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Abstract

We elucidate aspects of the one-loop anomalous dimension of s0(6)-singlet multi-trace oper-
ators in N' = 4 SU(N,) SYM at finite N, . First, we study how 1/N, corrections lift the large N,
degeneracy of the spectrum, which we call the operator submixing problem. We observe that all
large N. zero modes acquire anomalous dimensions starting at order 1/N? with a non-positive
coefficient and they mix only among the operators with the same number of traces at leading
order. Second, we study the lowest one-loop dimension of operators of length equal to 2N, .
The dimension of such operators becomes more negative as V. increases, which will eventually
diverge in the double scaling limit. Third, we examine the structure of level-crossing at finite
N, in view of unitarity. Finally we find out a correspondence between the large N, zero modes

and completely symmetric polynomials of Mandelstam variables.
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1 Introduction

Large N, gauge theories have been intensively studied for decades since the work of 't Hooft,
who discovered that mesons are described by a string in the planar limit [I]. Maldacena argued
that a d-dimensional gauge theory can be described by a (d + 1)-dimensional gravity theory,
which is now called the AdS/CFT correspondence [2].

The primary example of the AdS/CFT correspondence is the one between maximally super-
symmetric Yang-Mills theory in four dimensions (N = 4 SYM) and superstring on AdSs x S°
in the planar limit. Integrability is a powerful technique in this setup, which makes it possible
to compute conformal dimensions of gauge-invariant operators in N'= 4 SYM and the energy
of AdS; x S® superstring states at any value of the 't Hooft coupling (see [3] for a review). In
contrast, the non-planar problems are notoriously complicated and less well-understood. The
entire problem seems daunting, but we shall present a tractable corner of it. The purpose of
this paper is to look for simple structures in the non-planar problem and to provide a new point
of view on the large N, problems.

Our motivation is explained in three ways. The first one is to better understand the
AdS/CFT correspondence at finite N, .

The second one is to study operators with negative anomalous dimensions. Since all planar
anomalous dimensions are non-negative, negative anomalous dimensions are inevitably a non-
planar effect. In addition, 1/N, corrections to the dimension of double-trace operators are
related to four-point functions. The four-point functions on the gravity side are related to the
phase shift of a high-energy scattering [4, [l 6], which must be positive in order to preserve the
asymptotic causality of spacetime [7]. Thus, the AdS/CFT and causality predict that certain
double-trace operators should have negative anomalous dimensions. We want to observe similar
phenomena in N’ =4 SYM, though the operators of concern are different from [7].

The third one is to inspect the large N, behavior of determinant-like operators with all

non-planar corrections taken into consideration. It was found in |8, [9] that, if we take the naive



't Hooft limit and apply integrability methods, then the dimensions of the double-determinant
operators, which correspond to the energies of a pair of open string tachyons between a D-brane
and anti-D-brane, becomes either divergent or complex at two-loops. Since any operators of
N = 4 SYM have perturbatively real and finite anomalous dimensions at finite ., such
pathological behavior should be remedied with non-planar effects.

Given this situation, it is worthwhile to look for an alternative to integrability to study the
non-planar problem. A promising approach is the group theoretical method initiated by [10].
This method is based on the construction of a basis of local operators that diagonalizes the free
two-point functions. The work [I0] dealt with the 1/2 BPS sector, and later it was extended
to more general sectors. The basis of [I1], 12] is suitable for describing open string excitations
on giant gravitons, and the bases in [13] [14] [15] were designed by Brauer algebras. The flavor
symmetry is manifested in the bases of [16, [I7]. One common feature of the diagonal bases
is that they are labeled by a set of Young diagrams. It was also observed that the one-loop
mixing is highly constrained on these bases — two operators can mix if their Young diagrams
are related by moving a single box of the Young diagram [I8, [19, 20, 21]. This property makes
the problem tractable, and in certain situations it is possible to obtain the spectrum of the
dilatation operator explicitly [22] 23] 24] 25, 26 27]. Although we have realized these bases
are useful tools for the non-planar mixing problem, most results have been limited to the su(2)
sector. One motivation of this work is to explore the non-planar mixing problem of the s0(6)
sector[l]

The non-planar dilatation operator in the one-loop s0(6) sector was written down in [28, 29|,

1 1 cm 3m 1 - -

Done-loop = i : <—§ tr [Py, P[P, D" — Ztr (D, D"][P), }) . (1.1)
and the general non-planar spectrum has been studied in many ways [30, 31]. In the planar
limit, the Bethe Ansatz Equations give us the spectrum of all single-trace operators in the
s0(6) sector [32]. Naturally, one hopes to know the spectrum of all multi-trace operators at
arbitrary N.. This problem has not been studied thoroughly. One of the main difficulties
is that the number of operators involved in the mixing grows factorially with respect to the
operator length L. For example, there are 469 scalar so(6) singlet multi-trace operators at
L = 10, and 4477 operators at L = 12. By brute-force computation, we managed to compute
explicitly the matrix elements of the non-planar mixing and obtained their eigenvalues up to

L = 10. Various interesting properties of our results are explained below.

At N. = oo, the anomalous dimensions are highly degenerate, and this is why the planar
mixing problem is integrable. Most of the large N. degeneracy are lifted by 1/N, corrections.
We focus on the degenerate eigenstate having the zero anomalous dimension at large N, , which

!The su(2) sector consists of gauge-invariant local operators made out of two holomorphic scalars, which are
closed under the operator mixing to all orders of perturbation theory in A/ =4 SYM. The s0(6) sector is made
out of six real scalars and closed at one-loop.



we call the operator submizing problem. The submixing problem at O(1/N?) can be solved by
diagonalizing the Hamiltonian

o : - 1
Hsm = 11_{% P, [Nc @1 — @1 (@0 + 6) ! 91] s CDone-loop = 90 + ﬁc @1 ) (12)

where P, is the projector to the space of the large N. zero modes. We observed remarkable
patterns among the solutions up to L = 10, and conjecture that these patterns continue for
any L. In particular, each eigenstate is a sum of multi-trace operators with the same number

of traces, and all eigenvalues are non-positive:

[Hgn, # (traces) | =0, %<0,  Hgv =%, (1.3)

where y =" N ™7, is the one-loop anomalous dimension.

Besides the dilatation operator, higher-point correlation functions offer an alternative route
to compute the 1/N, corrections to the operator dimension or string energy. For example,
by studying the OPE expansion of the four-point functions of single-trace operators, one can
compute the 1/N, correction to the dimension of intermediate states, which are double-trace
operators at large N,.. This problem has been explored in the literature on the AdSs x S° side
[33, 134, [35] 136l B37], the SYM side [38|, 39, 40, 41], and via the conformal bootstrap [42] (43|
44), 145, [46]. Following this line of development, we consider four-point functions of multi-trace
operators in Section [4] and argue that they constrain the eigensystem of submixing matrices.

In Section 5| we discuss the following aspects of the finite N, spectrum:

e The one-loop dimension of determinant-like operators generally receives non-planar correc-
tions even in the large N, limit, because their operator length is of order N,.. The proper way
to take the large N, limit is to study their dimension at a finite N. ~ L and extrapolate the
results to N. > 1. This result can be different from the naive limit, where we first take the
large N, limit and identify a double-determinant-like operator as a state of an integrable open
spin chain with boundaries. We are interested in the operators with length L = 2N, , with the
hope that non-planar corrections rescue the pathological behavior of the double-determinant
operator found in [8]. Indeed, we find an operator with L = 2N, whose one-loop dimension is
zero at any N,., which may be regarded as a non-planar completion of the double-determinant
operator. In addition, we also find an operator with a lower dimension by studying dilatation
eigenstates at N. = L/2 up to L = 10. The lowest-energy state has a negative one-loop dimen-
sion which decreases as N, increases. This anomalous dimension will eventually diverge in the
large N, limit [

L
A — L — —o0, gym — 0, NC:§—>oo, A= N, g3y : fixed. (1.4)

20f course, the tree-level dimension of the double-determinant is 2NV, , which diverges in the large N, limit.
Here we argue that the anomalous dimension in the s0(6) sector diverges. This situation is different from the
one in the su(2) sector, where the determinant operator det Z dual to giant graviton is BPS [47], and the
determinant-like operators have finite anomalous dimensions in the large N, limit and are computed by the
energy of an integrable open spin chain [48] 49].



e We investigate level-crossing: whether the adjacent one-loop dimensions or energy levels cross
at finite N.. According to the non-crossing rule of von Neumann-Wigner [50], there should be
no level-crossing if the Hamiltonian of the system has no extra symmetry. We find that most
of the energy levels do not cross for N, € [L,+oc] but do collide for N, < L, which can be
explained by the non-Hermiticity of the operator mixing matrix and the finite N, constraints.

e The one-loop dimensions exhibit eccentric behaviors for N, < L, which makes it difficult to
keep track of the dilatation eigenstates (or N' =4 SYM operators) from large N, to small N..
In other words, when we regard the one-loop dimension as an analytic curve on the (v, N,)
plane, we are not able to tell which curve corresponds to which SYM operator unambiguously.
To support this idea, we construct an automorphism which relates high energy states and low
energy states.

Finally, Section [0]is devoted to Discussion and Outlook.

Appendices are organized as follows. Our notation is explained in Appendix[A] The one-loop
spectrum at finite N, is summarized in Appendix [B] The details of computations on correlation
functions are given in Appendix [C} The intriguing relation between the number of so(6) singlet
large N. zero modes and the completely symmetric polynomial of Mandelstam variables is
discussed in Appendix D] A concise way of describing multi-trace operators is introduced in
Appendix where we briefly explain our idea behind Mathematica implementation. This
paper is accompanied by a Mathematica notebook and a data file which contain the operator
mixing matrix at L = 10 discussed in Appendix [B.2]

2 Operator (sub)mixing problem

2.1 Synopsis

We start with a brief review on the operator mixing problem. In ' = 4 SYM at weak coupling,
the two-point functions of scalar operators behave adl]

S+ [SUh + T tog(lzlw)]
(04(2)05(0)) = WEs + Olgh), 2.1)
T

where Sﬁll; and TEE), are O(g%,;) and come from finite and singular counterterms, respectively
[40]. The quantity F(Cl}g = (Sg) 1)3)_1T1()11)3 is related to the one-loop mixing matrix, or the one-loop
dilatation operator. By using the eigenstates of I')) we can rewrite the two-point function (Z.1))

into the familiar form

(O4(2)0p(0)) ~» — =228 rY)op=-2000,. (2.2)

3Note that T} # 0 in logarithmic CFT.



Note that I is generally not Hermitian even though S, T are Hermitian [51], 29].
The dilatation operator is self-adjoint with respect to the two-point functions, which can be

shown by the spacetime translational symmetry as

0
(—ZE%) {{0A(x)Op(0)) — (0A(0)0p(—x))} =0 = ((D04)0p) = (0O4(DOR)).
(2.3)
If O4,Op are the eigenstate of the dilatation operator ®©, we obtain

(AA—AB)SAB:O — SABZO or AA:AB. (2.4)

Below we investigate the case Ay = Agp = O(1/N,) and Sy # 0, where the spectral degeneracy
among the large N, zero modes is lifted by 1/N, corrections. This problem is what we called
the operator submixing in Introduction.

We want to diagonalize the submixing matrix. This problem may look simple because
the dimension of the submixing matrix, namely the number of the large N, zero modes, is
significantly smaller than the number of all operators. Nevertheless, it contains rich information
about non-planar interactions.

The submixing equation itself determines the eigenstates at the zeroth order of 1/N, expan-
sion. We focus on the problem at O(1/N?), because in N' = 4 SYM, the degeneracy of the large
N, zero modes is mostly lifted at this order. Still, some eigenvalues may remain degenerate.

2.2 Lifting the large N. degeneracy

Let us derive submixing equations. We are mostly interested in the submixing among the large
N, zero modes, namely the operators with the vanishing anomalous dimension at N. = co. The
large N, zero modes in the scalar s0(6) singlets will be given explicitly in Section

Let H, and H, be the space of the large N, zero modes and non-zero modes, respectively.
We split the dilatation operator into the planar and non-planar part as ® one-100p = Do+ N, D1,
and regularize the planar part by ®. = € + ©( to make it invertible. Take a general linear
combination of the large N, zero modes, and call it ¥y . 1 is regarded as the large N, limit
of a finite N, eigenvector 1. Then the non-planar operator mixing equation ®gne100p? = VY
becomes

(De+ N'D)) y = ( it ZN;%) Y, = N7, (ho€Ho, %=0). (25)
=0 i=0
Expand this equation in N ! and apply ©_'. The results are

Yy = Z%—iQE—IM + e©;1¢n — @E—I D1Up_1, (m>0, Y1 =0). (2.6)

=0



We take the limit € — 0 and keep track of the singular terms. Denote the matrix elements
of /! and D, by

-1
-1 _ € 0 o Moo Moe - Oo
(95 )ij - ( 0 A-e1> ) (@l)ij = (m.o m..) , 0= (O.) v (Ocse € Hoya), (2.7)

where A, = A, + € are the non-zero eigenvalues of .. The projector to H, is written as

P, =lim e®;!, P2=P,. (2.8)

(o]
e—0

The projector to H,e is P, =1 — P,. We also use the notation ¢°/' =Pt
The equation (2.0) can be written as

e _ 1 . -1, -1
1% - 11_{% <ZO Tn—i ©e % QE ®1 1%—1) . (29)

The limiting behavior of the operator ®_! depends on the operand; it is singular on H, and
regular on H,. By evaluating (2.9) up to second order and using vy = 0 and ¥§ = 1y, we

obtain
v5 =0, (2.10)
P =€ b — D7 D¢y, (2.11)
Uy =€t — D Dyt (2.12)

By extracting the components of H,/, in (ZI1]) and (ZI2), one finds
€ ' mtbo = Po D, D1 0y, Un=—P.OD D9, 1, (n=1,2). (2.13)

The first equation determines the eigenvalue -, , which may lift the large N. degeneracy. The
second equation determines v, but not 1,y . No equations can constrain 1), because 1), are the
zero modes of the planar dilatation. They cannot be fixed by perturbation at n-th order. These
zero modes are not important at O(N;2), because the eigenvalue 7, does not depend on 9 as
shown below.

2.2.1 Matrix elements

Let us rewrite the above equations in terms of matrix elements. We use small or capital letters
in place of o or e to label the components of H, or H,, respectively. An eigenstate is expanded
as Yn, = Up,q Ooq + Una Os 4. Equations (2.13) becomeﬁ

<6_17’n uO,a) . (6_1 (mab Up—1,b + MmaeB un—l,B) + O(EO)>

B (2.14)
AL (maptn—1p +mapun—15)+ O(€)

Un, A

4Note that 1 and v do not depend on e.



Collecting the terms leading in the limit ¢ — 0 at n = 1, we obtain,

M Aa
0= (71606 — Map) Uoyp , 0=wua+ Ai Up,q - (2.15)

These are the equations for degenerate perturbation at first order. In Appendix [B.2] we observe
that the large N, degeneracy of zero modes in NV = 4 SYM is not lifted at first order. Therefore,
we assume

Y =Mg = 0. (2.16)
At n =2, we find
0 (maBch o 5ac) o (2.17)
Ap
mMaABMpBe map
0= (A8 Be A, — . 2.18
( Al g Uo, AL U1p UZ,A> ( )

The first line is the submixing equations because it lifts most of the large N, degeneracy at
O(N;?). This equation is insensitive to the ambiguity of 1§. The second line determines the

eigenstates 3.

2.3 Large N, zero modes

We classify the large N, zero modes in the singlet representation of s0(6).

