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DIFFERENCE OPERATORS FOR PARTITIONS AND SOME
APPLICATIONS

GUO-NIU HAN AND HUAN XIONG

ABSTRACT. Motivated by the Nekrasov-Okounkov formula on hook lengths,
the first author conjectured that
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is always a polynomial of n for any k£ € N, where h denotes the hook length
of the box O in the partition A and f) denotes the number of standard Young
tableaux of shape A. This conjecture was generalized and proved by R. P.
Stanley (Ramanujan J., 23 (1-3):91-105, 2010). In this paper, we introduce
two kinds of difference operators defined on functions of partitions and study
their properties. As an application, we obtain a formula to compute
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and therefore show that it is indeed a polynomial of n, where p is any given
partition, F' is any symmetric function, and fy,,, denotes the number of stan-
dard Young tableaux of shape A/u. Our theorems could lead to many classical
results on partitions, including marked hook formula, Han-Stanley Theorem,
Okada-Panova hook length formula, and Fujii-Kanno-Moriyama-Okada con-
tent formula.

1. INTRODUCTION

Partitions of positive integers are widely studied in Combinatorics, Number The-
ory, and Representation Theory. A partition is a finite weakly decreasing sequence
of positive integers A = (A1, A2,...,Ar). The integer |A| = >, _, ., Ai is called the
size of the partition A. A partition A could be identical with its Young diagram,
which is a collection of boxes arranged in left-justified rows with \; boxes in the
i-th row. The hook length of the box [ in the Young diagram, denoted by hp,
is the number of boxes exactly to the right, or exactly above, or the box itself.
For example, the Young diagram and hook lengths of the partition (6,3,3,2) are
illustrated in Figure 1.

We refer the reader to [25] for the basic knowledge on Young tableaux and
symmetric functions. Suppose that A and p are two partitions with A O u. Denote
by fx (resp. fr/.) the number of standard Young tableaux of shape A (resp. A/pu).
Let Hx = [[gey ho be the product of all hook lengths of boxes in A. Set fj = 1
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FIGURE 1. The Young diagram of the partition (6,3, 3,2) and the
hook lengths of corresponding boxes.

6]3[2]1]

and Hy = 1 for the empty partition (. Tt is well known that (see [7, 10, 15l 25])

(1.1) fir= %L' and % Z f2 =1,

Nekrasov and Okounkov [I7] obtained the following formula for hook lengths

n
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n>0 \|A=n Oex i>1

which was generalized and given a more elementary proof by the first author [10].
Motivated by the above formula, the first author conjectured that

1 2 2k
LY A
[A|=n Oex
is always a polynomial of n for any positive integer k, which was generalized and

proved by R. P. Stanley [23].

Theorem 1.1 (Han-Stanley). Let F = F(z1,22,...) be a symmetric function of
infinite variables. Then the function of positive integer n

1 2 2 .
(1.2) ~ S RFMmZ:0€e))
A |=n
is a polynomial of n, where F(h% : 0 € \) means that n of the variables z1, 22, . ..

are substituted by hzu for O € A, and all other variables by 0.

The polynomiality of (L2) suggested Okada to conjecture an explicit formula [23],
which was proved by Panova [21I]. Let

(1.3) sy =0 [T =352
Oex1<j<r
and
(2r)!(2r + 1)!
rl(r+1)12
The sequence (Ko = 1, K1 = 3, Ko = 40, K5 = 1050, ...) appears as A204515 in
the On-Line Encyclopedia of Integer Sequences [18].

(1.4) K, =

Theorem 1.2 (Okada-Panova). For each positive integer n we have

(1.5) nt > S(;\I’fr) - K, <Til).

X |=n
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In this paper, we introduce two kinds of difference operators D and D~ on
functions of partitions, and obtain more general results by studying the properties
on each summand F(hZ, : O € A). As will be seen in Lemma [[F] the constants K,
arise directly from the computation for a single partition A\, without the summation
ranging over all partitions of size n.

Definition 1.1. Let g()\) be a function defined on partitions. Difference operators
D and D~ are defined by

Dg(\) =Y g(A") —g()
At

and

D=g(N) = [Alg(h) = > _g(\),
-

where AT (resp. A7) ranges over all partitions obtained by adding (resp. removing)
a box to (resp. from) A. Higher-order difference operators for D are defined by
induction D% := g and D*g := D(D*"lg) (k > 1). Also, we write Dg(u) :=
Dg(N\)|a=, for a fixed partition p.

Definition 1.2. A function g(\) of partitions is called a D-polynomial on parti-
tions, if there exists a positive integer r such that DT‘H(g(A)/H)\) = 0 for every
partition A. The minimal r satisfying this condition is called the degree of g(\).

Our two main theorems are stated next.

Theorem 1.3. For each power sum symmetric function p,(z1,22,...) of infinite
variables indezed by the partition v = (v1,vs,...,1vg), the function p,(h : O € X)
of partition X is a D-polynomial with degree at most |v| + L.

Theorem 1.4. Let g be a function of partitions and p be a given partition. Then
we have

1.6 > fe =3 () o)

I\ l=n k=0

and

.7 D) = S0 (1) 5 e,
k=0 IN/ 1=k

In particular, if there exists some positive integer r such that D"g(\) = 0 for every
partition \, then the left-hand side of ([L6)) is a polynomial of n.

