgroups of G and the sum to the
right over the nonidentity elementary abelian A-normalized p-subgroups of G.

Proof. The adjunctions of [12, §6], KR = N (H)/H and KL = K where K = K/H,

O, (H)

R
IS S

R
H/SE™ —— — SP

are A-adjunctions (Definition 2.2) inducing adjunctions

R R
H/Cgpi+(A) 2 - Csp_ ) (A) H/[Cgpi-(A) — ngz*(m (4)

between centralizer posets (Proposition 2.3). In the notation of [12, Theorem 3.7], the weighting for ng+*(A) is
B = ~X(H//Capr(A) =~ (Capr, ()

Similarly, the coweighting for CSng*(A) is kx = —X( 5p+*( ))//K). Since S //K = SI(;’K) it is clear that
SP+*( ))//K ng+*//K(A) = CSS‘K) (A)

The Euler characteristic of ng+* (A) is the sum of the values of the weighting (coweighting). By Lemma 3.10,
the weighting of Lemma 3.11 vanishes off the G-radical p-subgroups.

The argument at the very beginning of this section shows that kx = pa(1, K) where pa stands for the Mobius
function of the poset C Sg—%—*(A). An equivariant version of the argument from [21, Proposition 2.4] shows that
the Mébius function kx = pa(l, K) for ng+* (A) is nonzero exactly when K is a nonidentity elementary abelian
p-subgroup. O
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Let Sgr*ﬂad (SgJFHeab) be the subposet of nontrivial G-radical p-subgroups (nontrivial elementary abelian
p-subgroups). Lemma 3.11 shows that the centralizer posets Cgp+s+raa(A) and Csé+eab (A) have the same Euler
G

characteristic as Cgp++(A). They are, in fact, homotopy equivalent:
G

Proposition 3.12. The inclusions Cgptrtens(A) = Cgpix(A) < Cgptrtraa(A) are homotopy equivalences.
G G G

Proof. This proof is similar to that of [12, Theorem 6.1] and goes back to Bouc [6] and Quillen’s Theorem A [26,
Theorem A]. It suffices to show that only the elementary abelian or the G-radical p-subgroups contribute to the
homotopy type of C spte (A). More precisely, it is enough to show that

K is not an elementary abelian p-subgroup of G — C spte (A)//K is contractible
H is not a G-radical p-subgroup of G = H//ng’;** (A) is contractible

when H and K are nonidentity A-normalized subgroups of G. In the first case, we use that ng**(A) //K =

Cga.)(A). When K is not elementary abelian, the Frattini subgroup ®(K) is a nontrivial A-normalized subgroup
K
of K and H < HP(K) > ®(K) defines a retraction of Cgu.r)(A). In the second case, we use the adjunction
K
between H// ng+* (A) and CS%Jr*( )(A) and recall that the latter poset in contractible when H is not G-radical by
a H

Lemma 3.10. 0
Proposition 3.13. The weighting k™ : Cs» (A) = Z for Csr (A) is given by

pH {k‘[H] K is G-radical

0 otherwise

where k] ng+rad (A)/Ng(A) — Z is the weighting for ng+rad (A)/Ng(A). The coweighting ki : C$g+*(A) — Z
for ng+*(A) is given by
ki) K is elementary abelian
krk = .
0 otherwise
where kg : CSZ+*+cab (A)/Ng(A) — Z is the coweighting for Osg+*+cab (A)/Ng(A).

We omit the proof of Proposition 3.13 which is similar to that of Proposition 3.4 with Lemma 3.10 replacing
Lemma 3.1.

Proof of Theorem 1.1.(2). Let K be an A-normalized p-subgroup of G. The weighting for Cgp,(A) (Lemma 3.11)
restricts to the weighting for the contractible left ideal Cg,, s, (A) (§3.3) of A-normalized p-subgroups containing
K. This means that

1=x(Cryysp(A) = > k" =Y —X(Cs

H>K H>K

(4))

p+*

O (i)

generalizing the nonequivariant Equation (3.3). O
The next lemma applies in the special case where A is a subgroup of G acting on S by conjugation.

Lemma 3.14. [38, §4][39, Lemma 2.1.2] If A is a subgroup of G,
Op(A) #1 = C’S?*(A) ~ o = X(ng+*(14)) =1

Proof. The natural transformations K < KO,(A) > O,(A) link the identity endofunctor to a constant endofunctor
of C4p++(A). The product KO,(A) is a subgroup as A normalizes K. O
G

Corollary 3.15. Consider the Brown poset Sg“ as a G-poset with the conjugation action.
(1) The rth, r > 1, reduced equivariant Euler characteristic is a weighted sum of reduced Euler characteristics

WSO = T MO a = Y (a2

Aesp/ Fabe [Alesy TP /i
with contributions only from the p-regular abelian subgroups A of G.

(2) The rth, v > 2, reduced equivariant Euler class function ar(Sg"'*,G) (Definition 2.10) vanishes off the
p-regular classes.
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(8) The rth, r > 2, reduced equivariant Euler class function has the form

Zir P"r*’
ao -y R S

cles? v /i
G

where the sum runs over the set of conjugacy classes [C] of p-regular cyclic subgroups and where the uniquely
determined Artin coefficients @,.(S%™*, G)([C]) are integers.
(4) When r =2 the Artin coefficients satisfy the equation

0= 3 @(SLLE)O)

[Cle[sE T

N
INa(C)]

for all prime divisors p of |G)|.

Proof. (1) Use two of the reformulations of the equivariant Euler characteristic from Proposition 2.9. Lemma 3.14
implies that only the p-regular abelian subgroups of G contribute to the sum.
(2) The rth equivariant reduced class function a,(S5%, G) takes = € G to

%1(Copoe (). Col) = LY WCgelin)

If p divides the order of z, O,({z,y)) is nontrivial and )Z(C’Séﬂ ({(z,y))) = 0 for all y by Lemma 3.14.

(3) Since the value of &, (S5, G) at 2 € G only depends on the subgroup (z) generated by x (Definition 2.10), the
proof of Artin’s induction theorem [18, Theorem 5.21] shows that &, (S%"*, G) can be decomposed as claimed. Since
Qy (Sg“, () is supported on the p-regular classes, as we saw in item (2), only p-regular cyclic subgroups are used in
this decomposition. The coefficients are uniquely determined since the class functions 1g as C runs through the set
of conjugacy classes of cyclic subgroups of G are a basis for the vector space Q ® Rq(G) of Q-linear combinations
of rational characters [29, §13.1].

(4) The virtual degree of the right hand side of the equation in item (3) is

(S, G)(0) SO 1
—Noo o 16 ¢ a2 (8B, G)(C)
2 TNeor 1GA=lel ) @S OO pgy
[Clesg T¢/G [Clest T /a
and on the left side it is (S5, G)(1) = X1 (S5, G) = 0 by Webb’s theorem [38, Proposition 8.2.(i)]. O

The Artin coefficients a,(SET*, G)(C) of Corollary 3.15.(3) determine the rth equivariant reduced Euler charac-
teristic as

~ * ~ * * C
(3.16) X-(SEY,G) = (@, (S5, G),|Cal) g = S a@SET.G)¢)Y || Gg
[C]Esg’+cyC/G zeC
= Y aEsEooY IGe (@)
N, c
[C]esg/+cyc/G ‘,Emgécl‘t | G

because (1Z,]Cq|) ¢ = (1o, |Cal)e = X ,ec |Ca(®) : C| by Frobenius reciprocity. Use Corollary 3.15.(4) to get the
final equality. It is perhaps worth noting that the factor ) . |Ca(x)|/|Ng(C)| from Equation (3.16) is a natural
number.

Proposition 3.17. |[Ng(H)|| > ,cn |Ca(x)| for any subgroup H < G.

Proof. Note that the function x — |Cg(x)] is constant over the orbits for the Ng(H )-action on H. For any element
xg € H, the contribution to the sum ), |Cq ()| from the orbit through zo, [Ng(H) : Na(H)NCq(x0)||Ca(zo)| =
|INe(H)||Ca (o) : Ca(zo) N No(H)|, is a multiplum of |[Ng(H)|. O

Remark 3.18. If A < G with O,(A) and O,(Cg(A)) both nontrivial then CS?*(A) ok o SSZ?A) are both
contractible. In particular,

A< G, p|lA] Aabelian = x(Cgp++(4)) = 1= X(SEiia)

However, when p | |A] and A is nonabelian, the two Euler characteristics may not be equal: Let p = 2, G = X5
the symmetric group, and A = X3 the subgroup 4 = ((1,2),(1,2,3)) < ¥7. Then Cg(A) = Xy, |C(A)|2 = 8, and
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%(SE,Z’EA)) = 0 since O2(X4) # 1. However, it turns out that X(CS?*(A)) = —8. Thus X(ng+*(A)) # X(SSZ?A))
in this case.