The BPS states of N = 4 SYM can be labeled by the irreducible representations of
psu(2,2]4) [52] (see also [53]). The conformal part of the algebra psu(2,2[4) can be neglected
if we focus on primary operators. Let us denote by C¥) the single-trace operator consisting of
¢ 50(6) scalars whose flavor indices are traceless and symmetric. General half-BPS multiplets
belong to the representation [0, L,0] (L > 2). E] The primary operators can be written at large
N, as

Ohalf == [H C(&)] ) ZEZ = La L 2 27 (219)
=1 [0,L,0] =1
Similarly, quarter- and eighth-BPS primary operators can be written at large N, as
OQuarter = HC(ZZ) ) Zél =k+ 2h, h > 1,
Li=1 1 [h,k,R) i
Ouinn = [[[ € C Y li=k+2n+3K, W >1
Li=1 d[hk,h+2R] (

It is not easy to write down BPS operators explicitly at finite N, because one has to solve the
mixing problem coming from the color structure [38, 54, 55]. Recent attempts at solving the
zero eigenvalue equation of the dilatation operator are available in [50], 57, 58] 23], 25].

Here [p, g, 7] denotes Dynkin labels of su(4)r = s0(6) .



One can prove that a large N, zero mode is always written as a product of C¥’s. At large
N,., the anomalous dimension of a multi-trace operator is the sum of the anomalous dimension
of the constituent single-trace operators. The dimensions of the single-traces are given by the
planar dilatation, which is equal to an integrable spin-chain Hamiltonian. The planar dilatation
has the ground state given by the traceless symmetric single-trace operator, which is C¥), and
its eigenvalues are non-negative. Note that the products of BPS operators are non-BPS in
general.

We present examples of scalar multi-trace operators in so(6) singlet with the vanishing

anomalous dimension at large N,.. For clarity, we introduce the flavor indices

CO = Ciiyiy = tr (B, 0sy .. By ), (2.20)

122...5¢ 1

where (iyiy...17,) means traceless and completely symmetric. Then, the large N, zero modes
with length L = 4,6, 8 are given by
{Ci; Cij },
{Cijk Ciji» Cij Cik Cri}, (2.21)
{Cijkt Cijir » Cijni Cij Crrs Ciji Ciji Cur, Cij Cji Cri Cue 5 Cij Cjg Cra Cii},

The number of the large N, zero modes with length L, denoted by Z,, grows as in Table [I]

L 2 4 6 8 10 12
Zr 01 2 5 11 34
dimH, |1 4 15 71 469 4477

Table 1: dim #H; counts the numbers of all scalar multi-trace operators in s0(6) singlet with
length L. Z; counts the operators in H; whose anomalous dimension vanishes at large N, .

Finding an explicit formula for Z7, is a difficult problem of combinatorics. Interestingly, this
series coincides with the asymptotic number of completely symmetric polynomials of Mandel-
stam variables at degree L/2 subject to the massless momentum conservation [59] [60], which
will be further explained in Appendix [D] This coincidence may break down at L > 14 due to the
finite-N; constraints, where Ny = 6 in N' =4 SYM. An example of the finite-N; constraints
is the following anti-symmetrization identity:

0= Z Sign(a) Ci1ig(1) CiQiU(g) 61310(3) Ci4i0(4) Cisio(s) CiGig(e) Ci7io'(7) (Zk = 1, 2, ey 6), (222)

gESy

which reduces the number of independent large NV, zero modes by one.

2.4 Observations on submixing

We present here interesting structure found in the submixing. The data in Appendix
is summarized in Figure [I| which shows the eigenvalues of the submixing Hamiltonian for



L/2] 2 3 4 5
—y | 20 60.2459 101.276 132.315

Table 2: The coefficient 5 of double-trace operators for various L.

Y2
4 5 6 7 8 9 10
+ ¢ L
o

-50+

—— Double-trace

-100+

1st Triple-trace

1st Quadruple-trace

Figure 1: Plot of 7, for the large N, zero modes against the operator length L at Ny = 6.

L = 4,6,8,10. The one-loop anomalous dimension is given by v = ~5/N2? + O(N_3). The
legend “m-tuple trace" means that the operator consists of a mixture of m-trace operators at
large N.. At higher orders, they mix with everything else. Also, the numerical values of 7, for
the operators starting from double-traces are shown in Table [2]

Let us rephrase our findings. First, most of the large N, degeneracy of zero modes is lifted
at second order. This statement is not trivial because the large N. degeneracy of non-zero
modes is sometimes lifted at the first order in 1/N, .

Second, all the second-order eigenvalues are non-positive, 7 < 0. This is again non-trivial
despite the minus sing in ([3.30), because the matrix elements are not symmetric, mqa # Ma, -
Note that the finite N, anomalous dimensions of the large N, zero modes can be positive. There
exist operators with g = =+ =,_1 = 0 and =, > 0 for some n > 3.

Third, when the large N, degeneracy of zero modes is lifted at O(1/N?), all eigenstates
have a definite number of traces. Thus, the submixing Hamiltonian should commute with the
operator which counts the number of traces. In contrast, the operators with different number
of traces may submix for the large N, non-zero modes.

Fourth, if we define the density of submixing matrix elements by applying the Laplace
transform to D;" aﬁ

. MeBMPBc

hoy(t)ae = — map e M mp., /Oodthact = - 2.23
(t) EB: B B ; (1) A, ( )

6There can be other integral representations of Dy 1

10



the submixing densities at different ¢ satisfy

0 = Poy (P (D))o = ()t (B

— (P2 (D)o = )t (B ) P = O, (2:24)

o
min

where P7. is the projector to H which is the subspace of H, spanned by the products of

length-two operators. This “projective commutation” relation is equivalent to

0= P;%in (maB (A%> mpeMep (ATLr)L) Mpe — MgB (Ag) mpeMeD (A%) mDe)

= (mas () msemep (AB) mpe = map (AF) mpemep (Ap) mpe ) Py, (225)

for n,m > 0. These relations imply that the submixing problem on H:  is integrable.
It will be interesting to prove these findings and see how general these relations hold true,

which will help to solve general submixing problem. The projection by P:. may be removed

min

by finding a better definition of the submixing density, or equivalently a better definition of
mutually commuting charges ([2.25)).

2.5 How to solve non-planar operator mixing

Let us pause to explain how we obtained the aforementioned results on the operator submixing.
It is not a priori clear at which order the large N, spectral degeneracy is lifted, so we need to
study the general non-planar operator mixing problem. Since the full non-planar problem is
too complicated to work by hand, we used computer programs extensively to obtain concrete
results. More specifically, we wrote Mathematica codes and proceed as follows,

e Generate a complete set of multi-trace operators with a given length, using the notation
in Appendix [E]

e Compute the action of one-loop dilatation operator on the complete set of multi-traces.

e Extract the matrix elements, as analytic functions of N, and Ny E]

Our computation can be done symbolically with no numerical errors until this stage. See the
attached Mathematica code for details.

Having obtained explicit non-planar mixing matrices, we will study their eigensystems later
in this paper. We will analyze

e Operator submixing problem as 1/N, perturbation
e Eigenvalues as analytic functions of N, and Ny

e Finite IV, constraints on eigenvectors

There is no need to invent new techniques to solve these standard problems of linear algebra. In

order to manage large matrices (of size < 5000) efficiently, one should compute their eigenvalues

"N =4 SYM corresponds to Ny = 6. We introduced a parameter Ny as discussed in Appendix

11



numerically at MachinePrecision. It will take an extremely long time to find all eigenvalues
analytically if the matrix size is bigger than ~ 30.

It is not easy to inspect carefully the Mathematica codes, so we need to check that no
mistakes were made during the computation, which can be done in two ways. First, our mixing
matrix eigenvalues at L = 4,6 agreed analytically with the literature [61, [62] as shown in
Appendix [B.2] Second, all eigenvalues of the mixing matrix are real. This is a non-trivial
check because we computed the mixing matrix elements using the basis in which the matrix is

non-hermitian. Further discussion on the finite N, spectrum will be given in Section

3 Correlation functions

We will study the submixing problem by evaluating two-point functions. First we evaluate v,
in terms of correlation functions of ¢;, and derive the submixing Hamiltonian. Then we discuss

the sign and the L-dependence of v, .

3.1 Preliminary

In this subsection, we summarize preliminary facts about correlation functions.

We will focus on color and flavor combinatorial factors of correlation functions, and we
drop the space-time dependence, which is trivial to recover from conformal invariance. In our
analysis, the difference between the U(N,) gauge group and the SU(N,) gauge group does
not matter because we mainly discuss the leading large N, contribution. We use the U(N,)
Wick-contraction

()i @)5) = 08, 5% (3.1)
It can be extended to the case of multi-fields as

<: ((I)al);"ll e ((I)OLL);‘Q - (q)bl)fnll T (q)bL)fnLL :>

— it L5 koL ske
- Z 6“1170(1) 5aLba(L)5ma(1> 5m0’(L)5jcr(1) 5JU(L>

oeSy,

= Z 6“1ba(1) T 5G‘Lbfr(L) (0)5\/[(‘771%( . (3.2)

og€ESY,

where the normal ordering defines an operator without self-contractions. Because of the normal
ordering, Wick-contractions apply only between ®,, and @y, .

Next gauge invariant operators are considered. Any multi-trace gauge invariant operator
built from L matrices can be characterized by an element of the symmetric group Sy, as

trp(T@F") = (7)1 (2F");

=1 G (D) (D, ) (3.3)

ir(1) ir(L) J1 JL
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Focusing only on the color structure by leaving out the flavor indices, this description has the

symmetry
trp (T®%F) = tr(grg 1 O%L), (3.4)

where ¢ is any element in S;. This implies that the multi-trace structure of gauge invariant
operators is classified by the conjugacy classes of Sy, which are the partitions of L. It is then
straightforward to obtain two-point functions for gauge invariant operators [17],

(trp(m®F) = trp(r®2F) :) Z%cm)' Oagey s, (0)1 (0T (1)] (1)
ocESY,
= Z Oarcyrsy ** * Oagey ) tTL(TI0 T T20)
ocESY,
= 3" (ol NOT 7o), (3.5)
oceST,

We introduced a shorthand notation

Sreacs " agevisy = (1012), (36)

and C(o) counts the number of cycles in the permutation o, e.g. C(1) = L, C((12)) = L — 1.

a1co) "

Finding the L-dependence of the correlator (B.1) is a complicated combinatorial problem
with the color and flavor structures correlated. In Section [3.3] we will concretely compute
the two-point functions of the double-trace large N, zero mode, as an example to see how the
correlators depend on L.

In the literature [16, 17, 14], bases of gauge invariant operators in the s0(6) scalar sector have
been constructed, and they diagonalize the two-point functions including all 1/N,. corrections.
The readers can also refer to [10] [13] 12} [63], although we do not need those technologies in
what follows.

When 7, and 7, are in the same conjugacy class (i.e. they have the same trace structure),
the two-point functions behave as ~ NE. Tts coefficient is a symmetry factor determined by
the number of permutations p satisfying 71 p 'mp = 1E|

(i trp (m®EL) o trp (Rdh) @) = Z<a|p|c> NE 4+ O(NF. (3.8)

p

8 The symmetry factor of the two-point functions can be associated with group theory. Suppose 7 is in the
conjugacy class ¢ = [c1,--- ,cr], where ¢; is the number of cycles of length i, i.e. L = )", ic;. The number of
permutations p satisfying p~'7p = 7 is counted as follows. For a cycle with length 4, there are exactly i cyclic
permutations that do not change the cycle. Hence, i% cyclic permutations can leave the cycles. Also, p can
permute ¢; cycles of the same length. Then we have the formula

L

- H(ici)(q!). (3.7)

%

L
Symy,(c) = dim l@ (Se; ®ZE)
=1

For 7 in the conjugacy class c;, = 1, we have Symp(c) = L. For 7 in the conjugacy class ¢y /3 = 2, we have
Sympg(c) = L?/2.
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On the other hand, if 71 and 75 are not in the same conjugacy class, (i.e. they have different
trace structure), the two-point functions behave as N¢ with a < L. In other words, for two

normalized operators ¢y, o we have

(p12) ~ O(1), (3.9)

if they have the same trace structure, and

{p1p2) ~ O(N?)  (a>1). (3.10)

c

if they have different trace structure.

We can also deduce the large N. behavior of matrix elements of the dilatation operator.
The planar dilatation operator does not change the number of traces while the non-planar
dilatation operator does change the number of traces by one. In other words, the planar
dilatation operator does not change trace structure of operators while the non-planar operator
does. As a consequence we find

2y (90)

and so on, where ¢ is a linear combination of operators with the same trace structure.

~ O(N Y, (3.11)

C

We expand a dilatation eigenstate as

1 1
V=Y + 00 = ;N—w (3.12)

where each field v); is allowed to be a linear combination of multi-traces. We will assume that
the two-point function between v; and v, is subleading

(Viv)iy1)  O(N-
V Withi) (Viga¥ira) (). (3.13)

For example, if 1) is a double-trace operator, 1; can be a linear combination of single-traces
and triple-traces. This assumption is essential in the subsequent argument, and it is desirable
to have a proof.

Note that correlation functions of v like (B.8)) have a meaningful 1/N, expansion only if
N. > L. In general, the numerical factor appearing in each order of the expansion is a function
of L or L;, where L; is a partition of L. Hence the expansion parameter in ([B.I3]) and (B.I1))
is f(L;)/N.. In order for this expansion to be a perturbative expansion, we need to assume
N, > L, which we do in what follows. Then, two-point functions of ¢ reduce to those of ¢y in
the planar limit.

14



3.2 Correlator expressions of v
3.2.1 1/N, perturbation revisited

The dilatation operator can be divided into the planar and non-planar parts,

1
:gone—loop = QO + ﬁ 91- (314)

We will study the case 1)y is given by a linear combination of the large N, zero modes, which

is characterized by
Dovy = 0. (3.15)

Substituting the expansions into the eigenvalue equation

33one—loopw - ’Wb? (316)
we have ) ) )
Taking the two-point functions of this equation with v, leads to
1 1 1
N (10 (D09 + D1thy)) + e (Yo (D107)) = (<¢0¢0> N <¢05¢>) : (3.18)

From the fact that the dilatation operator is self-adjoint with respect to the two-point function,

we have

(o (Dodv)) = ((Dotho) d1p) = 0. (3.19)
Because 0¢ = 91 + /N, + - - -, we obtain

_ 1 Ne (doD1tho) + (thoD1¢y)
TN (Voto)

Assuming that ¥y and 211 have different trace structure, we see that the expansion of v starts
from the order 1/N2[| Substituting (B:20) into (3I7), we find

+O(N). (3.20)

Dot + D11y = %7 (3.21)

where 7 is a linear combination of multi-traces that are different from ;. Considering the
two-point functions of (BI7)) and 1), we obtain

1
NZy

(nto) = = ({wm) + (D)) — - (i) = O )G i), (322)

which is consistent with our assumption (B.13]).

9This situation is parallel to our argument around (2.16).
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The equation (3.21) can be used to get the following expression,
1 N (%0 D1¢0) — (1 Doyhr)
NZ (1o o)

or equivalently by expanding v =" _ N "Yn,

Ne (o D1 1bo) — (11 Do ¢1)
(Yo o) .

This expression of 75 will be frequently used later. Because 75 is the leading term of the 1/N.

+ O(N?), (3.23)

"Y:

Yo = O, 71 = 0, Yo = (324)

expansion, we can use the planar limit to compute the correlation functions.

We will next give another form of 4. Following the methods of Section [2.2] it is not difficult
to rewrite the above expression of v, as

(o (N D1 — 9196_1@1) o)

= lim 3.25
(S (10 o) (3.25)
This simplifies further as
. (UD. V) 1 N,
= —lim—=+ U= - — 2
V2 61_{% (o o) ) D D1 5 Yo, (3.26)

which can be checked by using the self-adjoint property of ©, and (3.15)), (3.21)).