The proofs of Theorems and [[L4] are given in Sections [1 and Bl respectively.
Let us give some applications. By Theorem and Theorem [[4] with u = 0, we
derive Han-Stanley Theorem. In Section [§ we prove the following lemma, and show
that Okada-Panova formula can be derived by this result and Theorem [[.4] with
pn=_0.
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Lemma 1.5. For each positive integer r, the function S(\,r) of partitions is a
D-polynomial of degree r + 1. More precisely,

(18) mor (22 <
(1.9) HXDT“(%’;)) =K,
(1.10) HADT“(%’;)) = 0.

The special case 7 = 1 of Okada-Panova formula is usually called marked hook

formula [11]:
Ix n
1.11 = S5\1)=3 .
In Section [ we obtain a generalization of (II]).

Theorem 1.6 (Skew marked hook formula). Let u be a given partition. For every
n > |u| we have

(1.12) s el (SO1) = 861 1)) = 2 (0 — [pf) (n+ |l — 1),

2
IAl=n, A\Dp A

Recall that the content of the box 00 = (4, j) of a partition is defined by ¢ = j—i
(see, for example, [16] 25]). Similar results are obtained for contents in Section

Let
cur =Y [] (&-i*.
Oexo<y<r—1

Lemma 1.7. For each positive integer r, the function C(\,1) of partitions is a
D-polynomial of degree r + 1. More precisely,

(114) H}\DTJrl(Og;T)) — (T‘(?:)l')"
(115) H)\Dr+2(¥) —0.
A

Theorem 1.8 (Fujii-Kanno-Moriyama-Okada). For each positive integer n we have

CAr)  (2r)! n
n!z H? _(T—l-l)!(?“—l—l)'

|Al=n

Theorem 1.9 (Skew marked content formula). Let u be a given partition. For
every n > |p| we have

(1.16) > (0 - O ) = 5 (= o+l - ).
[A=n, ADpu
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2. DIFFERENCE OPERATORS FOR PARTITIONS

The difference operators D and D~ defined in Section [Il are our fundamental
tools for studying hook length formulas. This section is devoted to establish some
basic properties. It is obvious that D and D~ are linear operators.

Lemma 2.1. Let \ be a partition and g1,g2 two functions of partitions. The
following identities hold for all a1,a2 € R :

D(aig1 + az2g2)(A) = a1Dgi () + a2Dga(N),
D™ (a191 + a2g2)(A) = a1 D~ g1(\) + a2 D™ ga(N).

Lemma 2.2. For each partition A we have

1
D(5-) =0.
Hy
Proof. Let n = |\|. Consider the following two sets related to standard Young
tableaux (written as “SYT” for simplicity)

A={06T):1<i<n+1,Tisan SYT of shape A},
B={(\",T"):|AT/A|=1,T" is an SYT of shape A*}.
Let (i,T) € A. First we increase every entry which are greater than or equal to i
by one in T. Then, we use the Robinson-Schensted-Knuth algorithm [I5] to insert
the integer i into T to get a new SYT TF. Let AT be the shape of TT. We have
AT /Al =1, so that (AT, T7%) € B. Tt is easy to see that this is a bijection between

sets A and B. The cardinalities of A and B are (n+1)fy and > ,; f\+ respectively.
Hence

(n+Dfx =D fre
At

This implies that
1 1 1 1

Lemma 2.3. Let g(\) be a function of partitions. Then D~ g(\) = 0 for every
partition X if and only if

for some constant a.

Proof. By the definition of SYTs it is obvious that fy = >, fi-. Thus,
_(a N _ al) a a B
@y D (E) B DI e Y 1)!(fA Asz) =0

-
On the other hand, D™ g(\) = 0 implies |A|g(A) = > ,- g(A7). Let a = g¢(0)

where () is the empty partition. By induction and (Z)) we obtain g(A\) = . O

Notice that it is not easy to determine the function g(\) under the condition
Dg(\) = 0 for every partition A. For example, by (LC8) and Lemma [24] we have

> (h—=1)=3(3)
D(Dek ) —0.

,
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Lemma 2.4. Let n = |\|. Then we have
)y _ G5 ()

Proof. By Lemmas and 2.3] we have
() (600 5 I G Il (O R O8)
o) -T 4R Q-0 L

Hy) ~ 4= Hy  Hy Hy, Hy,

D*((i)) _ni) 5 (G O L G )

H,y H,y — H,- H,y Hy '

Lemma 2.5. For each function g defined on partitions we have

P(5) = S

Proof. By Lemmas and 2.3] we have
+
D ( 9(A) ) g(A") g = g(A
Hy )~ 2= Hy: < HA+

—(9N)\ _ 9N vl 0)
b (H,\)_M| Hy _A, H,\f _;T

and

O

Lemma 2.6 (Leibniz’s rule). Let g1,¢2,- -, g, be functions defined on partitions.