Remark 3.19. The rth, r > 1, reduced equivariant Euler characteristic is an integer valued function Y,.(S&", —)
in the second variable (Corollary 2.15) on the set of conjugacy classes of subgroups of G. Proposition 2.9 shows
that for any subgroup K of G

- « 1 -
X (ST K) = I Y. X(Cspre(A)pr(A)Sc([A] K)
[A]eSE teP /g

or, in matrix form,

( X(Cispre (A))r(A) (S6([A], 5)) e spvame s = - (ST K) P

)Aesp’+“b"/(;
¢ Kest/a

It suffices to let the sum range over the p-singular abelian subgroups of G by Lemma 3.14 and we may replace
Cgpt+«(A) by Cgptsiraa(A) or Cgpistean(A) by Proposition 3.12. When K = 1 is the trivial subgroup we get the
G G G

usual reduced Euler characteristic Q(SZH) and when K = G we get the rth reduced equvariant Euler characteristic

Xr (Sg+*, @) that we have focused on until now. For the alternating group G = As at p = 2 the Euler characteristics
—xr(S&T*, K) for r = 1,2,3 and for the subgroups K of G are

|K| | 1 2 3 5 4 6 10 12 60

(S K)y|-4 -2 -2 0 -1 -1 0 -1

“Xo(SEK) | -4 -2 -4 4 -1 -2 2 -3

(S K)| -4 -2 —-10 24 -1 -5 12 -9

and the simple group G = GL3(F3), p = 2 they are

|K| |1 2 3 7 4

1S K)[8 4 2 2

(St K) |8 4 0 8

~X3(S&t K) |8 4 —6 50

No interpretations similar to those of Remark 2.17 of the intermediate Euler characteristics x, (Sg+*, K),r=1,2,3,

with nontrivial and proper subgroup K are known.

o = O

6 21 8 12 12 24 24 168
1 0 1 0 0 0 0 0
0o 01 -2 -2 -1 -1 1
22 -3 81 -8 -8 —4 —4 12

N NN
NN |
N DN | >

3.3. Ideals in the centralized poset Cgp++(A). In this subsection we discuss the relation between the centralizer
G

subposet ng+* (A) and the poset Sg:(‘ 4) of the centralizer subgroup for an A-group G.
Let S_ and S, be subposets of a (finite) poset S. By definition, S_ is a left ideal and S, a right ideal if

Va,beS:S_3a<b = beS_, Va,beS:a<beS, = acS,

The weighting on the left ideal S_, k* = —Xx(a//S_) = —x(a//S), a € S_, is the restriction of the weighting
on S, and the coweighting on the right ideal S, ky = —x(S,.//b) = =Xx(S//b), b € S, is the restriction of the
coweighting [12, Theorem 3.7] [19, Remark 2.6]. S_ is a left ideal if and only if the complement S, =S —S_is a
right ideal.

Proposition 3.20. Let S be a finite poset.
(1) Suppose that S = S_ + S, where S_ is a left ideal and S, a right ideal. Then
XS)=x(S)+x(S)— >, X(a//S)R(S//)

S_>3a>beS,
(2) Suppose that S = S; U S, is the union of two left or right ideals. Then
X(8) = X(81) +x(8) = x(8: N Sy)

Proof. (1) Simplices in & not entirely contained in S_ or S, contain b < a for some b € S, and some a € S_.
They have the form b < a,b<a<ag<---<ag,bp < -+ <bs<b<a,orby<:---<b.<b<a<ay<- - <ag.
Their contribution to the Euler characteristic of S is —1 + x(a//S) + x(S//b) — x(a//S)x(S//b) = —(x(a//S) —
D(x(8//b) = 1) = =X(a//S)X(S//b).

(2) Mayer—Vietoris. O
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More generally, in case § = Uje 7S; is the union of finitely many left or right ideals S; then there is an
inclusion-exclusion principle

X(S) =D (=DM (() Sp)
KCJ keK

as we see by induction from Proposition 3.20.(2).

Suppose that A is a p-regular group acting on G and let H be an A-normalized p-subgroup of G. Then
H = [H,A]Cy(A) is the product of the normal commutator subgroup [H, A] and centralizer subgroup Cp(A)
[13, Theorem 5.3.5]. Because

e H<K <— H<|[K,A|if[H Al=H
e H<K < H<Ckg(A)if[H,A=1
there are adjunctions

K — [K, 4]

Sy ={K|[K A #1} {H|[H Al =H}

Sy ={K | Cx(A) #1} {H | [H,A] =1}

between subposets of ng+* (A). To set up the first adjunction we use that [K, A, A] = [K, A] [13, Theorem 5.3.6].
We note that

(K| [K,A| #1} ={K | Cx(A) # K},  {H|[H,A]=1}={H | Cu(A) = H} = St

where we use that [K,A] =1 <= Ck(4) =K.

Corollary 3.21. Let A be a p-reqular group acting on G.
(1) The left ideal S; = {K € ng+* (A) | [K, A] # 1} and the subposet {H € CSng*(A) | [H,A] = H} have the
same Euler characteristics.
(2) The left ideal Sy = {K € CSng*(A) | Ck(A) # 1} and the poset Sng(A) of the centralizer subgroup have the
same Euler characteristics.
(8) The difference between the Euler characteristics of the centralizer subposet, CSéJr*(A), and the centralizer

subgroup poset, ‘SC (4)) 18
X(Cgpr+ (A)) = X(SEL{4) = XUK € Cgpe-(A) | Cx(A) 5 K}) = Xx({K € Cgpi-(4) | 1 5 Ck(A) 5 K})

Proof. (1) — (2) Adjoint finite posets have identical Euler characteristics [23, Proposition 2.4].
(3) Apply Proposition 3.20.(2) with § = ng+* (A) =S5, US, where S; and S, are the two left ideals from (1) — (2)

and use that x(S,) = (Sng?A)) by (2). O

The Mayer—Vietoris relation of Corollary 3.21.(3) may also be written as
X(Cspr+(A)) = x({H | [H, Al = 1}) + x({H | [H, A] = H}) = x({H [ 1 £ Cu(A) £ H})

This identity is tautological when A is trivial.
Since the weighting (coweighting) of Cgp++(A) is concentrated on the G-radical p-subgroups (elementary abelian
G

p-subgroups) (Lemma 3.11), the left (right) ideals of Corollary 3.21.(1)—(3) have the same Euler characteristics as
the corresponding left ideals in ng+*+rad (A) (C$g+*+eab (A)).

Corollary 3.22. Let A be a p-regular group acting on G. Suppose that Ck(A) # 1 for all nonidentity G-radical
p-subgroups K of G. Then X(Sng)EA)) X(ng+* (A4)).

Proof. The subposets {K € Osg+*+rad (A) | Cx(A) = K} and {K € ng+*+rad (A) |1 = Ck(A) = K} are identical
50 X(SEiia) = X(Cgp++(A)) by Corollary 3.21.(3). O

Example 3.23. When G = %7, p =2, and A is any of the six abelian 2-regular subgroups of G, the reduced Euler
characteristics of Corollary 3.21.(3) are
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A | 1 33 5 7 3x3
X(Cspr-(4)) 160 -8 4 0 -1 1

+*
X(SE(a)) 60 0 2 0 -1 -1
XK |Ck(A KD | -1 3 4 -1 -1 1
N{K[1SCr(A)SKY) | -1 11 2 -1 -1 -1
ICa(A)lp 6 8 2 2 1 1

We note that x(C' spte (A)) and X(S¢. o A)) may not be equal, that both reduced Euler characteristics are divisible by

the p-part |Ca(A)|p, and that, in each column, the differences of Corollary 3.21.(3) between the first two numbers
and the next two numbers are equal.

