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MODULAR CATALAN NUMBERS

NICKOLAS HEIN AND JIA HUANG

ABSTRACT. The Catalan number C;,, enumerates parenthesizations of xo * --- * x,, where * is a
binary operation. We introduce the modular Catalan number Cj , to count equivalence classes
of parenthesizations of xg * --- % x,, when * satisfies a k-associative law generalizing the usual
associativity. This leads to a study of restricted families of Catalan objects enumerated by Cy,»,
with emphasis on binary trees, plane trees, and Dyck paths, each avoiding certain patterns. We
give closed formulas for Cy ,, with two different proofs. For each n > 0 we compute the largest size
of k-associative equivalence classes and show that the number of classes with this size is a Catalan
number.

1. INTRODUCTION

Let X be a set with a binary operation * : X? — X and xo, ..., 2, be X-valued indeterminates.
A binary operation * induces a map X"*! — X given by the expression xg * - - - * x,, and a choice
of an order to apply each *. The expression xg * - - - * x,, alone may be ambiguous, so it might not
define a map without using parentheses to record the order of operations. The number of ways to
parenthesize g * - - - % x,, is the Catalan number C,, = T}ﬂ (27?) which enumerates hundreds [19] 20)]
of families of other natural objects. This Catalan number gives an upper bound for the number of
ways to interpret the meaning of zg * - - - x x,,.

When x* is associative, one has (zg * 1) * zo = x¢ * (x1 * x2), and thus all parenthesizations of
xo * -+ - x T, are equal. We investigate a natural generalization of this case. Let k > 1 be a positive
integer, and suppose * is a left-to-right binary operation. We say a (left-to-right) binary operation
x is k-associative if

(zo * ~+ x @p) * Tpyp1 = 2o * (T % -+ * Tpy).
The results in this paper are also valid for right-to-left binary operations, subject to a reflection.

One may define a k-associative binary operation on any ring R with an element w of multiplicative
order k by a*b:= wa + b. Consider the ring R = C and the primitive kth root of unity w = 2™/*
for a concrete example.

We say two parenthesizations are k-equivalent if they are equal by the k-associative property.
We define the (k-)modular Catalan number C}, to be the number of k-equivalence classes of
parenthesizations of xq * - - - * x,,. Since l-associativity is the usual associativity, we have C1, = 1.
The first nontrivial example is C2 3 = 4. We illustrate this by listing the C3 = 5 parenthesizations
for n = 3,

((woxx1)xxe)xxs, (xo*w1)*(ro*ws), (wox(z1xxe))*ws, xo*((X1%x2)*23), wo*(21*(T2%23)),

and observing the first and fourth parenthesizations are 2-equivalent.

Modular Catalan numbers appear elsewhere for small fixed values of k. The On-Line Encyclo-
pedia of Integer Sequences (OEIS) [23] sequence A005773 coincides with {C5,}. This sequence
counts directed n-ominoes in standard position [4], n-digit base three numbers whose digits sum
to m, permutations of [n] := {1,2,...,n} avoiding 1-3-2 and 123-4 [12], minimax elements in the

affine Weyl group of the Lie algebra s02,4+1 (or spy,) [13], and other objects as well. Rowland [17]
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studied the case k = 4, and his point of view of pattern avoidance in binary trees is relevant to our
investigation. We found no results for £ > 5 in the literature.

n |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Cin|1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 A000012
Con |1 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192 A011782
Csn|1 1 2 5 13 35 96 267 750 2123 6046 17303 49721 143365 414584 | A005773
Cym |1 1 2 5 14 41 124 384 1210 3865 12482 40677 133572 441468 1467296 | A159772
Csn |1 1 2 5 14 42 131 420 1375 4576 15431 52603 180957 627340 2189430 new
Cemn |1 1 2 5 14 42 132 428 1420 4796 16432 56966 199444 704146 2504000 new
Crn |1 1 2 5 14 42 132 429 1429 4851 16718 58331 205632 731272 2620176 new
Cen |1 1 2 5 14 42 132 429 1430 4861 16784 58695 207452 739840 2658936 new

Cn |1 1 2 5 14 42 132 429 1430 4862 16796 58786 208012 742900 2674440 | A000108

TABLE 1.1. Modular Catalan number Cj,,, for n < 14 and k£ < 8.

A computation gives the data in Table above. We highlight the entries C}, ;. and C}, ;1 which
satisfy the relationships Cj = C, and C}, 141 = C, — 1, and we list OEIS sequences that coincide
with {Ck,n}

Our definition of C}, using k-associative binary operations and parenthesizations provides a
new perspective for these numbers. It is natural and works for all £k > 1. It is based on basic
concepts in algebra and has connections to many interesting combinatorial objects as well, as we
will observe in later sections. Our main result in this paper is Theorem below, which gives
two closed formulas for the modular Catalan numbers. This generalizes previously known formulas
for O, with 1 < k < 4. The first formula uses the evaluations of monomial symmetric functions
my, which can be rewritten as certain multinomial coefficients, for partitions A inside a (k—1) x n
rectangle. The second formula is a simple summation with alternating signs.

Theorem 1.1. For k,n > 1 we have

Go= Y " Pman= ¥ “,?(?)(2216

AC(k—1)" 0<i<(n—1)/k
[Al<n

To establish Theorem we first study the connection of parenthesizations to binary trees and
plane trees in Section [2| which is summarized below.

Let T denote the set of all binary trees. We define a (left-to-right) binary operation A : Tx7T — T
where s At is the binary tree whose root has left and right subtrees s and t, respectively. There
is a natural bijection between the set of parenthesizations of xg * - - - % z,, and the set 7, of binary
trees with n internal nodes (i.e., with n + 1 leaves) by replacing each x; by a leaf labeled i and
replacing each * by A. We define the k-associative order on T, by

(Lo NtL A Atg) Atgpr <toA(EL A Atgyr)

where each ¢; is a binary tree. If k | &’ then the k’-associative order is weaker than the k-associative
order. In particular, any k-associative order is weaker than the 1-associative order, which is called
the Tamari order. Under the Tamari order, 7, becomes a lattice, called the Tamari lattice, which
has been widely investigated (see, e.g., [5l 6, [15]) since its introduction by Tamari [22]. We define
the k-components of T,, to be the connected components of 7, under the k-associative order, which
correspond to k-equivalence classes of parenthesizations of zg* - - - * x,,. The maximal and minimal
elements of a k-component are called k-maximal and k-minimal, respectively.