We have

D(H1<J<rgj ) ZZ (H (ge(A*) — Hgl )

AT (%) keA leB
and

p- (e 0y X 7 (00 - T

keA leB

where [r] := {1,2,--- ,r} and the sum (x) ranges over all pairs (A, B) C

such that AUB =[r], ANB =0 and A # 0. In particular,

D(gl()\gI.g)\Q()\)) _ 91<A>D(g§§f)) +92(A)D(9}§j))

+ 2 Hi+ (1(A7) = g1 (V) (92(A) = g2(N))

and

D_(gl()\)gz()\)) _ gl()\)D_(%) + g2(A\) D™ (%ﬁ\\))

=3 = (B = 9107)) (920 = 21
A~

[r] < [r]
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Proof. By Lemma we have

p(Thos ) 5 (T 00~ TT i)
(

1<5<r 1<5<r
1
-3 (90 + (9;0) = g;00) = ] 90
A AT g 1<j<r
1 +
=> > fi ( (95(AF) = gr(V) ng()\))'
A1) A kea l€B
The proof for D~ is similar. O

For higher-order difference operators, we have the following result.
Lemma 2.7. Suppose that k is a nonnegative integer. Let n = |\|. Then we have

e (D) =X ()0 P

=0

Proof. First we have
p(("77)an) = (7 )y (7 )
(2.3) _ (”: +j>Dg(/\) 4 (Z‘ff)gm.

We prove ([22)) by induction. Identity (22]) is true when k& = 0,1 by 23). Assume
that the lemma is true for some k& > 1, then

k .
k n+i
> (7)o, ) praon
k .
k n+1+1 n+1
— DZ+1 7
;<i>((r—k+z> g(/\)+<r—k+i—1> (/\))
k+1 k .
k n+1 i k n+1 i
oD o1 O [ GRS LOED 91 6| SRV £
k+1
kE+1 n+1 i
_i—0< i )(T—k—l—i—l)D ) s
Lemma 2.8. The two difference operators D and D~ are noncommutative, and

satisfy
DD~ — D™D =D.

Proof. If (A7)~ # A, then (A\T)™ = AU {1} \ {02} for some boxes [J; # Uy. This
means that we can switch the order of adding [J; and removing [y and get the
same partition (A \ {To}) U {01} € {(A7)" : (A7) # A}. Consequently,

(2.4) {7 ()7 # A ={(A)T (A7) T £ AL
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For a given partition, the number of ways to add a box minus the number of ways
to remove a box always equals to 1. Thus

o a7 = D o)) =g(n).

(M)~ A+
By definition of D and D~, we have

DD g(\) =Y _ D g(\") = D g())

= AT g ) = Y g((AW)T) = [Alg(A +Zg
At

(AH)~
and
D~ Dg(\) = [A[Dg(X) — ZDQ(/\_

=D g =g = D0 g + D g
At A~

A+

The above three identities yield

DD~ g(A) = D™ Dg(\) =Y g(\*) —g(\) = Dg(\). O

3. TELESCOPING SUM FOR PARTITIONS

Lemma 3.1. For each partition p and each function g of partitions, let

Z f)\/ug(/\)
[A/pl=n
and
X/ p|=n
Then
n—1
A(n) = A(0) + > B(k)
k=0

Proof. By the definition of the operator D,

> g(AT) =g(\) + Dg(N).

Summing the above equality over all SYTs T of shape \/u with |A/u| = n, we have

> Z gN= > > g+ D> D> Dy,
IN/il=n-+1 sh(T)=)/n INl=n sh(T)=X/p I/ ul=n sh(T)=X/p
or

A(n+1) = A(n) + B(n),
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where sh(T") denotes the shape of the SYT T'. By iteration we obtain

A(n+1) = A(n) + B(n)
=A(n—-1)+B(n—1)+ B(n)

= A(0)+ Y _ B(k). 0

Ezample. Let g(A) = 1/Hy. Then Dg(\) = 0 by Lemma[Z2 The two quantities
defined in Lemma B] are:

A= > % and  B(n) = 0.

[/ ul=n
Consequently,
a/u 1
3.1 =t =
I/ pl=n

In particular, we derive the second identity in (I by letting p = 0.

Now we are ready to give the proof of Theorem [[L4l

Proof of Theorem[I} First, we prove (L) by induction. The case n = 0 is trivial.
Assume that ([C6) is true for some nonnegative integer n. Then by Lemma Bl we

have
Z f)\/ug Z f)\/ug Z f)\/uDg
[N pl=n+1 N pl= [N pl=

_ kg

S (o 5 (o
k=0
n+1

n+1
> ( ) ().
Identity (7)) can be proved by the Mdbius inversion formula [22]. O

4. SHIFTED PARTS OF PARTITIONS

Suppose that A = (A1, Ag, ..., \¢) is a partition with size n. Let

n

oa(z) =[G +n+x—1),

i=1
where \; = 0 for ¢ > ¢+ 1. In this section, we will prove the following result.