4. THE ORBIT CATEGORY OF p-SUBGROUPS

Write O, for the category of subgroups, H and K, of G with morphism sets and automorphism groups
Oq¢(H,K)=N¢g(H,K)/K, Oq(H) = Ng(H)/H

where Ng(H,K) = {z € G|H* < K} is the transporter set. In other words, O is the finite El-category whose
objects are the transitive G-orbits G/H and whose morphisms are the left G-maps G/H — G/K between the
orbits: The effect of 2 € No(H,K)/K is G/H 5 gH — gzK € G/K for any g € G. OF, is the full subcategory of
O generated by all the p-subgroups of G.

4.1. Euler characteristic of the orbit category OZ. Frobenius proved in 1907 that the number |G| of p-
singular elements in G is divisible by |G|, [11, 17] [10, Corollary 41.11] [29, 11.2, Corollary 2].

Theorem 4.1 (Frobenius 1907). |G|, | |G,

K.S. Brown proved in 1975 that the reduced Euler characteristic of the Brown poset Sg‘” is divisible by |G|,
[8, Corollary 2]. This was later reproved with new arguments by Quillen [27, Corollary 4.2] or Webb [38, Theorem
8.1].

Theorem 4.2 (Brown 1975). |G|, | X(S&™)

In this section we give yet another argument for Brown’s theorem using the Euler characteristic of the orbit
category OF,. This argument will show that the two theorems of Frobenius and Brown are, in some sense, equivalent
(and thus equivalent to the Sylow theorem). We finish the section by proving Theorem 1.1.

Lemma 4.3. The number of p-singular elements in G is
Gpl =1+ > (1=p)Cl=p'+ Y (1-pHC|
1<C<G 1<C<@

where the sum is over all cyclic p-subgroups C of G.

Proof. Declare two p-singular elements to be equivalent of they generate the same cyclic subgroup. The set of
equivalence classes is the set of cyclic p-subgroups C' of G. The number of elements in the equivalence class C' is
the number of generators of C: 1 if |C| =1 and |C| — p~t|C| if |C] > 1. O

Let V' be an elementary abelian p-group (or a finite dimensional vector space over the finite field F, with p
elements).

Proposition 4.4. The function

\V\_l dimU =0
k=< (p—1D|V|7! dimU=1
0 otherwise

is a coweighting for the orbit category Oy, .

Proof. The assertion is that

S ||V|

UL <Us
for any subspace Uy of V. This is easily verified. O

Let Og’v) be the full subcategory of Oy, generated by all objects but the final object V.
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Corollary 4.5. The Euler characteristic of Og,v) i

0 dimV =0
XOF)y ={p=1 dimV =1
1 dimV >1
Proof. Og’v) is the 0-object category when dimV = 0 and the l-object category given by the group V when

dimV = 1. When dimV > 1, X(Oe’v)) = x(0y,), because the coweighting for O,, restricts to a coweighting for
the right ideal Og,v) [19, Remark 2.6] and it has value 0 at the deleted object V. Now note that as the category

x(Oy,) has a final object, its Euler characteristic is 1 [23, Examples 2.3.(d)]. O
Proposition 4.6. [19, Theorem 4.1] The function
|G|t K=1
krk =< |G)7Y (1 —p Y)|K| K >1 cyclic
0 otherwise

is a coweighting for OF, and the Euler characteristic
|Gyl
X(0g) =
“ G

is the density of the p-singular elements in G.

Proof. The coweighting for O7, is the function
b - XOLI/K) _ —TU(OL//K)
[K][|O6 (K] G : K|
defined for any p-subgroup K of G [12, Theorem 3.7]. There are equivalences of categories
i: Ox = Og/K,  ix: O 5 0,//K

On objects, Hixg = 1K € Ng(H,K)/K = O(H, K), for any subgroup H of K. We observe that there is an
obvious identification of morphism sets,

O (H1, Hz) = (Og/K)(Hiix, Haik)

and we use this identification to define 7x on morphism sets. By construction, ix is full and faithful, and as it is
also essentially surjective on objects, ik is an equivalence of categories. Finally, we have that

X0y = x (oY)

where V = K/®(K) is the Frattini quotient of K: There is, by the the proof of [12, Lemma 5.1.(c)], an adjunction
between these two categories so that they must have the same Euler characteristics [23, Proposition 2.4]. To arrive
at the description of the coweighting we recall that the p-group K is cyclic if and only if its Frattini quotient is
1-dimensional [13, Corollary 5.1.2] and use Corollary 4.5. Now the Euler characteristic, the sum of the values of
the coweighting, can be computed thanks to the counting formula of Lemma 4.3. O

Proposition 4.7. [19, Theorem 1.3.(4)] The function

~ 4%
pit _ XSogun)
|G : H|
is a weighting for OF, and the Euler characteristic is
_y(SPt* _ (. QP
(OP) = Z X(SOG(H)) _ Z X(SOG(H))
“ G : H] |0 (H)|

H (]

where the first sum is over the set of p-subgroups H of G and the second one over the set of conjugacy classes of
such subgroups.

Proof. Lemma 3.6 implies that the weightings for [OF,] and OF, are

LKl LlX] 1 LIK]
0c(K)|" |Og(K)||G: No(K)| |G K]
where kK] = —)Z(S(’;E*EK)) is the weighting for S?,/G. O
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By comparing the two expressions from Propositions 4.6 and 4.7 for the Euler characteristic of O, we obtain
the global formula

(4.8) Z _%(ngH))|H| = |G|
Hesprad

For our purposes it will be convenient to isolate the contribution from the trivial subgroup and rewrite Equation (4.8)
on the form

8 XSoom) |0
(4.9) Gl + RSB + =0
He }% [O(H)]; 106(H) ]y

that will allow us to verify that the theorems of Frobenius and Brown are equivalent.

Theorem 4.10. Given relation (4.9), Frobenius’ Theorem 4.1 and Brown’s Theorem 4.2 are equivalent.

Proof. Assume first that Frobenius’ Theorem 4.1 holds. In Equation (4.9), we may assume that
* X(85 p+* m))/10c(H)lp is an integer when H is nontrivial (as part of an inductional argument)
. |G\/|(’)G( )| is an integer divisible by |G|, (as |Og(H)| divides |G])
Thus every term in the sum is divisible by |G|, and so is |G| by assumption. We conclude that X(S5") is divisible
by |G|p. This is Brown’s Theorem 4.2.
Next assume that Brown’s Theorem 4.2 holds. In Equation (4.9)
o |G|/|Os(H)|y is an integer divisible by |G|,
. Z(SQZ?H))/\OG(HHP is an integer
o X(SZT*) is divisible by |G,
and thus |G|, divides for |G)p|. This is Frobenius’ Theorem 4.1. O

See [16, Theorem 6.3] for one direction of Theorem 4.10 in an even more general context.

Example 4.11. Let K € Lie(p) be a finite group of Lie type in defining characteristic p. Then K = or' Ck (o)
is the subgroup of Cz (o) generated by its p-singular elements where (K, o) is a o-setup for K [14, Definitions
2.1.1-2.2.2]. We shall assume that K = X(q) is an untwisted group of Lie type [14, Definition 2.2.4] and investigate
Equations (4.8) and (3.3) in this case.

Let (X,1I) be the root system for the simple algebraic group K over F,. Write r(X) for the rank of ¥ and ¥+
for the set of positive roots. For any subset J of the set II of fundamental roots, there is an associated parabolic
subgroup P; [14, Definition 2.6.4] and Py = U;x Ly, Uy = O,(Py), Py = N (Uj) where L is the Levi complement
[14, Theorem 2.6.5].

We first note that

* r +
(4.12) S RST) = (1) g

because ng') is homotopy equivalent to the building of ¥(g) [27, Theorem 3.1] which, by the Solomon-Tits theorem
[1, Theorem 4.73], has the homotopy type of a wedge of q|2+| spheres of dimension r(X) — 1. Since the Borel-Tits

theorem tells us that any 3(g)-radical p-subgroup of ¥(q) is conjugate to precisely one of the subgroups U; [14,
Theorem 3.1.3, Corollary 3.1.5], the identity

I5(9)] = Y ~X(ST)IUIIS(g) : Pyl
JcII
is the manifestation of Equation (4.8) for G = ¥(q). Here,

—X(SENUS = (D)L |p|Us| = (=) [Py, = (=1)1g™"]

where 1 is the set of positive roots of ¥. This follows from Equation (4.12) because M; = O™ (L) is a central
product of groups from Lie(p) [14, Theorem 2.6.5.(f)] and —x(S”*) is a multiplicative function [19, Theorem 6.1].
Since also,

Py Py KB(S,T0)

|Py: Pyl  KB(%,J)

we conclude that Equation (4.8) for X(g) has the form

KB ,I0)
41 _ =t |J|
(4.13) 2(q)pl =1 (= =)
JCII

1X(q) : Pyl =
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Lemma 4.15 now implies that [$(q),| = ¢/*l = %(q)[2. (See below for the notation used here.) Similar arguments
show that Equation (3.3) with G = X(q) specializes to

(4.14) Z(—l)”'qu? =1

JcCII
where we used that —)?(Sij*) = (—1)|J|q|2§|.

