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JACOBI POLYNOMIALS AND CONGRUENCES INVOLVING SOME
HIGHER-ORDER CATALAN NUMBERS AND BINOMIAL COEFFICIENTS

KH. HESSAMI PILEHROOD AND T. HESSAMI PILEHROOD

ABSTRACT. In this paper, we study congruences on sums of products of binomial coefficients
that can be proved by using properties of the Jacobi polynomials. We give special attention
to polynomial congruences containing Catalan numbers, second-order Catalan numbers, the

n 3n
sequence (A176898) S, = %, and the binomial coefficients (37?) and (32) As an

application, we address several conjectures of Z. W. Sun on congruences of sums involving
S, and we prove a cubic residuacity criterion in terms of sums of the binomial coefficients
(3:) conjectured by Z. H. Sun.

1. INTRODUCTION

In this paper, building on our previous work with Tauraso [3], we continue to apply

properties of the Jacobi polynomials pEYEFY) (x) for proving polynomial and numerical
congruences containing sums of binomial coefficients. In particular, we derive polynomial

congruences for sums involving binomial coefficients (3:), (32), Catalan numbers (A000108)

Cn: 1 2n frnd 2n — 2n 5 n:0,1,2,...,
n+1l\n n n—1

second-order Catalan numbers (A001764)

1 3n an 3n
(2) — = -2 =0,1,2,...
Cn 2n+1(n) (n) (n—l)’ =012,

and the sequence (A176898)

__ GG _
= ST n=01,2,..., (1)

n

arithmetical properties of which have been studied very recently by Sun [13] and Guo [2].
Recall that the Jacobi polynomials P{*"” (x) are defined by

(+1),

Pea) = 2
n:

F(—=n,n+a+p+La+1;(1-2)/2), «F>—1, (2)
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where

F(a,b;c;z) = i (a)k(b)kzk,
k=0

is the Gauss hypergeometric function and (a)g =1, (a)y = a(a+1)---(a+k—1), k> 1,is
the Pochhammer symbol.

The polynomials P{*” () satisfy the three-term recurrence relation [14, Sect. 4.5]

2n+1)(n+a+ B+ 1)2n+a+ )P ()
= (2n+a+ B+ 1)(a® - )+ (2n + a + B)sz) PP () (3)
—2(n+a)(n+B)2n+a+ B+ 2)P*)(x)
with the initial conditions Po(a’ﬁ) (x) =1, Pl(a’ﬁ) () = (x(la+B+2)+a—0F)/2.
While in 3] we studied binomial sums arising from the truncation of the series
2 () g2+

arcsin(z) = |z| <1, (4)

D TR
L 4K (2k + 1)

the purpose of the present paper is to consider a quadratic transformation of the Gauss
hypergeometric function given by [6 p. 210]

sin(a arcsin(z)) l+a 1—a 3 ,
a z ( 2 Y 2 ) 27 z Y |Z‘ — Y (5>

which essentially can be regarded as a generalization of series (). Note that letting a
approach zero in () yields (). On the other side, identity () serves as a source of generating
functions for some special sequences of numbers including those mentioned above. Namely,
for a =1/2,1/3,2/3, we have

2k+1
sm(m)—zz@k() R (©
_ (aresin(2)) | 2= ) (477 F
in (P I () kst )

k=0

. (2 4z b
sin <§ arcsin(z ) ZSk (108) : |z] < 1. (8)

In this paper, we develop a unified approach for the calculation of polynomial congruences
modulo a prime p arising from the truncation of the series (6)—(8) and polynomial congru-
ences involving binomial coefficients (%f), (;‘Z) and also the sequence (2k+1)Sy within various
ranges of summation depending on a prime p.

Note that the congruences involving binomial coefficients (3:), (g:) have been studied
extensively from different points of view [9] 10, 11, 12, [16]. Z. H. Sun [10, 11] studied con-

gruences for the sums » ;" Lp/ 3J (3k) t* and ZL” /4] (4k) tk using congruences for Lucas sequences



JACOBI POLYNOMIALS AND CONGRUENCES 3

and properties of the cubic and quartic residues. Sun [9] also investigated interesting con-

nections between values of ZW 3l (3:) tk (mod p), solubility of cubic congruences, and cu-
bic residuacity crlterla Zhao Pan, and Sun [16] obtained first congruences for the sums

S (3k) t* and Y P” tk at t = 2 with the help of some comblnatorlal identity. Later
Z. W. Sun [12] gave exphclt congruences for t = —4, %, %, é, %, %, S 5 4 by applying properties

of third-order recurrences and cubic residues.

Our approach is based on reducing values of the finite sums discussed above modulo a
prime p to values of the Jacobi polynomials P*1/2¥1/2)(z), which is done in Section [,
and then investigating congruences for the Jacobi polynomials in subsequent sections. In
Section 3], we deal with polynomial congruences involving binomial coefficients (2];) and even-
indexed Catalan numbers Cy;. In Section [, we study polynomial congruences containing
binomial coefficients (3:) and second-order Catalan numbers C’,g2). In Sections [ and [0 we
apply the theory of cubic residues developed in [8] to study congruences for polynomials of

the form

[2p/3] 3k p—1 3k p—1 p—1
D (k)tk 2 (k;)tk > Gt Zsktk >_(2k+ 1St
k=(p+1)/2 k=1 k=1 k=0

As a result, we prove several cubic residuacity criteria in terms of these sums, one of which,

in terms of Zlin(/;il)ﬂ (3:) tk, confirms a question posed by Z. H. Sun [9, Conj. 2.1].

In Section [6l, we derive polynomial congruences for the sums Z,?:/gj Syt*, Z;é Syt",
Z;EPZ/(?J (2k + 1)Sit*, Z;é(Qk + 1)S,t* and also give many numerical congruences which
are new and have not appeared in the literature before. In particular, we show that

p—1

S 1/3
> e =3 (5) e
k=0 p

confirming a conjecture of Z. W. Sun [13, Conj. 2]. Finally, in Section [7, we prove a closed
form formula for a companion sequence of S,, answering another question of Sun [13, Conj. 4].

2. MAIN THEOREM

For a non-negative integer n, we consider the sequence w,,(z ) defined [3], Sect. 3] by

wy(z) = (2n + 1)F(—n,n +1;3/2; (1 — 2)/2) = ———P1/271/2(g), (9)

(1/ 2)
From (B)) it follows that w, (x) satisfies a second-order linear recurrence with constant coef-
ficients

Wn 1 () = 22w (2) — wn1(7)
and initial conditions wg(x) = 1, wy(x) = 1 + 2z. This yields the following formulae:

1)a™ — 1
(a+1)a (oz1+ Ja™™ il
a—a”

wal®) =49, 41, itr=1: (10)
(1), o= —1,
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where o = x4+ /2% — 1. Note that for z € (—1,1) we also have an alternative representation
r+1
i
By the well-known symmetry property of the Jacobi polynomials
P () = (1) PP (—)

and formula (2), we get one more expression of w,(z) in terms of the Gauss hypergeometric
function

wy(x) = cos(n arccos ) + sin(n arccos z). (11)

wy(z) = (=1)"F(—n,n+ 1;1/2; (1 + 2)/2). (12)
For a given prime p, let D,, denote the set of those rational numbers whose denominator is

not divisible by p. Let ¢(m) be the Euler totient function and let () be the Legendre symbol.

We put (%) = 0 if pla. For ¢ = a/b € D, written in its lowest terms, we define () = (2) in

p
view that the congruences z? = ¢ (mod p) and (bx)? = ab (mod p) are equivalent. It is clear

that ( ) has all the formal properties of the ordinary Legendre symbol. For any rational
number z, let v,(z) denote the p-adic order of z.