Theorem 4.1. Suppose that z is a formal parameter. For each partition A we have

D(@;{(j’)) _ Z%g{: 1)'

Theorem (1] has several direct corollaries.
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Corollary 4.2. Suppose that z is a formal parameter and r is a nonnegative integer.
For each partition A we have

Dm(w(z)) _ At GAreaztr+l)
Hy H)y
In particular, p\(—r) is a D-polynomial with degree at most r, or equivalently,
prt (w(—r)) _0
Hy
By Corollary and Theorem [[L4] we obtain

Corollary 4.3. Suppose that r is a nonnegative integer and p is a given partition.
Then we have

(11) > =3 ()2

IA/ul=n k=0

is a polynomial of n with degree at most r.
To prove Theorem 1] we need the following lemma proved by the first author
in [12].
Lemma 4.4 ((2.2) of [12]). Suppose that \; > N\ix1. Then
Hy [ Ai+1+4X-7)
Hy IS =M+ X =)
where X' is obtained from \ by removing a box from the i-th row.
Proof of Theorem[{.1] Let

$(2) = D(S";I(j)) ~ Z%Z;r 1)

It is easy to see that ¢(z) is a polynomial of z with degree at most n+ 1 = |A| + 1.

)

Furthermore,
1 1
2 g(2) = —— =0
0 = g
and ) )
n—+ n-+
o -y L) L _La)in
= Hy+ Hy H)y

This means that ¢(z) is a polynomial of z with degree at most n — 1. To show that
¢(z) = 0, we just need to find n distinct roots for ¢(z). Let z; =i — \; —n—1 for
1 <i < n. Actually we will show that ¢(z;) = 0.

If \; = X\i—1, we know the factor z+n+ 1+ \; — i lies in @y+(2) since we can not
add a box in i-th row to A and thus ¢+ (z;) = 0. Similarly @i (2;) = pa(zi+1) =0,
which means that ¢(z;) = 0.

If \i+1 < A1, we can add a box in i-th row to A. First we also have py(z;+1) =
0 since z;+n—+1+X;—1 = 0. To show ¢(z;) = 0, we just need to show D(“"};ji)) =0,
or equivalently,

> I e (2) = oa20).

o
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It is easy to see that only one term on the left side of last identity is not 0. Thus
we just need to show that

H

H—;%* (2i) = pa(z),

where \* is obtained by adding a box to A in i-th row. But the last identity is
equivalent to Lemma [£4] We finish the proof.

O

5. AN APPLICATION OF THEOREM [[.4] AND LEMMA 2.8

In this section, we derive some D-polynomials arising from the work of K. Carde,
J. Loubert, A. Potechin and A. Sanborn [4]. Furthermore, the degrees of such D-
polynomials can be explicitly determined. As an application of Theorem [[.4] and
Lemma [2.8] we obtain the skew marked hook length formula (see Theorem [L6).
Let z be a formal parameter and p(h, z) be the function defined on each positive

integer h (see [ [11]):
O+ =V
e (Y e (A TS
k

B h EkZO (2}11@)2

==
Ekzo (2k+1)zk
R2—1  (R2—1)(h2—4) , (h®—1)(h%—4)(2h% —11) ,
=1+ 3 Z— 15 z5+ 015 20

Definition 5.1. The functions L (A) of partitions are defined by the following

generating function
I p(ho,2) =D LV,
Oex k>0

For example, we have

Lo(A) =1 and L;(\) = % > (g —1) = S(;’l).
Oex

Theorem 5.1. For each partition A\ we have

(5.1) D1 (LT(AA)) —0, (r > 0)
(5.2) DQT(L;;AA)) = (21;:)!!7 (r>1)
(5.3) D2T_1(L;;j\)) - (2’};”” AL (r>1)

Recall the following result obtained in [4].

Lemma 5.2 (Carde-Loubert-Potechin-Sanborn). For each partition A we have
> wA) = w(w) + w7,
A+ A-

where h )
plho, 2

w(A) = —_,
Oex hD\/E
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Lemma implies
Z HDe)ﬁr p(h(0), 2) . HDeA p(h(0), 2) _ ZZ HDek* p(h(0), )
T Hy+ Hy = Hy-
Comparing the coefficients of ¥, we obtain
LN\ _ A Le-1(A) - Lr—1(A)
(54) D( H, )_ H, b ( Hy, )

Lemma 5.3. For each partition A and each integer r > 1 we have

() = o () o () oo (),

Proof. The lemma is true when r» = 1 by (&4). Assume that it is true for some
r > 1. By Lemmas 2.7 and 2.8 we have

DM(LZ_(AA)) _ DOMDH(L?A(A)) b - UDT,Q(kal(A))

Hy
et (L= (N)
-0 (25)
H)y
Ly (V) Ly (L V)
(B0 4 (B e ()
[\l T, +r T, T,
Proof of Theorem [51]. Identity (B5.10) is proved by induction on r. When r = 0, we
have D(L}){—(:)) = D(HLA) = 0 by Lemma [Z21 Assume that (5] is true for some
r > 0. So that
L) L0
D2r+l( ) _ D2r+2( ) —0.
Hy Hy

By Lemma [£.3] we obtain

D2T+3(LTE/\()\)) _ |)‘|D2T+2(L;{—(j\)) + (2r + 2) D2 (L;{_()\))

_D7D2r+2(L;I_(/\/\)) '

= 0.
For (52)) and (&3] we proceed in the same manner. By Lemma [53] we have

D2T+2(LTE)\()\)) _ |)\|D2r+1(L;{_(j‘)) + @2+ 1)D2T(Lr()\))