We also translate the k-associative order to plane trees, as they are in natural bijection with
binary trees. For our purposes, it is sometimes more convenient to deal with plane trees than
binary trees.
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We prove that each k-component of 7, contains a unique minimal element. Consequently, the
modular Catalan number C},, enumerates the k-minimal elements of 7,. This is closely related
the generalized Motzkin number M}, ,, which counts k-maximal elements of 7,. We show that the
k-minimal and k-maximal elements of 7, may be described using subtree avoidance in binary trees
or degree constraints in plane trees.

Remarkably, Theorem and Corollary assert the number of largest k-components of T,
is the Catalan number C,,, where m is the least positive integer congruent to n modulo k.

Next, in Section |3, we describe several restricted families of Catalan objects enumerated by Cy,,
and M}, ,,, using bijections among them (see Proposition and Proposition . This implies
that the generalized Motzkin numbers and modular Catalan numbers are interlaced,

Cl,n < Ml,n < C2,n < MQ,n <l

Section [d]includes a proof for Theorem using generating functions and Lagrange inversion, as
well as other related results. We show the generating functions of C},,, and My, ,, satisfy polynomial
equations and are closely related to each other, as seen in Proposition We give the first formula
of Theorem [I.1] in Corollary [4.7] and the second in Theorem

Corollary and Theorem [4.8|give formulas for M, ,,, analogous to those for Cy, ,, of Theorem
These formulas for My, may be derived from work of Takacs [2I] on plane trees with degree
constraints. One may specialize these formulas to compute the Motzkin number M, = Ms,
(see OEIS A001006), which counts permutations avoiding certain patterns [2], 12], standard Young
tableaux of height at most three [3], minimax elements in the affine Weyl group of the Lie algebra
slp+1 [13], and many other objects [19, Ex. 6.38]. For k = 3,...,7, the sequences {M},,} coincide
with the OEIS sequences A036765, ..., A036769, respectively.

Our generating function approach to study k-minimal and k-maximal elements of T, is also used
to prove Proposition which shows the size of the largest k-components of 7T, equals

n j ’

0<j<n/k

In Section [5] we use certain rotations of Dyck paths to give a more direct proof for Theorem [I.1
with negative signs from sign-reversing involutions, and a similar proof for the above formula for
the size of the largest k-components of 7.

It is well-known that the Catalan number C,, can be refined to the Narayana number

v ()

which enumerates plane trees with n + 1 total nodes, of which r are internal, Dyck paths of length
2n with r peaks, and many other objects (see, e.g., [14, Ch. 2]). We provide similar refinements of
C,n and My, ,, in Section

Finally, we provide remarks and questions in Section

2. PARENTHESIZATIONS AND TREES

In this section we study k-equivalence classes of parenthesizations via binary trees and plane
trees. A plane tree is a rooted tree such that the children of each node are linearly ordered from
left to right. The degree of a node is the number of its children. Degree-zero nodes are Ieaves, and
all others are internal nodes. A tree t whose edges and nodes are contained in t is a subtree of ¢. If
v is a node of ¢, then the (maximal) subtree rooted at v is the subtree of ¢ whose nodes are v and
all descendants of v. The ith subtree of v is the subtree rooted at the ith child of v. A binary tree
is a plane tree whose nodes have degree either zero or two. We consider binary tree and plane tree
to be different objects in this paper.
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2.1. Binary trees. Denote by 7, the set of binary trees with n + 1 leaves. Let s A t be the binary
tree whose root has left and right subtrees s and ¢. There is a natural bijection between the set of
parenthesizations of xg* - - - *xz, and T, given by replacing each x; by a leaf labeled ¢ and replacing
each x by A.

Example 2.1. We list all binary trees in 73 and their corresponding parenthesizations in Figure[2.1

0 1 012 123 2 3

! ! I ! I

((zo*x1)*x2)*X3 (zo*z1)*(z2*23) (zo*(z1*T2))*T3 zo*((z1*22)*T3) zo*(x1%(x2%23))

Ficure 2.1. Correspondence between binary trees and parenthesizations

The left depth of node v of t is the number of left steps in the path from the root down to v.
Write §;(t) for the left depth of leaf ¢ in binary tree t and call §(¢) := (5o(t), ..., 0n(t)) the left depth
of tree t. The five binary trees in Example have left depths (3,2,1,0), (2,1,1,0), (2,2,1,0),
(1,2,1,0), and (1,1,1,0).

We construct a set D, by setting Dy := {(0)} and recursively defining D,, for n > 1 as follows:

D'n = U {(a0+17"'7ai*1+1ab07"‘7bn*l') | aEIDifl’ bEDn7Z}

1<i<n

By induction on n, we have a surjection 6 : 7, — D, by t — d(t). To see ¢ is injective, let
(0y-.-,0n) € Dy. Then (6o—1,...,8;-1—1) € D;_1 and (&, ..., 0,) € D,,—; for some i € [n]. Since
(0o —1,...,0i—1 —1) = 0(s) for some s € T;_1, it follows that ¢ is the smallest positive integer such
that 0;—1 = 1. This implies § is injective (and the union in the definition of D, is disjoint).

Example 2.2. Let R be a ring with an element w of multiplicative order k. Define a * b := wa +b
for all a,b € R. This gives a k-associative binary operation on R. A binary tree ¢t with left depth
6(t) = (o, ..., 0,) determines a parenthesization of zo*- - -*x,, which may be written >, ., w’iz;.
Thus the k-equivalence relation on parenthesizations of zg * - - - * x,, is the same as the congruence
relation modulo k on the left depths of binary trees in 7,,. We will show that the same result holds
for any k-associative binary operation .

We take the operation A on trees to be a left-to-right operation so that r A s At := (r As) At.
Let to,...,tg+1 be binary trees, and suppose t € T, has subtree s := (to Aty A+ -+ Atg) Atgsq rooted
at node v. Replacing s by s :=tg A (t1 A -+- Atgi1) gives another binary tree t' € T,. We call the

operation t — t' a right k-rotation at v and denote it by ¢ K, ¢, We call the inverse operation a
left k-rotation at v. If t € T, may be obtained by applying finitely many left k-rotations to ' € Ty,
then we say ¢ < t. The induced partial order on 7, is the k-associative order. The set 7, endowed
with the 1-associative order is the well-known Tamari lattice. Connected components of 7, under
the k-associative order are called k-components.