Theorem 2.1. Let m be a positive integer with p(m) = 2, i.e., m € {3,4,6}, and let p be a
prime greater than 3. Then for any t € D,, we have

4 (_)k (m 1)k k 1
Z e = Ty v (- 1/2) (mod p) (13)
& (_)k (m l)k k
Z - (Qk)m t E(—l)“’/meL%J(t/Q—l) (mod p), (14)
k=0
L(m=1)p/m] 1 m—1
(%)k( m )k _ -1
L2 ey T i 2 (1) (1= 1/2) w01y (1= 1/2)) - (amod p),
(15)

[(m—L)p/m] p/m
Z ( )E;( )ktkE(_lq);/ J(

Proof. Let m € {3,4,6}, i.e., ¢(m) = 2. Suppose p is an odd prime greater than 3 and p =r
(mod m), where r € {1,m — 1}. We put n = 2. Then p = mn + r and from (9) we have

3 1—x> B 2p—27’+mi (=2), (m=H2), (1—x)k
22 ) m o (3), ! 2 )
3:5-...(2k+1)

Since (%)k = 5 and 2k +1 < 2n + 1 < p, the denominators of the summands are
coprime to p and we have

W’L—Qrtp/mJ(%)k(mn:r)k 1—2\* m—2r WmJ(%)k(mT_l)k AN
wy () - Z (5, k1 ( 5 )_ m kZ:O (3), *! ( 2 )(modp)

k=0

W e (/2 ~ 1) = wiz | (t/2 - 1)) (mod p).
b= 1)/2 "

wn(x):(Qn—i-l)F( n,n+1; -
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or

_m—2r KV (5), (), b
nle) = T 30 A =) (mod p)

Replacing x by 1 — /2, we get (I3)).
Applying formula (I2)) to w,(z), similarly as before, we get

- (), (112

wa(z) = (=1)"F(—n,n+1;1/2; (1+2)/2) = (-1 Y OR 5
k=0 27k

n 1 m—1 k n 1 —1
wn(e) = (-3 kel X ) (1 ”) = S e ) o4 (o ),
k=0 (§)k k! :
Substituting ¢t = 2(1 + x), we obtain (I4)).
To prove the other two congruences, we consider (m — 1)p modulo m. It is clear that
(m—1)p =r (mod m), where r € {1, m—1}. We put n = %. Then (m—1)p = mn—+r
and from (9) we have

r—(m—l)p) ( (m—1)p+m—r
k

wy(z) = 2m = 1)7?;1_ 27“4‘7”2”: ( - (%)kk' - )k (1;x)k (16)

k=0

Note that p divides (2) if and only if & > (p — 1)/2. Moreover, p* does not divide (2),, for
any k from the range of summation. Similarly, we have

(Flmo ey qprem e

m m

1=0

All possible multiples of p among the numbers r + ml, where 0 <[ < k—1 < (m_l)w,
could be only of the form r + ml = jp with 1 < 7 < m — 2. This implies that jp=r = —p
(mod m) or (j 4+ 1)p =0 (mod m), which is impossible, since ged(p,m) =1 and j+ 1 < m.
So p does not divide (W) k. Considering

Y

((m—l)p—l—m—r) :ﬁ(m—l)p—l-ml—r
m _— m

we see that p divides ((m_l)’%)k if and only if £ > %. Moreover, p? does not divide
(W)k for any k from the range of summation. Indeed, if we had ml — r = jp for
some 1 < j <m—1, then p = —r = jp (mod m) and therefore p(j —1) = 0 (mod m), which
is impossible. From the divisibility properties of the Pochhammer’s symbols above and ([L6))
we easily conclude that

oy [ l2/m) Len—Dp/m] (r—(m—np) (<m—1>p+m_r> N
= Z + Z : k( 5 ) (mod p)

wL(m:nan(x) = m

k=0  k=(p—1)/2 (%)k k!
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and therefore,

m—2r lp/m] [(m=1)p/m] (%)k (mrgr)k 1— o k
wL(m:nl)pJ(x) = m Z +m Z 3 (mOd p)7
2

k=(p—1)/2 (
where for the second sum, we employed the congruence

<(m—1):1+m—r> (m—ptm—r (m—Dp+2m—r (m—l)p+m~%—7’ . (m=Dp+mk—r
k

— m m m m
(é) o 3.5...0... 2ktl
2/k 2 27772 2

(")
(3)s

valid for (p —1)/2 < k < |(m — 1)p/m]. Now by (I3)), we obtain

m (mod p)

[(m—1)p/m] (L) (m_—l
m/k

m 1 )k &
m—1)p =—— w2 E —mer o IR (2(1 — m .
m— 2 e (z) 1+2|p/m| wLmJ(x)+ﬂZ:(p_l)/2 (2k + 1)! (21 =) (mod p)

Taking into account that LWJ =p—1-— L%J and replacing x by 1 — ¢/2, we get the

desired congruence ([IH).
Finally, applying formula (I2) and following the same line of arguments as for proving

(IH), we have
Wi m-vp (2) = (=1)"F(=n,n+ 1;1/2; (1 + 2)/2)

_— L(m—lia/m (r—(r:l—np) <<m—1>:1+m—r> L
- (e : < (425

1
k=0 (i)kk! 2
oy B/ L Lp/m] (r—(m—l)p) ((m—l)p-l-m—r) Lt
_( 1) Z + Z (l) ol ( 7 )
k=0 k=(p+1)/2 2/ k

ey, {2 W pil (L) (C2o0)
—pl Z+m > B (Gt (mod p).

k=(p+1)/2

—~

Now by (IH]), we obtain

(=) e (@) = (1) w2 () +m Y £(2(1+2)) (mod p)

and after the substitution x = ¢/2 — 1, we derive the last congruence of the theorem. U
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Corollary 2.1. Let m be a positive integer with ¢(m) = 2, i.e., m € {3,4,6}, and let p be
a prime greater than 3. Then for any t € D,, we have

= e (= D (1 420 s (1~ /2)) (o )
p—1 (1 m—1 —1)\lp/m]
(m)?Q(k)m )k tk — ( 17)/’1 <(m_1)wL%J(t/2_1)+wL%J(t/2—]_)) (mod p)

Proof. Let p = mn +r, where r € {I,m —1}. Ifn+1 = [Z2] +1 < k < 22 then
vp((2k +1)!) = 0 and v, ((%),) > 1, since the product 152y (r + Im) is divisible by P.

If (m—1n+r= L%J +1 <k < p-—1, then it is easy to see that v,((2k + 1)!) =
v, ((2k)!) = 1, vp((%)k) > 1, and the product Hle(lm — r) contains the factor (m — 1)p.
This implies that vp((m;") k) > 1, and therefore we have

”i (") %’EJ ()i (1) “mz”f/ ") (=
m ktk m/k m ktk—l— m/k m ktk (modp),
— 2k: + 1)! pare (2k + 1)! k—(p—l)/2 (2k + 1)!

=

1 (1) (me1 [p/m] (m=Vp/m] (1Y (me1

Finally, applying Theorem 2], we conclude the proof of the corollary.

3. POLYNOMIAL CONGRUENCES INVOLVING CATALAN NUMBERS

In this section, we consider applications of Theorem 2.1l when m = 4. In this case, we get
polynomial congruences involving even-indexed Catalan numbers Csy, (sequence A048990 in

the OEIS [7]) and binomial coefficients (") (sequence A001448).
Theorem 3.1. Let p be an odd prime and lett € D,. Then

Z Copt® = 2(—1)%10@(1 —32t) (mod p),

1=
> owtt= <wL%J(1—32t)—|—wL§J(1—32t)> (mod p),

[p/4]
> <2k)t = <?) wie)(32t — 1) (mod p),

130/
4k 1 /-2
3 ( )z&k;1 —) (wL%J(BQt—1)—wL%J(32t—1)) (mod p).

p
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Proof. We put m = 4 in Theorem 2.1l Then for any odd prime p, we have p = 4 + r, where

[ is non-negative integer and r € {1,3}. Hence,

1 1 2 2
= = = = 2 —1 (p—l)/2 d .
Trop/A] ita piz—r-a—r 27D (mod p)
Moreover, (—1)P/4) = (—1)l = (_72) Now noticing that
1[4k 4k)! (5
2k + 1\ 2k 2K+ 1) (2k+1)!
and replacing ¢ by 64t in Theorem [2.1] we get the desired congruences.

Corollary 3.1. Let p be an odd prime and lett € D,. Then

p—1
1 /-1
Cpth = = <—) (3wL§J(1 —32t) —w sy (1 - 32t)) (mod p),

k=0 2\p
Ly 1/-9
C1—
; <2k)t =< <?) (w22, (32t = 1) + 3wy (32t = 1)) (mod p).

Evaluating values of the sequences wz(z) and W s () modulo p, we get numerical

congruences for the above sums. Here are some typical examples.

Corollary 3.2. Let p be a prime greater than 3. Then

p—1 lp/4]
C2k _ 2 Cgk . 2
ZF <p) ’ 2 I (p) (mod p),

= 2
k=0 k=0
p—1 4k [3p/4] (4k
(o) _1(2 , Z@E_l 2} (mod p),
165 4 \p 16* 4 \p
k=0 k:P;fl
lp/4] p/4] (4K
Cgk —1 ) -2
Cor _ o (1Y (sl W) — (22 (_qyles) d
> =2 () o = () o e
p! Cor _ (—1)P=D/24PBL (mod p),  ifp=+1 (mod 8);
— 32 N 2(—1)P= V28l (mod p), if p=+3 (mod 8),
—2
p—1 (4k) <—> (=) (mod p), ifp=41 (mod 8);
w )y )
k - .
v 52 §<?)(—1)W8J (mod p), ifp=+4+3 (mod 8).

Proof. The proof easily follows from the fact that
w,(=1) = (=1)",  w,(0) = (=) and  w,(1) =2n + 1.