Let (X,II) be a reduced crystallographic root system with fundamental roots II. Put KB(X) = [][d] where d
runs through the set of degrees for the Weyl group W (X) [9, §9.3, Proposition 10.2.5] and [m] € Z[X], m > 1, is
the polynomial

=1+ X+ X!

Thus KB(X) = |K : B| where B is the Borel subgroup of K = X(q) and KB(A,,) = [2] - - - [m+1], for instance. More
generally, for any set J C II(X) of fundamental roots, set KB(X, J) = [[ KB(X;) when the orthogonal decomposition
of the root system X ; = ¥ NRJ spanned by the fundamental roots in J is |JX; for irreducible root systems ¥; [14,
Definition 1.8.4]. Thus KB(3,II) = KB(X). We let KB(X,0) = 1 by convention.

Lemma 4.15. [9, Theorem 9.4.5] For any reduced crystallographic root system %

Jci (2, 7)
In the concrete case where the root system ¥ = A,,_ 1, Lemma 4.15 and Equation (4.14) give two prototypical
combinatorial identities involving Gaussian multinomial coefficients [33, §1.7]

S 0 (g, ) =X S 0 (g )X

(m1,...,my,) EOP(m) » (ma1,...,mz) EOP(m)

where the sums run over the set OP(m) of the 2™~ ordered partitions of m.
Experiments indicate that Equation (4.12) holds also for Steinberg and Suzuki-Ree groups when we replace r (%)

with the twisted rank r(X) [14, Proposition 2.3.2, Remark 2.3.3].

Example 4.16. The exponential generating function for the integer sequence n — |(X,,),| counting the number of
p-singular permutations of n things is [34, Example 5.2.10] is the Artin—Hasse exponential

m

S IS = 3 (O )" = expla+ 2 + 2 ”“"p )
Yon)p|l— = X v =explt+—+—++— +--
n=1 npn! n=1 s p p2 pm

The sequence |(X,,)2| begins with 1,2,4, 16, 56, 256, 1072, 11264, 78976, 672256 for 1 < n < 10 (OEIS A005388).
The p-radical subgroups of the symmetric group are described in [3, §2] and [24, Lemma 2.2] as follows: Let
r = (c1,ca,...) be a finite sequence of natural numbers ¢; > 0. Define the degree at p of the sequence r to be

deg, r = er

The set ng*“ad /¥, of conjugacy classes of nonidentity ¥,-radical p-subgroups is in bijective correspondence with
the set of nonempty multisets R = {r1,72,...} of finite sequences r; such that >, deg, ri < n. There are extra
restrictions, somewhat ignored in [3, 24], in case p = 2 or p = 3 since O2(%,,) is nontrivial (only) for n = 2,4 and
O3(%,,) is nontrivial (only) for n = 3. In case p = 2 we must also demand that

e n— ) deg,r; does not equal 2 or 4
e none of the sequences (1), (1,1),... has multiplicity 2 or 4 in the multiset R

and when p = 3 we must also demand that

on—> . deg,, r; does not equal 3

e none of the sequences (1), (1,1),... has multiplicity 3 in the multiset R
The correspondence of [3, §2] sends the multiset R = {r1, 79, ...} to the p-radical subgroup Agp = 1x A, x A, X -
where 1 is the trivial subgroup of the symmetric group on n—}, deg,, ; elements and the A,,s are certain (iterated)
wreath products of elementary abelian subgroups. We can now fill out the table
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R | AR | Ar| Ny, (Ar)/Ar AR |3, 2 Ny, (AR)]
((1L1,1)} | A12A 1A, 128 GL,(F3) x GL,(F3) x GL,(F2) 1 315
(1,2} Alds 64 GL, (F3) x GLy(F5) 2 105
{(2,1)} A LA, 32 GL,(F2) x GL, (F») 2 210
{(2), (1, 1)} A2 X Al 2A1 32 GLQ(FQ) X GLl (Fg) X GLI(F2> -2 210
(3} 44 s GLy(F») 8 30
{(1)} 1g X A1 2 26 X GLl(FQ) 16 28
0 13 1 Yg —512 1

of 2-radical subgroups of ¥g. With computer assistance it is possible to determine the table (Sy_ (Ar, [As])) and
then read off the weighting k%! for S%:rad/Eg (Definition 2.6) as the solution to the linear equation (3.7)

1 0 0 0 0O 0 0 O 1 1
3 1 0 0 0O 0 0 0 -2 1
3 0 1 0 0O 0 0 0 -2 1
3 0 0 1 0O 0 0 0 -2 1
9 0 6 6 1 0 0 O 16 1
21 7 0 7 0O 1 0 O 8 1
45 15 15 0 0O 0 1 0 16 1
315 105 210 210 35 30 28 1 —512 1
In particular, —X(Séj*) = —512 and —%(Séf:(Fz)) = 8 (agreeing with Equation (4.12)) and

Ssllx (0%l = > kS : Ny (AR)||Ag| = 11264
[Ar]>1
correctly counts the number |(Xg)s2| of 2-singular elements in Xg (Propositions 3.2, 4.7).
It is, however, still unclear how to continue the computer generated sequence
n |34 5 6 7 8 9 10 11 12 13 14 15
X(S%:*) ‘ 3 1 —-15 —-15 161 513 —639 —7935 —20735 235521 3244033 2232321 —190068735

of Euler characteristics of the Brown posets at p = 2 for the symmetric groups. It is possible that the methods of
[25] can be used to extend the sequence a little longer. The generating functions >~ ; X(Sg:*)w” are unknown.

4.2. Euler characteristics of centralized subcategories of OF,. Let A be a group acting on G from the right.
The centralized subcategory Co_ (A) of Oy has objects, morphism sets, and automorphism groups

Ob(Co,,(A4)) = Copo,,)(A) ={K <G | [K,A] < K}
COG(A)(HvK) = C(OG(H,K)(A) = {g € NG(H7 K) I [g’A] < K}/K
Co,a)(K) =Co_x)(A) ={g9 € Na(K) | [9.A] < K}/K

The category O(G A) is defined to be the subcategory of the centralized subcategory with the same objects but with
morphism sets, and automorphism groups

Oa)(H, K) = Cnga,)(A)/Cr(A), O ay(H) = Cngmy (A)/Cr(A)
and with composition Cn,(m,k)(A)/Cr (A) X Cng(k,0)(A)/CL(A) = Cng(a,10)(A)/CL(A) induced by composition
in G. This is well-defined for if k € Cx (A), y € Cny(x,0)(A) then k¥ = k% = kY so k¥ € CL(A).
Let [K] be the set of objects in Co_, (A) isomorphic to the object K. There is a bijection

(g€ Na(K) | 9,4 < KN {g € G| [g, 4] < K} =1

(K]

between [K| and the orbit set for the free left action of the group {g € Ng(K) | [g,A] < K} on the set {g € G |
[9, A] < K}. Indeed, if g € G and conjugation by g is an isomorphism K — K9 in Co_ (A), then K9 is normalized
by A and [g, A] < K as we have the commutative square

KL)KQ

al Ja
g
KT’K
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in Oy. Conversely, if g € G and [g, A] < K, then K9 is normalized by any a € A as K9 = K% = K9 and the
above diagram commutes.