Example 2.3. The left poset in Figure shows the Tamari order on 7z, and the right poset
shows the 2-associative order on T4 with eight 2-components having cardinality 1,1,1,1,2,2, 3, and
3 respectively.

Two parenthesizations of zq * - - - * x,, are k-equivalent if and only if their corresponding binary
trees are k-equivalent, which means they are in the same k-component of 7.

Proposition 2.4. The modular Catalan number Cy, , enumerates the k-components of T, .
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FIGURE 2.2. Tamari order and 2-associative order on 74

A right (respectively left) k-rotation is a composition of k right (respectively left) 1-rotations,
and hence corresponds to an upward (respectively downward) chain of length &k in the Tamari
lattice. We illustrate this in Figure decomposing a 3-rotation into three 1-rotations. Thus the

S U

F1GURE 2.3. Decomposition of a right 3-rotation into three right 1-rotations

k-associative order is weaker than the Tamari order. We generalize this below.

Proposition 2.5. If k = pk’ for a positive integer p, then a right (respectively, left) k-rotation
may be decomposed into a sequence of p right (respectively, left) k'-rotations. Consequently, the
k-associative order is weaker than the k'-associative order.

Proof. We prove this for right rotations, and the result for left rotations follows. Assume k = pk’
for some positive integer p and induct on p. The base case k = £ is trivial. For k = (p + 1)K/, we
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decompose a right k-rotation tg Aty A -+ Atk i> to A (t1 A+ Atgs1) into a right pk'-rotation

Pk’
to Nt A= A tpk’+1 VAN tpk’—i—? VANCERWAN tpk’+k’+1 —> to N\ (tl VANV tpk’+1) VAN tpk’+2 VANREIWAN tpk’—l—k’-i—l

followed by a right &’-rotation

k/
to A\ (tl VANCIERIVAN tpk’+1) VAN tpk’—l—? VANREIWAN tpk’-i—k’—i—l — 1o A\ (tl VANCEWAN tpk’—l—l AN tpk’+2 VANCEIEWAN tpk’—l—k’—l—l)'

Applying the inductive assumption to the above right pk’-rotation completes the proof. ]

2.2. Plane trees. Contracting each northeast-southwest edge of a binary tree gives a plane tree.
This defines a bijection from binary trees with n + 1 leaves to plane trees with n + 1 (total)
nodes. It is essentially the inverse of the Knuth transform, which sends a plane tree to its left-child
right-sibling representation. See, e.g., [7, 9]. We give an example of our bijection in Figure

FIGURE 2.4. A bijection between binary trees and plane trees

Let T be the plane tree corresponding to some t € T,. The mapping ¢ — T associates leaf i of
t to node v; of T for 0 < ¢ < n. As the leaves labeled 0,...,n are ordered left-to-right, the nodes
vg, - - ., Uy, are ordered according to the pre-order. This order may also be obtained by first labeling
the root of T" and then labeling the nodes of the subtrees of the root recursively in the same way,
proceeding from the leftmost subtree to the rightmost one. We define the multi-degree of T' to be
the degree vector d(T') := (do(T),...,dn(T)), where d;(T") is the degree of v; for each i.

Proposition 2.6. Let t € T, be a binary tree with left depth 6(t) = (do,...,0n) and T be a plane
tree with multi-degree d(T) = (dp, . ..,dy). If t corresponds to T via the above bijection, then

0; =do+ -+ +d; —1, ViE{O,l,...,n}.

Proof. As before, we label leaves 0,...,n of t left-to-right, and we label the corresponding nodes
Vg, - - ., U Of T" according to the pre-order. The equality dy = dy is apparent from the construction
of the bijection. It remains to show that §; = d;—1 + d; — 1 for all ¢ € [n].

First assume d;_; = 0. Then v;_1 of T has no children, so leaf i—1 of ¢ is a right child. Thus
the shortest path from leaf i—1 to leaf 7 in ¢ is one step northwest, one step northeast, one step
southeast, and p > 0 steps southwest. Since the first and third steps of this do not count towards
left depth, §; = §;_1 — 1 + p. Using pre-order, we see node v; of T' is an adjacent right sibling of
node v;_1 as v;—1 has no children. Consequently, the degree d; of v; is the number of southwest
steps p given above. Substitution gives §; = §;—1 + d; — 1.

Now suppose d;_1 # 0. Then, leaf i—1 of ¢ is a left child, so the shortest path from leaf i—1 to
leaf 7 in ¢ is one step northeast, one step southeast, and p > 0 steps southwest. Since the second
step does not count towards left depth, we (again) have §; = §;—1 — 1 + p and p = d;. O

The following result is stated in [2I, (19) and (20)] without proof.

Proposition 2.7. The map T — d(T) is a bijection from plane trees with n+1 nodes to sequences
(doy...,dyn) of n+ 1 nonnegative integers satisfying do + -+ dp, =n and do + - -+ + di—1 > i for
all i € [n].
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Proof. Let T be a plane tree with multi-degree d(T') = (dp, .. .,d,). Counting non-root nodes of T’
gives dg+- - -+d,, = n. Suppose t is the corresponding binary tree with left depth §(¢) = (do, ..., n).
Since §; > 1 unless i = n, Proposition [2.6] implies

To show d is a bijection, it suffices to construct its inverse. Let (dp,...,d,) be a sequence of
nonnegative integers satisfying do+---+d,, = n and dg+---+d;—1 > i for all i € [n]. We construct
the unique plane tree T with d(T") = (do,...,dy). Let tree Ty have a single node, and mark that
node. For ¢ = 1,...,n, we construct T; by adding d;_; children to the most recently marked node
of T;_1 and then marking the next node in 7T; according to pre-order. This is possible at each step,
since dy+ -+ +d;—1 > i for all ¢ € [n]. The tree T,, constructed in the final step is the unique plane
tree with d(T') = (dp, ... ,dy). O

We say two plane trees are k-equivalent if their corresponding binary trees are k-equivalent. We
also define an up (respectively down) k-slide on a plane tree T' to be the operation induced by a
left (respectively right) k-rotation on the binary tree corresponding to 7.