(17)
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Corollary 3.3. Let p be a prime greater than 3. Then

(2) pi Co {1 (mod p), ifp=+1 (mod 12);

p 64F — —7/2 (mod p), ifp=45 (mod 12),

k=0

2\~ () (1 (modp), ifp=+41 (mod 12);
(]_9) 1/4 (mod p), ifp=45 (mod 12),

= ( 3 )’“ B {1 (mod p),  ifp==+1 (mod 12);

prd 64 1/2 (mod p), ifp=45 (mod 12),
pi <4k:) (3)’“ _ {1 (mod p), ifp=41 (mod 12);
c~\2k) \64) | -5/4 (modp), ifp==+5 (mod 12).
Proof. We can easily evaluate by (LT,
w,(1/2) = 2008(@) and  w,(—1/2) = % sin(@). (18)

Hence we obtain
wiz (1/2) = (=14 (mod p), if p=+1 (mod 12);
L7) - —2(—1)LP/4J (mod p), if p=45 (mod 12),

—1)p=1/2 if p=+1 12);
wir (~1/2) {( 1) (mod p), ifp (mod 12);

0 (mod p), if p=45 (mod 12)

and w3, (1/2) = ()P4 w54 (—1/2) = (=1)®"Y/2 (mod p). Applying Corollary B.1]
and the equality (—1)®—D/2+p/4] = (%), we get the desired congruences. O
Lemma 3.1. For any x # +1, we have

a2n+l _ a—2n—1

w,(202 — 1) =

, where o =x+ V2 —1.

a—at
Proof. By (I0)), we obtain

(a+1a® — (a7t +1)a™2"
wan() = a—at

(@ +1)a* — (a2 4+ 1a™?" + (a+a H(a® —a™")

a2 _ a—2
2n —2n
— w, (207 — 1)+
a—
This implies
wn(2z2 B 1) _ w2n(x) B a2n o a—12n _ a2n+1 _ a—12n—1’
a— o a— o

and the lemma follows. O
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Lemma 3.2. Let p be a prime, p > 3, and let x € D,. Then

(2)((5)+(2)) i
(50w (52)0-) i

Proof. First, we suppose that x # +1. Then, by Lemma B.1] if p = 1 (mod 4), we have

ngJ (23)2 — 1)

1
2
1
2

+
IS
+
=

wth(sz — 1) Wp—1 (21’2 — 1)

W )p“ Wl V=)

2vVx? —
p+l—k

A E (0 (5

kisodd

= (SN

kiseven

(x—1)=2  (z+1)

,,,1+ p1:1<g><<x_1)+<x+l)) (mod p)
oL ol 2\p p p '

o 2 — o 2
L%J(2$ —1)—U)p 3(237 —1) ﬁ

W) )

(VE- V=) (/3 +w ) - V-V

- N

Simplifying as in the previous case, we get modulo p,

()75

GO -(0)

U)ng (2:152 — 1)
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and the first congruence of the lemma follows. Similarly, to prove the second congruence,
we consider two cases. If p =1 (mod 4), then we get

wLSPJ(Qf —1)—w3(p y (222 — 1) = CVSPZO:_—S—SP21
FD
el
E R E ) - () (F )
e}

Simplifying the right-hand side modulo p, we obtain

1/z—1\"" 1/2x+1 3p_51+3 c—IN"T [2+1\? 3 /2+1\T [z—1\"
A A 2\ 2 3 2\ 2 3

and therefore,

wysp (207 — 1) = % (;) ((“;1) (14 22) + (9“"21) (1— 2@) (mod p).

If p=3 (mod 4), then

3p+l _3p+1
a2 —Qo 2

wtsz(Z'L' —-1)= W a1 (207 — 1) =

(e ) (F“ V=)

2P —1

Simplifying the right-hand side modulo p, we get

1 /2—1 %+1 r+1 3p_51+3 c—I\"T [z+1 P, 3 (a1 e —1\?
AU A 2\ 2 2 AU 2

and therefore,

Wy (207~ 1) = ¢ (;) ((“;1) (20 +1) + (9’;1) (2:5—1)) (mod p),

as required. If z = 41, then, by (I0), we have wz|(1) = 2[}] + 1 = (=1)*~1/2/2 (mod p)
and wy s (1) = 2|2 +1=(-1)®*Y/2/2 (mod p), which completes the proof of the lemmaé

From Lemma [3:2] and Corollary 3.1l we immediately deduce the following result.
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Theorem 3.2. Let p be a prime, p > 3, and lett € D,. Then

e (5 <1 () 00+ () as0)
::0 (gi)t% = % ((1 ;4t) (14 2t) + (%) (1- 2t)) (mod p).

Proof. From Corollary B we have

—1
(—) (Bwzy(2* = 1) — LTPJ(%Q —1)) (mod p)
and
2[4k 1/-2
2k — B 2 2
<2k)t =7 <?> (Bwyz (3267 — 1) + wyz, (32¢° — 1)) (mod p).

Now by Lemma [3.2] with z replaced by 4t for the last congruence, we conclude the proof. [

Theorem 3.3. Let p be a prime, p > 3, and let a,b € Z, ab # 0 (mod p), and a Z b
(mod p). Then we have the following congruences modulo p:

Stz [B (0 Q) men Q) et o
- 2(b—a) ( a (1_9) T (5))’ ifp=3 (mod 4),

\

oy (S5 (-0(2)-0-n (). v e

G (22@_@@ (=2 (0)-252(8). we=3 moaw,

Proof. By Corollary B.1], we have

(a =0 -1 a’ + b? a? + b?
- 3 b - 3p d 5 19
— —64ab)* ( D ) ( Yl ( 2ab ) Y ( 2ab )) (mod p),  (19)
= (4R (a+b)* 1
—~\2k (64ab)k 4

From (I0) we obtain

k=0

MH
|I|
N —
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If p=1 (mod 4), then we have modulo p,
a?+ b\ , a’+ b\ a(a/b)p%1 — b(b/a)% _ a(g) — b(%) (ab)%
ltd 2ab e 2ab N a—2b o a—2b ’
. @2 b2 ala /b)3<p y b(b/a)3(p4 b _ a(%) — b(%) (ab)prl
°F) 2ab N a—>b o a—>b '
If p=3 (mod 4), then

IN

a2 + b2 a? + b2 a(a/b)% — b(b/a)% _ (;_l;) — et
’LU&J( 5ab )—th_( 9%ab )— a—b = (ab) )
>+ b\ ala/b)"T
Wit -

Fobp/a) T 5(8) - ()
2ab

= ab
a—2>b a—2>b ( )
Now substituting the above congruences in (I9)) and (20), we conclude the proof

4. CONGRUENCES INVOLVING SECOND-ORDER CATALAN NUMBERS

In this section, we will deal with a particular case of Theorem 2.1l when m = 3. This case
leads to congruences containing second-order Catalan numbers cP (sequence [A001764 in
the OEIS [7]) and binomial coefficients (37?) (sequence A005809)

Theorem 4.1. Let p be a prime greater than 3, and lett € D,. Then

1p/3]
Z CP¢k =3 ( ) wizy(1—27/2)  (mod p), (21)
L2p/3J
p
S Pt = (g) (wt%ﬂu — 27t/2) + wizy(1 - 27t/2)> (mod p),
k=(p—1)/2
1p/3]
3k\ . (D
kzzo (k )t - (g) wiz)(27¢/2 — 1) (mod p), (22)
120/3]
3k\ . 1 /p
k (Z+:1>/z <k>t =< (g) ( 20 (271/2 = 1) — wpp (27t/2 - 1)) (mod p).  (23)
=(p
Corollary 4.1. Let p be a prime greater than 3, and lett € D,. Then
p—1
p
ZC’E)tk = <§) (27~UL§J(1 —27t/2) — L?pj(l — 27t/2)> (mod p),
k=0

Z <3kk)tk _ % (é’) <2w 121 (278/2 — 1) + w2 (274/2 — 1)) (mod p).

Using the exact values of w,, from (I7) and (I8]), we immediately get numerical congruences
at the points t = 4/27,2/27,1/27,1/9.


http://oeis.org/A001764
http://oeis.org/A005809
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Corollary 4.2. Let p be a prime greater than 3. Then

(3 ) =3 (mod p)
w( (%)

p—1

() =36

L1
3?

Lp/3)

ZC

Lp/ 3J

)
“ (&
)

)E
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““( <) win o

Remark 4.2. Z. W. Sun [12] Thm. 3.1] gave another proof of the first congruence in (24)
based on third-order recurrences. Z. H. Sun [11l Rem. 3.1] proved the second congruence in
([24)) as well as the second congruence in (25) with the help of Lucas sequences.

Corollary 4.3. Let p be a prime, p > 3. Then

_ {;6

Lp/3]

D

k=0

s
27k

p—1

>

k=0

s

1

i 3k: 1
k
k=0

27k

(1
4

_5
\

(1

—2/3
[-1/3

(mod p),
(mod p),

(mod p),
(mod p),

(mod p),

(mod p),

Corollary 4.4. Let p be a prime, p > 3. Then

-

(3
~3
0
(1
0
(-1

(mod p),

(mod p),

(mod p),

(mod p),

(mod p),

(mod p),
(mod p),

(mod p),

(mod p),
(mod p),

ifp=+4 (mod9);
otherwise,
ifp=+1 (mod9);
ifp=+2 (mod9);
ifp=44 (mod9),
ifp=+1 (mod?9);
ifp=42 (mod?9);
ifp=44 (mod9).
ifp=+2 (mod9); (26)
otherwise,
ifp=+1 (mod9);
ifp=+42 (mod9);
ifp=+44 (mod9),
ifp=+1 (mod 9);
if p=+42 (mod 9); (27)
ifp=+44 (mod9)
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Remark 4.3. Z. W. Sun [12] Thm. 1.5] provided another proof of congruences (26) and (21)
by using cubic residues and third-order recurrences.