3.2.2 Submixing Hamiltonian

Let us derive the submixing Hamiltonian. We use a Greek letter to label different large N, zero
modes as

Donetoop®@ = 7 @@ ¥ =, (3.27)

For simplicity, we assume that the eigenvalues are non-degenerate, 7 # v for o # 3. By
generalizing the above argument, we obtain

A (0 0l = N (e D) = () Do)

— lim <¢gﬂ><m@1 - @19;191)¢é"‘)> . (3.28)

€E—
The left-hand side is proportional to d,s, so the right-hand side is. Since {¢éa)} spans the
entire Hilbert space of the large N, zero modes, we can think of (8.28) as an operator identity,

Ho, 08 =408, Hg =P (N.D, — 2,99, (3.29)
which is ([B.31]).

In Section 3| we will rewrite the submixing equation in the operator form,

MaBMBe .
Y2 Uo,q Oo,a = — (%) U, ¢ 0070 — Y2 ¢0 = Hsm 77/10, (330)
B
H, = P Hay = P(NDy - D979, (3.31)
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We call Hg,, submixing Hamiltonian. The projector P, is needed because Hg, maps H, to the
whole space of operators, H, @ H,. Note that the first term in (3.31]) vanishes if we write
down matrix elements as in Section 2.2l owing to (2.16]). The (dis)appearance of the first term
originates from the fact that the mixing matrix is not Hermitian whereas the dilatation operator
is self-adjoint with respect to the two-point functions.

We can also rewrite the submixing density into an operator form as

N, N,
he (£) = Py hom(t),  hem(t) = (7 D, — @1) etPe (7 D, — @1) L (3.32)

The integral over [0, 00) converges if we consider P,hgy(t) = hS,(t) thanks to lime o P, ®. =0
and (2I6). Then we can safely take the limit € — 0.
For the double-trace operator CzCz , the action of the submixing Hamiltonian can be schemat-

AT
==
> : (3.33)

where each circle represents the single-trace operator Cz. The ©1, represented by a gray circle,

ically represented as

is an interaction vertex and ®_! is a propagator. The intermediate state in the second term
must be a single-trace.

In the literature, the energy spectrum of string in pp-wave SF'T was compared with the
dimension of BMN-type operators in N’ = 4 SYM. It was argued that we should include four-
point contact terms in the pp-wave SF'T for a better agreement and to cancel a divergent term
from a cubic coupling [64], [65]. We can interpret the first term in ([3:33]) as the four-point contact
term, and the second term as the cubic term squared, in consistent with the expectation from
the pp-wave SFT.

Interestingly, we can remove the four-point contact term if we renormalize the wave-function
as V' = -0V = Jeypg — D7Dy ¢hy. From [B26) it follows that HY, ~ (¥ D '), which
contains only the propagator 1.

3.2.3 On the sign of 1,

Here is another comment on the sign of v5. The eigenvalues of © are non-negative, but it does
not mean 1y, is non-positive. Let V1 V] be an eigenbasis of ©, D, respectively. The state ¥

can be expanded as
U =FRV/ =FU V. (3.34)
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Note that U is not an orthogonal transformation, because {V{’} is not an orthonormal basis at
finite N, . It follows that

(UD V) = ((FrUX V) D FiU V)
= FUR (Vi v Vi) iU,
— Fy (Ufmg(UT)LK)FI . (3.35)

Since 7y and (U~oU7T) have different spectra at finite N, , (¥ D, ¥) can be positive or negative.

3.3 Two characteristic classes of the large N, zero modes

As we mentioned in Section [2.4] the submixing pattern can be classified by the number of traces
of the large N, zero modes. We will focus on the two characteristic cases in the classification:
the number of traces being minimal or maximal. The first case is the double-trace operator

C C

is a set of operators having the largest number of traces, namely L/2-tuple length-2 operators

which is the unique operator of length L with two traces. The second case

a1--Qp /21 G /2

such as C;;C;;Cp; - - - Cri . The number of such operators is equal to the number of partitions
of L/2 excluding the partitions that contain 1. Let us introduce a shorthand notation CIP! =
CarasCasasCasas * * * Cayay - There are two operators for L = 10; C 5] and CPICP!, and there are four
operators for L = 12; Cl6l, ccl® cPlcRIlcl and ¢BICB!. For p > 7, the constramt (2.22) has

to be taken into account.

Below we want to see how the L-dependence arises from correlation functions, by taking
the double-trace operator as the simplest example. In general, the two-point functions of other
large N. zero modes result in complicated combinatorial problems.

We write the singlet double-trace operator as

XL =:tr ((I)(al e (IDGL/Q)) tr (q)(al e (I)aL/z)) :
= <EL’|P[L/2]|5> st ((one @ o) @?Lﬂ ® CD?L/?) : (3.36)

where oy, represents the conjugacy class of cycle length L/2 in Sp/». We introduced the

projection operator Py /o associated with the rank-L/2 symmetric traceless representation of
50(6).
From the formula (3.5]), the two-point functions of y; can be computed as

X s « « e o]
(xexL) Z > (@] Pojalb) (@1 Py ja|d) (@ © blp|& @ d) N O n20 T CrBenz) (g 37)

d PESL

To simplify it, let us use the diagrammatic computation presented in [66] 13| and Figure . We
also introduce a trace over Vf®L, where V} is a 6-dimensional vector space for the flavor index.

18



Py

a b
P
g d

Py

Figure 2: The flavor structure of (x1xr). Two lines at the top and the bottom of the figure are
identified. The contraction operator [ [, C;; connects @ with I;, and ¢ with d.

It follows that™l

—1
(xexe) = Y tr] (P @ Dp(Prrys @ 1)CiCas -+ - Cyarys) N, (Crp®arr e 800/2)0)
pPESL

=2 Z tr{ ((P[L/z] ® 1)(p1 @ p2)(Prrjg ® 1)C11Cog - - - CL/2L/2)
p1,p2€S5L, /2

Cla “la +C(a Tla _
% Nc( L/2P1 L/2P1) ( L/2P2 L/2P2) —i—O(NCL 1)

=2Dimz;, Y NP4+ O
p(lo),péo)GSL/z
L2
== NIDimg, + O(NETY), (3.38)

where tré is the trace over Vf®L . The factor 2 at the second line originated in the symmetry

that exchanges two oz 2’s of the operator. At the third equality, pgo) and péﬂ) are permutations

satisfying pz('o)OéL/ngO)fl = ays (see footnote , and we have used

) (Pr/2) ® 1)(p1 ® po)(Prjo) ® 1)C11Caa -+ - Cpyop o)
= tr{((P[L/m ®1)C11Ca -+ - Crjar2)
=t} »(Plr/2)
= Dimy,», (3.39)

0With the notation V&L = V&2 g V®L/2, C;; is the contraction between the i-th space in the former
f ! f
Vf®L/2 and the i-th space in the latter Vf®L/2.
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where we used p; P /o) = P19 and P[QL o] = P19 The second equality can be explained by
Figure 2| without permutation p. Dimy s = +5(L/2+ 1)(L/2+ 2)?(L/2+ 3) is the dimension of
the totally symmetric traceless representation of s0(6).

3.4 Evaluating 7,

We now evaluate v, based on the expression (|3.24)).
First, we see that the dilatation operator ®gne100p (LI]) annihilates the single-trace operator
Cayryooay = t1(Pa, ® -+ @ Pgy). The first term of the dilatation operator annihilates C,, ... q,

because the indices are symmetrized, and the second term annihilates because the indices are
traceless. Then, the dilatation operator acts on the product CaC; = Ca, ... o,Cp, ... p, 88

@0ne_100p(Ca-C,;) ~ (’Done_bong)Cg + Cg(@one_loopcl;) + (8&3) (86,;) = (805) (6(2,;) (3.40)

The two derivatives in the dilatation operator do not act on the same single-trace.
With the above facts, we will turn to the correlator expression of ~,. Suppose that the
dilatation operator acts locally on the factor

©=Cq o 0.Cop (3.41)

contained in 1y. The effect of the non-planar dilatation operator is to make a single-trace from
the double-trace, which we find from the formula -, reducing the number of traces
of 1y by one. The total action of the dilatation is the sum of local actions on each pair of
single-traces.

From the intuition of AdS/CFT, we may regard (B.41]) as a two-string state. A single-string
state is also created by the action of the dilatation. In this sense, the first term of v in (3.24)
is considered to be the overlap between the two-string and single-string states, and the second
term of v, can be interpreted to be the planar energy of the single-string state.

We next discuss the sign of v, in (3.24])). Recall that the numerical study for L < 10 shows
that v, is always non-positive for vy given by a linear combination of the large N, zero modes.
It is easy to see that the second term of 7, is non-positive because the eigenvalues of the
planar dilatation operator are non-negative. The sign of the first term is non-trivial because
the non-planar dilatation operator contains several terms with different signs.

In order to get more insight on 5, we will analyze the correlation functions exploiting a
large Ny limit, which is defined by letting the flavor indices run over 1,--- , Ny and by taking
Ny > L. (In Appendix |C| we will realize that 1/Ny; appears with a factor L.) This limit
describes the case Ny = 6 in a good numerical accuracy for small L as will be shown in Figure
Thus, we expect that the anomalous dimension as given by the ratio of correlators is not
very sensitive to the value of Ny/L.

Concrete computations are doable at large Ny, as will be given in Appendix [C} In Appendix
we will show that the first term of 7o in (3.24)), (¢0D1ty), is non-positive. In Appendix
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we will compute 7, for the two classes of the large N, zero modes presented in the last
subsection. We write 752) for the double trace operator and VéL/ 2 for the L /2-trace operators.

In general, the first term of 7, is of order N; while the second term is of order NJ%. Only
the second term, — (11 Do)/ (Yoty), is important at large Ny . For the double-trace operator

(3.36)), our result (C.21)) reads

D —%NJ%L2 +O(Ny), (3.42)

where « is an Ny-independent constant that may depend on L. In view of the AdS/CFT
correspondence, the double-trace operator would correspond to a non-supersymmetric two-
string state, where each string has the angular momentum +7 /2 with the opposite sign. Then
752) measures the energy difference between the two-string state and that of the bound state.
As L becomes large, one needs the more energy to break the bound state into the oppositely-
rotating two-string state. This interpretation is consistent with the numerical results suggesting
that aL? is an increasing function of L.

For L/2-trace operators, we have the following result (C.29)),

1
A~ —§N§ > L1+ 6, a)agrs) + O(N), (3.43)

where T specifies an eigenstate among various L/2-trace operators, and o r,s is another Nj-
independent constant. More details are presented in Appendix [C.2] These operators should
correspond to bound states of non-supersymmetric L/2-particles rather than strings.

Finding the exact L dependence of the submixing eigenvalues is a future problem. One
of the main obstacles is to compute the inverse of the planar dilatation operator ® . The
eigenstates of Dy can be readily constructed by using the integrability methods, but one needs
to solve combinatorial problems to expand the states ©;1 and ; in terms of the planar
eigenstates. Group-theoretical methods will be useful for this purpose. The limit N, > L > 1
with Ny = 6 is also worth investigation. Our results imply that the expansion parameter, or
the effective string coupling, in this region is ~ v/aL/N, for (3.42) and ~ vaL/N. ([343)

4 Submixing from four-point correlators

We discuss the relation between operator submixing problem and four-point functions of multi-
trace operators.

Consider the four-point function of half-BPS operators, <H?:1 C®)(z;)). The four-point
function of ' = 4 SYM can be decomposed into a product of three-point couplings and
superconformal blocks [69]. By expanding the four-point function in Taylor series around
gym = 0, we obtain a sum of anomalous dimensions averaged over all possible intermediate
operators of given quantum numbers, where the weight of average is given by the product of
three-point couplings.
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+

O(1/N?) o) T o(1) O(1/Nc) T O(1/N.)
O(1/N?) O(1)

Figure 3: OPE decomposition of a planar four-point function.

If we normalize the two-point functions as O(1), the perturbative part of the four-point
function scales as O(1/N?) in the large N, limit [67), 68]. The three-point coupling scales as
O(1) if the intermediate operator has the same trace structure as : C?)C® : and O(1/N,)
otherwise. For the former case, the anomalous dimension of the intermediate operator should
scale as O(1/N?). If not, the anomalous dimension scales as O(1). This structure is illustrated
in Figure 3

The case of p = 2 has been studied in detail in [40]. From the four-point function
(H?:1C(2) (x;)), we can extract the contribution of s0(6) singlets which propagate along the
internal line. There are four s0(6) singlets at twist four, corresponding to the L = 4 states
(B.6). If we denote the eigenvalues of the one-loop dilatation operator by {7!)}, we obtain

4 4 2
N, ¢2 4 Ne ¥ 18
Ya=1 S a?vmz—( 8W§M) D a?(v”))zz(gTZ(M oo @)

4
I=1 I=1 =1

at N. > 1. The negative sign of Y, a? ~) originates from the negative-mode of double-trace
type, CZJCZ] -

General submixing problem beyond the double-trace is related to the four-point functions
of products of half-BPS operators. A simple example is

(:CACP): (1) € (9) CP (23):CPCP): (24)) (4.2)

whose OPE decomposition contains information about the triple-trace operator : C2CC® ..
Although product operators like : CPC® : are not dilatation eigenstates at finite N, , we can
neglect 1/N, corrections by taking the large V. limit in what follows.

Some multi-trace four-point functions are O(1/N2) or less. In such situations, we can
deduce constraints on the eigensystem of submixing matrices. Consider the multi-trace four-
point function shown in Figure [4]

2.2 7.2 .9
Ti3Tyy L13Ta4

(4.3)

.Tz .Tz I’Q .I‘Q
= <:C(2)C(2) : (xl)C(z) (x2)6(3) (x3)8(3) (x4)> ~ Z Ciomyor Casr GA1,€1< 12734 L1y 23>'
I
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:Cz C2 . C3
>: Or :<
C2 C3
Figure 4: A four-point function of O(1/N2). The right figure shows its color structure.

Since F has the color structure of the five-point function of half-BPS operators, it scales as
O(1/N3) at large N... Thus we find

F}O(gzn )~ Z C2,2),2,1 U331 (’Y(I))n ~ O(l/Ng) (for any n > 1), (4.4)
I

which implies
0(2’2)’2,[ 03’37[ "}/(1) ~ O(l/Ng) (fOI‘ any I) (45)

Is there a situation where both Ci22)2,; and Cs 3 are O(1)? It can happen if an intermediate
operator is given by a linear combination of the double-trace and triple-trace large N, zero
modes,

O™ = ¢,:¢CAC? 4 ¢y:CCH) (4.6)

If O&hy P) ig an eigenstate of the submixing Hamiltonian, then its dimension must be O(1/N3)
from ([AH). Indeed, our computation with so(6) singlets at L = 6 shows that either ¢; or ¢
vanishes in ({0), and one of the three-point couplings is O(1/N,). Moreover, the triple-trace
large N, zero-mode has zero anomalous dimensions at any N, .

Certainly, this argument can be generalized beyond s0(6) singlets, and to the states with
L > 6. Typically, a multi-trace four-point function is O(1/N3) if the total number of traces
is different between two sides of the OPE decomposition. Then, from (43]) the large N. zero-
modes which propagate the internal line should have a definite number of traces to avoid
O(1) three-point couplings, or their anomalous dimensions should be O(1/N2). This result is
consistent with our observation in Section 2.4l

It will be interesting to check this argument by perturbative results. It is conjectured in [70]
that the one-loop n-point correlators of the chiral primaries satisfy a generalized factorization
formula at large .. A similar structure may be found for the multi-trace four-point functions
considered here.