The free right action of Ng(K)/K = On(K) on G/K, gK - 2K = gz K for g € G, x € Ng(K), restricts to a free
right action of Oy, (k) /k(A) = C@G(K)(A) on Cg/k(A). The number of orbits for this action equals the number
|[K]| of objects of Cor (A) isomorphic to K. To see this we note that

_HgeGllyg, Al <K}

ICq/k(A)| = K] ; |Cng (k) i (A)]

_ HgeNa(K) |y, Al < K}
K]

and thus

g GllnAI<KY  ICom@  |Com(A)
(4.17) N = (e Na(k) | 9. AT < K31~ [Cvagmya (A~ 1Copu0 (A)]

For later use we record that
(4.18) [[K]|[Co, (A)(K)| = [[K]l|Co,x)(A)] = |Cq/x (A)|

for any object K of Co_, (A). Under the additional assumptions that A centralizes K and the order of A is prime

to the order of K, [K, Al =1 and (|K|,|A|) = 1, we have that [g,a] < K <= [g,a] = 1. To see this, note that if

g € G and [g,a] < K then, in fact, [g,a] =1 is the neutral element of G as the order of [g, a] divides |K]| since it is

an element of K and also divides the order of A as [g,a’] = [g,a)? for any j > 0 [28, 5.1.5.(ii)]. We conclude that
_HeeGllg A< K} _ |Co(A)

(4.19) [K][|Co, (A(K)| = [Cayx(A)] = K] =Kl [Ca(A) : K

when [K, A] =1 and (|K|,|4|) = 1.
By using nonabelian cohomology groups we can get a similar result in a slightly different situation.

Corollary 4.20. O?G A= Cor, (A) when A is p-regular.

Proof. The map Cnga,x)(A) = Cng (k) Kk (A) is surjective: Let 2 € Ng(H, K) and suppose that the image of
r in Ng(H, K)/K is centralized by A. Define a function A — K: a — k, by 2% = xkq. As kg0, = ka,k§? this a
nonabelian 1-cocycle [30, §5]. But H'(A; K) = {*} [30, Exercises p 59] so there is £ € K such that k, = £/=%. Then
! is centralized by A. This implies that O g 4 (H, K) = Cng(m,x)(A)/Ck (A) = Cng(m,x)/x (A) = Co  (A)(H, K)

for any two A-normalized p-subgroups H, K < G. d

As a special case, suppose that V' is a finite dimensional F,-vector space V and A < GL(V). The objects of
the category Oy, 4 are the Fp[A]-submodules of the F,[GL(V')]-module V. The set of morphisms between two

F,[A]-submodules, U; and Us, is

Cv(A)/Cu,(A) Ur < Us

(4.21) Co, (A)(U1,U2) = {@ Uy £ Us

V' is the terminal object in O(V,A)'

Proposition 4.22. Let A be a finite group acting on the finite dimensional Fp-vector space V. The function

|Cy (A)|~1 dimU =0
ku ={ (p—1)|Cy(A)]"' dimU = 1 = dim Cyr(A)
0 otherwise

is a coweighting for (’)(VA).

Proof. Let Uz be an F,[A]-submodule of V. Then

|Cv (A4)] Cuy (A)
Sk lOuaULT) = Y. kuOya(UnT)l= Y kwm: Y k=1
UL<Us U1 <Cu,y (A) U1 <Cu,y (A) Uz U1 <Cuy (A)
[AU1)<U:
since

° kUl 75 0 = U; = CUl(A>
o if U} < Cu,(A) < Uy then Co, (A)(U1, Uz) = Cy(4)/Cu, (A) = O, 4 (Us, Cury(4)) (4.21)

o ky, g{‘};((‘z))l‘ is the coweighting kSUQ(A

' ) on OCUQ(A) from Proposition 4.4

This shows that the function k, is a coweighting on O(V, A) g
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Let (’)[1 V) be the full subcategory of O (V,A) generated by all its object but the final object V.

Lemma 4.23. Let A be a finite group acting on the finite dimensional Fp-vector space V.. Then

0 dimV =0
X(OGR) ={p dimV =1=dimCy(4)
1 otherwise

Proof. If dimV = 0, O[l V) is the 0-object category which has FEuler characteristics x = 0. If dimV =1, (9 1 V)

is the 1-object category of the group Cy (A) so its Euler characteristic is p~! if A acts trivially and 1 if not If
dimV > 1, X(O[ V) ) = X(O(y, 1)) because the coweighting for O, 4, (Proposition 4.22) restricts to a coweighting

(vV,4)
for the right ideal O[i/‘;‘)) [19, Remark 2.6] and it has value 0 at the deleted object V. But clearly, X(O(V,A)) =1as
]

this category has a final object.
Example 4.24. When A is p-regular, O(VA) = Co, (A) by Corollary 4.20. However, when p = 2, V = F3 has
dimension 2, and A = ¥y < GL(V) has order 2, then x(C,n.v)(4)) = 5 and X(Oy 1)) = 1. Thus these two
v g
categories are not equivalent.
Proposition 4.25. Consider the centralized subcategory Cor (A) and its subcategory O?GA).
(1) The function
It [17‘/)
—X(CHY) ()
|Cq/x(A) 7
18 a coweighting for the centralized orbit category Cog (A).
(2) The function

K = V = K/O(K)

[Ca(A)| ™ K=1
kk =< |Ca(A)|* (1 —p H)|K| K >1 eyclic
0 otherwise

is a coweighting for O (G,A) and the Fuler characteristic

V4 |CG(A)p‘
MO%e.n) = (eg )]

is the density of p-singular elements in Cg(A).

Proof. Let K be an A-normalized p-subgroup of G. Any morphism 2K € Cngm,r)/x(A) = Cor,(A)(H, K) is
isomorphic in Cor (A)//K to K € Cng(me=x)/x(A) = Cor,(A)(H", K). This observation shows that that there
are category equivalences

Co, (4) = Cop(A)/K,  Copr(A) = Cop (4)//K

K

and, using (4.18), it follows that

L WCapeld)  HCqpo ) KCpold)
= ECo, D@~ [ECo, AE)] ~ 1Com@ = = VE:

is a coweighting for Cor, (A) according to (equivariant versions of) [12, Theorem 3.7, Lemma 5.1.(c)]. Here, V =
V(K) = K/®(K) is the Frattini quotient with its inherited A-action.
Similarly, there are equivalences of categories
LK
Ok,a) = Oc,a)/ K, O[K A)) = Og,a//K
and we get the coweighting for (’)I(QQ )

~ K ~ v
—XOF)  —XOF)

kK = =
KTO 0 (F)] ~ [CalA) : Cr(A)]
as there are |[K]| = |Cg(A) : Cns(x)(A)| objects of O€G7A) isomorphic to K. Since K is cyclic if and and only if

its Frattini quotient V = V(K) is cyclic [13, Corollary 5.1.2] we see from Lemma 4.23 that kx is concentrated on
the cyclic p-subgroups normalized by A, in fact on the cyclic p-subgroups centralized by A. Here we use that if A
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centralizes V (K) then A centralizes K [13, Theorem 5.3.5]. The coweighting takes value k1 = |Cg(A)|~! at the
trivial subgroup and value
1—p! 1
[Ca(4):Cl |Ca(A)
at a nontrivial cyclic subgroup C' centralized by A by Equation (4.19). The counting formula of Lemma 4.3 now
finishes the proof. O

ke 1-pHlC|

Example 4.26. Let p = 2, G = ¥4, and A = ((1,2)(3,4)) = C5. Then A is not p-regular, the coweighting for
Cor (A) is not concentrated on the cyclic subgroups, and x(Cor (4)) = 2/3 does not equal the density, 1, of the
p-singular elements in Cg(A) = Ds. Thus Cpr, (A) and OfG ) are not equivalent.

It is a curious fact, in contrast to the situation for Brown posets (Corollary 3.21.(3)), that the centralizer
subcategory of the orbit category, C’Ozé (A), and the orbit category of centralizer subgroup, (’)Iéc (A have the same

Euler characteristics when A is p-regular (Propositions 4.6 and 4.25).

Proposition 4.27. Consider the centralized subcategory Cog (A4) and its subcategory O?G A)-

(1) The function
(4))

—X(Cgpr=
o et
ICq/u(A)
s a weighting for Cog (A) and the Euler characteristic is
KOy () KOy, (A))
X(Cop (A) =) < = <
¢ = |Ca/u(A) T |Cosan(A)l

where the first sum runs over the set of objects H of Cog+rad (A) and the second one over the set isomorphism

classes of such objects.
(2) The function
—X(Cgpr  (A))

_ O (H)
|Ca(A) : Cu(A)
s a weighting for OfG A) and the Euler characteristic is

kH

KOy, () ~HCgy, (A)
X(Opc A)) = < = <
(@0) = 2 [CGTA) : )]~ 4t ™ 10,4 (H)

where the first sum runs over the set of objects H of Cyp+raa(A) and the second one over the set isomorphism
G
classes of such objects.