Lemma 4.1. For any x # 1,—1/2, we have
In+2 a—i’m—l
5 —, where o =x+ Va?—1.
a? —a-
Proof. Starting with ws,(z), by (I0), we get

(a+1)a® — (a7t +1)a™"

wy,(42° — 31) = a

Wap(x) =
() a—at
(@®+1)a* — (o +1)a™ o® —a™3
B ad —a3 a—at

a3n+l _ a3n+3 _ a—3n—1 + a—3n—3

+ -1
a—«

= wy,(42® — 32)(a® + 14+ a7 ?)

Oé3n+1 _ a3n+3 _ a—3n—1 + a—3n—3

+ -1
a— o

Comparing the right and left-hand sides, we obtain

3n n+3 _ —3n _ —3n—3 3 1 3n _ ,—3n—3
wy(42® —3z)(a? +1+a7?) = a” ta a_l a _ (@’ +1)(a 1CY )
a—«

a—a”
and therefore,

A 5 5 B (a3 + 1)(a3n _ a—3n—3) _ QS(a3n _ a—3n—3) B a3n+2 _ a—?m—l
wn(de” = 31) = ad — a3 N ad —1  a?2—al

Lemma 4.2. Let p be a prime, p > 3, and let x € D,. Then

(20 +1) - g (4 = 30) = (§) o+ (;ﬁp_ 1) (z+1) (mod p),

x?—1

p

Proof. First we suppose that x Z 1,—1/2 (mod p). Then by Lemma 1] if p = 1 (mod 3),
we have

(2x +1) XUET (42° — 37) = (g) (1—22%) +2 ( ) z(x+1) (mod p).

’UJL%J (4:1}' — 3(1}') = U)prl(ZlLU — 3(1}') = W (28)

1

For p-powers of a and o™, we easily obtain

O{ip: (QU:l: \/,’,U2—1)pE,’L‘p:|:(\/(L‘2—1)p5xi,/x2_1(x2_1)p771

Ezi<x2p_1) =1 (mod p). (29)
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Substituting (29) into ([28)) and simplifying, we get
(z+ Va2 —1)(z + (“"’2_1)\/:)32 —1)—z+ (x2_1) x?—1

(Q:L'—l—lp)(x—ljt\/a:?—l) -

ot () @+ 1)
= 50 1 (mod p).

If p =2 (mod 3), then, by Lemma [£1] and (29), we have

Iy (42 — 3z) =

1-p
’LUL%J (4:1}' — 3LU) = w¥(4x — 3(1}') = W

T + (%)\/ﬂi—l— (z+ V22 —1)(z — (%) 22 —1)
r+1)(z—1+Va2—-1)
—z 4 (Z2) (x + 1)

— P
= o 1 (mod p)
and the first congruence of the lemma follows. Similarly, if p =1 (mod 3), then we have
a2p _ a1—2p
sz?pJ(élx?’ —3x) = W) (42 — 3z) = A

(z 4 (Z2)WZ 1)’ = (2 + VI = D)2 — (£2)Va? = 1)

= P mod p).
2r+ )z -1+ Va2 1) (mod p)
Simplifying, we easily find
1— 227 +2(Z )z + 1)
3 — p
wL%pJ(le —3z) = 1 (mod p).
If p=2 (mod 3), then
a2p+1 _ a—2p
(@ + Va2 —1)(z+ (Z)VaZ = 1) = (2 — (Z1)a? — 1)
= - - (mod p),

2x+1)(x — 1+ a2 —1)
and after simplification we get
72—
227 — 14+ 2(%)x(r + 1)
20 +1

wL%pJ(ZLr?’ —3x) = (mod p),
as desired.

Finally, if 2 = 1 (mod p), then, by (I0), we have 3wz (1) = 3(2|p/3] + 1) = (§) (mod p)
and SwL%pJ(l) = 3(2[2p/3] +1) = —(%) (mod p), which coincide with the right-hand sides
of the required congruences when z =1 (mod p).

If 2 = —1/2 (mod p), then the congruences become trivial and the proof is complete. [
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Lemma 4.3. Let p be a prime, p > 3, and let x € D,. Then we have modulo p,

(20 +1) - wyp)(4a° — 32) = (235— 2) o4 (M) (z + 1),

p p

2 — 2 —62 — 6
: )x(4x2+2x—1)—<x7
P P

Proof. First we suppose that z # 1,—1/2 (mod p). If p =1 (mod 6), then, by Lemma [£.1]
we have

(2x+1)- wtspJ(les —31) = <

3

) (z +1)(42® — 22 —1).

pt1 pt+1
aT'H — 2

2 1

3 _ 3 _
wiz|(4z” — 3z) = w%(élx —3x) =

o — o

Substituting o = z + V22 — 1 = (y/(z +1)/2 + /(z — 1)/2)?, we have

(+ V2 —1)(Vr+1++vr -1 — (Vo +1—+z—1)PH!
20 D/2(a2 — 1)

(z+Vr2—1)(Vr+1++vz—1)P —1/2(Vz+1— Vo —1)PF?

wL%J<4$3 —3z) =

2(174‘1)/2(2;1; —+ 1)1/;(; —1
@V (e + )i+ - DE) — (@ =V - D (e + DE—(z - 1)F)
N 20tD/2(2x + 1)z — 1
2@ -DF 4 e+ 1) (B4 (EE) (e +1)
T 2 RRet1) 2z + 1 (mod ).

Since (‘73) = (%) =1, we get the desired congruence in this case.
If p=>5 (mod 6), then we have

3 (A3 _
wiz(4z” — 3z) = wp%o(élx 3x) =

and therefore,

wye (427 — 3x) = —vVZ D+ 1)+ @-DH —(@+ V2 - D(x+1Di—(z— 1)}

200222 + 1)/xr — 1
:x(x—l)%—(x+1)%l _ (%)f—(z%z)(xﬂLl) (mod p)
P2+ 1) T 1 mod p),

as desired in view of the fact that (_73) = (%) =-1

The similar analysis can be applied for evaluating W) s J(4x3 — 3z) modulo p. If p =1
(mod 6), then

w, s
LF

J(4x3 —3z) = W) (42° — 37) =
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Simplifying, we obtain

P 3y) = (- VE D (VTFI+ VTP (2 + V@ —1)(VTF I - VT 1)

W sp | (4z 20p+1)/2(2x + 1)/ — 1
_ @V D+ DE+ (@ = DEP — (@ +VaT - D((@ + 15 — (r —1)5)°
= 206p+1)/2(22 +1)y/x — 1
(22)z(42? + 20 — 1) — (22)(z + 1)(42? — 22 — 1)
_ ' p (mod p),
20 +1
as desired. If p =5 (mod 6), then
aop2+3 a Oszfl
3 _ 3 = _
wL%pJ(le —3z) = Wop-1 (42° — 3z) = a2 — -1
_ W+ 1+Va -1 — (Va+1- Vo —1)»*
- 20r+3)/2(2x + 1)/ — 1

(4 VD + D+ (2= DB — (= V=) ((@ + D} — (= DI
8- 2(=D/2(2x 4+ 1)z — 1
(222)x(42” + 22 — 1) + (222) (2 + 1)(4a? — 22 — 1)
20 +1
and the congruence is true. If z =1 (mod 6), then, by ([I0), we have 3wz (1) = 3(2|p/6] +
1) = 2(%) (mod p) and SwL%pJ(l) = 3(2[5p/6] +1) = —2(%) (mod p), which prove the lemma

in this case too. Finally, if z = —1/2 (mod p), we get the trivial congruences 0 = 0, and the
proof is complete. O

(mod p),

Theorem 4.4. Let p be a prime, p > 3, and lett € D,,.
Ift #0 (mod p), then

lp/3]

Z CP (£t + 1))k _ 124;15 B 1;t3t ((1 +t)1(31 —3t)) (mod ).
Sy = P00 (1 (AU oy )
If 3t +2 # 0 (mod p), then
1p/3) B
’- ()@= 200 (=) 1) modn, e

2
<3:) (%t +1)" = ngﬁ; <<(1 - Bt)) - 1) (mod p).  (32)

k= p

[y
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Proof. From (21]), Corollary .1l and Lemma [4.2] we have modulo p,

/3] N )
@ (21 —2)(2z +1)*\" _ <g> (4 _ 3 3r+3 (3 —3x
;C'f ( 27 =33 w30 = o=+ 57

and

—_

hS]

_ (P
= (2) (213 (42” - 32) — w g (42" — 32))
202 +2r —1  2(1—2?) (3 — 322
= d
21 + 1 2r + 1 ( p ) mod p)

for any « € D, such that 2z + 1 # 0 (mod p). Replacing = by (—1 — 3t)/2 with ¢t # 0
(mod p), we get the first two congruences of the theorem.
Similarly, from (22]), Corollary A.J]and Lemmal[4.2for any x € D, with 2x+1 # 0 (mod p),

o (2(1 - :):)2(723: + 1)2)’“

B
Il

0

we have
I3k (20 + 1)(20 — 1)2\" /p \ v x4l [3— 3
Z = (—) ngJ (41’ — 3!13') = + )
pare k 27 3 3 20 +1 2z+1 P
p—1

0 <3:) (2(:5 + 1)2(7255 — 1)2)k5 % (g) (thgJ (42% — 3z) + wL%”J(M?’ — 3z))

_ 1+ 2z — 222 N 2(x +1)? (3 — 322
32z +1) 3(2z + 1) P

k=

) (mod p).