5 One-loop spectrum at finite and analytic NV,

In this section, we want to study the finite V. physics intrinsically, not by summing 1/N.
corrections using the large N, theories. We will regard an anomalous dimension as a real
analytic curve on the (v, N..) plane and study the properties of the curves.
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5.1 Double determinant operators

Let us start with the finite V. problem. In particular, we consider the spectrum of determinant-
like operators based on our spectral data at arbitrary N.. Foundations of the following discus-
sion are summarized in Appendix [B]

When the length of an operator is comparable to V., the mixing between single-trace and
multi-trace operators is no longer negligible even at large V.. One cannot a priori guarantee
that the dimensions of such operators can be computed by integrability methods. In [§], one
of the authors studied the following double-determinant operatorsE]

Oy 125, Z5] ~ ity i @I €y gy €12 INY YN (ZIYINYT YN (2 (5.0)
which should correspond to a pair of open strings ending on giant- and anti-giant-graviton
branes. The dimension of the Y'Y operator was computed by integrability methods and pertur-
bative N' = 4 SYM techniques, which precisely agreed for L, L’ > 2. However, at finite values
of the 't Hooft coupling, the dimensions of these operators exhibit pathological behavior, which
can be interpreted as the existence of tachyons [8, [0]. Also, when L or L' = 1, an unexpected
divergence is found at two loops. Thus, we should take the large N, limit more carefully because
the operator (5.1)) is not the exact eigenstate of the one-loop dilatation.

In the heuristic argument of [§], it was assumed that the anomalous dimension of the
YY operator (5.0) becomes non-trivial starting from the wrapping order. In particular, its
anomalous dimension must be zero at one-loop at large N.. To obtain the desired result by
solving the non-planar operator mixing, we can look for an operator of length ~ 2N, whose
one-loop dimension is zero at any N.. Since the length of double determinants exceeds N, , it
is important to guarantee that such a state survives under the finite N, reduction discussed in

Appendix [B.1]

Zero mode at finite N.. For simplicity, we study double determinant operators without
insertion of Z%’s instead of the Y'Y operators (5.1)),

— — . . . hiadN lLila.. Iy it D RN VA I va S vl
Oyy = €iyiy...in€ €kyky. iy € Yo Y Y NY Y Y (5.2)

which corresponds to a pair of giant and anti-giant graviton branes without open strings. The
symbol + ... represents the terms induced by the operator mixing, such as the one given by
the interchange Y <+ Y or YY XiXZT.

Our goal is to find completion of (5.2]) with zero anomalous dimension at any N, . Holomorphic-
antiholomorphic operators are good candidates. They belong to the so-called k& = 0 sector of

[13], and their explicit forms are

Ohol = (ﬁtr Yga) <ﬁ tr?£b>7 Zf(l = Zgb = g (53)

a=1

HHere Xj, = ®op_1 + i®Pop = (W,Y, Z) are complex scalars of N'= 4 SYM.
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The one-loop dilatation (1)) may break the holomorphic-antiholomorphic structure as
wYetr V" o {tr (VaY™), tr (Velx, VO XD, b (Ve x YY), L } (5.4)

Once broken, the holomorphic-antiholomorphic structure cannot be restored by further dilata-
tion actions. Thus, the operators (B.3]) do not appear on the right-hand side of ©-O; = M, ;0 .
As a result, if an eigenstate of the dilatation operator contains a holomorphic-antiholomorphic

element, its eigenvalue must be zero:
w ~ Ohol + ... — ’Y[w] =0. (55)

Similarly, the k = 0 operators in the su(2) sector have zero anomalous dimension [57].
Consider the finite N, reduction on the holomorphic-antiholomorphic operators. If L is a

multiple of four, then the following holomorphic-antiholomorphic operator does not become
null for N, > QF_TI

D \EA Y aNEA N AN
Oh01:<tr(Y )) (tr(Y )) —9 (Y21Yu+Yn) (Y21Y12+Y272> Y. (5.6)

One can show that the mixing tr (Y?)tr (72) < (tr (YY))? cannot cancel (5.6) completely.
Thus the term (5.6]) survives at N. = 2. And if an eigenstate is non-trivial at N, = 2, then it
must not be null for N, > 2.

Closed subsector of one-loop dilatation. Let us briefly explain how the dimensions of
Y'Y operators are related to those of 50(6) singlets which we studied earlier.

Under the dilatation actions, the Y'Y operators like (5.2]) mix with s0(6) singlets as in (5.4)).
Since the dilatation itself is s0(6) singlet, the s0(6) singlet operators mix among themselves.

Let us define the characteristic polynomial of the mixing matrices for two subsectors,

Pyv(7) = det (Mr; — v1s) Painglet (7) = det (Mpy — v dr15) . (5.7

— )
Y'Y+ singlet singlet

Since the mixing matrix for Y'Y contains the mixing matrix for singlets as a subset, the poly-
nomial Py () is divisible by Piinglet (7)-

Our calculation at L = 4, 6 reveals that the most negative eigenvalue belongs to PBinget (7),
although By (7)/Psinglet (7) contains some negative modes. Assuming that this is a generic

pattern, we will study the lowest eigenvalue among s0(6) singlets in detail.

The lowest eigenvalue at finite N.. At large N,., the state with the smallest 75 shown
in Figure |1} which is the double-trace operator for L < 10, has the lowest eigenvalue among
all s0(6) singlets at a fixed L. Moreover, we observed that this lowest eigenstate does not
become null for N, > L/2. The numerical values of the lowest eigenvalue in the s0(6) singlets
at N, = L/2 are shown in Table [3| and Figure
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L| 4 6 8 10
v | =3 —3.22476 —3.62944 —4.01516

Table 3: The smallest one-loop anomalous dimension A; = (N;Tgr‘sz> ~vat N.=L/2.

-3.2} o
—34}
-36¢+
-3.81

-4.2r

4 5 6 7 8 9 10 11
Figure 5: Plot of the lowest anomalous dimension at N. = L/2 in Table 3] The quadratic fit is
given by v = —2.70242 — 0.031668L — 0.01006L>.

The results show that |y2|, the coefficient of the one-loop anomalous dimension, increases
faster than linearly as N, increases. If we extrapolate this behavior at large N., the lowest-
energy state will have the dimension

N, ¢3
A:2Nc— 89\2('M (050+CY1NC+C¥2N(:2)+..., (58)
™

neglecting «a; for ¢ > 3. At large N., this expression hits the unitarity bound A = 0 around
gym = 0 very quickly. In other words, the operators with the anomalous dimension (5.8)) cannot
be studied in the 't Hooft limit.

The relation between the divergence of the lowest eigenvalue in (B.8) and the pathological
behavior of Y'Y operators found in [8, @] is unclear. The problem in the naive planar limit
has disappeared by including all non-planar corrections (i.e. by identifying the ground state of
integrable spin chain with boundaries as a holomorphic-antiholomorphic operator). However,
there is another operator whose dimension diverges in the large N, limit with all non-planar
corrections included.

Let us recall that there are other situations where the integrability methods such as the gen-
eralized Liischer formula or the mirror TBA disagree with perturbative field-theory calculation.
Not all the disagreements are related to non-planar effects. One of the most puzzling examples
is the single-particle state tr (X Z) in the S-deformed theory |71, [72]. The field theory calcula-

tion shows that this operator is protected owing to the so-called prewrapping effect. However,

12If L = 2 (mod 4), consider Of , = Cg) Ohol With C§,2) =tr (YY) — $tr (X, X]).

26



the TBA computation based on a naive asymptotic Bethe Ansatz neglecting the prewrapping
effect predicts a divergent answer. It is not known how to incorporate the prewrapping effect

in the integrability methods.

5.2 Level-crossing and level-pairing

Below we regard one-loop dimensions as locally real analytic functions of N, , instead of col-
lection of real numbers evaluated at integer values of N.. It allows us to keep track of each
eigenstate from large N, to small N, .

5.2.1 Level-crossing

We ask the question when two operators have exactly the same one-loop dimensions at finite
N..

Consider the characteristic polynomial of the non-planar mixing matrix M;;. This polyno-
mial factorizes into

P(v) = det (M —7517) = [[Fa(D). (5.9)

where PB,(7) is a prime polynomial over C at generic values of N, .

The roots of different prime polynomials are unrelated, and nothing prevents the level-
crossing. For example, at L = 6 there exists an apparently non-BPS operator which is protected
at any values of N, [}] At L = 8 we find two non-BPS operators whose anomalous dimensions
are simple functions of N.. These energy levels do cross with the other energy levelsff]

In contrast, the roots of the same prime polynomial rarely collide unless N, is small, which
can be roughly explained as follows. The roots of the same prime polynomial come from a sub-
matrix whose off-diagonal components are non-zero, and the non-zero off-diagonal components
keep the eigenvalues separated.

Let us argue more accurately by writing down the condition that the one-loop dimensions of
two operators coincide at finite N.. We denote the dilatation operator at N, = N, and N, — 0N
by ®, and D, — 0D, respectively. We want to solve the eigenvalue equation at N. = Ny — dN
perturbatively around 0D = 0. The operator mixing equation can be written as

De—0D)p =79 & ¢=(Ds—7)" DY (5.10)

If we take the limit 6® — 0, only the states with (D, — )1 = O(6D) contribute to the
right-hand side. In particular, if the energy levels of two states are sufficiently close, the
other energy levels are neglected. We denote the one-loop dimensions of the two states at
N, = No, Ny — 0N by 7e(+),V(x), respectively. The condition that these two states become
degenerate at N, = N, — 0N is given by

T — Vo) = V(e + Vin = Vaz)2 + 4 VipVyy =0, Yo(+) — Vo(-) = € (5.11)

131t is known that this operator remains protected at two-loop order [62].
14We use the words “energy level” and “one-loop anomalous dimension” interchangeably.
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where 00 - O; = V;; Oy . If V;; is Hermitian, then the level-crossing is possible only if the
off-diagonal components Vj» = V5 vanish. The off-diagonal components vanish, for example,
when two states belong to different irreducible representations of the symmetry group of the
model. This non-crossing rule is a famous statement by von Neumann and Wigner [50].

The matrix V7, is not Hermitian in the non-planar mixing problem of N' = 4 SYM. Two
roots of the same prime polynomial can collide and become a pair of complex conjugate roots.
Of course, any gauge-invariant operators of N' = 4 SYM must have real dimensions, at least
to all orders of perturbation in gy . It suggests that whenever two eigenvalues collide and
become complex, the corresponding eigenvectors should be nullified by the finite N, reduction.
As a corollary, the roots of a prime polynomial will never collide for N, > L[]

A few remarks are in order. Since the levels repel each other, the energy levels are quite
dense for N, > L > 1, and the one-loop dimensions can change little as we vary N, as long as
N. > L. Also, the 1/N, expansion of the one-loop dimensions fails to converge at the points

when complex roots show up.

5.2.2 Specifying branches

Let us consider the non-planar eigenvalue problem from a mathematical point of view.

The dimension of a physical operator is a root of the characteristic polynomial (5.9) evalu-
ated at integer points of N.. Since the polynomial is an analytic function of V., the dimension
can be analytically continued at any N., which we call an eigenvalue curve. By keeping track
of eigenvalue curves, we can see which finite NN, eigenstate is connected to which of the large
N, eigenstate.

Not all large N, eigenstates can be extended to small N.. As N, decreases, a pair of
adjacent energy levels collide and create a pair of complex conjugate energy levels. In other
words, if we start from a small N, theory and increase N, , a new pair of states are created at
finite V.. There also exists a pair-annihilation, where two adjacent energy levels collide as N,
increases. The combination of pair-creations and pair-annihilations makes it quite non-trivial
to keep track of eigenvalue curves as a function of N.. Some eigenvalue curves draw an S-shape
trajectory on the (v, N.) plane via a pair-creation and pair-annihilation, as shown in Figure @
Inside the S-shaped region, an eigenvalue curve is no longer a single-valued function of V.

Mathematically, specifying an operator diagonalizing two-point functions of N' = 4 SYM,
is equivalent to specifying one branch of the algebraic curve defined by the characteristic poly-
nomial (5.9). We can define a branch of the algebraic curve algebraically or geometrically.
Algebraically, a branch is a root of the characteristic polynomial v(*)(N,), where v(*)(N.,) is a
single-valued function of N.. Geometrically, a branch is a connected component of the eigen-
value curves on the (v, N.) plane among the collection of eigenvalue curves. Although the two
definitions are closely related, it turns out that an eigenvalue curve is not always a single-valued

I5This fact can also be used as a consistency check on the computation of the non-planar mixing matrix.

28



92r
9.1 — 1st curve M7
ol ond curve sl — st curve
' 2nd curve
89-
106}
88
104}
87+
L L L L L L Nc L L 1 L 1 L 1 I\Ic
26 27 28 29 3. 3. 31 32 33 34 35 36

Figure 6: The S-shape trajectory of eigenvalue curves based on L = 8 data.

function of N, E In short, the geometric definition is more useful than the algebraic one at
finite N.. Then, how many connected components are there? How precisely can we specify an
operator of SU(N.) N =4 SYM?

To answer this question, we must define the meaning of “connected”. It is convenient to
exclude a point or points where almost all branches meet. In our definition of the one-loop
dilatation operator (ILI]), we should exclude the points (v, N.) = (£00,0) and study the curve
in the region N, > 0. Then, each branch can be specified by prescribing their large V. behavior,

TN =0, lm (N =" + NP+ NPV 40 (Ne>0). (5.12)
We define a connected curve by identifying the adjacent branches which collide at finite V...

Alternatively, we can also use the rescaled eigenvalue v = 4/N.. Then, the large N,
dimensions can be read off from the asymptotic slope of the curves in (7, N.) plane, and we
exclude the points (3, N.) = (o0, oo)m More importantly, the 4’s stay finite around N, = 0,
and each eigenvalue curve can be smoothly extended to N, < 0.

The reader may be upset because one cannot define gauge-invariant operators for N, < 1.
This difficulty can be circumvented by replacing U(N,) gauge group with U(N, + k|k). The
one-loop mixing matrix does not change if we modify tr(1) = N, to str(1) = N[ For a
sufficiently large k, the supergroup theory is not subject to any finite /N. constraints and one
gets non-unitary AdS/CFT correspondence realized by ghost D-branes [73] [74]. In this setup,
the dilatation eigenvalues at negative N, are well-defined, and they can be complex due to the

loss of unitarity.

Now let us have a closer look at the rescaled one-loop dimensions at negative N, .

6Moreover, this definition depends on the choice of coordinates on the (y, N..) plane.

1"The large N, zero modes asymptotes to (7, N.) = (0,00). We should also exclude these points.

18We neglect the decoupling of U(1) for simplicity. The N' = 4 SYM scalar ® with SU(N,.) gauge group
should be extended to the scalar ® with PSU(N. + k|k) gauge group by imposing tr (&) = str (®) = 0.
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If we take the limit N. — —oo, we should recover the spectrum of planar dilatation oper-
ator, neglecting the flipped sign. The invariance under N, — — N, can be understood as the
invariance under the interchange of M <+ N in the U(M|N) gauge group. Another explanation
is that the 't Hooft limit of SU(N,) theory is universal in the sense that one cannot discern if
N, is positive or negative[™]

Let us give yet another proof that the dilatation spectra at N. = +o00o are identical. From
the block structure of the dilatation operator, one can show that the characteristic polynomial

is compatible with the following Zs symmetry:

m(’%NC) :m(% _Nc) g (’B(’?Nc;Nc) :m((_ﬁ/)(_Nc%_Nc) . (513)

To explain the block structure, let us take monomial multi-trace operators as a basis of the
Hilbert space and collect the operators together according to their trace structure. The matrix
elements of the dilatation operator within the same trace structure (i.e. block-diagonal parts)
are of order N?, while those between different trace structures (i.e. block-off-diagonal parts)
are of order N '. Now recalling the definition of the characteristic polynomial,

Py, No) = Y sign(o) (Mioa) = 7 61001) (Mao@) = V020@) - - - (Mao) — V0do@),  (5.14)
€Sy
one finds that, for each o, all terms come with an even power of N.. Hence the identity (5.13])
follows. Note that this identity does not imply that all eigenvalues are expanded in powers of
N2, because there may be a pair of eigenvalues obeying v+ = a = b/N.+ ¢/N? + .. ..
In terms of the rescaled eigenvalues, the above identity induces an automorphism

L (&7]\76) = (_:Ya_Nc% (515)

which shows that the eigenvalue curves and their mirror-images are identical on the (7, N.)
plane. In general, the automorphism ¢ relate different eigenvalue curves. To see this, consider
the relation between the highest and the lowest eigenvalues.