We describe a general up k-slide in more detail. Suppose T has nodes vy, . .., vy, and let T3, ..., T}
be the subtrees (ordered left-to-right) of a node v; with parent v;. If £ > k, we may apply an up
k-slide at vj;, giving another plane tree T with n + 1 nodes by moving Ty_j11,...,Ty to new
positions directly below v; and to the immediate right of v;. Although Ty_j1,...,T; are moved,
their positions in T' and T" are the same according to the pre-order. Thus the relation between the
multi-degrees d(T") = (d, ...,d}) and d(T) = (do, - .., dy) is

(1) di=di+k, d;=dj—k, and d,=d, Vh¢{i,j} (i<j).

We give an example of an up 2-slide in Figure [2.5] which corresponds to the following change in
multi-degree: (1,3,0,3,0,2,0,0,0,0) — (1,5,0,1,0,2,0,0,0,0).

FI1Gure 2.5. Up 2-slide

Now suppose the roots of subtrees T1,...,Ty are uq,...,uy, ordered left-to-right. If £ > k+ 1 we
may apply a down k-slide at v; for any choice of h € [¢ — k]. This gives a plane tree 7" by moving
Thi1,-..,Thyr down so that they are rooted at w, while preserving pre-order.

The k-slides generate a partial order on plane trees, which is called the k-associative order as it
is equivalent to the k-associative order on binary trees. Note that an up (respectively down) k-slide
on a plane tree gives a smaller (respectively larger) plane tree in the k-associative order, since it
corresponds to a left (respectively right) k-rotation of the corresponding binary trees.

2.3. Results on modular Catalan numbers via trees. We say a plane tree or binary tree
is k-minimal or k-maximal if it is minimal or maximal in its k-equivalence class. We investigate
k-minimality and k-maximality for both types of trees.

Proposition 2.8. A plane tree is k-maximal (respectively k-minimal) if and only if every node
(respectively non-root node) has degree < k (respectively < k). Furthermore, each k-equivalence
class of plane trees has a unique minimal representative.
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Proof. The definition of up and down k-slides immediately implies the first statement. By , two
plane trees k-equivalent to each other have congruent multi-degrees modulo k. This, together with
the first statement, implies the second statement. ]

Let combg be the unique tree with a single node. We recursively define the left comb of length
k to be comby := comby_1 A combq for k£ > 1. The binary tree combi := combqg A comby, is useful
for calculating C}, ,. The figures below give comby and comb}t.

ST e

FIGURE 2.6. comby and comb}

Proposition and Proposition [2.6] give the following result, Proposition [2.9] via the bijection
between plane trees and binary trees.

Proposition 2.9. A binary tree is k-mazimal (respectively k-minimal) if and only if it avoids
comby1 (respectively comb/,lC ) as a subtree. Furthermore, each k-equivalence class of T, has a
unique minimal representative.

Proposition 2.10. Two plane trees are k-equivalent if and only if their multi-degrees are congruent
modulo k.

Proof. The “only if” part follows from . For the “if” part, suppose 17 and 715 are two plane
trees with multi-degrees d(T1) = d(T>) mod k. For i = 1,2 let T/ be the unique minimal tree
k-equivalent to T;. Then d(7]) = d(T5) mod k, which implies d(T]) = d(T3) by Proposition
Hence T7 and T5 are both k-equivalent to the same minimal representative. ]

Proposition [2.10] implies Proposition [2.11

Proposition 2.11. Two binary trees are k-equivalent if and only if their left depths are congruent
modulo k.

Using Proposition we compute {Ca,,}.
Proposition 2.12. We have Cs, = "= forn > 1.

Proof. Since any list in D, is of the form (dy,...,d,—2,1,0), and §; = 0 or 1 mod 2 for each i,
the number of equivalence classes modulo 2 in D, is at most 2"~ '. We prove this upper bound
is sharp by induction on n. For this we assume C3,_1 = "2 Let t € Tp_1 with left depth
d(t) = (do,...,dn—3,1,0). Giving two children to the leaf labeled n — 1 or to the leaf labeled
n—2of t € T,—1 gives two different trees in 7, whose left depths are (dp,...,d,—3,1,1,0) and
(doy - -+, dn—3,2,1,0). Hence Cq,, > 2C5,,—1 = 2771, O

Define 7, ,, to be the maximal subset of 7,, whose members avoid comb}C. That is, T,y is the set of
all k-minimal binary trees with n internal nodes. The next result is a consequence of Proposition [2.4]
and Proposition 2.9

Corollary 2.13. The modular Catalan number Cy , enumerates Ty .

Equations @ and in Section {4 give closed formulas for C},,. Directly counting trees in 7,
containing comb,lg gives special cases of Equation : we have Cy,, = (), for n <k and

Crpre = Crre — (512 if k>0>1.

For k > 0 we define the generalized Motzkin number My, to be the number of binary trees
in 7, avoiding combyyi. When £ > 1 the number M}, enumerates k-maximal elements of 7.
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Proposition implies My_1 < Crp < Mpy,. One sees that Moo = 1, My, = 0 for n > 1, and
M, =1 for n > 0. More generally, Equations and of Section || are closed formulas for
Mj, . These formulas could also be derived from work of Takécs [2I] on plane trees with degree
constraints. Directly counting trees in 7,, containing comby 1 gives specializations of Equation :
we have My, , = C), for n < k and

Myjye = Crre— (") i k>¢-1>0.
The following is a corollary to Proposition [2.10

Corollary 2.14. The modular Catalan number Cy, , enumerates plane trees with n+1 nodes whose
non-root nodes have degree less than k. The generalized Motzkin number My, ,, enumerates plane
trees with n + 1 nodes, each having degree no more than k.

We denote by [T the k-equivalence class of a plane tree T. We next study the largest k-
equivalence classes. Let T' be a plane tree with multi-degree d(T") = (do,...,d,). Assume d; > 1
for some j € [n]. By Proposition subtracting 1 from d; and adding 1 back to dj still gives a
multi-degree of some plane tree, which is denoted by ¢;(T").