H)y
— 2r+1 LT(/\)
DD ()
_ T LT()\)
= (2r + 1)D? (H—A)
B (2r — !
=2r+1)- T)\
(2r 4+ 1)

H) ’

and
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D27‘+1(Lr+l()‘)> _ |A|D2T(Lr_()‘)) +2TD2T—1(LT_()‘))

Hy , i
L (A
_ Dszr(%)
= W(%H;Al)” +(2r - 1)!!2;_?' _ D—@TH;:)”
= (2r+ 1)!1%,
The case r = 1 is guaranteed by Lemma [5:3 -

By Theorems [5.1] and [[4] we obtain
Theorem 5.4. Let p be a given partition and r a nonnegative integer. Then

> ptpe = 3 ()P ()

I\ ul=n 0<k<2r

1s a polynomial of n with degree at most 2r. In particular, let = 0, we have
L.(\) n
Eni= 3 a()
[A|=n 0<k<2r
L.(A
where dj, = Dk(#) ‘/\20.
Proof of Theorem[L.@. Let r =1 in Theorem [5.4] we obtain

3 fWLl(A) _ Liw +nD(L1(u))+<n>D2(L1(u))

N H, i, i, 2 i,
_ La(w) | wl | (n) 1
~m, 'H, " \2)H,
and
Li(\) — Li(p) n
Z fA/uHuT =nlul + 9
I/ El=n
by BI). This is equivalent to (L12). O

6. A FAMILY OF D-POLYNOMIALS

For a partition A, the outer corners (see [3]) are the boxes which can be removed
to get a new partition A™. Let (a1, 81), ..., (am, Bm) be the coordinates of outer cor-
ners such that oy > ap > -+ > ayy,. Let y; = 3;—a; be the contents of outer corners
for 1 < j < m. We set a1 = fo = 0 and call (ag, Bo), (a2, 81), -+, (Qmt1, Bm)
the inner corners of A. Let x; = B; — a;41 be the contents of inner corners for
0 < i < m (see Figure 2). It is easy to verify that z; and y; satisfy the following
relation:

(6.1) o <Y < w1 <Yz < T < < Yy < Ty
According to Olshanski [19] we define

(6.2) qr(N) = Z zi* — Z y;"

0<i<m 1<j<m
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(a1, B1)

hlzaci—xj—l
ho = z; — y;
(@) = m
hs =y; — x;
hs =y;i—yjt1+1

(@jt1,Bi+1)

(a4, Bi)

hs hy

hi h
! 1 (@it1, Bit1)

(am; Bim)

FIGURE 2. A partition and its corners. The outer corners are
labelled with («;, 3;) (i =0,1,...,m). The inner corners are indi-
cated by the dot symbol “.”.

for each k > 0. The first three values of (qx(\))r>0 can be evaluated explicitly. For
each partition A we have

(6.3) goN) =1, ¢(A)=0 and g(\)=2]\.
Let us prove ([@3). First we have go(A) = (m + 1) —m = 1. By definition of z;

and y;, we obtain
dowi= D w= > Bi- D

0<i<m 1<j<m 1<i<m 1<j<m
Thus
aN)= > w- > 4=0
0<i<m 1<j<m
We also have
N = > - >y
0<i<m 1<j<m
= Z (Bi Oéi+1)2— Z (B; %)2
0<i<m 1<j<m

I
N
§
8
I
2
*

From the Young diagram of A (see Figure 2) it is easy to see that >, ., Bi(a; —
@;4+1) is equal to the number of boxes in A, which is |\|. Hence ¢2(\) = 2 |A|.

For each partition v = (v, v, ...,1¢) we define the function g, (\) of partitions
by

(64) Ql/()‘) =4y ()‘)qu (/\) oy, ()‘)
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Theorem 6.1. Let v be a partition. Then g, (\) is a D-polynomial with degree at
most |v|/2. Furthermore, there exist some bs € Q such that

WMy _ ()
(6.5) D(T,\) = |5|§;_2 bs .

for every partition \.

Notice that (3] could also be obtained by carefully reading [I9] or [20]. But
for completeness and since it is not explicitly given in [19] or [20], we will include
a proof here. First some lemmas are needed. For each k = 0,1,...,m, denote by
O, = (Oszrl + 1, Bk + 1) and \Ft = \U {Dk}

Lemma 6.2. Let g be a function defined on integers. Then we have

> ogho) = > go) =g+ Y (9lar — i) — glar — yin1))

Dlexk+ OeA 0<i<k—1
+ > (9w — ) — gy — )
k+1<i<m
and
HDE,\k+ g(ho) B g(rr — ;) 9(x; — xp)
Tooeoo W 1 ey 1 =
Oex 9\O ogigk—lg kE— Yit+1 k+1§i§m9yz k

In particular, we have

[[ (vx — i)
0<:<
Hyer itk
Hy [ (zx —ys)
1<j<m

Proof. When adding the box Oy to A, it is easy to see that the hook lengths of
boxes which are in the same row or the same column with [J; increase by 1. The
hook lengths of other boxes don’t change. Thus we have

Z g(hg) — Z g(hg) = Z (g(h(i,ﬂwl)()\H)) - g(h(i,ﬂk"rl)()\)))