Proof. As in the nonequivariant case [12, §8] there are homotopy equivalence of categories
H/Cop(4) = Csy_, (A), H/[Cop(4) = Caye- ()

which takes gK € Cn,(m,x)/k(A) to the nonidentity 28, 5.2.4] A-normalized subgroup Ny (H)/H of Ng(H)/H.
This subgroup is indeed A-normalized because if [g, A] C K then g~ 'a = kag=! for some k € K. Then (K)% =
K9 'a = gkag™" = gag' = K97 = 9K for any a € A. It now follows from [12, Theorem C] and Equation 4.18
that the function

(4))

o “X(Cspee,, () —X(Cgr,
[H][|Coy, ) (A)] [Caym(A)]

is a weighting for Cog (A). Lemma 3.10 shows that the k¥ = 0 unless H is G-radical p-subgroup of G.
Similarly, there are homotopy equivalence of categories

H/O( 4y = Csz, . (A), H//Og 4y = CSZ+*<H )
G

O (H) )
and the function _ N
“HCape (A)  ~X(Cpr-, (4)

G G

[IH][[0_0 )]~ [Ca(A) : Cu(A)]

is a coweighting for O?G A)- O

kT =
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We can now the generalize the global formula below Proposition 4.7 to an equivariant situation.
Proof of Theorem 1.1.(1). The equation
Ca()] + X WO, (A)ICu(4)] =0
simply states that the Euler characteristic of (’)’("G A) the density of the p-singular elements in Cg(A) (Proposi-
tion 4.25.(2)), is the sum of the values of the weighting from Proposition 4.27.(2). O

The equation of Theorem 1.1.(1) can be reformulated as

> FF O gy iaa (A) (1, [K])|Cx (A)] = |Ca(A),|
K€C8g+rad(A)/NG(A)
where by Proposition 3.13
(ng+rad (14)(]{7 [K])) k[K] frd 1

H,KECSngrad (A)/Ng(4)

and ng+rad(A)(]., [K]) is the length of the Ng(A)-orbit through K € ng+rad (A). The weighting values are k%] =
v . . i 1 = —F(Copsr )

X(CSQZ(M/K(A ) by Lemma 3.11; in particular, k X(CSG+ (A))

Example 4.28. Let p = 2 and G = X5 the symmetric group on 5 things considered as an A = ((1, 2, 3))-group with
conjugation action. The centralizer Cg(A) = A x ((4,5)) is cyclic of order 6 and contains 2 = |Cg(A)a| 2-singular
elements. The poset of A-normalized 2-subgroups

C‘Séfr“‘d (A) = {H47H3, H,, Hl} = {<(1a4)(273)7 (13 3)(2’4)>7 <(17 2)(37 5)3 (173)(27 5)>a <(47 5)>3 <1>}

consists of four subgroups: Hs and H, are four-groups, Hy is O2Cg(A), and H; is the trivial subgroup. The
orbits for the Ng(A)-action on Csé+rad(A) are {Hj, Hy}, {H>}, {H1}. The weighting k] = —X(C g2+ (A)) for

Ng(H)/H

Csé+rad (A)/N¢g(A) is the solution to the linear equation

1 0 0 1 1
01 0 1 ]1=11
2 11 -2 1

and the vector (|Cr,(A)])i=3,2,1 15 (1,2,1). The sum on the left hand side of the equation of Theorem 1.1.(1) is
KUSL | [Hy)| - |Crr (A)] + K [[Ho]| - |Ony (A)] + KU |[HA)| - |y (A)] = 1022141124 (=2) - 1-1=2

which indeed equals the number |Cg(A)2| of 2-singular elements of Cg(A). Alternatively, Equation (1.2) applied
directly to Cg(A) = Cg has the form

S SE ) H] = —X(SE)|Col = 1-2 = [Co(A),|

2+rad
HESCG (4

as Sé:md = {02C6} has but one element. This shows that the these two formulas are quite different from one
another.

Example 4.29. Let K = SL,,(F,), m > 2, and K = SL,,(F,) where ¢ is a power of p. The involutory graph
automorphism v of K or K maps g to A~'(g*)"'A where A is the (m x m)-matrix with (4+1,—1,...,41) in the
diagonal from upper right to lower left corner [14, §2.7]. Let II denote the set of fundamental roots of the root
system ¥ for the algebraic group SLm(Fp). Let 7 be the linear automorphism of R™ given by a] = —ap,+1-; where
a; is the standard basis vector. Then o] = ay,—; and 24 (t)” = x4~ (t) where « € II is any fundamental root and
Z,, the root group parameterization [14, Definition 1.9.4].

The centralizer Cs, (p,)(7) of v in Ay,—1(q) = SL,,,(Fy) is B(n-1)/2(q9) = SOn(Fy) < SL,,,(Fy) if m is odd and
Cpy2(q) = Sp,,(Fy) < SL,,(F,) if m is even [14, §2.7]. It seems to be well-known, although I have not been able
to find an explicit reference in the literature, that in fact there is a an isomorphism of posets

d
C epirad — SPira
Sng(Fq) (’Y) Csi,, (Fg) (V)
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induced by the map Py — Cp,(7) defined on the set of standard «-invariant parabolic subgroups Py where J C II
is any 7-invariant set of fundamental roots. Consequently,

+x+rad
\(Copomrma () = | o) 0
+*+4rad
SEL, (Fy) x( g::Jr(rsct) m even

and the equivariant relations of Theorem 1.1.(1)-(2) for the centralized subposet Cgpiraa () are simply the
SL,, (Fq)

m

corresponding nonequivariant relations for Sgg* (F, and Sp (Fy) studied in Example 4.11.

This section ends with two proofs of Theorem 1.1.(3). The first proof is similar to that of Theorem 4.10, and the
second one is simply a rewriting of Quillen’s proof of Brown’s theorem [27, Corollary 4.2].

Proof of Theorem 1.1.(3) using 1.1.(1). According to Theorem 1.1.(1),
[Ca(A)p| + X(Cpre (A) + Y X Cstto (A)ICu(A)[ =0

H#1
with summation over all nonidentity A-normalized p-subgroups of G, or, equivalently,
X(Cayp, ()

Ca(A)p| + X(Cgps-(A)) + (H)]

| |Ca(A)] =0
(H]#] (GA)

with summation over all isomorphism classes of objects of O e A) Write each term of the sum as a product
X(Certs (A X(Cort (A
X( SO‘*'G(H)( ))|CG(A)| _ X( SO‘Z(H)( ) ICa(A)]|
|O(G,A)(H)‘ ‘O(G7A)(H)|p ‘O(G7A)(H)|p’

of two factors. Both these factors are integers. The first factor is an integer because, by induction, we may assume
that |Co_m)(A)lp = [Co,(A)(H)|, divides the numerator. Then also [O; 4 (H)lp divides the numerator as the
automorphlsm group of H in O(G A) is a subgroup of the automorphism group of H in Co(A). The second factor

is an integer because the automorphism group of H in (’)(G 4) is a subquotient of C¢(A). This second factor is

clearly also divisible by |Cg(4)|p.

We now know that |Cg(A)|, divides the sum. As it also divides the number |Cg(A),| of p-singular elements in
C¢(A) by Frobenius’ Theorem 4.1, we conclude that it divides the reduced Euler characteristic of the A-centralized
Brown poset ngﬂ (4). O

Proof of Theorem 1.1.(3) following Quillen [27]. Let B be any nonidentity p-subgroup of Cg(A). Consider the B-
poset Y = sd ngﬂ(A) that is the subdivision of the A-centralized Brown poset. Then x(Y) = %(Csy*(A)).