Lemma 2.15. Suppose T is a k-minimal plane tree with d(T) = (do, . ..,d,). Assume dj # 0 for
some j € [n]. Then we have the following.

(i) The tree ¢;(T') is also k-minimal.

(ii) Sending T' to ¢;(T") for all T' € [Ty, gives an injection ¢; : [T) — [¢;(T)].

(tit) The above injection ¢; is a bijection if and only if the multi-degree (ao,...,an) of every tree
in [¢;(T)]i satisfies ag+---+a; > i+ 1 for alli € {0,1,...,5 —1}.

Proof. Let the multi-degree of ¢;(T) be (eg,...,e,). Then e; < d; for all i € [n]. This implies
that ¢;(T") is k-minimal by Proposition If TV is k-equivalent to T then its multi-degree
d(T") = (dy, ..., d,) satisfies d; > 1 since d; = d; mod k. Hence ¢;(7") is well defined and has

multi-degree (e, ...,e;,) congruent to d(¢;(T)) = (eo,...,en) modulo k. Then we have a well

rn
defined map ¢; : [T]r — [¢;j(T)]k, which is an injection since subtracting one from ej, and adding
one back to e;- gives the unique preimage of ¢;(T"). Combining this with Proposition also shows
that there exists an inverse of the injection ¢; if and only if the multi-degree (ao,...,a,) of each

tree in [¢;(T)]y, satisfies ag +---+a; > i+ 1 forallie {0,1,...,5 —1}. O

Using Lemma [2.15| we can find all the largest k-equivalence classes in T,. Let m be the smallest
positive integer congruent to n modulo k. A plane tree T' with multi-degree d(T") = (do, ..., d,) is
called k-admissible if

e (dy — n + m,dy,...,dy) is the multi-degree of some plane tree with m + 1 nodes and
dpmy1 = -+ = dp =0, or equivalently,
e (dy —n+m,di,...,dp—1,dpm +n—m,0,...,0) is the multi-degree of some tree in [T.
If T is k-admissible then 7' is k-minimal since d,...,d, < m < k. For example, the unique plane

tree T'(n,0,...,0) with multi-degree (n,0,...,0) is k-admissible, and for k = 3 and n = 6 the
k-admissible plane trees with n + 1 nodes have the following multi-degrees:

(6,0,0,0,0,0,0), (51,0,0,0,0,0), (50,1,0,0,0,0), (4,2,0,0,0,0,0), (4,1,1,0,0,0,0).

Theorem 2.16. Fixn >0 and k > 1. Let m be the smallest positive integer congruent to n modulo
k. Then a k-equivalence class of plane trees with n + 1 nodes has the largest size if and only if its
minimal representative is k-admissible.

Proof. Lemma [2.15] gives a chain of injections from any k-equivalence class of plane trees with
n+ 1 nodes to [T'(n,0,...,0)]x. Hence [T'(n,0,...,0)]; has the largest size among all k-equivalence
classes of plane trees with n + 1 nodes.
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Let T be a k-minimal plane tree with multi-degree d(T') = (do,...,dn) # (n,0,...,0). Then
d; > 1 for some j € [n]. Let (e,...,e,) be the multi-degree of ¢;(T"). Suppose the injection
¢j [Tk = [¢;(T)]k is a bijection and ¢;(T") is k-admissible. We have

(eo—n+m,e1,...,em—1,em +n—m,0,...,0) = (eg,...,e,) modk

where the left hand side is the multi-degree of some tree in [¢;(T)]; by definition of the k-
admissibility. This tree has a preimage under the bijection ¢;, and the multi-degree of the preimage
must be (dg —n+m,dy,...,dn-1,dym +n—m,0,...,0). This implies T is k-admissible. Hence if
[Tk has the same size as [T'(n,0,...,0)];x then 7" must be k-admissible.

Now suppose T is indeed k-admissible. Then d; > 1 implies j < m. Thus ¢;(T") also k-admissible
by definition. Let (e, ..., €},) be the multi-degree of any tree in [¢;(T")];. For any ¢ < j we have

’r n

Since T is k-admissible, we also have dg — n +m +dy + --- + d; > i. Combining these with
i <j<m <k weobtain e +---+ ¢, > i+ 1. Hence ¢; : [T]r — [¢;(T)]; is a bijection by
Lemma [2.15] This implies that any k-admissible plane tree represents a k-equivalence class of
equal size as T'(n,0,...,0). g

Corollary 2.17. Fixn > 0 and k > 1. Let m be the smallest positive integer congruent to n
modulo k. Among all k-equivalence classes of plane trees with n+ 1 nodes, there are Cy, many that
have the largest size, one of which is represented by T'(n,0,...,0).

Finally, the size of the largest k-equivalence classes of plane trees with n + 1 nodes will be given
in Proposition [£:12]

3. CONNECTIONS WITH OTHER OBJECTS

We explore M, ,, and Cj, ,, as they pertain to other Catalan objects. A Dyck path of (semi)length
2n is a diagonal lattice path from (0,0) to (2n,0) consisting of n up-steps U = (1,1) and n down-
steps D = (1, —1) such that none of the path is below the z-axis. Every sequence d = (dy, . ..,dy)
of nonnegative integers corresponds to a lattice path

L(d) :==U%DU" ... DU

which is a Dyck path if and only if d is the multi-degree of a plane tree. This gives a bijection
between plane trees with n + 1 nodes and Dyck paths of length 2n.

A partition is a decreasing sequence of nonnegative integers A = (A1,...,A,). The size of A is
Al == A1 + -+ + A\, and the length of X is ¢(\) := #{i € [n] : Ai > 0}. It is often convenient to
represent A\ by its Young diagram, which has () many left-justified rows with \; boxes on the ith
row for i =1,2,...,4(\). See Figure below. Say a partition A is bounded by another partition
w and write A C p if the Young diagram of A is contained in the Young diagram of u. The partition
k™ := (k,...,k) is a sequence of n copies of k.