OeXk+ Oex 1<i<ag41
+ Z (g(h(ak+1+1,j) (/\kJr)) - g(h(ak+1+1,j) ()‘))) + g(th (/\kJr)),
1<5<Bk

where hg(A) (resp. ho(A\F1)) denotes the hook length of the box [J in A (resp.
AEF). On the other hand, the hook lengths of

(1, B +1),(2, Bk + 1), - -+, (g1, Be + 1)
in A and A\** are
g —x;— Lixp —x; =2, xp — Y1+ Liag —yir1 (0<i<k-—1)
and
Tk — Ty Xk — i — L e — g1 2,2 — g1 +1 (0<i<k-—1)

respectively. Hence we obtain

Y (s V) —glhapsny ) = Y (9lew =) = g(ze —yirn)).

1<i<apir 0<i<k—1
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Similarly,
ST (1) NN =glhas1ny V) = > (g(@i—ax) —glyi — ).
1<5<Bk E+1<i<m

Thus we obtain the first identity in the lemma. The second follows from replacing
g(h) by In(g(h)). In particular, g(h) = h implies the third identity. O

Lemma 6.3. Let g be a function defined on integers. Define
g1(A) = Z g(z;) — Z 9(y;)
0<i<m 1<j<m
which is a function of partitions. Then

( ) Z glx; +1)+ g](;i: 1) — 2g(:cl)

0<i<m
In particular, let g(2) = 2* so that g1(\) = qr.(\), then we obtain

(%N wr X ()

Hyiv
0<i<m M T 1<i<k/2

Proof. Denote by X = {xo,z1,...,2m} and Y = {y1,y2,...,ym . Four cases are to
be considered. (i) If 8;+1 < B;41 and «;4+1 +1 < ;. Then it is easy to see that the
contents of inner corners and outer corners of \'™ are X U{x; —1,z;+1}\ {z;} and
Y U{z;} respectively. (ii) If 8; +1 = Bi+1 and a1 + 1 < «;, so that y; 41 = x; + 1.
Hence the contents of inner corners and outer corners of A+ are X U {z; — 1} \ {z;}
and Y U {x;} \ {z; + 1} respectively. (iii) If 5; + 1 < 841 and a;41 + 1 = a, so
that 7; = 2; — 1. Then the contents of inner corners and outer corners of A\t are
X U{x; + 1} \{z} and Y U {z;} \ {@; — 1} respectively. (iv) If §; + 1 = 8,41 and
@41+ 1 = ;. Then y; +1 = x; = y;+1 — 1. The contents of inner corners and
outer corners of At are X \ {z;} and Y U {x;} \ {#; — 1, 2; + 1} respectively. Thus
we always have

(6.6) g (NT) —g1(N) = g(@i +1) + gz — 1) — 2g(x;).
Therefore
( ) 3 g (A) —a1 (V) H -y gz +1) +glgx1—1)—29(xz)
0<i<m AT+ 0<i<m ATH
by Lemma 2.5 O

Lemma 6.4. Let k be a nonnegative integer. Then there exist some b, € Q such

that
Z Z buQu

, HA
0<i<m lv|<k

for every partition .

Proof. Let
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Then by Lemma we obtain

Ly Yj H) T

9(=) = H (1—5)—m H (1--%)
1<j<m 0<j<m

J#t

Yy 1<l_£ (It_yj) X

_ 1 Yiy_lgism T

AL o=y I3

- = 0<j<m

A 7t

=0.

This means that g(z) has at least m + 1 roots, so that g(z) = 0 since g(z) is a
polynomial of z with degree at most m. Therefore we obtain

Z H) 1 . ngjgm(l —yjz)

: - ’
0T Hyiv 1— x4z Hogjgm(l —x;2)
which means that

2 ff (D @)f) =exp( Y m(l-yz) - > (1 -w2))

) it 3 X
0<i<m k>0 1<j<m 0<i<m

_ exp(z lei)\) ).

k>1

Comparing the coefficients of z* on both sides, we obtain
Hy,
Z Hyor Ty = Z buQu(/\)
0<i<m lv|<k

for some b, € Q. Notice that b, are independent of A\. This achieves the proof. [

Proof of Theorem[61l. Let k be an integer. By Lemma [6.3] we have

o)y Iy (F)

H,:
0<i<m AT 1< j<ky/2

Then there exist some bs € Q such that

M)y _ ()
D(T,\) = |6|§Zk—2b6 .

for every partition A by Lemma [64l In other words, (63) is true for v = (k).
From (G.6) with g(z) = 2* we actually obtain

, k ,
i+ o k-2
gk (A"") = ax(A) = Z 2<2j)xz 7,
1<)<k/2

which is a polynomial of x; with degree at most k —2. Then by Lemmas 2.6 and [6.4]
there exist some by € Q such that

2 (N)
A

H)D( )= Y bsas(N)

[6]<|v]=2

for every partition A. O
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7. HOOK LENGTHS AND D-POLYNOMIALS

In this section, we prove Theorem [[3] Let r be a fixed nonnegative integer. We
will show that S(\,r) defined in (I3]) can be written as a symmetric polynomial
on {xg,z1,...,2m} and {y1,Y2,...,Ym}, as stated next.