ﬁ/(lowest)(_NC) — _,S/(highest) (Nc) — - [,?(lowest)(_Nc)] ) (516)

Our data in Appendix[B.2shows that the outermost eigenvalues never collide with the adjacent
eigenvalues, and remain real for real V.. Thus, the two energy levels are disjoint on the (7, N..)
plane. Incidentally, the highest energy state in the s0(6) sector is the product of Konishi
operators, whose one-loop dimension at large N, behaves as v = 3L+ N2 L(L —2)/8+....

Generally, by using ¢ we can group together the low-energy and high-energy eigenvalue
curves as

,S/(n—th lowest) (_Nc) — _,Sl(n—th highest) (Nc) =- [,S/(n—th lowest) (_Nc)} . (517)

Thus, the upper (or lower) half of the spectrum is redundant. We can throw away a half of
the eigenvalue curves, or a half of the operators in U(N, + k|k) SYM theory by using ¢. We
call it level-pairing. The level-pairing structure is evident from Figure [, where we plotted the
rescaled eigenvalues for N. € R at L = 4,6. The plots for L = 8 is shown in Appendix [B.2.3

19The sign is important to distinguish the SO(N,) and Sp(N.) N'= 4 SYM theory [75, [76, [77].
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Figure 7: The rescaled one-loop anomalous dimensions of s0(6) singlets of length L = 4 (upper)
and L = 6 (lower) at finite N,. Left figures show the eigenvalues on the real plane Im#4 = 0.
Right figures are an aerial view showing both Re” and Im . We included the real eigenvalues
which are not continuously connected to the large N, data on the real plane Im(%) = 0 in both
figures. The eigenvalues do not collide off the real plane because of the dimensionality; two
straight lines in more than two-dimensional space usually passes over or under the other.
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Here we list some properties of the level-pairing. First, : maps a 1/N,-protected states to
itself, because ¥ = vV, is a straight line on the (7, N.) plane. Second, to find the level-pairing
one must consider all multi-trace operators, even in the planar limit. Third, the level-pairing
preserves 60(6) charges.

The automorphism ¢ induces a non-trivial map between the conformal dimensions. It maps
A=L+ %Nﬂ + O(gey) toto A =L — %N(ﬁ + O(g¥y)- Then one needs to analytically

2
continue N, to —N, along the same eigenvalue curve to obtain A’ = a.c. (toA) = L+ 98‘7?2/[ A+

O(gip)- Tt is not easy to quantify the relation between A and A explicitly.

Let us make a few speculative comment about the automorphism ¢. The Zy symmetry (5.13))
should persist at higher orders in gyy because this is a corollary of the large N, factorization
(see [T8] for a review). Then we can ask whether the level-pairing can be interpreted as certain
duality on AdSs; x S® superstring in the planar limit. Such a transformation should act on
multi-string states on AdSs x S°, and map a low-energy state to a high energy state. It should
also satisfy other expected properties, namely to map a low-energy state to a high energy state,
and a 1/N,-protected state to itself with the same so(6) charges.

Since ¢ is a relation between multi-string states, a worldsheet duality (such as the worldsheet
T-duality [79] 80, 8T, [82]) cannot be the precise counterpart of ¢. Nevertheless, it may happen
that a collection of multi-string states can be described by a single-string coherent state if the
number of strings is sufficiently large. For example, if the automorphism ¢ corresponds to the
worldsheet T-duality, then the product of Konishi operator in the limit . — oo would be dual
to a hoop-like string ")

6 Discussion and Outlook

In this paper, we studied the spectrum of the non-planar one-loop dilatation operator among
50(6) singlets by computing the matrix elements of operator mixing explicitly up to L = 10.

At large N, we considered the submixing problem, which concerns how the large N, degener-
acy is lifted by 1/N, corrections, and observed interesting patterns. First, the 1/N, corrections
to the dimensions of the large N, zero modes start appearing at the order 1/N?2. Second, the
coefficient 75 is always non-positive. Third, the operators with a different number of traces do
not mix at large N, , and those with the same number of traces do mix. Fourth, the submixing
density satisfies the projective commutation relations.

We have given some expressions of v, in terms of correlation functions and derived the
submixing Hamiltonian. Using the correlator expression of 5, we have shown that -, is non-
positive in the large Ny approximation. We studied in detail L/2-trace operators and the

20An infinitely winding hoop string potentially suffers from two types of instability: o/ corrections and g,
corrections. The leading o’ correction to the energy of a hoop string is complex [83], which represents the
instability of a hoop shrinking into the north or south pole. It is likely that the g5 correction is also complex.
Since the hoop intersects with itself infinitely many times, each piece of the hoop can recombine itself to string
bits without consuming energy. The resulting state may be dual to the Konishi product.

32



double-trace operator, which is the simplest operator to work because it does not submix the
other large N, zero modes. We also estimated how 7, depends on the operator length L.

From the AdS/CFT point of view, the negative sign of 75 can be interpreted as follows.
Multi-trace operators can be regarded as multi-string states on AdSs; x S°, and the product
of BPS operators in N/ = 4 SYM correspond to the product of BPS string states. In general
a product of BPS states is not protected by supersymmetry. When multi-string states start
interacting, they attract each other and form a bound state due to gravitational interaction.
The negative sign should also be related to the causality constraint on the AdSs x S° side [7].
To identify the precise relation, we need to clarify two issues. First, we studied s0(6) singlets
which are different from higher-spin operators of [7]. Second, we found operators which carry
small positive anomalous dimensions at O(1/N?) or higher.

When the rank of the gauge group is comparable to the operator length, we are studying
determinant-like operators with all non-planar corrections taken into account. In AdS/CFT, the
Y'Y double-determinant operators should correspond to a pair of giant- and anti-giant-graviton
D-branes. Such DD-brane configuration is unstable and should decay into the vacuum of
AdSs x S°. At weak coupling, we find two interesting operators of L ~ 2N, whose behaviors are
similar to those of the DD-brane system. The holomorphic-antiholomorphic operator can be
regarded as non-planar completion of the Y'Y double-determinant operator whose dimension is
protected. The lowest-energy eigenstate in the s0(6) sector has a negative anomalous dimension,
which can be regarded as the non-planar ground state. We conjecture that the anomalous
dimension of the lowest-energy state diverges to —oo in the double scaling limit 7]

Furthermore, we have clarified the structure of level-crossing. When adjacent energy levels
collide, the corresponding eigenstates should become null to prevent complex eigenvalues. We
found it quite non-trivial to keep track of the operator dimensions as we vary N.. As a by-
product, we discussed there is a natural pairing between different energy levels, particularly in
the non-unitary U(M|N) theories.

Our methods are mostly based on brute-force computation, whose power is limited only
to relatively small L. The dimension of the mixing matrix grows factorially with respect to
L, and we encounter a challenging problem even numerically. It takes a long computational
time to study the property of a huge matrix, and the results become less reliable due to the
accumulation of numerical errors.

It is therefore important to look for another approach to the finite /N, problem. In Section
we related the submixing to the four-point functions of (products of) BPS operators, which will
be an interesting future direction. Examining the integrability in higher-point functions can be
insightful, and rewriting the correlators in the Mellin space may also be useful [85] 86, [87].

Another promising approach to work on the finite N, physics is to exploit group represen-
tation theory. Operators can be labeled by a set of Young diagrams, and the operator mixing

21Tt is not clear what the gravity dual of the lowest-energy state with L ~ 2N, is. The dual object might be
a composite of another D-brane system, e.g. [84]. RS thanks Nadav Drukker for discussion on this point.
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problem is neatly described by group theoretic quantities. Yet, the study of the operator mixing
problem in the s0(6) sector has not been very active so far because of the complexity caused
by the flavor structure. The s0(6) singlet sector is much simpler than the full s0(6) sector. As
we have seen in this paper, the singlet sector contains interesting physics that have not been
observed in the su(2) sector. It would be one of the next directions to look closely into the
s0(6) sector at finite N..
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A Notation

Let us define real scalars of N'=4 SYM by

dim G dim G
(@i = Y (THi®), (D)= Y (T D7 (A1)
A=1 A=1

where G is the gauge group, a = 1,2,...,6 and i,j = 1,2,...,N.. As for G = U(N,), the
symbol & differentiates @ as

0
0(Pa);

(Da)] (@) = (@) = 0 6; .- (A.2)
This rule can be used to compute the one-loop mixing matrix of SU(N,) theory as well by
imposing the traceless condition tr (®,) = 0 when constructing a basis of operators. The
splitting-and-joining rules follow straightforwardly:

V]

tr (Ad,) tr (P, B) = dgptr (AB),  tr (AD,B®}) = b4 tr (A) tr (B). (A.3)

The dilatation operator and conformal dimensions can be expanded in series of gyn as™)

Nc 2 Nc 2
Diotal = Diree + (%) Qone—loop +..., A= Ag+A1+..., A= ( 87gr§M) . (A4)
22The dimension of Konishi multiplet is A = Ay + 6 (N%gEKN[) +....
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The non-planar dilatation operators in the scalar sector at one-loop is

1 1 M J{n 1 =7 =7 .
Donetoop = 7y (—ﬁtr D, @[ 07, 8] = b [0y, B[y, ])., (A.5)

which commute with all so(6) generators. It also commutes with the projection operator to a
union of eigenspaces H,

[Px, Dtotal] = 0, Py =1- Z [Ur) (Vi Diotal V1) = A|Yr) . (A.6)

IeH

The first term of (A.5]) acts on multi-trace operators as

1 [®,,8,d™m0"]: tr (P, A) tr (&, B) = tr (BAD,®, + ABD,P}), (A7)
1 [®,,0,0"d"]: tr (P, AD,B) = tr (A)tr (B®,®,) + tr (B) tr (AD,Dy), (A.8)
tr [@,, D, 0" D™]: tr (P, A) tr (P, B) = tr (BAD, D, + ABD,®,), (A.9)
r[®,,8,d"d™]: tr (O, AD,B) = tr (A) tr (B®,®y) + tr (B) tr (A®,®,), (A.10)

and the second term as

1 [®,,0"®,,d"]: tr (P, A) tr (P, B) = 264 tr (P, AP, B), (A.11)
tr [0, "D, 0] : tr (P ADB) = 204 tr (B, A) tr (9, B), (A.12)
tr [, D, " D"]: tr (D, A) tr (O B) = gp tr [@,,P,,(AB + BA)], (A.13)

r[®,,0,0"d"]: tr (P, AP, B) = 0ap {t1 (A) tr (®,,®,,B) + tr (B) tr (,,®,,4)}. (A.14)

A.1 Notation for operator mixing

To highlight the structure of the non-planar operator mixing, we introduce a formal parameter
Ny so that the global symmetry becomes so(Ny). The N' = 4 SYM corresponds to Ny = 6.
There can be several ways to define the dilatation operator at general Ny, but the difference is
not much important at the fully non-planar level. We use the simplest generalization; namely
the operator identical to (II]) except that the flavor indices run m,n =1,2,..., Ny @

The matrix of operator mixing is defined as follows. We use monomial multi-trace operators
as the basis, and denote them by {O;}. By applying the one-loop dilatation (ILI]) to them, we
obtain the mixing matrix

D0, =M,;0,. (A.15)

Then we look for the eigenvector of the form vy, = c,; O, which implies M ;; ¢,y = v car - Note
that this mixing matrix is the transpose of (A.I3)), and in Mathematica the eigenvectors are

23 Another possible generalization is

1 1 B 1
©:)ne loop — 7T : ( tr [(I)mv (I)n] [(b o ]

- tr [®,, P"][D,, "] ) :,
N. 2 ’ 2(N; — 1) [ @m, &7 ]>

which is integrable at large N, [88], 89} [32].
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given by Eigenvectors [Transpose@M] .Table[0[i],{i,d}]. The matrix elements of operator
submixing will be defined in the same way, namely

He, - Or = (M) 1y Oy - (A.16)

Explicit matrix elements are computed via (3.30).

B Foundations of finite /N, calculation

B.1 Finite N, reduction

When the rank of the gauge group is smaller than the operator length, gauge-invariant operators
become linearly dependent. This is a well-known phenomenon, and the linear relations are
called finite N, Constraints.@ Any finite N, constraints are written as the identity for an
antisymmetric tensor

0="Tinins)s  (k=12,...,N,). (B.1)

As N, decreases, the dimension of the Hilbert space of states shrinks by finite N, reduction.

The two-point functions at tree level can be diagonalized at any N, by using group-theoretical
bases [10, 13} 12 17]. In these bases, finite N, constraints are typically written as ¢;(R) < N,,
where ¢;(R) is the number of rows of a Young diagram R. A set of finite N, constraints in the
50(Ny) scalar sector was given in [I7]. In general there are several ways to express the finite
N, constraints in a given sector. (This is the same as that there are several orthogonal bases
in a sector.) The reason can be clarified from the existence of some sets of conserved charges
at tree level [63].

At the loop level, there is no freedom in choosing the basis in which the two-point func-
tions are orthonormal, except for degenerate cases. Still, the finite V. constraints reduce the
dimension of the Hilbert space of gauge-invariant operators. When the finite N, constraints
are imposed, we should find either (i) the eigenvalues remain unchanged, or (ii) the eigenvector
becomes null. Written explicitly, this means

finite N,
—_—

33one—loop ¢1 =1 1/11 {gone—loop 1/}/[ = 1/)/[ or w} - 6} . (BQ)

where 1] is the eigenstate subject to the finite N, constraints.

Let us make a few remarks. First, if an eigenvector ¢; becomes null, all correlators involving
¢ also vanish’| Second, if an eigenvector becomes null at N, = h, then it remains null for
N, < h —1, as follows from (B.1J).

A simple way to determine which eigenvector survives at finite N, is to substitute N, x N,
real traceless matrices to the fields ®,. In other words, we regard multi-trace operators as

24This is a non-perturbative effect on the string theory side, and called the stringy exclusion principle [90].
25See [01] for an example.
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GL(N,)-invariant polynomials of the matrix elements (®,);;. When N, decreases by one, we
remove the last row and column of the matrix elements. Schematically, this can be depicted as

removing gray region of the following matrix:

By exploiting this idea, one can associate a Young diagram to each eigenstate as follows.
Instead of removing the last row and column, we can rescale the entries in the last column and
the last row by ey, . The diagonal element (®,)y,n, are rescaled by E?Vc . Then we measure how

an eigenstate scales in the limit; ¢ ~ O(EI;[]Z ¢) as ey, — 0. We can continue this procedure as

lim ... lim lm € . ey ey M) = O B.4
Pty vt e Crtl Ne-i En, ¥ (€x"), (B.4)
until h = 2. This assigns to each eigenstate ¢ a sequence of integers (Ko, K3, ..., ) which is a

partition of L.

The finite-N, constraints put restrictions on the matrix elements of non-planar operator
mixing. Let V), be the space of the GL(N,)-invariant polynomials of (®,);; which vanish for
N. < h. In other words, h is the smallest integer satisfying x; = 0 for all ¢ > h. Each V),
is closed under the dilatation operator. However, the mixing matrices are generally not block
diagonal on the basis of {V,}. To see it, expand the eigenvector which becomes null at h as

Y(N) =D a(N) i+ Y _ci(N)vj, (B € Vi, v € Vo \ V). (B.5)
1 J
The null condition ¢(h) = 0 gives ¢;(h) = 0. Since the coefficients are non-trivial functions of
N, , they do not identically vanish.