This implies that

Lpf <3:) (2(H 1)2(72x - 1)2); 22111 ((3 _p3I2) - 1) o)

k=1
p—1 k
3k 2 1)(2x — 1)? 2 1) 3 — 322

> () () s ((57) ) e

2\ k 27 3(2z + 1) D
Replacing = by (3t + 1)/2, we derive the other two congruences of the theorem. O
Remark 4.5. Note that Z. H. Sun [9, Thm. 2.3] proved congruence (31]) by another method
using cubic congruences. If we put t = —c¢/(c+ 1) in (B0) and (B2), we recover correspond-

ing congruences of Z. W. Sun [12, Thm. 1.1] proved by applying properties of third-order
recurrences.

5. CUBIC RESIDUES AND NON-RESIDUES AND THEIR APPLICATION TO CONGRUENCES

We begin with a brief review of basic facts from the theory of cubic residues that will
be needed later in this section. Let w = €*™/3 = (=1 4 i1/3)/2. We consider the ring of
the Eisenstein integers Zlw| = {a + bw : a,b € Z}. To define the cubic residue symbol, we
recall arithmetic properties of the ring Z[w] including description of its units and primes [4]
Chapter 9].
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If « = a+ bw € Z|w], the norm of « is defined by the formula N(a) = aa = a® — ab + V?,
where @ = a + bw = a + bw? = (a — b) — bw is the complex conjugate of a. Note that the
norm is a nonnegative integer always congruent to 0 or 1 modulo 3. It is well known that
Z[w] is a unique factorization domain. The units of Z[w] are +1, 4w, +w?.

Let p be a prime in Z, then p in Z[w] falls into three categories [1, Prop. 4.7]: (i) if p = 3,
then 3 = —w?(1 — w)?, where 1 — w is prime in Z[w] and N(1 —w) = (1 —w)(1 —w?) = 3;
(ii) if p = 2 (mod 3), then p remains prime in Z[w] and N(p) = p?; (iii) if p = 1 (mod 3),
then p splits into the product of two conjugate non-associate primes in Z[w|, p = 77 and
N(m) = m = p. Moreover, every prime in Z[w] is associated with one of the primes listed
in (i) — (ii).

An analog of Fermat’s little theorem is true in Z[w]: if 7 is a prime and 7 { a, then
(mod 7).

Note that if 7 is a prime such that N(m) # 3, then N(7) = 1 (mod 3) and the expression

o™ 5 is well defined in Zlw], i.e., T = (mod ) for a unique unit w’. This leads
to the definition of the cubic residue character of & modulo 7 [4, p. 112]:
a 0, if m|e;
<_) =\ i . Nm-n : (33)
T3 W, ifam3 =w! (mod ).

The cubic residue character has formal properties similar to those of the Legendre symbol [4],
Prop. 9.3.3]:

(i) The congruence z* = o (mod =) is solvable in Z[w] if and only if (2), = 1, ie., iff a
is a cubic residue modulo ;

(i) (aT_)g - (_%)3 ( 2)35

(1) (3); = (2)y:

(7v) If 7 and 0 are associates, then (%)3 = (%)3;

(v) If @« = (mod 7), then (%)3 = (é)?).

Let m = a + bw € Z[w]. We say that 7 is primary if 7 = 2 (mod 3), that is equivalent to
a=2 (mod 3) and b =0 (mod 3). If 7 € Z[w], N(w) > 1 and 7 = £2 (mod 3), we may
decompose m = £y ... m,, where 7, ..., are primary primes [4, p. 135]. For a € Z[w], the
cubic Jacobi symbol (%)3 is defined by

(0, (5), (%),

Now let p be a prime. We define a cubic residue modulo p in Z. We say that m € Z is a
cubic residue modulo p if the congruence 2> = m (mod p) has an integer solution, otherwise
m is called a cubic non-residue modulo p. If p = 3, then by Fermat’s little theorem, m?® = m
(mod 3) for all integers m, so 2° = m (mod 3) always has a solution. If p = 2 (mod 3), then

every integer m is a cubic residue modulo p. Indeed, we have 2p — 1 = 0 (mod 3) and by
2p—1

Fermat’s little theorem, m = m?~! = (m 3 )3 (mod p). So the only interesting case which
remains is when a prime p = 1 (mod 3).
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If a prime p = 1 (mod 3), then it is well known that there are unique integers L and |M]|
such that 4p = L? + 27M? with L = 1 (mod 3). In this case, p splits into the product of
primes of Z[w|, p = 7«7, where we can write 7 in the form

1 L+3M
= §(L+3M\/—3) = +2 + 3Mw.
It is easy to see that (ﬁ)z = —3 (mod p) and therefore for any integer m coprime to p by

Euler’s criterion [5], [15], we have one of the three possibilities
mP~53 =1 —1—-L/(3M))/2 or (=14 L/(3M))/2 (mod p).
) p

Moreover, m®~1/3 =1 (mod p) if and only if m is a cubic residue modulo p. When m is
a prime and a cubic non-residue modulo p, Williams [15] found a method how to choose
the sign of M so that m®~V/3 = (=1 — L/(3M))/2 (mod p). To classify cubic residues and
non-residues in Z, Sun [§] introduced three subsets

Cj(m) = {C € Dp,

142 ,
(u) :aﬂ}, j=0,1,2, meN, m=#0 (mod 3),
m 3

of D,,, which posses the following properties:

(i) Co(m) U Cy(m) U Cy(m) = {c € D,, | ged(c* +3,m) =1};

(ii) ¢ € Cy(m) if and only if — ¢ € Cy(m);

(iii) ¢ € C1(m) if and only if — ¢ € Cy(m);

(iv) If ¢, € D,, and ¢ = —3 (mod m), then ¢ € C;(m) if and only if ¢ € Cj(m).

Using these sets, Z. H. Sun proved the following criterion of cubic residuacity in Z: Let
p be a prime of the form p = 1 (mod 3) and hence 4p = L? + 27TM? for some L,M € Z
and L = 1 (mod 3). If q is a prime with q|M, then ¢®~Y/3 =1 (mod p). If ¢4 M and
j €40,1,2}, then

P 3 = (=1 —=L/(3M))/2)’ (mod p) if and only if L/(3M) € C;(q). (34)

k
Sun [9] gave a simple criterion in terms of values of the sum ka:/ f’ ) (3:) (ﬁ) modulo a

prime p for ¢ € C;(p) and conjectured a similar criterion in terms of the sum > 1&2:17(/54{1) /2 (3:) tk,

In this section, using our formulas from Theorem [.1] we address this question of Sun (see
Theorem 5.2 below). First, we will need the following statement.

Lemma 5.1. ([8, Lemma 2.2]) Let p be a prime, p # 3, and let ¢ € D,,.
(1) If p=1 (mod 3) and so p splits into the product of primes, p = n7 with © € Z|w| and
m =2 (mod 3), then

ctl+2w) _ ((+3)(c—1-2w) |
<c—1p—2w)3(c—l—1+QZ o (>023+3)(c—|—1+2w)
(), - (5, - (),
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(77) If p=2 (mod 3), then

142
(%) = (® +3)P D3 (c+ 14 2w)PHI3 (mod p),
3
—1-2 142w\ ™
(%) — <$) = (& + 3)(”_2)/3(0 —1— Qw)(p+1)/3 (mod p).
3 3

Now we prove the following criterion.

Theorem 5.1. Let p be a prime, p > 3, and let ¢ € D, with ¢ # —3 (mod p). Then

C szfq <3:) <ﬁ)k5 (1) (mod p),  if c € Co(p);

(mod p),  if c € Ci(p);
k=(p+1)/2 —1 (mod p), ifce€ Cy(p).