A Dyck path of length 2n may also be written as L = UD“UD® ---UD®". It corresponds to a
partition A(L) := (A (L), ..., An(L)) whose jth part A\j(L) := e +---+e,_; satisfies 0 < \j; <n—j
for all j € [n]. Thus L — A(L) gives a bijection between Dyck paths of length 2n and partitions
of the form A = (A,...,\,) with 0 < A\; < n —j for all j € [n]. The Young diagram of A\(L) is
enclosed between Dyck paths L and U™D™. Thus \(L) is bounded by (n —1,n —2,...,1,0).

There is also a simple bijection between Dyck paths of length 2n and 2 x n standard Young
tableaux. For each ¢ € [2n], if the i¢th step is up (respectively down) in the Dyck path then put ¢ on
the top (respectively bottom) row of the corresponding tableau. See, e.g., [24] for more information
on Young diagrams and Young tableaux.

An example of the correspondence among plane trees with n+ 1 nodes, Dyck paths of length 2n,
partitions with n nonnegative parts bounded by (n —1,n —2,...,1,0), and 2 x n standard Young
tableaux is given below (n = 4).



MODULAR CATALAN NUMBERS 11

A= (3,1,0,0)

e

d(T) = (2,1,0,1,0)

H

[N}
YIS
0|

FiGure 3.1. Correspondence among plane trees, Dyck paths, partitions, and tableaux

Now we discuss pattern avoidance for permutations. Denote by &,, the symmetric group con-
sisting of all permutations of [n], and write a permutation w € &,, as a word w(1)---w(n). Let
w € &, and u € &, with m < n. Say w contains the pattern u(1)-u(2)-----u(m) if there exists
1<r; <-- <rpyp <msuch that w(r;) < w(r;) © u(i) < u(j) whenever 1 <i < j < m. Moreover,
if we omit a dash between u(j) and u(j + 1) in the above definition then w(r;) and w(rj;1) are
required to be adjacent entries of w, i.e., rj 41 = r; +1. Say w avoids a pattern if it does not contain
that pattern.

Given a word w = wy - - - wy, of distinct numbers wy, . .., w,, we construct a binary tree tr(w) € T,
whose internal nodes are labeled by wi,...,w,. Suppose w; is maximal among w1, ...,w,. We
draw the root of tr(w), labeling it w;, and we recursively construct two binary trees tr(w; - - - w;—1)
and tr(w;41 - - - wy,) and label their internal nodes. We then attach these trees to the root of tr(w) as
left and right subtrees. Restricting the map tr to &,, gives a poset surjection onto the Tamari lattice
Tn, where &, is partially ordered by the weak order: u < v if the inversions of u are contained in
the inversions of v..

Conversely, for each t € T,, one obtains a permutation, denoted by tr~!(¢), by labeling the
internal nodes with n,n—1,...,1 according to the pre-order and then reading these labels following
the in-order. Here the in-order recursively lists first the left subtree of the root, next the root itself,
and last the right subtree of the root. One can check that tr(tr=1(t)) = ¢ for any ¢ € T,. Hence
tr: &, — T, is a poset surjection and tr=! : 7,, < &,, is a poset injection. Moreover, the image of
tr=! is the set of (1-3-2)-avoiding permutations in &,, (cf. Exercise [19} 6.19.f]).

Example 3.1. The left hand tree in Figure [3.2]is t = tr(26513874). One sees that tr—!(t) is the (1-
3-2)-avoiding permutation 67534821 and tr(67534821) = t by the right hand picture in Figure

FIGURE 3.2. The maps tr and tr—!

The bijections described earlier lead to connections between the relevant Catalan objects and
the numbers Mj, , and Cy, .
Proposition 3.2. Forn >0 and k > 1, My_1, enumerates the following:

(1) binary trees with n internal nodes avoiding comby,
(2) plane trees with n + 1 nodes, each having degree less than k,



12 NICKOLAS HEIN AND JIA HUANG

(3) Dyck paths of length 2n avoiding U* (k consecutive up-steps).

(4) partitions bounded by (n — 1,n —2,...,1,0) with each part occurring fewer than k times,
(5) 2 x n standard Young tableauz avoiding k consecutive numbers in the top row, and

(6) permutations of [n| avoiding 1-3-2 and 12--- k.

Proof. That Mj_ , enumerates the sets (1)-(5) follows directly from its definition and the de-
scriptions of the appropriate bijections. To reveal the more obscure result, that Mj_;, counts
(6), we apply the involution w + w~! on permutations avoiding 1-3-2. Let t be a binary tree
corresponding to a (1-3-2)-avoiding permutation w € &,,. If ¢ contains comby then there exist
1 <ip < <ip <nwith w(iy) < --- < w(i) consecutive increasing integers, say w(i;) = h+ j
for some h € [n — k] and all j € [k]. Equivalently, if ¢ contains comby, then there exists h € [n — k]
such that
wlh+1) <w i (h+2) < - <w (h+k).

Hence t avoids comby, if and only if w™! avoids 1-3-2 and 12-- - k. (|

Similarly one can prove the following result.

Proposition 3.3. Forn >0 and k > 1, C,, enumerates the following:

(1) the set Ty, of binary trees with n internal nodes avoiding Combllc,

(2) plane trees with n + 1 nodes whose non-root nodes have degree less than k,

(3) Dyck paths of length 2n avoiding DU* (a down-step immediately followed by k up-steps),

(4) partitions bounded by (n — 1,n —2,...,1,0) with each positive part occurring fewer than k
times,

(5) 2 x n standard Young tableaur which contain no list of k consecutive numbers in the top
row other than 1,2,...,¢ for any ¢ € [n],

(6) permutations of [n] avoiding 1-3-2 and 23--- (k + 1)1.

Next we describe a well-known surjection from the Tamari lattice 7T, to the Boolean lattice ,,_1
consisting of subsets of [n — 1] ordered by containment. Given t € 7, define des(t) to be the set
of all i € [n — 1] such that the (i 4+ 1)th leaf of ¢ is a right child. In other words, if (do,...,dy) is
the multi-degree of the plane tree corresponding to ¢ then des(t) := {i € [n — 1] : d; > 0}. This
gives a poset surjection des : T, — B,_1. Moreover, for any permutation w € &, one can check
that des(tr(w)) equals the descent set {i € [n — 1] : w(i) > w(i+ 1)} of w. For more details see, for
example, Loday and Ronco [I1].