That said, the same reasoning allows us to remove some elements of the mixing matrix. If
we use monomial multi-traces as the basis of operators, then the elements of mixing matrix are
at most linear in N '; see (A.7)-(A-14). This property remains unchanged unless we rotate the
basis by a V. -dependent matrix. Then, the condition ¢;(N. = h) = ¢;(N, = h — 1) = 0 implies
¢; = 0, which excludes off-diagonal elements from V}, to V, for A < h — 2.

Here is a side remark. In Liouville theory, the one-point function on a torus is equal to the
four-point function on a sphere with degenerate fields [02, 93], [04]. It would be interesting to
seek for similar relations for the correlation functions of the null states in A/ = 4 SYM.

B.2 Spectral data

We summarize the basic properties of the finite N, spectrum, and the spectral data of one-
loop anomalous dimensions for the scalar s0(6) singlet operators at finite N. with length L =
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4,6,8,10. These results are obtained by explicit computation using Mathematica. The data
include plots of the finite /N, spectrum, the submixing matrix and the basis of operators. The

eigenvalues of submixing matrices are given at general values of Ny for L < 8.

B.21 L=4

There are four so(Ny) singlets at length L = 4. The matrix elements and operator basis for
general Ny are given by@

4 —2 —% Nl tr (¢4, @iy i, Piz)

= | o S TE o, | et ]
—~ v 0 2 tr (fs, Di,) t1 (Giy Piy)
_11\7_20 11\1_26 0 2Ny tr (@i, Piy ) tr (04,9, )

which is consistent with [6I] at Ny = 6. The spectrum is shown in Figure |8 The eigenvalue
curve is drawn by keeping track of the large N, eigenvalues down to small N, as long as
they remain real-valued. The complex eigenvalues are not shown, and some of them have
null eigenvectors. Whenever the complex eigenvalues show up, the corresponding eigenvectors
become null [95].

There is one large N, zero mode, so the submixing matrix is one-dimensional:
— My = (20), 0° =C;;Cij (B.7)

where C;; is the symmetric traceless tensor defined in (2.20). The 1/N, corrections to this
operator for general Ny are given by
(N; +2)(Ny = D(N; = 3)

N = N +O(N;*) ~—20N?  (N;=6). (B.8)

26In a computer-friendly format, M is
{{4,-2,-2%Nf/Nc,2/Nc},{-2,3+Nf,-2/Nc,Nc~(-1) +Nf/Nc},{2/Nc-2*Nf/Nc, -2/Nc+2*Nf /Nc,0,2},{-12/Nc,12/Nc,0,2*«Nf}}
One can derive submixing matrix elements and various finite N, plots from this data as presented below.
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10

Figure 8: The dimensions of s0(6) singlets of length L = 4 at finite N.. The upper figure shows
the one-loop anomalous dimensions, and the eigenvalues corresponding to null eigenvectors are
denoted by x. The lower figure shows the sum of tree and one-loop dimensions as a function
of N. and the 't Hooft coupling A = N, g%y,
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B.22 L=6

There are fifteen so(Ny) singlets at length L = 6. The mixing matrix and operator basis for

general Ny are given by
{{6,3,-6,0,0, (3%Nf) /Nc,3/Nc,-6/Nc,0,6/Nc- (3+Nf) /Nc,3/Nc,-6/Nc,0,0,03},
{0,4+Nf,0,-4,2,2/Nc,2/Nc+(2+Nf) /Nc,-6/Nc,0,-4/Nc,3/Nc-Nf/Nc,2/Nc,0,0,0},
{-2,1,6,-2,0,-6/Nc+Nf/Nc,Nc~(-1) ,4/Nc-(2*Nf) /Nc,2/Nc,-6/Nc,2/Nc+Nf/Nc,4/Nc-Nf/Nc,0,0,0},
{0,-3/2,-2,6+Nf/2,0, (-2%Nf) /Nc,3/(2%Nc) ,-2/Nc,2/Nc+Nf/ (2*Nc) ,2/Nc,Nc~ (-1)+Nf/Nc,-4/Nc,0,0,0},
{0,3/2,0,-3,3+(3%Nf) /2,-6/Nc, 15/ (2*Nc) +(3*Nf) / (2*Nc) ,0,-3/Nc,0,0,0,0,0,03},
{2/Nc,2/Nc+Nf/Nc,-4/Nc, (-2xNf) /Nc,Nf/Nc,3+Nf/2,3/2,-2,0,0,0,0,-2/Nc,Nc~(-1)+Nf/(2*Nc) ,1/(2*Nc) },
{0,12/Nc,0,-24/Nc,12/Nc,0,3+2+Nf,0,-2,0,0,0,0,-2/Nc,Nc~ (-1) +Nf/Nc},

My = {-4/Nc,-2/Nc,6/Nc- (2+Nf) /Nc,-2/Nc+(2%Nf) /Nc,2/Nc,-2,0,4,1,0,0,0,- (Nf/Nc) ,Nc~(-1),0},
{0,0,-24/Nc,24/Nc,0,0,-2,0,4+Nf,0,0,0,0, (-2«Nf) /Nc,2/Nc},
{6/Nc-(3%Nf) /Nc,6/Nc,-12/Nc,6/Nc+(3*Nf) /Nc,-6/Nc,0,0,0,0,6,3,-6,0,0,0},
{-4/Nc,-2/Nc-Nf/Nc,-4/Nc,4/Nc,6/Nc+Nf/Nc,0,0,0,0,0,2+Nf,0,0,0,0},
{-6/Nc, (3%Nf) /Nc,12/Nc- (3*Nf) /Nc,-6/Nc,0,0,0,0,0,-6,3,6,0,0,0},
{0,0,0,0,0,-6/Nc+(3*Nf) /Nc,3/Nc,6/Nc- (3*Nf) /Nc,-3/Nc,0,0,0,0,3,0},
{0,0,0,0,0,24/Nc,-2/Nc+(2%Nf) /Nc, -24/Nc,2/Nc- (2xNf) /Nc,0,0,0,0,Nf, 2},
{0,0,0,0,0,0,36/Nc,0,-36/Nc,0,0,0,0,0,3*Nf}}

and

{01} = {tr Biy iy Pig iy Pig Pis)s T (Piy Piy Pig Pig PinBig)s tT (Pig Pig iy PigPinPig), t1 (Biy iy Py Pig Pin Pis)s

Biy iy iy Piy Pig Pis)s T (Piy Piy) 4T (Pig Piy Pin Big)s tT (Pig Dig) tr (Big Biy By Piy), tr (Biy Big) tr (Piy Piy Piy Pis)s

Big Pig) BT (Piy Piy Piy Pin)s BT (Piy Pig Pig) tT (Dig iy Bin ), tT (Pig iy Biy ) 1 (Big Py Pig), tr (Biy Dy Pig) b1 (Pig Pin Dy )s
t (iq Pig) 0 (Big Biy ) U1 (Pig Pig), tr (BigBiy) tr (Piy Pig) b1 (Pig Piy )y BT (Piy Piy) b1 (Piy iy) tr (¢i3¢i3)}~ (B.9)

tr
tr

(
(
(
(

The spectrum is shown in Figure [0} This mixing matrix is consistent with [62], which can be
shown by computing the characteristic polynomial B(vy) = det (M;; — v d;s) and substituting
v —2v,N. — 1/v, Ny — 6.

There are two large IV, zero modes. The submixing matrix for general Ny is given by

3(Nj+4)(3N}+32N3—60N2—132N;—8)

_ o 4(Nf+2)(N2+12fo+14) 0 o CijkCijk
( Msm)l] - f 3(]\[ _6) (N _2)(1\7 +4) , O] =
0 : 4z</f : CijCikChi
(B.10)

The double- and triple-trace zero modes do not submix. At N; = 6, the double-trace mode
has 75 = —3675/61 and the triple-trace mode has precisely zero dimension for any N, [62].

We also studied operators other than so(6) singlets. No negative modes (y2 < 0) are found
in the su(2) sector at L = 4, and the lowest eigenvalue in the s0(6) sector at L = 4,6 is same
as the lowest eigenvalue of the s0(6) singlets.
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Figure 9: The dimensions of s0(6) singlets of length L = 6 at finite N..
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B.23 L=8

There are 71 so(Ny) singlets at length L = 8. The mixing matrix and operator basis for general

Ny are given by

My =

and

L480,-4,0,-2,0,0,0,0,0,0,0,0,2,0,0,0,0,1
CSTI0.0.010,00,1,0,00,00,

€= (1) 2/ (2088) e, -7
e (1), 2/e-C2okE) 1 2

0.00.00, 4 (- -

(1) e 1), e (1), 2/ (200E) e SIMEANE e e (), -4/Ne, 3] NG, 0, e (-4 -Ne- 11488/ ,0,0,-T (-1, Y/ /460.0.00,00.00,0.0.00.0.,06,08,00,00,0
e, e, /20 o (2
(10,2 e e (-1 2146, 2/1€,0,0,0.0,0,0,0,0,0,0,0.0,0,0.,0,0,0,0,0,0.0,0.
00 0K 1010, 8 e AP0 AR RO, 31/ G070 /1) 008060461 0.0,000.000.00.0.0.0.000.0.0.0.0,

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,5/c+¥1 e, 5/ 2n1) -2,

€,-2/e, Hem(-1),0,0,1/2006) 0,2
e

21 e
-2.2,0,0,0.0.0.

=
004 20 h 1 e 0 SN e N 0,0,0.0.0.0
~6/¥c,0,6/c-(39KE) e, 0,3/0c.0,0,0,0,0).

i 5. W (1), 2/, 2/NEE 2000, Ko (1), -4/ 3/ (2016),0,0,0,0,0F,

2 0o, . e, 2/NeOL/ (2946 0,3/ 2016) 0,0,0.0,0}

e -2/ e ) AN (R .0, -2 C116100,4 N (1) Ko (1ML (200e) e (-1, -2/e-NE e e (-1),0,1/ 24016 0,0,0,0,0F.
C172,0,0,408/ oo "

o 2,

(1), I/ 2D B (50,0 K- (1), -2/W-HE e, 1/ C29K6),0,0,0,0,03,

x2,1.0, AR, 0,0, 4756,0,0,0,0,06(-19,0,0,0,0,0,0,0,0,0.0.0,0,0).

16/4e-C4oE) e, 4/4c, 0.8k, -1c -4/Ne,0 47N
e e A3 N5 AP 16 A2 NHE e ey
701£,0.0,

L0 N0 A/ G 0.0 e 0.1/ 0.0.00,0.0.0.0.00.0.
o

0,0 (1), 2700,
10,2,1/2,0,5108/2,0,0,0,-2,0,0,0,0,0,0,0,0,0, 1/ (2e0) 0, e~ (-1) 1 2ok ,-2/ke, 0.
o

00,
e (1), 20,600 OF,

0,0,-4/1 8tcs (20
1).-4/0e,0.0, 4/ e /e, 4l -4/c, 2400 e, W e,

3pie,3ie, 2/1¢,0,311e.0,-5 1,51
X0 X6 (1) e (-1 20,2

0.0,0,0,0,0,0,0,0,0.0.0.0,

g k.0, >
13,8/%c- 2o e N e, ) Ne, 2, AT, -6,0,0.0,0,0.00,
>

g -5.0,60

e 520K -Ke (11),0, 41 21V 2 (2oUE) e 4/ -4/t 2,

e /12,0,0,0.0, +2012,0,0,0,0,0},
a0, 2 2 1t.0,0,0.2)

i - 4oht) e, 33/ 16/t

R R b s s e e e 00,00:0.0,0,0 06

o/, -4 -4/ 4 - 4.0,
N3

{01} = {tr (Piy Piy Piy PigPigPigPigPiy), 1 (Piy Piy PiyPigPigPioPigPiy) 1 (Diy PigPigPiy Piy PigPigPiy)s tT(Diy iy PigPiy PigPigPigPiy)s

ST (g Pig Piy Piy PigPig PigPiy)s tT(Diy iy Pigbiy PigPigPigPiy)s T (g iy PigPiy PigPigPigdiy), tT(Piy Pigdindiy iy PigPigdiy),
b1 (i Pig Pig Piy Piy Pig PigPiy)s tr(Diy iy PigPigPiy PigPigPiy)s tT(Piy PigPiy PigPiy PigPigPiy)s t7(dig Piy PigPigbiyPigPigPiy)s
1 (i Piy Pig Pig Piy Pig PigPiy)s tT(Diy PigPiy PigPigPigPigPiy)s T (iy iy PigPigPigPiy PigPiy)s t7(Piy Pigbiy PigPigPiy Pigdiy),

1 (Pig Pig Dig Pig PigPiy Pigiy)s 1 (Pig Piq PigBigPigbigPigPiy)s tr(Diq Pig) tr(Piy iy bigPigPigbiy)s tr(DigPiq ) tr (Piy big iy Pigbigdiy):

tr (Piy Piy) tT (ig Pig Piy Piy Pig Pig)s

61 (iq Pig Piy Pig) W (Digbiy PigPiy)s tT(Pig Pig) tr (Diy Piy) tr (Digdiy Pinbig)s tr(Digdiy) tr(Piy Pig) tr (i biy Piy Pin)s
1 (g Pig) tr (Piy Pig) tT (i biy PigPig)s tT (g biy) tr(Piy Pin) tT (PigPiy PigPig)s tT(Piy Pig) tr(Piydiy) tr (dig Piy PigPig)s
1 (g iy ) T (Piy Pig) 6T (BDiy Dig Piq Pin)s T (g Dig) tr(Piy Din) tT (Diy Piy PigBig)s tT(Piy Piy) tr(Piy dig) tr (diy Piy DigPig)s
b1 (ig Pig) tr (Piy Piy ) tT (Pig diy Piy Pin)s tT(Pigdig) tr(Piy Py ) tT (Fig Pigbiy Pin)s tT(PigPiy) tr(Piy iy dig) tr(Piy PigPiy)s
1 (@iy Pig) tr(Bigbigdiy) tT (Diydig big)s tr (g biy) tr (Piy iy big) tr(DigPig diy ), tT(digdiy) tr(Bigydigdiy) tr (digdiy iy ),
1 (Piy Piy) tr (Dig Pig big) tT (Digdig Pig)s tT(Digdin) tr (Pig Pigdbiy) tr (Diy Piq Diy), tr(diydiy) tr (Bigbigdig) tr (digdiq biq)s

b1 (@iy Piy) tr (Dig big) tr (Pigbig) tT (Diy dip), T (diy diy) tr(DigPig) tr (Digdin) tT (Diy Biy), tr(dig dig) tr (@i diy) tr (digdig) tr (diy diy),

61 (i Py ) tr (dig Piy ) b1 (i Big) tr (diy Pig)y T (@i iy ) tr (dig Pig) tr (Pigdig) tr (¢i4¢i4)}~ (B.11)