Define
U Cy(X)
Xess,
be the subposet of Y consisting of all elements y € Y with a nontrivial isotropy subgroup B,. Define Z to be the
subposet of S x Y given by
Z={(X,y) e SpxY'|Cy(X) 2y} ={(X,y) € Sp xY' | X < By}
of pairs (X,y), 1 < X < B,y € Y/, such that X fixes y, or, equivalently, X is contained in the isotropy subgroup
at y. When 1 < X < B,
{y ey’ | Cy(X) > y} = Cy(X) =sd CCSP+*(A)(X)
G

is conically contractible: H < XH > X. When y € Y/,
{XeSp|(X,y)eZ} ={X eS| X <B} =5p,

is contractible because B, is the largest element. Now [27, Corollary 1.8] (a variant of Quillen’s Theorem A) shows
that Y’, Z, and Sj are homotopy equivalent; in fact, they are contractible as Sj, with largest element B, is so.
It follows that the reduced Euler characteristic X(Y) = x(Y,*) = x(Y,Y”’). This relative Euler characteristic is
divisible by | B| because B acts freely on Y —Y”. O

Corollary 4.30. Let A be a p-regular group acting on G. Then
X({K € Cgpi+(A) | Ck(A) # K}) = X({K € Cgps+(A) [ 1 2 Ck(A) £ K}) mod [Ca(A)l,
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Proof. By Corollary 3.21.(3), the difference between these two integers is the difference between the reduced Euler
characteristics of the centralizer subposet and the poset of the centralizer subgroup, both of which are divisible by
|Cc(A)], (Theorems 4.2 and 1.1.(3)). O

5. CONJECTURES OF ALPERIN AND KNORR-ROBINSON

This section contains a brief comment on the Alperin Weight Conjecture.

Definition 5.1 (KRC, and AWC,). The finite group G satisfies the
e Kndrr—Robinson conjecture at p if [20, 37]
X286 G) = k(G) = 2(G),  —Xa(SET,G) = 2,(G)
o Alperin weight conjecture at p if [2]
kp(G)= Y z(Na(P)/P)
[PlesET™™ /G
where the sum runs over the set Sg+rad/G of conjugacy classes [P) of G-radical p-subgroups P of G.

The two conjectures are equivalent in the sense that [20] [37, Thm 3.1]
VH € 8,: KRC,(Ng(H)/H) < VH € S8%,: AWC,(N¢(H)/H)
for the given finite group G.

It is sometimes possible to verify the Knorr—Robinson conjecture by machine computations as we have seen that
KRC,(G) is equivalent to any of the following three equivalent conditions

(5.2) D @(SET,G) (@) = —2,(G)
[z]€[G]
~ [ aptE ZmeCf{l} |Ca(@)]) _
(5.3) ; ax (8¢, G)(CO) N (C) = —2(G)
[CleSE /G
- p2(A)
(5:4) >, MOy = (@)

[AlesE +abe
where
e In Equation (5.2), quoting Equation (2.12), the value at 2 € G of the reduced class function a» (S5, G) is

UCgpr-((.9)))

B(SET, ) (x) = Y [Ca((z,y))|

[vle[Cq ()]

= $1(Cpe+ (@), Co(@)) = X(sd(Cgpr- ())/C (@)

and SET* can be replaced by the smaller posets Sg+*+rad of G-radical or Sg+*+eab of elementary abelian
p-subgroups (Proposition 3.12, Definition 2.10, Equation (2.11), Corollary 2.14)

e Equation (5.3), repeating Equation (3.16), uses the Artin coefficients, ds (S5, G)(C), introduced in Corol-
lary 3.15.(3)

e In Equation (5.4) the sum runs over all conjugacy classes of p-regular abelian subgroups A of G (Corol-
lary 3.15.(1)) and ng+*(A) may be replaced by ng+*+cab (A) or ng+*+rad (A) (Proposition 3.12).

Example 5.5. KRC,(G) is true when G has a cyclic Sylow p-subgroup S [37, Example 1.4]. The discrete G-poset
St ig the right G-set N (S)\G of G-conjugates of S, the discrete poset Cgptateaa () is the set Cng(sn\a()
for any @ € G, and (the unreduced form of) Equation (5.2) takes the form
> [Crnasne()/Cola)] = k(G) — 2,(G)
[z]€[G]

in this special case.

KRC,(G) is true also if O,(G) # 1 [37, Example 1.4]. This is because z,(G) = 0 by Ito’s theorem [10, Corol-
lary 53.18] and %(ng;* (A)) = 0 for all A in Equation (5.4) by Lemma 3.10. In particular the Knoérr—Robinson

conjecture at p is true for GL,,(F,) when p divides ¢ — 1 as these groups have a central element of order p. The
conjecture also holds for GL,,(F,) when ¢ is a power of p [36, Proposition 4.1] and for all solvable groups [37, p
195].
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|| 1 2 3 4 5 6 8 8 11 11| X
a(SgG)jo 0o 1 0 -1 0 0 0 -1 —1]-2
a(Sg,gylo 10 1 -1 0 0 0 -1 -1|-1

a(Sg,g)ylo 0o -1 1 0 -1 -1 -1 -1 -1|-5
a(Sgt,¢ o -1 -1 -1 3 -1 -1 -1 0 0]-3
TABLE 1. The reduced class functions s (Sng*, G) for G = M1,

€] \ 1 23 4 6 8 11|
>oz11Ca(@)|/INc(C)] | 0 1 1 4 § 6 2|
a2 (SE™, G) | 320 010 -1 0 0 —1]-2
a2 (Sg™, @) | 375 201 -1 0 0 -1|-1
(S5, G) | —296 1 2 2 0 -1 -1 —1]|-5
a2 (SH T, G) |-1463 6 2 0 3 -1 -1 0]-3

TABLE 2. The reduced Artin coefficients as (Sg“, G) for G = My,

We now use a computer to check Equations (5.2)—(5.4) in case of the Mathieu group G = Mj;. The computations
of Example 5.6 were carried out using Magma [5].

Example 5.6. The Mathieu group G' = Mj; of order |G| = 7,920 = 2% .32 . 5! . 11! contains k(G) = 10 conjugacy
classes of orders (1,2,3,4,5,6,8,8,11,11) and 8 classes of cyclic groups of orders (1,2,3,4,5,6,8,11). There are
zp(G) = (2,1, 5, 3) irreducible complex representations of p-defect 0 for each of the prime divisors p(G) = (2,3, 5,11)
of the group order. We now verify Equations (5.2)—(5.4) at all primes p € p(G).

Table 1 displays the values of the reduced class functions &Q(Sg+*,G) at each of the 10 conjugacy classes .
The column to the right contains the row sum. By Equation (5.2), KRC,(G) is true (as it is for p = 5,11 by
Example 5.5) if and only if this column contains (—2,(G))pep(c)-

Table 2 shows the reduced Artin coefficients o (S5, G)(C) of Corollary 3.15.(3) at each of the 8 classes of
cyclic subgroups C. The top row contains the vector with coordinates }°, .1} [Ca(2)|/[Ne(C)] (all nonnegative
integers by Proposition 3.17). The column to the right shows the standard inner product of the row with the top
row. For instance, the second row means that

a2(SE™,G) = 949 1G+%1§731§ élﬁ, 0:-3204+1-0+1-144-041-(=1)+8-046-0+2-(—1) = —2
at the prime p = 2. (Recall from Corollary 3.15.(3) that the reduced Euler class function @ (S5, G) is the linear
combination of the Artin coefficients at [C] divided by |Ng(C) : C| which here equals (7920,24,12,4,4,2,2,5).) By
Equation (5.3), KRC,(G) is true (as it is for p = 5,11 by Example 5.5) if and only if the rightmost column contains
(=2p(G))pep(c)-

Thirdly, the four tables of Figure 1 list, for each prime divisor p € p(G), the p-part of the order of C(A), the
Euler characteristic —)?(C’S?*(A)) of the A-centralized subposet, the number p(A) of generating pairs of A, the
length |G : Ng(A)| of A, and, in the bottom row, the product of these last three numbers for each conjugacy class
of abelian p-regular subgroups A of G; KRC,(G) is true if and only if the sum of the integers of the bottom row
equals z,(G)|G|. (The row containing |Cg(A)|, plays no role here but serves to illustrate the divisibility statement
of Theorem 1.1.(3).)

In each of these four tables the sum of the numbers of the bottom row is z,(My1)|Mi1| and thus Equation (5.3)
holds for G = My, for all primes p € p(G).