Proof. By (23)), we have

5.0 tes)

L/p 3 —c? 3 _ 2
3 (5) <wt%’J <m) Wy (m)) (mod p).

k=(p+1)
(35)
From (I0) it easily follows that
3—c (=" 2
n = — 1 — 2w)* ! 1+ 2w)* ). 36
v <3+02) 2¢(c? 4 3)" (e w) + (e 14 2w)™) (36)

If p =1 (mod 3), then p splits into the product of primes in Z[w|, p = 77 with 7 = 2 (mod 3)
and, by (36]), we have

3—c? 1 )
P = _1_ (p—1)/3+1 2(p—1)/3+1
1) (3 + 02) 2¢(c? 4 3)P-1/3 ((e=1-2w) +letl+2w) ). (37)

By (B3) and Lemma [B.] we have

2 1 2 2
(¢ 4+ 3)20-D/3 (¢ — 1 — 2,,)20-1)/3 = <(C +3)(c—1 2“’)) _ (w) (mod 7)

™ p
(38)
and
2 2 -2
(24 3)2P=D/3(c 4 1 4 2w)?P~1/3 = ((C +3)le+1+ 2w)) = (w) (mod 7).
s P 3
(39)

Substituting (38) and (39)) into ([B37), we get

3—c2\ 1 c+ 142w\ c+1+2w\ 2
Wz <m) =5, ((c —1—2w) <T)3+ (c+142w) <T) (mod )
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and therefore,
52 1 (mod ), if ¢ € Cy(p);
— e ‘
WL§J<3+02) ={—% (mod ), ifceCilp); (40)
3¢ (mod 7), if c € Cy(p).

2¢
Since both sides of the above congruence are rational, the congruence is also true modulo
p = 7. Similarly, if p = 2 (mod 3), then

3—¢c? -1 )
= _ 1 (p+1)/3-1 2(p+1)/3—1
L) (3 + 02) ~ 2c¢(c? + 3)P-2)/3 ((c—1—2w)*? + (c+1+2w)™ ). (41)

Now, by Lemma [5.1] we have

1+2w\?
(c+ 1+ 2w)2PD/3 = (&2 4 3)=2(-2)/3 (w) (mod p)
p 3
and
1+2w\ 2
(C _ 1 _ 2w)2(p+1)/3 = (02 ‘l’ 3)—2(]3—2)/3 (%) (mod p)
3

Substituting the above congruences into (4I]) and noticing that ¢*+3 = (c+1+2w)(c—1—2w),
we get

3—¢? —1 142w\ 2 14 2w\?
wp) ) =2 (c+1+2w) croTew +(c—1—2w) e
59\ 3+ 2 2c D 3 P 3

and therefore,
—1 (modp), ifce Cy(p);

3_ 2
ngJ( c ) = % (mod p), if ¢ € C1(p); (42)

342
—% (mod p), if ¢ € Csy(p).

Combining congruences (40) and (42)), we obtain that for all primes p > 3,

1 (mod p), if ¢ € Cy(p);

(E)ngJ<3_C2)E —% (mod p), if c € Ci(p); (43)

3 3+c?
¢ (mod p), ifce Cyp).

Applying the similar argument for evaluation of w2 (g;ii), we see that if p = 1 (mod 3),
then 2p = 2 (mod 3) and therefore,

1

3 —c? A
= —1— (p—1)/3+1 4(p—1)/3+1
Y (3 + 02) ~ 2c(c? + 3)2-1)/3 ((e=1-2) et l+2w) )

= 2% ((c— 1 —2w) (M);L (c+142w) <M)_l> (mod ),

p b 3
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which implies
1 (mod p), if ¢ € Co(p);

3 —c? ,
wL%J(3+c2) =43¢ (modp), ifceCi(p); (44)
_3+c

5¢ (mod p), if ¢ € Cy(p).
If p=2 (mod 3), then 2p = 1 (mod 3) and we have

3—c? -1 A
— (p+1)/3-1 1 _ 4(p+1)/3-1
W 2p) (3 n 02) = 20l + 3)(2;0_1)/3 ((c + 1+ 2w) +(c—1-2w) )

;—i <(c— 1—2w) (M)Lﬁ (c+ 14 2w) (w)_l) (mod p),

p p 3

and therefore,
—1 (mod p), ifce Cy(p);

3—c _
w2 (m) =4 -3¢ (modp), ifceCi(p); (45)
3+c

5S¢ (mod p), if c € Cy(p).
Combining ([@4]) and (@3], we see that for all primes p > 3,

1 (mod p), if ¢ € Co(p);
p 3-c\ _ ), .
<§> w2 (m) =4 %5 (modp), ifceCi(p); (46)
—3< (mod p), if c € Cy(p).
Now, by ([@3)), ([@6) and (35]), the congruence of the theorem easily follows. O

From Theorem 5.l and criterion (B4]) we deduce the following result confirming a question
of Z. H. Sun [9 Conj. 2.1].

Theorem 5.2. Let q be a prime, ¢ = 1 (mod 3) and so 4q = L? +27M? with L, M € Z and
L =1 (mod 3). Let p be a prime with p # 2,3,q, and let p{ LM. Then

szfq <3k>M_2k _ {0 (mod p), ifp’s =1 (mod q);
2

¢ | £2L (modp), ifpT =ML (mod )

k=(p+1)/

and

k) (279)* +:2  (mod p), iqu;alzw (mod q).

k=(pt+1)/2

Proof. To prove the first congruence, we put ¢ = % in Theorem Bl Then c(c? + 3) # 0

(mod p), m = MTZ and we have
2013 jain g2 0 (mod p), if L/(3M) € Co(p);
> (V) =9 modn). LM €C)
/2

k=(p+1) —3L (mod p), if L/(3M) € Cs(p).



JACOBI POLYNOMIALS AND CONGRUENCES 25

Now applying (B4) and taking into account that L/(3M) = —9M/L (mod q), we get the
result.
To prove the second congruence, we put ¢ = —9M/L in Theorem E.Il Then c(c? +3) Z 0

(mod p), 5 024+3) = 2L7 and we have
[2p/3] 3k L2k 0 (mOd p)a if _9M/L € CO(p)7
Z (k) 27q)¢ = —QLM (mod p), if —=9M/L € Cy(p); (47)
k=(p+1)/2 s (mod p), if —9M/L € Cs(p).
By (iv), we know that —9M/L € Cj(p) if and only if L/(3M) € C;(p). This together with
(@7) and ([B34) implies the required congruence. O

From Corollary .1l and formulas (43]) and (6] we get the following statement.
Theorem 5.3. Let p be a prime, p > 3, and let ¢ € D, with ¢ # —3 (mod p). Then

b1 A X 1 (mod p), if c € Co(p);
) ¢ (modp), ifce Cyp)
and
= (e ) L e
C 5 | =455 (modp), ifceCi(p);
ZO 27(c? + 3) %2 (mod p), if ¢ € Cy(p).

From Theorem [5.3] and criterion ([B4]) we get the following congruences.

Theorem 5.4. Let q be a prime, ¢ =1 (mod 3) and so 4q = L* +27M? with L, M € Z and

L =1 (mod 3). Let p be a prime with p # 2,3,q, and let p{ LM. Then
pi <3k> M?* {1 (mod p), ifp's =1 (mod q);
S \k) | (mod p), if p'T = BN (mod g),
pz‘l <3k) L {1 (mod p), ifp's =1 (mod q);
0 k) (27q)F — ifs_]&M (mod p), ifp% = _ligM/L (mod q)
and
pzic(g ) M {1 (mod p), iqu;al =1 (mod q);
A (mod p), ifp'T = =HFE (mod g),
pzic @) L2’€ _ {1 (mod p), ifp"s =1 (mod q);
— £0=L (mod p), ifp% = 7_&%/(3]‘4) (mod q).

Proof. Substituting consequently ¢ = L/(3M) and then ¢ = —9M/L in Theorem and
following the same line of reasoning as in the proof of Theorem (.2, we get the above
congruences. U
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In particular, setting ¢ = 7,19,31,37 in Theorem [(.4] we get the following numerical
congruences.

Corollary 5.1. Let p be a prime, p # 2,3,7. Then

(3K L _ -2 (modp), ifp=+42 (mod7);
Z( )8——{

Pt 1 (mod p), otherwise,

1 (mod p), ifp=+1 (modT);

—14 (mod p), ifp=+42 (mod 7);
13 (mod p), ifp=+3 (mod 7).

S
— 189k
Corollary 5.2. Let p be a prime, p # 2,3,7,19. Then

p—1 1 (mod p), if p=4+1,£7,48 (mod 19);
< ) T —2/7 (mod p), ifp=+2,4£3,+5 (mod 19);
k=0 —5/7 (mod p), ifp=+4,+46,£9 (mod 19).

Corollary 5.3. Let p be a prime, p # 2,3,31. Then

p=1 ron 4 1 (mod p), if p==+1,+2,+4,4£8,+15 (mod 31);
(k) (3—1) ={_5/4 (modp), ifp=-+3 46 +7,+12 414 (mod 31);
e 1/4 (mod p), if p= 5 49,410, +11,+13 (mod 31).