Theorem 7.1. There exist some rational numbers b, := b, (r) indexed by integer
partitions v such that

(71) S()\,’I‘) = Z buQu(/\)
lv|<2r+2

for every partition \.

Keep the same notations as in Section [@ (see Figure 2). Let

Bij={({"j)eXtaip1+1 < <a;,8;+1<j <Bjs1}

A= UJ By

0<j<i<m
The multiset of hook lengths of B;; are

so that

zi71j71

U {a,a—1,a—2,...;a— (x; —y; — 1) }.

A=T;—Yjt1

Let Fy(n) be a function defined on integers. Define

Fi(n):=Y Fy(k) and  Fy(n):=Y Fi(k).
k=1 k=1

Hence
ri—xj—1 xj—y;—1
> Foto)= > > Fla-b)
DGBij aA=Ti—Yj+1 b=0
Ii—LEj—l
= Y (Fi(a) - Fi(a— =z +y))
a=T;—Yjt1
Ii—LEj—l Ii—Ij—l
= Z Fl(a)— Z Fl(a—xi—kyi)
aA=Ti—Yj+1 a=T;—Yj+1
= FQ(.IZ' — X — 1) + FQ(yi —Yj+1 — 1)
= Bz —yje1 — 1) = Fays — 2 — 1)
and thus
> Flho)= > > Folho)
Oex 0<j<i<m DGBij
(7.2) = Z (Fo(wi —zj — 1) + Fa(ys — yjp1 — 1)
0<j<i<m

— Fy(x; — yjq1 — 1) — Fa(y; — z; — 1)).
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For each n > 1 the polynomial P, (z) of real number z is defined by

Zntl m 1

Ty ) ( ~ >Z" T (=1)7 By,
n+1 2 n+1 L <iams2 27

P,(2) =

where By, are the classical Bernoulli numbers [5l 6] [14]. Let k be a positive integer.
According to Euler-MacLaurin formula,

Po(k) =1"+2" 4 -+ + k"

Consequently, P,(k) = P,(k+ 1) — (k+ 1)™. Tt is easy to obtain the following
identity:

(7.3) Po(—k—1)=(=1)""P, (k). (n>1)
For simplicity we rewrite
_ 2 n—2j+1
(7.4) Po(z) =5+ > G Zany
0<j<n/2

Let Go(j) = [T1<ic, (5 = 7%) = 20— Mwi™™. We define

= Z Go(k) and Ga(n) := Z Gi(k).
k=1 k=1

The polynomial G(z) of real number z is defined by

(7.5) G(z):= (—1)TZ ! + Z UW(M + ZCj(2w)P2w72j+1(z - 1))
=0

2 2

w=1
Lemma 7.2. The function G(z) defined in ([TH]) satisfies the following relations:
(7.6) G(0) =0,
nr!?

(7.7) Gn) = (1) =+ CGaln—1),  (neN)

(7.8) G(n) = G(—n). (n eN)
Proof. It’s obvious that P, (0) = 0 and thus P,(—1) = 0 by ([Z3)). So that G(0) =
follows from (Z.H). By definitions of Gy, G; and G2 we have

n—1 k r

2(n=1) =33 > muid™

k=1 j=1 w=0
n—1 k

—Zzno-i-wz:lnwzpm

k=1 j=1

() E B S

(=1)7rt? (g) + Z U (P?l”(+_1 + Zi:) (i (2w) Paw 541 (n — 1)).

w=1
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Hence (7)) is true. By (T3],
P2w (n — 1)

G(n) = G(—n) = Y mu (5= 4+ G (20) Pay-ajaa(n — 1)
w=1 j=0

3~ S ) P )
w=1

j=0
- n*" - 2w—2j+1
= 3 o(Pawlm) = - 24w )

=0. O

The above lemma implies that G(n) is an even polynomial of the integer n with
degree 2r 4 2, which means that there exist some rational numbers &; such that
r+1

(7.9) G(n) = Zgin%.

Proof of Theorem[71] By ([2)) we obtain
S(r) = Golho)

Oex
> (Galwi—a; — 1)+ Galys —yj1 — 1)
0<j<i<m
= Ga(zi — yje1 — 1) = Ga(y; — x5 — 1))
Y (Gl —25) + Gy — yje1) — Gl — yji1) — Glyi — x5)).
0<j<i<m
The last equality is due to (T1) and

(xi —zj) + (yi — Yyj+1) — (@i —yj+1) — (vi —25) = 0.
Thus by (C3), we have
S = > & D (@i—2)® + (i —y)*
1<k<r+1 0<j<i<m
— (i — yj+1)* — (yi — 25)%F)
= Y &V(k),
1<k<r+1
where
VE) = D (@i—x)™+ > wi—y)* = > Y (wmi—y)™
0<i<j<m 1<i<j<m 0<i<m 1<j<m

Notice that & is independent of X since G(n) is independent of A. Comparing the
coefficients of 22* (1 < k < r+ 1) on both sides of the following trivial identity

m

= i i e(xi*xj)z + Z Z e(yi*yj)z _ i i e(zi*yj)z _ Z Z e(yjfxi)z,

m
i=0 j=0 i=1 j=1 i=0 j=1 i=0

Jj=1
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we obtain there exist some rational numbers b, such that

(7.10) Vi =3 baO)

v <2k
for every partition A. This achieves the proof. O
For each partition v = (v, v, , 1) we define
SN = [ SOw).
1<i<e

Combining Theorems [71] and we derive the following result.