Similar machine computations demonstrate that KRC,(G) is true when G = M1, M1a, Mag, Mag, Moy is one of
the five Mathieu groups or G = Jp, Ja, J3 one of the three first Janko groups and p is any prime divisor of |G]|.
6. THE ORBIT CATEGORY T-SUBGROUPS

Let 7 is a nonempty set of primes. In this short section we consider the orbit category OF of m-singular subgroups
of G. The arguments here will be minor variations of the ones used in the case considered above where 7 consisted
of a single prime.
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A | 1 3 5 11 3x3
ICa(A)2 | 16 2 1 1 1
—X(Csz+-(A)) | 496 —8 1 1 1
©a(A) 1 8 24 120 48
|G : Ne(A)| 1 220 396 144 55
| 496 —14080 9504 17280 2640
A | 1 2 5 11 4 8 2x2
|Ca( )|3 \ 9 3 1 1 1 1 1
—x( 33+* —6 1 1 -2 0 -2
24 120 12 48 6
|G : NG 165 306 144 495 495 330
\—54 —2970 9504 17280 —11880 0 —3960
A | 1 2 3 4 6 8 11 2x2 3x3
|Ca(A |5 \ 5 1 1 1 1 1 1 1 1
—x( Sm —395 —11 1 -3 1 1 1 1 1
3 8 12 24 48 120 6 48
|G : NG 165 220 495 660 495 144 330 55
\—395 —5445 1760 —17820 15840 23760 17280 1980 2640
A | 1 2 3 4 5 6 8 2x2 3x3
Ce(A) | 11 1 1 1 1 1 1 1 1
—X(Cgu+-(4)) | —143 1 1 1 -3 1 1 1 1
02 (A) 13 8 12 24 24 48 6 48
|G : Ng(A)| 1 165 220 495 306 660 495 330 55

‘—143 495 1760 5940 —28512 15840 23760 1980 —640

FIGURE 1. Tables for Equation (5.4) for G = Mj; at p =2,3,5,11

A left ideal in an El-category C is a full subcategory Z of C if a € Z, C(a,b) # ) = b € T for all objects a, b
of C. Similarly, a right ideal is a full subcategory J of C if b€ J, C(a,b) 20 = a € J for all objects a, b of C.
If 7 be a left and J a right ideal in C. Then

(6.1) XC) =x(@)= Yk xO)-x(T)= > k
aeC—T aeC—-J

where k® and ke are the unique isomorphism invariant weighting and coweighting on C [12, Theorem 3.7]. If the
weighting is concentrated on Z then x(C) = x(Z) and if the coweighting is concentrated on J then x(C) = x(J).
With more sophisticated methods it is possible to generalize Corollary 4.5.

Lemma 6.2. For any finite group K
oy _ JHIED/IK] K eyl
—X(O™7) = .
0 K noncyclic
where ¢ is Eulers ¢-function.
Proof. The coweighting on the contractible category Oy is kg = |K|™* > a<p | Alu(A, B) [19, Theorem 2.18.(3)].
The subcategory O%’K) of proper subgroups is a right ideal so by Equations (6.1)
= X(0r) = X(O%"™) + kxc
When K is not cyclic then kx = 0 by [22, Proposition 2.8] and the formula follows in this case.

Next, assume that K is cyclic. For any subgroup H of K, H//O 115 i5 the interval (1, K/H) in the poset Sy,
K
—x(H//O; )Y = —X(1,K/H) = —u(|K|/|H]|) and
—K RO = K|~ [Kx(0%™) = Y u(K|/[H|)H| = ¢(|K])

1<H<K

by classical Mobius inversion. O
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Lemma 6.3. The function

< O[LK)
|G : K|
is a coweighting for OF and the Euler characteristic
|G|
O%) =

is the density of the w-singular elements in G.

Proof. As we saw in the proof of Proposition 4.6, the category OF//K = O//K is equivalent to (’)%’K) for any
object K of OF. This gives the coweighting by [12, Theorem 3.7] as |OF(K)||[K]| = |Ne(K) : K||G : Ng(K)| =
|G : K|. Now apply Lemma 6.2 to compute the Euler characteristic as the sum of the values of the coweighting. O

Lemma 6.4. The function
i —X(H//5E)
|G : H|
is a weighting for OF and the FEuler characteristic is
o= 3 XS XS

G H] [Na(H) : H]

HeSZL [H]leSL /G

Proof. The objects of the category H//OF are left cosets gK where g is an element of G, K is a m-singular subgroup
of G, and H < 9K. The functor H//OF — H//SE taking gK to 9K is an equivalence of categories since it is
surjective on objects and bijective on morphism sets as (H//OF)(g1K1,g2K2) = SE(91 K1,92K5). This gives the
weighting on OF, by [12, Theorem 3.7]. O

Lemma 6.5. The function k" = —x(H//S%) = EHgKesg w(H, K) is the weighting on SE.

Proof. The Mobius function p for S, restricts to the Mébius function for the right ideal Sf. Thus the weighting is
k= ZHgKeSg p(H, K). The weighting may also be expressed as —x(H//SE&) [12, Theorem 3.7]. O

We can now generalize Equations (3.3) and (4.8) to sets m of maybe more than one prime.

Corollary 6.6. For any finite group G, any set © of primes, and any w-subgroup H € ST of G,
Y. XK/SE) =1, Y ~X(H//SE)H| = |Gyl
KeH/SE HESE

Proof. The weighting for SZ, restricts to a weighting for the contractible left ideal H/Sf. Thus 1 =73, p, sz kX =
ZKGH/Sg —X(K//SE) = Z[K]esg/K SE(H, [K))(—Xx(K//SE)). This proves the first equation. Combine Lem-
mas 6.3 and 6.4 to prove the second equation by computing the Euler characteristic of OF in two different ways. [

Corollary 6.6 shows that the linear equation

(6.7 (SECH, (KD) y ess e | ~XUE1/S2) - |1
: KeSz/G :

determines the weighting for k¥l = —Y(K//S%): S&/G — Z for S%/G (Definition 2.6). The next proposition
offers a sufficient condition for the vanishing of k).

Proposition 6.8. If H is a Sylow w-subgroup in G then H//SE is empty and —x(H//SE) = 1. If H is not a
Sylow m-subgroup of O(G, H) = ﬂKeH//Sg Ng(K) then H//SZ is contractible and —x(H//SE) = 0.

Proof. The first assertion is clear. In the second case, the assumption is that G possesses a w-subgroup L > H
normalizing all m-subgroups K > H. But then K < KL > L is a contraction of H//Sg O

Example 6.9. The simple group G = GL3(F32) of order 168 contains 12 conjugacy classes of m-subgroups where
m = {2,3}. The table
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|H | \2424121286444321
-xH//$&) |11 0 0 -1 -1 0 0 0 0 4 —48
|G:Neg(H)| | 7 7 7 7 21 28 7 7 21 28 21 1
[IN¢(H):H|l, |1 1 2 2 1 1 6 6 2 2 4 24
shows the orders and lengths of the conjugacy classes of w-subgroups H of G together with the weighting values
k" = —X(H//SZ) and the m-part of [Ng(H) : H|. The criterion of Proposition 6.8 accounts for four of the six Os in
the first row of the table and for the two 1s at the Sylow m-subgroups (abstractly isomorphic to ¥4). These Euler

characteristics were determined as the solution to the linear equation (6.7)

1000 O O OO O O O O 1 1
060100 0 OOOTO O OO 1 1
060110 0 OOOTO O OO 0 1
1001 0 0 0O O O O O 0 1
1100 1 0 O0O0OO0OC O O O -1 1
1100 0 1 00 O O 0 O -1 1 |1
1301 3 0 10 0 0 0 O 0] |1
3110 3 0 01 0O 0O 0 O 0 1
1100 1 0 0O T1 0 0 O 0 1
1111 0 1 00 O0 1 0 O 0 1
3311 5 4 11 1 0 1 0 4 1
ToT 7T 7T 21 28 7 7 21 28 21 1 —48 1

where the (12 x 12)-matrix is the table (S&(H, [K]))H7K688+rad/G. In particular, —x(1//S%) = —X(S&T) = —48
and x(S5T*) =1 — (—48) = 49. Since

> —X(H//SE)IG : Na(H)||H| =1-T-24+ -+ (—48) - 1-1 =120
[H]eSE/G
and G indeed contains 120 7-singular elements the numbers of this table agrees with Corollary 6.6.

An even more general form of the second formula of Corollary 6.6 was first proved in [16, Theorem 6.3]. In the
table of Example 6.9 it happens that —Y(H//S&) is always divisible by the m-part of |[Ng(H) : H|. This is no
concidence as shown by the following generalization of Brown’s theorem.

Theorem 6.10. [16, Corollary 3.9] |[Ng(H) : H| | —=X(H//SE) for any m-subgroup H of G.

When 7 consists of just one prime the Euler characteristic of H//SZ is a function of the quotient group N¢(H)/H
(Proposition 4.7) but this is not true when 7 has more than one element.
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