Corollary 5.4. Let p be a prime, p # 2,3,11,37. Then

1 ey (1 (mod p), if p= 41,46, 48, +10,£11, 414, (mod 37);
(k ) g7r = ~4/11 (modp), if p=:2,%0,£12,+15,%16,£17 (mod 37);
k=0 | —7/11  (mod p), if p=43,+4,£5,£7,£13,£18 (mod 37),
S (1 (modp), ifp==+l,+6,+8 +10,+11,+14, (mod 37);
Z Shr =6 (modp), ifp=:2,20,£12,£15,216,£17 (mod 37);
=0 |5 (mod p), if p= 43,44, 45,47, +£13,£18  (mod 37).

6. POLYNOMIAL CONGRUENCES INVOLVING S,

In this section, we will deal with a particular case of Theorem 2.1l when m = 6. In this
case, we get polynomial congruences containing the sequence Sy (OEIS A176898) and also
(2k + 1)y


http://oeis.org/A176898
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Theorem 6.1. Let p be a prime greater than 3, and let t € D,. Then

1p/6] 3
k = — - P J—
Z::Skt _4(3> wip)(1—216t)  (mod p), (48)
150/6) o
k == — J— J— p J—
Y St = 8(3)( 5py (1= 2168) + wig) (1 216t)> (mod p),
k=G 1)/2
1o/ . 1
> (2k+1)Stt = 5(—1)”— 2/(216t — 1) (mod p), (49)
k=0
159/6) . -
Y @k 4 1Stk = E(_1)’%( w o (216t — 1) — L%J(216t—1)> (mod p).
k=(pr1)/2

Corollary 6.1. Let p be a prime greater than 3, and lett € D,. Then

ZSktk ( ) (5w (1= 216t) — wys (1= 2161))  (mod p),

—_

bS]

1 p—1
(2k +1)S,t* = E(_l)T< wsp (216t — 1) + Bw ) (216t — 1)) (mod p).
0

B
Il

Taking into account (I7), we get the following explicit congruences. Note that the first
congruence below confirms a conjecture of Z. W. Sun [13] Conj. 2].

Corollary 6.2. Let p be a prime greater than 3. Then

ST STCI U T R
i =5\ ar = 7 = ;
2108 ~ 2 \p 2 108F ~ 4
p—1 Sk B 1 (2) lp/6] Sk B 3 (2) (mOd )
N1k — Ao - b —k = - p )
£2216F ~ 2 \p 22216 — 4 \p
L2k +1)S, 2 (3) LPE/G:J 2k +1)Sp 1 <3) (mod )
K o9\, K 3\ ’
27108 9 \p £~ 108 3
p—1 lp/6]
(2k+1)S, _1(6 Z(2k+1)5k:1 6Y  (tmod p)
2216k 2\p)’ £ TTRI6 2 b

From Corollary [6.1] and ([I8]) we get the following congruences.
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Corollary 6.3. Let p be a prime greater than 3. Then
(1/2  (mod p), ifp=+1 (mod9);

p—1
< ) 4& —11/8 (mod p), ifp==+2 (mod9);
k=0 | 7/8  (mod p), ifp=44 (mod9),

p—1 k
Z 3
— 432

(1/2 (mod p), ifp==+1 (mod9);
1/8 (modp), ifp=+2 (mod9);
| —5/8 (mod p), ifp=+4 (mod9),

p1 (1/2 (mod p),  ifp==+1 (mod 9);

(2k +1)8 .
( )Z =4 -1/12 (modp), #fp==42 (mod9);
k=0 (—5/12 (mod p), ifp=+4 (mod?9),

(1/2 (mod p), ifp=+1 (mod9);

p—1 k

3
g (2k + 1)y <432> =4 -3/4 (modp), ifp=+2 (mod?9),
k=0 (1/4 (mod p), ifp=+4 (mod?9).

The following theorem provides two families of polynomial congruences.

Theorem 6.2. Let p be a prime, p > 3, and lett € D,. Ift #0 (mod p), then the following
congruences hold modulo p:

Lp/6]
1+12t (144t 1—12t (1 —12t

37 St + 1)) = ( )— ( )
— 32t P 32t P
p—1 2

k. (14+12¢)(14+4¢)(1 —6t) (1 + 4t 1-12¢)(24¢* + 6t + 1) (1 —12¢
s+ )t L0000 (100 (1 I0CU 4641 (1 120)
k=0

If 6t + 1 #£ 0 (mod p), then we have modulo p,

,7
~

p/6]

9 p_ L4120 (1126 | 3(1+4t) (1+41
(2k + 1) S, ((4t + 1)) = 8(1+6t)( 5 )+8(1+6t)( 5 )

Y0
Lo

(2k + 1) S (¢*(4t + 1)) = 8(1 + 6t) p

3(1— 6)(1+4)2 (1 +4
TR o) ( )

e
Il
o

k(14 12t)(24¢2 + 6t + 1) (1 — 12t)
_|_
p
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Proof. From (48], Corollary and Lemma [4.3] for any € D, with 2z +1 # 0 (mod p),
we have

[p/6] k
(1-—2)2x+1)2\"_ 3 /p
E Sk( 216 ) :Z<_> L%J(ZLLU —3$)
_ 3(z+1) <2x+2) 3x (6—6:6

42z +1) P 42z +1) P

(1—2)(2x+1)? k_l p
Z o ( 216 ) =< (£) (5uwpy) (42" = 32) — w5y (42" — 31)

(r+1)(22* —2+2) (2042 az(x—1)2r+3) (66w o
422 + 1) ( p ) 12z + 1) ( P ) (mod p).

Now replacing x by (—12t — 1)/2, we get the first two congruences of the theorem.

Similarly, from (49]), Corollary and Lemma (.3 for any x € D, such that 2z 4+ 1 # 0
(mod p), we have

Lp/6]

_|_

) (mod p),

kZ:O(?kH)Sk <(I+1>2(12§_ D ) = %(—1)”2 wiz(42® — 3x)
_ x 2 —2x r+1 6x + 6
T 22+ 1) ( p )+2(2x—|—1) < P ) (mod p),
>kt s (2= I) ) Gty 40 = 30) + g (407 — 30)

r(20 +x+2) (2 —2x (r+1)*(2z —3) (62 +6
6(2z +1) p 6(2z +1) P
Replacing = by (12t + 1)/2, we conclude the proof.

) (mod p).

O

The next theorem gives a criterion for ¢ € C;(p) in terms of values of the sums > 2_ Sjt*
and 3071 (2k + 1)Sxt* modulo p.

Theorem 6.3. Let p be a prime, p > 3, and let ¢ € D, with ¢ # —3 (mod p). Then

2 +3)\ &= ko [1/2 (modp),  ifceCo(p);
( ) Z (108 2+ 3)) = 9% (modp), ifceCi(p);
k= _ 942

== (mod p), if ce€ Cy(p)

and

= 2-c : ,
3683+ )k T ) L (mod p), if c € Ci(p);

k=0 —% (mod p), if c € Cyp).

(c +3) i (2k + 1), /2 (mod p). ifce Co(p):
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Proof. From Corollary we have
p—1 2 k 2 2
c 1/p 3—c 3—c
—— (=) (5 —ws | =—— d p), 50
kZ:(]Sk(108(3—I—C2)) 8(3) ( L J(3+c2) Y1) (3+c2)) (mod p), - (50)
-1

2k+1)S, (-1 3— 2 3— 2
Z 36F(3 + c2)k 12 dwz) 312 T W s 312 (mod p). (51)

=0

If p=1 (mod 6), then p splits into the product of primes in Z[w|, p = 77 with 7 = 2 (mod 3)
and, by (36), we easily find

2 p—1
- —1 p—1 p—
wie| (3 02) = % ((c —1-2w) 3 e+ 1+ 2w)T1+1) .
S \3+c 2¢(c2+3) 5
Applying Lemma 5.1l we have
3— 2 ~1)"% 1+2 142w\ "
wI_EJ < 02)5 ( ) 61)71 (0—1—2(,0) <M)+(C+1+2w) <M)
- \3+c¢ 2c(c®2+3) = P 3 p 3

modulo 7 and therefore,

1 (mod p), if ¢ € Co(p);

(-1 <C2 +3) Swip) (3;62) =q%5 (modp), ifceCi(p); (52)

3+
p ¢ —3¢ (mod p), if c € Ca(p).

If p=5 (mod 6), then

- 2 _1 B P p+1
we <3 c ) = % ((c—l—2w)%1_1+(c+1+2w)%_1>.
S \3+¢ 2c(c?+3) 5

Now, by Lemma 5.1l we get

3— 2 1) +14 2w\ +1+42
Wz (3 Cz)— ( )6,,1 (c+1+2w)(07w) +(c—1—2w)(07w)
+c 2C(C2+3) p 3 p 3

modulo p and therefore,

R 5 2 1 (mod p), if ¢ € Cy(p);
(—1)7)T ( ) “we) ( ) = % (mod p), if ¢ € C1(p); (53)

31
b ‘ —3¢ (mod p), if c € Cy(p).