The spectrum is shown in Figure

42

1 (g Pig) t (Piy Piy Pig Pig PigPiy)s tT(Bigdiy) tr(Piy Pig Piy Pig PigPiy)s tT(FigPiy ) tr(Digdiy biy PigPigdiy),
tr (Piy Diy ) tT (Pig Piqg Pig Piy Pig Pig), P (Pig Pig) tr (Dig Piy Pig iy PigPiy)s t1(DiyBiy) tr (Dig Pig PigPiy PigPig)s tr(Pigbiy ) tr (Pin biy Piy PigPigPiy)s
tr iy Pig) tT (iy Piy Pig Pig PigPiy)s P (Diy Pig) tr (Dig Piy Piy Pig PigPiy)s t1(PiyBiy) tr (diy Pig PigPiy PigPig)s tT(Biybiy) tr (Pigbiy Piy iy PigPig)s
tr (Pig Piy Pig) tr (Pig Piy Pig PigPiy)s P (Diy iy bin) tr (Piy Piq Pig Pig Pig)s tT(Diy PigPig) tr(Piy Diy PigPigPiy)s t1(BPiq iy Pig) tr(Pig iy PigPigPiy)s
tr (Piy Piy Pig) tr (Piy PigPiy PigPig)s t1(Diy iy big) tr(Pig iy Piy PigPig)s tT(Piy PigPiy) tr(Pig iy Pig PigPiy)s tT (i PigPigPiy) tr (diy bigPiy iy )s
tr (Pig Big iy Pig) b1 (Piy Big PigPiy)s P (Dig iy Pig Piy) b1 (Diy Pig Piy Pig)s P (Dig i PigPiy) tr (Diy biy Pigbiq)s t1(Big PigPiy Pin) tr (Piy bigPigdiy)s
tr (Piy PigPig Piy) b1 (Piy PigPiy Pig)s 01 (Diy PigbigPiy) b1 (Piy Piy Pig Pig)s tT(PigPigPigPiy) tr(Diy diy Piy Pig)s tT(PigPiy Pigbiy) tr(diy bigPiy Pin)s
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Figure 10: The one-loop anomalous dimensions v and the rescaled dimensions ¥ = N.vy of
50(6) singlets of length L = 8 at finite N, . In the upper figure, eigenvalue curves do not cross
for N. > L = 8 and continuously connected to the large N, spectrum. Some of the eigenvalue
curves have a loose end at small N,., due to creations and annihilations of complex eigenvalues

as shown in the lower figure. 3



Also, there is a pair of exceptional operators at L = 8, which take the form

O® =t (Giy Gip) 1 (G4, [Diy Bin Pis > Py Dig]) + a™® tr (Giy iy Big iy iy [Piy > Pis Dig])
o™ = 1—18 <5Nc +\/25N? 1 504) , (B.12)

and their one-lop dimensions are exactly given by

1 V/25N2 + 504
() <33 + —+> . (B.13)

g

1 N,

There are five large N, zero modes. The submixing matrix for general Ny is given by

(Nf+1)(Nf+6) 11

3(N;+2)(N7+4) 710 0 0 0 0
0 2(Ns+1)(Ngt6)seo1  2Np(Npt1)(Ny+6)s2 0 0
3(Ny+2)(Ng+4)s20 3(Ny+2)(Np+4)20
(W5 =2)(Np+1)(Ny+6)se32  (Ng+1)(Ny+6)sa3
(—Msm)ij = 0 2(N+2)2590 2N (N +2)230 0 0 .
6(N?—N;+6
0 0 0 (Ny —6) (Ny +3) o(¥F—Ny+0) T )
2(N3—2N?—9N+42
0 0 0 4(Nj —6) (Np—2nj-ony +42)

N
(B.14)

k11 = 20823N}" + 1675098N ;0 4 55911035N 7 + 1008163871 N§ + 10662939982N 7 + 66380603808 N7 + 219710331899N 7
+ 178394761318N} — 1267103763092N} — 4642599661272N7 — 6369708861792 — 3243010514688,

10 = 1971N] + 158898 N} + 5341569N 7 + 97989373N} + 1077096339N} + 7325782233 N} + 30674558032 N}
+ 75803848404N7 + 99816658464 N s + 53440944192,

ko1 = 124N} + 227N} 4 8447N} — 15528 N7 — 88236 N — 81648,

ko2 = 63N} + 1153N7} + 4522N7 — 2208Ny — 12960,

ko3 = 163N§ + 2459N? + 876N} — 63460N} — 94656 N7 + 136800Ny + 217728,

Koo = 3TN} + T27TN} + 3T14Ny + 4536 (B.15)

These matrix elements are defined on the basid?’|

O% = (Cijia Cijut, Cijwi Cij Crt, Ciji Ciji Cras [Cij Cit Cra Gl s Cij Cji Cra Clk)T7 (B.16)

J

where [C;; Cji, Cii Cy]' is the following combination of two quadruple traces,
[Cij Cjk Ckl Cli]/ =tr <¢21 ¢12) tr (¢22 d)ls) tr (¢z3 ¢i4) tr (¢i4 ¢l1) (B17)
3 4
+t (Piy i) 1 (Diy iy ) 01 (Din Piy) t1 (Pig i) — N (PiyPis) tr (i Pin) b1 (Digbiy ) tr (i, i)
f !

By diagonalizing the submixing matrix at Ny = 6, one finds

(2 A7 A7 AT AT & 1101.276, —66.6009, —44, —6.89905, 0} (B.18)

where 'yém) are 7, for m-trace operators. The operator corresponding to 7§4H is not protected,

and receives corrections at O(N,*) with a positive sign.

2TThe off-diagonal elements of Mg, depend on the normalization of C. Here we use the convention: C;,. ;, =

& > oes, (i, - @i, ) — (flavor contractions).
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Figure 11: Spectrum of the one-loop dimensions among the so(6) singlets of length L = 10 at
finite N.. Each eigenvalue curve is continuously connected to the large N, spectrum.

Degeneracy of non-zero modes. There are six degenerate positive eigenvalues at L = 8,
namely {6,7,8,9.5,12,14}. The eigenvalues receive finite N, corrections at the order 1/N.,,
and the large N, expansion of these modes can submix with the operators having different
number of traces. They make a contrast to the properties of the large N, zero modes (B.14]).
For example, the eigenstates corresponding to the eigenvalue 6 take the form

O1~ 053+ 0332, O3~0422, O3~03222, O4~0535+0335, (B.19)

where Oy, 1, is a multi-trace operator with length {Ly, Lo, ... }.

B.24 L=10

There are 469 so(Ny) singlets at length L = 10. The mixing matrix and operator basis for gen-
eral Ny are shown in the attached files AncillaryNegative.nb and AncillaryL10OData.txt.
The spectrum is shown in Figure El To highlight the structure of the spectrum lying in the
middle, we plot the eigenvalue density in Figure [12

There are 11 large N, zero modes, as shown in (D.I0)). There are no finite-N, zero modes. At
Ny = 6, the submixing matrix has two zero modes corresponding to combinations of quadruple-

28We have not checked potential level-crossing with exceptional eigenvalues due to the complexity.

45



Density Density

—— N,=10
10} —— Ne=10 N,=
al N, =4 301 N=
NC = \' N _
6 20} 6=
----- Ne =2 LA ——
41 | \
/\ A X 10+ N
2 [ I\\ l, ‘\ 'l \ Il \\ ' ""\IF_AI\"\;“ N
A v\ VNG XS A e
Z TN A w o MWD A P y AL A M A y
0 10 20 30 40 50 -20 0 20 40 60

Figure 12: The eigenvalue density of the mixing matrix length L = 8 (left) and L = 10
(right) at finite N.. The vertical axis shows the number of real-valued eigenvalues in each bin
[v — Av/2,v 4+ Av/2). The bin width A~y is adjusted for each L.

and quintuple-trace operators. The one-loop dimensions of two operators are O(N;*) and

positive. The submixing matrix at Ny = 6 is given by

132.315 0 0 0 0 0 0 0 0 0 0

0 87.4095 36.7996 40.8718 0 0 0 0 0 0 0

0 345075 50.803 0 0 0 0 0 0 )

0 252692 0 77.1909 0O 0 0 0 0 0 0

0 0 0 0 36.6545 —0.0000105607 —12.6725 —21.2528 0 0 0
(—Mam)ij = 0 0 0 0 —2.64168  1.97708 2.62507 2.22822 —9.00914 0 0|, (B.20)

0 0 0 0 —12.0246 —6.72677  59.5308 —34.3732 30.6522 0 0

0 0 0 0 141498 —1.17112 —23.5379 40.8351 5.33674 0 0

0 0 0 0 104861 —13.2197  7.32801 6.00623 60.2393 0 0

0 0 0 0 0 0 0 0 0 26 0

0 0 0 0 0 0 0 0 0 16.5923 0

which is block-diagonal. These matrix elements are defined on the basis

OF ={C?, 3xC% 5xC, 2xC}, (B.21)

where p x C™ means p linear combinations of the large N, zero modes with m-traces, and
explicitly given in (D.I0). The eigenvalues of the submixing matrix is

vo = —{132.315, 125.673, 83.7144, 67.7793, 66.8384, 42.3268, 26, 22.892, 5.41638, 0, 0}.
(B.22)
Only numerical values are shown in (B.20)) because their precise forms are quite complicated.
For example, the eigenvalue for the double-trace mode is

_ 36834342860563635266164905898354615349151994033997 1392315 (B.23)
T2 T 9783833791026677250977813308284435922710846 73006 S ‘
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Figure 13: The one-loop dimensions of the so(Ny) singlet large N, zero modes with L = 8,10
at N, = 10. Blue, orange, green curves correspond to Ny = 4,6, 8, respectively.

B.25 L=12

There are 4477 so(Ny) singlets at length L = 12. We have not made a detailed analysis of the
spectrum due to a huge amount of computation involved. There are 34 large N, zero modes,

O ={C? 5xC% 14xC* 10xC° 4xC°, (B.24)

in the notation of (B.21]).

B.3 Spectrum at general Ny

We consider the spectrum of submixing matrix for so(Ny) singlets at general Ny, which will
highlight the special properties of N' = 4 SYM from the non-planar spectrum of other gauge
theories. The value Ny = 6 corresponds to N/ =4 SYM.
Let us outline two properties of the spectrum of the submixing Hamiltonian at general Ny .
First, v, decrease as Ny increases,
ﬂ <0 (72 <0, Ny~ 6). (B.25)
dNy ’ -
It shows that the leading 1/N. corrections to the large N. zero modes can be positive when
Ny < 6 as shown in Figure [I3]
Second, all eigenvalues of the submixing matrix scale as (N;/N,)? in the large N limit ]

V2 -3 N)%
7= O ~ (1) T

= (72 < 0), (B.26)

29The limit Ny > 1 does not commute with N, > 1, so we consider N. > N; > 1.
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Figure 14: Plot of 49,0 = 72 (6/Ny)? for large N, zero modes at Ny = 100. The dashed lines
represent the Ny = 6 data.

with some coefficient ¢(L). This scaling behavior can be seen from the submixing matrix at
L =4,6,8 given in (B.g)), (B.10), (B.14). Moreover, the large Ny approximation is numerically
not bad. Figure [14]shows that the rescaled eigenvalues Y2, = 72 (6/Ns)* do not deviate a lot
from the Ny = 6 data.

C Correlation functions at large N;

We explain the details of the computation in Section [3]

C.1 A proof of (/y®11) < 0 at large Ny

In this subsection, we will show that the first term of o, (g®110), is always non-positive by
making use of the limit Ny > Lm
Since Do)y = 0, we can consider (oD one-loop?o). For convenience, we rename each term of

the one-loop dilatation operator by
1

Donetoop = 77 (DW + D?): (C.1)
where
D = —%tr (@, ®,][®™, &, D = —itr (@1, ®"][ @, B, (C2)
and
D@ — py 4 p2) _ _%tr (®,, 0" D, d") + %tr (®,, D, D" D™). (C.3)

30 Tn general v is given by a linear combination of the large N, zero modes as ¥y = Do aizb(()i). Because
off-diagonal expectation values <1/J(()Z)©1wéj )> (i # j) cannot have the leading power with respect to both 1/N,
and 1/Ny, we may consider only diagonal expectation values <wél)©1wéz)>.
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Suppose that D@ acts on
0 = tr (B, By -+ By By, - By y) 1 (Do, By - Dy, By -+ D), (C.4)

where one derivative in D® acts on one of the ®’s in the first trace and the other derivative
acts on one of the ®’s in the second trace. We denote the remaining traces of ¥y by ¢, i.e.
Yo = @P.

We can find that the leading behavior of N; in the correlator (¢o®1¢y) is Nf/ 21 The
leading power arises if the following two conditions are satisfied: (a) the two derivatives in
Done-loop act on two ®y,’s, giving d;,, = Ny and replacing them with ®,,’s, (b) when a @, (or
®,,) is Wick-contracted with a ®,,, the other & (or ®,,) is also Wick-contracted with the other
o, , giving NfL/ ?. Because the factor NfL/ >*1 cannot arise from the action of DM only the
action of D® may be considered in what follows. At large N 7, the traceless part of 1)y does
not give the leading contribution.

When the conditions (a) and (b) are satisfied, the correlator can be reduced as

(PP (D)P) = (p(Dp))(PP) — (0(Dp)). (C.5)

At the last step, we performed Wick-contractions in (p¢@) and simplified the flavor indices
using the §’s. In the reduced correlator, all flavor indices are contracted. Then, the dilatation
operator makes a single trace from ¢, removing two ®;,’s and putting two ®,,,’s. More precisely,
D®Y put two ®,,’s away from each other while D?? put them next to each other, as shown in
and . When two ®,,,’s are adjacent in the reduced correlator, we have a smaller
symmetry factor than the non-adjacent case. This difference in symmetry factor is the reason
the correlator (¢y®D110) is non-positive.

The following is an example. Consider a reduced correlator

1
(tr By, By, - - - Py )t (g, By -+ By.) : DP 2t (B, By - - - Dy, ) tr (B, Dy, - -~ Dy,) 1), (C.6)
S

This is a case of p =0 and ¢ = 0. It has the following two contributions:ﬂ

1
g<; tr (B, - B ) tr (B, - Bg.) : DY tr (B, - By )t (Dy, -+~ Dy, ) 2)

= N tr (g, -+ Po )t (Py -+ D) 22 b1 (DD, - - - By D, Dy -+ - Dy <)
= —2sNZINJH 4+ O(NP?), (C.7)

31 The symmetry factor 2s in (C.7)) can be explained as follows. When a; in the first trace is Wick-contracted
with the first m, a1 in the second trace must be Wick-contracted with the second m. To keep the planarity, we
should Wick-contract the first as with the first bo, and the second as with the second by, and so on. We say this
that (aj,as - ,as) are Wick-contracted with (m,ba, - - ,bs). Likewise (a1,as--- ,as) can be Wick-contracted
with (bgs1,--+ ,bs,m,ba, -+ ,bg) for any k while keeping the planarity. In this way, we get the factor s. The
factor 2 comes from exchanging two single traces.
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and@

1
g(: tr (Bg, Py, - - Po ) 1 (Pg, D, -+ - y.) - D 2t (D, Py, - - - Dy, ) tr (D, Dy, - - - Dy, ) 2)

= Ny(: tr (@, @, - D, ) tr (P, Pay -+ Pa,) 22 41 (P Py Py - - - Py, By - Dy, 2)
= 2NZTINGH 4+ O(NZ72), (C.8)

where we have kept only the leading term with respect to Ny and N.. Because s > 1, the
correlator ((C.6) is negative.

C.2 N; and L dependence of 7,

In this subsection, we will consider the 1/N; expansion to study the L-dependence of 7, for the
operators presented in Section [3.3] General properties of 7, will be first discussed, and then
concrete examples are shown.
Recall the expression of vs:
_ Ne(o®1¢)  (1Dotn)

2 b (ot} (C9)

As we discussed in the last subsection, the first term behaves as O(Ny), and as we will see

below the second term has a more dominant behavior O(N7).
The relation between vy and 17 is given by the equation D¢y, + D19y ~ 0 ﬂ obtained in
(3.21)), which can rewrite the second term as

_ (Do) (hDrt) (C.10)

<¢0¢0> <¢0¢0>

Focusing only on the leading of the 1/N; expansion, we find that ©,1, can be expanded as

where O(1) is multi-traces without the factor Ny. F; is a multi-trace that does not contain two
adjacent matrices with the flavor indices contracted, and G; is a multi-trace that does contain
such matrices. They appeared in the image of D®Y and D®? respectively; see the second lines
of (C7) and (C.g)) as well as for the double-trace operator. The O(1) comes from the
action of D,

The planar dilatation operator has the form ©®y = I — P 4+ C/2, where I, P and C' are the
identity, the transposition and the contraction acting on nearest neighbor matrices. Only the

32The symmetry factor (C.8|) comes from the Wick-contractions between (a1,as--- ,as) and (m, by, -, bs)
only. It can be more manifest if we write the correlator as
(tr (Poy Py -+ - Py, )t (P -+ P, Py ) 1t (P Py - Py, Py - - Py, P 1)

33 /N, in (3.21) is not important at the leading order of the 1/N, expansion in 72, so we can use Doy +
D190 ~ 0.
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contraction can bring a factor of Ny. In order to determine the form of ¢;, we need to solve
Dop1 ~ —N¢(F;+G;). Since C- F; ~ G; and C'-G; ~ NG, , the solution is roughly written as

@bl ~ ——(x]\fflﬂ — [3(;i —+ . 5 ((jﬂIQ)

where o and 3 are Ny-independent coefficients. Substituting these equations into the form of
Y2, we have

Yo = — fa<—> + O(Ny), (C.13)

where the ratio of the two-point functions is independent of Ny. The N]% behavior of 7, is

consistent with (B.26)). It is emphasized that G; in (C.11)) does not matter for the evaluation
of v9 at the leading order.