Now we define a map des™! : B,_1 — 7, as follows. Let S = {i1,...,i,} € B,_1, where
i1 < --- < ip. Then des™!(S) is the binary tree whose corresponding plane tree has multi-degree
(do, . ..,dy) satisfying dg =n —[S|,di=1ifi€ S,and d; =0if j € [n]\ S.

Proposition 3.4. The map des™' : By_1 — T, is an order-preserving injection. In particular,
Bn_1 = des Y (B,_1) is a lattice isomorphism. Furthermore, des™ (B,_1) = Ton, and for each
S € B,_1, des”1(9) is the unique minimal element of the fiber {t € T, : des(t) = S} under the
Tamari order.

Proof. Suppose R C S is a covering relation in the Boolean lattice B,_1 with S\ R = {i}. Let
T and T’ be plane trees corresponding des™'(R) and des™(S). Then their multi-degrees satisfies
do(T) = do(T") + 1, di(T) = 0, d;(T’) =1, and d;(T) = d;(T") for all j € [n]\ {i}. We may obtain
T from T' by a series of up 1-slides. Hence des™*(R) < des™!(S) in the Tamari order. This shows
that des™! is order-preserving.

Next, let S € B,_1. One can check that des(des !(S)) = S. Hence des™! is injective and we
have the isomorphism B,,_1 = desfl(Bn_l) of lattices.

The multi-degree of the plane tree corresponding to des_l(S ) is 2-minimal by Proposition
Hence des_l(S) € Ton. We have |Ti | = Coyy = 271 = |B,,_1|. Thus des™'(B,_1) = Ton-



MODULAR CATALAN NUMBERS 13

Finally, let ¢ € 7, whose corresponding plane tree is 7. If a non-root node of T has degree at
least 2 then applying an up 1-slide at this node gives another plane tree 7" whose corresponding
binary tree t’ satisfies des(t') = des(t). Thus any minimal element of the fiber {t € T, : des(t) = S}
avoids combd and must be the tree des™ (). O

4. CLOSED FORMULAS

We derive closed formulas for Cy, ;, and M}, ,, from generating functions. Let P7T,, denote the set
of plane trees with n+1 nodes. Given T' € PT,, with multi-degree d(T) = (do,...,dy), we define
XT = g, - Z4,. We define a generating function,

To study this generating function we need the following Lagrange inversion formula.

Theorem 4.1 (Stanley [19, Theorem 5.4.2]). Suppose that A(z) and B(z) are formal power series
in z such that A(0) = B(0) =0 and A(B(2)) = z. If n and ¢ are integers then

nl2"]B(2)" = ([z")(=/A(2))".

Proposition 4.2. Forn > 1 and { > 0 we have

(2) [zn]C(X,Z)é _ { [Zn—€:| (ZE0+IE1Z—|—$2Z2—|—-'-)

n
E ( )zgnoleI;nQ .
mo, My, M2, ...

mo+mi+ma+--=n
mi+2mao+--=n—¢

n

Sl 3

3) =

Proof. If T is a plane tree whose root has degree ¢ then the multi-degree of 1" contains ¢, followed
by the multi-degrees of the ¢ subtrees of the root. Hence

(4) C(x,2) = Z 2xC(x, 2)".

>0

Applying Lagrange inversion to A(z) := z/(xo + 12 + 2222 + -+ ) and B(z) := C(x, 2) gives the

result. O
Corollary 4.3 ([19, Theorem 5.3.10]). Given nonnegative integers £,mg,myi, ma,... with mgy +
mi1+--- =n > 1, the number of plane trees with a root of degree £ and m; non-root nodes of degree

i fori=0,1,2,...is

4 n

— ,oifmi+2mo+ - =n— 4,
[2agoa™ - )0 (x, 2) = n(mo,ml,mg,...> fm 2

0, otherwise.

Remark 4.4. We use the Lagrange inversion formula to prove Proposition [4.2] which immediately
implies Corollary Stanley directly proved Corollary [19, Theorem 5.3.10] and used it as one
way to prove the Lagrange inversion formula [19, the second proof of Theorem 5.4.2].

Taking ¢ = 1 in Corollary recovers a well-known result: if mg +m; +--- = n > 1 and
miy + 2mg + -+ = n — 1 then plane trees with m; nodes of degree i’s, or equivalently, Dyck paths
with m; occurrences U'D, for all i = 0,1, 2, ..., are enumerated by the Kreweras number [, 10, [16]

1
Krew(0™01m12m2 ... := < " >
T \1Mmop,mi,MmM2, ...
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Proposition 4.5. Let {,n > 1 and let I be a set of nonnegative integers. Then the number of

plane trees whose multi-degree (dy, ..., dy,) satisfies dy =€ and dy,...,d, € I is
¢ n—~_ i " o 14 n
ﬁ{z ]<22> n Z <mi:i€I>'
el D ier mi=n
D ier tmi=n—L
Proof. Taking x; =1 for alli € I and z; =0 for all j ¢ I in and gives the result. O

Now we study My, ,, and C}, 5, as well as their generating functions
My (z) == Z M;wz"+1 and Ci(z) := Z C’k,nznﬂ.
n>0 n>0

It follows from work of Rowland [17, Theorem 1] on binary trees that the generating functions
My(z) and C(z) are algebraic. In the same work, Rowland used Mathematica to compute explicit
polynomial equations satisfied by M (z) and Ci(z) for k < 4. We generalize this to all £ > 1 using
the specialization C(1¥*1,2) of C(x,2) at z9g = --- =ap =1 and 2341 = Tp0 = --- = 0.

Proposition 4.6. For k > 0 we have

(5) My(2) = z+ 2M(2) + 2Mp(2) + - - + 2My(2)".

For k > 1 we have

(6) Cr(2) = 2+ 2My_1(2) + 2Mp_1(2)* + - = 2/(1 — My_1(2)) and
(7) (Cr(2) — 2)F — Cr(2)F + Cr(2)" 1 — 2Ck(2)" 2 = 0.