2c
Comparing (52) and (53]), we get that (52]) holds for all primes p > 3.
Applying the similar argument for evaluation of wsp | (3_02 ), we see that if p = 1 (mod 6),

3+c
then 5p =5 (mod 6) and we have

3—c? (—1)%1 5(p-1) 5(p=1)
W s = ST ((c—l—2w) 3 +(c+1+2w) = )
cI\3+¢ 2¢(c2 +3)7'6
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Now, by Lemma [5.1], we easily find

3—¢2 (-5 c+1+2w\° e+ 1420\
W s (3 2)5 o ((c—1—2w)[———— ) +(c+1+2w) | ———
o +c 2¢(c2+3) 2 p 3 p 3

modulo 7, which implies

1 (mod p), if ¢ € Cy(p);

-1 (243 3—c? i
(—=1) ( ; ) iEY <3+02) =< -3¢ (mod p), if ce Ci(p); (54)
% (mod p), if ¢ € Cy(p).

Similarly, if p =5 (mod 6), then 5p = 1 (mod 6) and we have

5p+2 5p+2

3—¢2 1)
w5 S (1) 65p71 ((c—l—2w)T+(C—|—1+2w) 3 )
¢ \3+¢? 2¢(c?+3) s

By Lemma 5.1l we readily get

3— 2 1 S5p—1 1 9 _5 . 5 5
wLE’—”J( 2);#6@1 (c+142w) <u) +(c—1—2w) <u)
6 3+c 20(02+3) - D , » .

modulo p and therefore after simplification we obtain that (54]) holds for all primes p >
3. Finally, substituting (52)) and (54) into (50) and (BII), we get the congruences of the
theorem. 0

From Theorem [6.3 with ¢ = —9M/L and ¢ = L/3M and criterion (34]) we get the following
congruences.

Theorem 6.4. Let q be a prime, ¢ = 1 (mod 3) and so 4q = L? +27TM?* with L, M € Z and
L =1 (mod 3). Let p be a prime with p # 2,3,q, and let pt LM. Then

(J%) §Sk M* {1/2 (mod p), ifps =1 (mod q);
k=0

(16g)% ~ L2 (mod p), ifp's = %/(?’M) (mod q),

(@) kN {1/2 (mod p), ifp™ =1 (mod q);

P/ (432q)* £2IM=2L  (mod p), ifp's = 7_&2]\4” (mod q)
and
p—1 2k i = .
M 1/2  (mod p), ifp s =1 (mod q);
<g> Z(Qk T 1)Skm = {j:/ﬁM—L( ) -qu;l —1if(9M/L "
p)i= (16q) = (modp), ifps = > (mod q),
p—1 2k i = .
L 1/2  (mod p), ifp s =1 (mod q);
<3_€I) Z(% +1)Sk 4320k = {j:/2L—91E/[ ‘ .qu;l —1:|:(L/(3M)Q)
P/ = (4329) =ar - (modp), ifps =—5=> (mod q).

For example, if ¢ = 7, then 4q = L? +27M? with L = M = 1 and by Theorem [6.4], we get
the following numerical congruences.
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Corollary 6.4. Let p be a prime, p # 2,3,7. Then

,_.

()2
)

B
Il
o

,_.

B
Il

(2k +1)S),

(2k +1)S,

k=

o

112F

3024
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(1/2 (mod p), ifp==+1 (mod7);
—3/8 (mod p), ifp=+2 (mod7);
(—1/8 (mod p), ifp=+3 (mod7),
(1/2 (mod p), ifp=+1 (mod 7);
25/8 (mod p), ifp==+2 (mod7T);
(—29/8 (mod p), ifp==+3 (mod7),
(1/2 (mod p), ifp==+1 (mod7);
5/4 (mod p), ifp=+2 (mod7T);
(—7/4 (mod p), ifp=+3 (mod7),
(1/2 (mod p), ifp=+1 (modT7);
—11/36 (mod p), ifp==+2 (mod 7);
| —7/36 (modp), ifp=+3 (modT7).

Similarly, setting ¢ = 13,19, 31 in Theorem [6.4] we obtain the following congruences.

Corollary 6.5. Let p be a prime, p # 2,3,5,13. Then

(
p

> s

()2

)p_l i
k
— 208

(sos)

— (2k +1)Sk
208

(1/2
~7/8
3/8

(1/2
17/40

(1/2
1/20

(1/2

| 1/36

| —37/40

| —11/20

—19/36

(mod p),
(mod p),
(mod p),

(mod p),
(mod p),

(mod p),
(mod p),

(mod p),

(mod p),

(mod p),

(mod p),

(mod p),

ifp=+1,45

ifp=+2 43

if p = +4, 46
if p=+1,45
ifp= 42 +3
if p= +4, +6
if p=+1,45
ifp= 42 +3
if p= +4, +6
if p=+1,45
ifp= 42 +3
if p= +4, £6

(mod 13);
(mod 13);
(mod 13),

(mod 13);
(mod 13);
(mod 13),

(mod 13);
(mod 13);
(mod 13),

(mod 13);
(mod 13);
(mod 13).
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Corollary 6.6. Let p be a prime, p # 2,3,7,19. Then
(1/2 (mod p), ifp==+1,+7,+8 (mod 19);

19\ £~ S, '
— ) sgF =4/8 (modp), ifp=F2,E3.+5 (mod 19);
P)is | —9/8 (modp), ifp=+4,46,+9 (mod 19),

1\ 7 (264 1) (1/2  (mod p), if p=+1,+7,48 (mod 19);
( ) T —13/28 (mod p), ifp=4+2,£3,£5 (mod 19);

(—1/28 (mod p), ifp==+4,+6,+9 (mod 19).
Corollary 6.7. Let p be a prime, p # 2,3,31. Then

oPﬂ

g (1/2 (mod p),  ifp=+1,+2,+4,48,+15 (mod 31);
< ) Do =q-1/2 (modp), ifp= 346,47, +12,414  (mod 31);
k=0 [0 (mod p), if p=+5,49,+10, +11,£13  (mod 31),
o3\ 1 o (1/2  (mod p), ifp==+1,42,+4,+8 +15 (mod 31);
<_) Wkk ={23/16 (mod p), ifp=+3,+6,+7,+12, 414 (mod 31);
P/ = | -31/16 (mod p), if p=£5,49,+10,£11,+13 (mod 31),
(g) @2k +1)S, _ [~1 (modp), ifp==£5+9,£10,%£11,+13 (mod 31);
p) = 124 1 1/2 (mod p), otherwise,
03\ L 2k + 1) 1/2  (mod p), ifp=-+1,42 44, +8 +15 (mod 31);
(_) 8377kk ={ 13/36 (mod p), ifp==+3,46,+7,+12,+14 (mod 31);
P70 ~5/36  (mod p), if p=+5,+9, 410,11, +13 (mod 31).

7. CLOSED FORM FOR A COMPANION SEQUENCE OF S,

As we noticed in the Introduction, the sequence S, can be defined explicitly by formula
() or by the generating function (8). Sun [I3] considered a companion sequence 7T;,, whose
definition comes from a conjectural series expansion of trigonometric functions [13, Conj. 4]:

there are positive integers 717, T2, T3, ... such that
= 2
Z S,z 4 ZTk = — cos <§ arccos(6\/§x)) (55)
k=0

for all real z with |z| < 1/(6+/3). The first few values of T}, are as follows:
1, 32, 1792, 122880, 9371648, 763363328, ....

In this section, we give an exact formula for 7},. It easily follows from the companion series
expansion to (B) [6, p. 210,(12)]:

l\DI@
VRS

cos(aarcsin(2)) = F (- % 2), 2 <1, (56)
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Proposition 1. The coefficients Ty, k > 1, in expansion (B5)) are given by

1651 (3k — 2 1 3k —2 3k —2
5= ) o (G0 - ()

Proof. Combining formulas (Bl and (56 with the obvious trigonometric identity

™

arcsin(z) + arccos(z) = 5

we get a transformation formula connecting both hypergeometric functions from (5l and (56):

1 1 l1—a 3
cos <Q>F<—g, %; 3 22) +sin (W—a) azF( fel-a>°. z2) = cos(aarccos(z)), |z] < 1.

2 2 2 2 7 2 Y

Plugging in a = 2/3, we get

1 111 1 2
§F (—g, 3 §;z2) + %F (6, g; g;zz) = cos (g arccos(z)) .z < 1.

Replacing z by 6v/3z with |z| < 1/(64/3) and taking into account that

153 -
FlZ.2-21 2 -9 2k
(67 67 27 08z ) gzo Sk.flf )

we obtain
1 111 > 1 2
ﬁF (—g, g, 5, 108:1:2) + I;:O Sk$2k+1 = E COS (g aI'CCOS(6\/§LU)) s

which gives the following generating function for the companion sequence T, :
1 = 1 111
— — Y Ta*=—F(—-=,-;-;1082% ).
21 Z;W 24 (yyy ’

Comparing coefficients of powers of 22, we get a formula for T},

e U () e (o) ()

which shows that T}, € N for all positive integers k. U
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