Our next goal is to estimate the L-dependence of the correlators. The double-trace operator
and L/2-trace operators are studied below.
Consider the singlet double trace operator (3.36]). We will use the property of the symmetric

— — —

representation (o(a@)|Pyz/q|b) = (d|o P /|b) = (d@|P/9/b), and

—

1 B B
Ocy oy, o (€1 P21l d) ~ — (Np + L/2 = 1) (Crja-1| P j2-1)ldr/2-1)

L)2
1 -
~ ——N¢(Crro_1|Pr/2—1ldrj2— C.14
L/2 f(CL/z 1 (L/2 1]| L/2 1) ( )
where ¢7,/51 = (c1,- - ,cr/2—1), and the factor LL/2 comes from the normalization of the pro-

jector.
Acting with D® on 1)y, we have

1 - ~

—

l; 2
T (§> 5CL/27dL/2 (ﬂP[L/2}|d>tf (q)mcbq ce (I)CL/zflq)m@dl T (I)dL/%l)

Py, - - (I)dL/z—1>

CL/2—1

L g —
—= —§Nf<CL/2—1|P[L/2—1}|dL/2_1>tI‘ (®m®61 I (p

_ —%thr ((I)mq)(q .. CI)CL/Q_l)(I)m(I)(q e ‘IDCL/Q_l))7
= —ngfl,
D)y, = %tr (@ Dy BBy )
= ngtr (PP @er = Pep ) Pler Py yy )
_ g o (C.15)
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The multi-traces f; and f; belong to F; and G; respectively. Note that the flavor indices are in
the irreducible representation [L/2—1]®[1], where [p] represents the rank-p symmetric traceless
representation.

We have to solve the equation Dy, + D11y ~ 0. Suppose that the solution is given by

L

where o is an Ny-independent positive constant that may depend on L. Other terms are
denoted by ---, expecting that they do not change the L-dependence at the leading order of
the 1/N; expansion. We will leave it as a future problem to determine ;. We then have

Yy~ _N?L2a (fifr)
4 (Yorbo)
The normalization was computed in (3.38)), which is evaluated at large Ny as ]

+O(Ny). (C.17)

L2 12 NL/2
(Yoro) = 53 Dimy» N ~ T(LJ/CQ)! L (C.19)
and we also have
L2
(fufi) ~ Lm]\ff. (C.20)
to obtain
2L2
%~ —a—L—+ O(Ny). (C.21)

Therefore the double-trace operator scale as vy, ~ aL?.

The next study is about L/2-trace operators such as C;;CjC; - - - Cpi and C;;CjiCy - - - Cons-
These multi-traces have the same color structure, but the flavor indices are contracted differ-
ently. As we mentioned in Section such multi-traces can be classified by the partitions of
L/2, and we write them by @D(()T), where T' expresses a partition of L/2.

In general, a submixing eigenstate 1)y is a linear combination of w(()T)’s. This situation
simplifies at large Ny, where the two-point functions are orthogonal (zbéT) (()T/)> o 07 and the
submixing Hamiltonian acts diagonally on w(()T). Then ~, is expressed by

O (Do)
(W)

34 The dimension of the rank-L/2 traceless symmetric representation of so(Ny) is

O(N;). (C.22)

B L/2
Dim, )5 = (Nfl_ o (L/Q&/]g;! DN, 1)L+ Ny —2) ~ ﬁ (C.18)

where we have approximated using Stirling’s formula for Ny > L. The result (C.19) can also be obtained by
considering only Wick-contractions that satisfy the condition (b) in the last subsection.
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For 5"/ = CiiCitCri -+ Cppy = CIL/ 2} we obtain

L L
DS — — 5 Nptr (2, @i®, B1) CiCos -+ C = =5 Ny FE, (C.23)
The two-point functions can be computed
< (L/2 ¢0L/2 > LNL/2NL
PP PP~ 2(1 4 8,.4) N NE (C.24)
to obtain
wo _ _NF
where oz, /9) is determined by the equation
N
Dot + D1y = 0 — 1/1§L/2) Lo Q(L/2 )LJC(L/2 e (C.26)

2
The two expressions ((C.21]) and (C.25)) agree at L = 4 as expected. The equation (C.25) shows
that the L/2-trace scale like 75 ~ a(r/2)L as a function of L.
Consider more general L/2-trace operators @/J(()LI/Z""’Lp/z) = cl/2cl=/2 . clle /2] where

L =73, Ls, and we assume L; # L; (i # j) for simplicity. We then have

PENCE LI L2 N CIarAgita/?) L ltes/?

s

X <tr ((I)mq)m cbmq)ag)cawzl T CaLS/2a1> C[LS+1/2] s C[LP/Q]

_ _Z N f1L1/2 Lp/2; s) (027)

and

<,¢J(()L1/27"' ’LP/2)¢(()L1/27"' 7Lp/2)> ~ LTNfl‘//ZNéLa

(flrf2e ko2 pla 2 o250y 91 4 6, )Ly Lacy Lo+ LprL/QNcL

Lt 1,
=201+ 5Ls,4)L—SNf/ NE, (C.28)
where Ly = L1Ly--- L,. Substituting these two-point functions into the expression of 7,, we

will obtain
T;s) ¢(Tss
o NiY, Ly (i AT

72 T T + O(Nf)
L ww)
ZL (14 dp,4)a(rs) + O(Ny), (C.29)
where o(r,s) is another positive constant in 1[)1 = (Ny/2) >, a(T;S)Lsfl(T;S) + -+, which is

determined by the equation Dg; + D11y = 0. We leave it for a future problem to determine
the precise L dependence.

35 Introduced the notation C! = Cy,4,CarasCasay - - Capay -
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D Relation to Mandelstam Variables

We pursue the coincidence between the number of s0(6) singlet large N, zero-modes in Table
in Section [2.3]and the number of the completely symmetric polynomial of Mandelstam variables
under certain conditions in Table 2 of [60]. This fact allows us to construct an explicit basis
for the latter.

We defined Z, as the number of s0(6) singlet large N, zero modes with length L. These
zero-modes can be written explicitly in terms of the traceless symmetric single-trace operators
Ciml..ie as

{},
{Ci; Cij},
{Ciji Cijie» Cij Cj Cii}
{Ciji Ciji > Cijni Cij Cra s Ciji Cii Cray Cij Cji Cra Cue, Cij Cji Cra Cii}
corresponding to {25, 24, Zs, Zs} = {0,1,2,5}.
Another series of positive integers is computed in [60], which is the number of the completely

(D.1)

symmetric polynomial of Mandelstam variables of degree K, subject to massless momentum
conservation, for a sufficiently large number of particles n. If we denote this series by ZJ. , they
are given by {21, 2, Z}, Z;} = {0,1,2,5}. The Mandelstam variables are defined by

2 .
sij:(pf%—p?) =2p;-p;, (1,7 =1,2,...,n), (D.2)

and they satisfy

n n 2 n
Sij = sz' s Sij = O, <Z pf) = Z Sij = O (D3)
1 i=1

j= 1<J

A basis of the completely symmetric polynomials of {s;;} can be given as

2
{Z 50(1)0(2)} ,
3
{ E So(1)a(2) » Z 50(1)0(2)30(2)0(3)50(3)0(1)} g

4 2 2 2
{Z Se(1)o(2) Z Se(1)o(2)Sa(1)a(3) » Z So(1)o(2)So(1)a(3)Sa(2)a(3) 5

o o o

(D.4)

2 2
Z Se(1)0(2)55(3)0(4) » Z Sa(1)0(2)S0(2)0(3)S0(3)0(4) Sa(4)o(1) },

o o

where we sum o over the permutation group of n-th order S,,. The constraints (D.3]) must be

imposed after the summation.
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The relation between (D.I) and (D.4]) can be explained graphically. Note that we neglect
dimensionality constraints; namely the finite Ny constraints in (D.I]) and the Gram determinant
constraints in (D.4) [

We begin by the s0(6) singlet large N, zero modes. Since C;,;,.;, is symmetric traceless,
a flavor index of C) should be paired with the flavor index of another C'%). Since C\ is
symmetric, the position of the flavor index inside C' is irrelevant. When we contract m indices

of C%) and C%), we draw m lines in between as

c®
i i

Cayty = = . (D.5)

1112

C

1112

i i2

c®

Similarly, the zero modes with length six are expressed as
CiliQiBCiliQiB - I Ciligcigig,cig’il - 9 <D6)

and with length eight as,

i AR T B

Let us turn to the completely symmetric polynomials of Mandelstam variables Given a graph
representing the large N, zero modes, we label each “single-trace” by ¢ = 1,2,...,n. Then for

each line connecting the i-th and j-th trace, we associate Mandelstam variable s;; , as

Pl

= S S12 = s, + permutations, (D.8)

which gives the first line of (D.4]). Similarly, a basis of the completely symmetric polynomials
of degree three is expressed as

= s}, + permutations, = S12 S93 S31 + permutations. (D.9)

36The latter comes from the linear relations among {p'} when n is greater than the spacetime dimensions.
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One can check that the length eight graphs (D.17) reproduce the polynomials of degree four in

D.4).

This pattern continues. At L = 10 we have Z! = 11. The correspondence can be seen from

Cijicim Cijkim s Cijiim Cijk Cim » Cijit Cijkom Cim » Cijit Cijm Chim
Cijki Cij Crom Cim s Cijie Ciji Crom Cim s Cijke Citm Cjt Coom s Cijie Ciji Cin Cim

Ciik Clmk Cij Cim ,  Cij Cji Chi Cim ok, Cij Cik Ciy Cii, Crni (D.10)
and
5?2 + ..., s?zs% + ..., 3?2313523 + ..., 8%25’%3823 + ...,
5%2313314534 + ..., 5?2513524534 + ..., S12513514S23S24 + ..., 3?2534 + ...,
3323138:2)’4 + ... s 8%2834835845 + ... s 8125235345455851 + - . . s (Dll)
where + ... means the sum over the permutations S,,. Note that the all terms add up with

the same sign.

It is not obvious to prove the linear independence when the massless momentum conserva-
tions (D.3)) are imposed. For example, there are three candidates of the symmetric polynomials
at degree two,

PQJZS%Q—F..., P2’22812813+..., P2’32812834+.... (D12)

It turns out that P,o = —P,; and Py3 = 2 P,; when the constraints (D.3]) are imposed. This
can be shown, for example, by applying the condition ) ;s =0 repeatedly, until there are
no indices which appear only once. We checked that the polynomials written in our “graphical
basis” are linearly independent up to K < 5. It also follows that our basis is complete thanks
to Zog = 2.

We also emphasize that it is non-trivial to construct an explicit basis of the completely
symmetric polynomials of {s;;}. A candidate is given by taking multi-traces of the matrix of
Mandelstam variables,

0 sk, ... sh

k k

- o Sis 0 ... 83,
P(k,ﬁ,...):tr(Sk15k2...)tr(SnggQ...), Sk: . - : y (]CZO) (D13)

shosho ... 0

These polynomials are manifestly invariant under permutations, but highly redundant even
before imposing the massless momentum conservation. It is not clear how to take a linearly
independent set.

When we turn on masses, the momentum conservation becomes

n n 2 n n
Z Sij = M, (pr> = Z Sij = 22 M; (D.14)
j=1 i=1 i=1

1<j
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and the number of independent completely symmetric polynomials increases. For example,
three degree-two polynomials in (D.12)) are no longer proportional. The corresponding gener-
alization in N' =4 SYM will be to consider U(NN,) gauge group instead of SU(N,).

It is interesting to see how the above relation can be proven for general K, and whether the
correspondence can be extended to massive cases.

E Polynomial notation for multi-traces

A new concise notation for multi-trace operators is invented to reduce the computational work-
load significantly in Mathematica. We call it polynomial notation, which can be used to describe
any gauge invariant operators of N'=4 SYM.

We associate a polynomial to each multi-trace operator. The basic idea is to describe the
position inside a trace at which a given SYM field appears, rather than to describe which SYM
field appears at a given position inside a trace.

First, consider single-trace operators. If a field F' stands at the p-th position inside the
trace, we write FP, then sum over all fields as

tr (XYZZY'ZY) & P(X+Y?+ 2+ 2'+ Y + 7)), (B.1)
where P means that this polynomial is defined modulo cyclic permutation of a trace,
P(f+a@+ - +y" "+ =P(f+d+ - +y"+2). (E.2)
For later purposes, we rewrite this equation as
P=T-P (E.3)

where T is the shift operator defined by

TP (Z Fp) =P (Z F[P“]L) . lar=<a (1 ; a<L). (E4)

a—L (L <a)

Next, we generalize this notation to the operators with flavor indices contracted, like XZ-XZT
for the u(3) singlets and ®;P; for the s0(6) singlets, where X; = ®g; 1 + i $y; . If X is at the
p-th position and XZ-T is at the ¢-th position, we write

tr (.. X X]) o P(ePdT ). (E.5)
The s0(6) singlets can be expressed by imposing the relation gb“ab ~ qﬁbaa. This polyno-

mial notation is significantly simpler than the usual one because no flavor subscripts are used

anymore. To see this, consider the following u(3) singlet operator of length four,

—4 —3
tr (X, X X1 XD) = tr (X, X, XEXT) & P(gd + ¢%9). (E.6)

3TWe keep ¢ to avoid confusion between ¢%¢? and ¢@+°.
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On the left-hand side, we wrote two identical operators generated by the permutation of flavor
indices (i1i2...95/2) = (lo(1)lo(2) - - - lo(r/2)) With 0 € Sgjo. As L increases, the order of the
permutation group grows factorially. It becomes quite cumbersome to keep removing redundant
elements generated by Sp». In this sense, the polynomial notation is factorially simpler to
describe single-trace operators than the conventional notation Y]

Second, consider multi-trace operators. If a field F' stands at the p-th position inside the

m-th trace, we write P, then sum over all fields as
r(YX)tr (VX)) & P(Yi+Ya+626,). (E.7)

where ¢ ¢ means that we contract X; at the p-th position in the m-th trace and X! at the
g-th position in the n-th trace. We impose the cyclicity condition P as

P=1T,-P  foreach m, (E.8)

where T,, is the shift operator (E.4]) for the m-th trace.
The polynomial notation is related to a graphical representation of multi-trace operators as

follows:
tr (‘I)“ q)izq)ig q)i1 CI)Z‘2 (Pz?,) = (Eg)
—4 — —3
tr ((p’u (I)ZQ> tr (q)lg ®i3q)i3 q)n) = go Og = { N h = P <¢1¢2 + ¢%¢2 + (b%(bQ) )
(E.10)

where the black dashed lines represent the SU(N,.) color traces, and the blue solid lines represent
50(6) flavor contractions. The middle equality in the last line comes from the cyclic symmetry
of the trace. In short, the polynomial notation describes the configuration of the blue lines.
Note also that a similar graphical method was useful in finding the relation to Mandelstam
variables in Appendix

We generated all s0(6) singlet multi-trace operators up to L = 12 using Mathematica, and
implemented the action of the non-planar dilatation operator in the polynomial notation. The
details are given in the attached file.
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