Theorem 7.3. Let v = (vy,v2, -+ ,v¢) be a given partition. Then S,(X\) is a
D-polynomial with degree at most |v| + €. Furthermore, there exist some bs € Q
indexed by partitions § such that

(7.11) D’“(S”()\)) - ¥ LI

H
A 5| <2|v|+20—2k A
for every partition A.

Now we are ready to prove Theorem

Proof of Theorem[1.3. Tt is easy to see that for any symmetric function F'(z1, 22, . . .)
of infinite variables, F'(h% : OJ € A) can be written as a linear combination of some
S(A,v). Then by Theorem [Z.3] we obtain Theorem [[.3l O

By Theorem [[3] and Theorem [[L4] we obtain

Theorem 7.4. Let u be a given partition and k a nonnegative integer. For each
power sum symmetric function p,(z1, 22, ...) indexed by the integer partition v =
(v1,v2,...,ve) we have

Z f,\/uDk (p—,,(h%h:{/\m < )\)) = Z ditp (?)

X/ pl=n 0<i<|v|+l—k
is a polynomial of n, where

pu(hy - O € p)

d; = D¥( i
13

).
In particular,

1

(7.12) CEAT)

Z Fafayupe(hly O € N)

I nl=n

is a polynomial of n with degree at most |v| + .

8. OKADA-PANOVA HOOK LENGTH FORMULA

Okada’s conjecture on hook lengths (L) was first proved by Panova [2I] by
means of Theorem [Tl In this section, we give another proof of Okada-Panova
formula by using difference operators. In fact, the constants K, arise directly from
the computation for a single partition A\, without the summation ranging over all
partitions of size n.
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Proof of Theorem[4. By (6.3) and Theorem [7.3] there exist a,b € Q such that for

every A,
S(A
H,\D’”((H—’/\T)) = a|A| +b.

The explicit values of a and b are determined by taking two special partitions A = ()
and A = (1). Since S(A,r) = 0 if A does not have any hook length greater than r,

we have
S\, 1)
o (S <
H)y A=0

by (). On the other hand, it’s obvious that the only partitions of size  + 1 who
have hook lengths greater than 7 are {\*) : 0 < k < 7} where

AR = (k+1,1,1,---,1).

———

r—k

Then
Fam = (Z) and  SOW.r) =[] (0 +1)°-4).

By (1) we have

=0 ()= T 6T e

(k)

|Al=r+1 0<k<r
so that )
2r +1)! r 2r+ 1) (2r
“= r('(r—|—1;2 Z (k:) B 7"('(7"—0—1%2(7“) = K.
’ 0<k<r ’
Hence (L8) is true. Consequently, (LI) and (LI0) are derived from (L8] by ap-
plying the difference operator D. 0

Proof of Theorem[I.4. Since S(A,r) = 0 if A does not have any hook length greater
than r, we have

(8.1) Dl(%i\r)) },\:0 -

for 0 <i <r by (I]:ﬂ) Substituting g(\) by S(A\,7)/Hy and p by 0 in (L6) we get

2= () CED =5 )

N k=0
by &), (I]IQI) and (CI0). O
9. Fuiil-KANNO-MORIYAMA-OKADA CONTENT FORMULA

Recall C(A\,r) = > ey [Ty (cD —i?).
Theorem 9.1. There exist some b, € Q indexed by partitions v such that

HXD( ) > buan(n

|v|<2r

for every partition \.
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Proof. We have

2 2
Z & - ZCD = (B — 1) =i,

Oexit Oex
Therefore
Yoexd Hy
wo(EE) S (5 - 5 )T g
(= Z e Z -2 Z A
Oex
The proof is achieved by Lemma and linearity. O

Proof of Theorem[1.7 By (6.3), Theorems and there exist a,b € Q such

that for every A,
C(\ )
H\D"(—=) =a|A\| + 0.
A ( H, ) A

The explicit values of a and b are determined by taking two special partitions A = ()
and A = (1). Since C(A,r) =0 if A does not have any content whose absolute value
is greater than » — 1, we have

= (G2,

by (). On the other hand, it’s obvious that the only partitions of size  + 1 who
have contents with absolute values greater than r — 1 are (1"*!) and (r + 1). By

(T2 we have
A\ (2r)!
a=D (sz )‘ M_Z;Hf - (ri—l)!'

Hence (LI3) is true. Consequently, (LI4) and ([I35) are derived from (I3]) by
applying the difference operator D. 1

Proof of Theorem[L.8. Since C'(A,r7) = 0 if A\ does not have any content whose
absolute value is greater than » — 1, we have

(9-1) Dl(%ﬁ)‘,\ 0

for 0 <i <r by (IEZI) Substituting g(A\) by C(A,r)/H and p by 0 in (LL6) we get

PRt LS I (B

by @1, (m) and (LI5).
Proof of Theorem[L.d. Directly by Theorem [[.4] and Lemma [I7
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