Proof. Since My, (z) = C(1**1, 2), we deduce from (). Considering the subtrees of the root of
a plane tree we have (), which implies Mj,_1(z) = (Ck(2) — 2)/(Ck(2)). Substituting this into
gives . ]
Let A = (\1,...,Ap) be a partition with m; parts equal to i for i = 0,1,2,.... Then
e |\ =n if and only if my + 2ma + - - - + kmy = n, and

e \ C k™ if and only if mg+ --- +mp =n and mpy1 = mgqo =--- = 0.
The monomial symmetric function my(x1,...,2,) is the sum of z{'--- 2% for all rearrangement
(e1,...,en) of \. Taking 1 = -+ = x,, = 1 in m,, gives the multinomial coefficient

n
my(1") = <m0 My, o >

Corollary 4.7. For k,n > 0, we have

(8) My = ! Z my (171

n—+1 Nt
[Al=n
For k,n > 1, we have
n—|A
9) Com= D, nHmA(ln) :
AC(k=1)"
[Al<n

Proof. If the root of a plane tree has degree ¢, then deleting the root gives ¢ plane trees. Hence,
taking I = {0,1,...,k} and £ = 1 in Proposition gives a formula for Mj, ,—1 which is equivalent
to . Combining with @ we have the formula @ for Cy, . O
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Theorem 4.8. For k> 1 and n > 0, we have

1 (n+ 1\ [2n — jk
10 My 1,=— 1)’ .
(10) e dD I G | Gy

For k,n > 1, we have

e 5 )

0<j<(n—1)/k

Proof. By we have

0 (1= (n\ (2n — € —1—jk
12 MC@F, 2)f = [ = = 1) :
1) et = e = 2 () (7LD
0<j<(n—0)/k
Taking ¢ = 1 gives a formula for Mk,lm,l which is equivalent to . By @ and ,

Cin = Z 3 (_Da‘@)(zn—fbj—jk)

1<£<n 0<j<(n—0)/k

IO et

0<j<(n—1)/k 1<0<n—jk

B (1) <n> <2n —jk>
osjsne MNP
The last step above follows from the formula (taking a = 2n — jk, b=n+1, and r = 1)
a I\ fa—C—1
13 pu—
i )= 2, (6=
r<t<a—b+r

which can be proved by choosing a subset of b elements from the set [a] with the number ¢ + 1
being the (r + 1)th smallest chosen element. O

Remark 4.9. It seems difficult in general to solve for Cj(z) directly from Equation . One can
apply Lagrange inversion to it and obtain a closed formula of Cy,, for k > 3 and n > 1. However,
the result is more complicated than our previous formulas @ and .

Next, we derive from the proof of Theorem a closed formula for the total number Dy, , of
intersection points between all Dyck paths of length 2n avoiding DU* and the z-axis.

Proposition 4.10. For k> 1 and n > 1 we have
—1)7.2 2n — jk+1
b ¥ Uiy
0<i<m-v/k M n

Proof. Since the number of intersection points between a Dyck path and the z-axis is one plus the
degree of the root of the corresponding plane tree, it follows from the proof of Theorem that

(—1) (n o — 01— jk
Dy, = E E .
kn | - j . (f + 1)5 n_1
0<j<(n—-1)/k 1<t<n—jk

Applying with a =2n — jk 4+ 1, b=n+ 2, and r = 2 gives the result. O
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Remark 4.11. (i) Similarly to (6]), the generating function Dj(z) := > >0 Dy 2"t satisfies
Dy(z) =Y (€ +1)z2My_1(2)" = 2/(1 — My_1(2))”.
>0
Since C(z) == 3,50 Cp2" 1 satisfies C(z) = z + C(2)?, taking k — oo in the above equation gives
Jim Dy(2) = 2/(1 = C(2))* = 2/(2/C(2))* = C(2)*/2 = C(2) /2 — 1
—00

which recovers a well-known fact that the total number of intersection points between Dyck paths
of length 2n and the z-axis is the Catalan number C, .

(ii) For K = 2 and k = 3, Proposition gives a new interpretation for the sequences [23,
A045623, A036908]. In particular, for £ = 2 and n > 1, the formula in Proposition can be
simplified to (n + 3)2"~2, which enumerates various other interesting objects. Also, since M (z) =
z/(1 —2) and Ma(z) = (1 — 2z — V1 — 2z — 322) /22, we have

1—2z)? 423
Al =2 2)2 and Ds(z) = : .

(1—22) (B3z—14++V1—2z—32%)2
We do not find any result related to Proposition for k > 4 in the literature.

DQ(Z) =

Finally, we provide a formula for the largest size of k-equivalence classes.

Proposition 4.12. The largest size of a k-equivalence class of plane trees with n + 1 nodes is
o<j<n/k J

Proof. By Theorem the plane tree with multi-degree (n,0,...,0) is the minimal element of a k-
equivalence class of the largest size. By Proposition the plane trees with n+1 nodes belonging
to this k-equivalence class are those whose multi-degree is congruent to (n,0,...,0) modulo k.

Setting I = {0,k,2k,...} and £ € {n — jk : 0 < j < n/k} in Proposition demonstrates that
such plane trees are enumerated by

S PRy,
0<j<n/k

Applying a binomial expansion gives the result. (|

5. PROOFS BY DYCK PATHS
We use Dyck paths to prove the closed formulas obtained in Section[d Recall that every sequence
e = (eq,...,e,) of nonnegative integers corresponds to a lattice path
L(e) :=U*DU*® ... DU*"

which is a Dyck path if and only if e is the multi-degree of a plane tree. Assume the length of the
lattice path L = L(e) is 2n. For each r € {0,1,...,n} we define a cyclic reordering of L,

L") .= y®pye+t... DU DU - .. DU®".

We note that L(®) = L(™ . Suppose the lowest point on the subpath L' = DU DU®2 - .. DU has
height h. For each i € [eg], the line y = h+i—1 intersects L', and the leftmost intersection point must
be the end point of the (r; + 1)th down-step of L for a unique integer r; = r;(L) € {0,1,...,n—1}.
It follows that (L) > -+ > re (L).

Lemma 5.1. Let L = U DU --- DU be a lattice path of length 2n. For 0 <r <n—1, L") s
a Dyck path if and only if r € {ri(L),...,1e,(L)}.



MODULAR CATALAN NUMBERS 17

Proof. Decompose L into subpaths A = U®, B = DU ---DU® and C = DU®+ ... DU®",
Assume the initial point of C' is (a, b), which is also the initial point of the (r + 1)th down-step of
L. This down-step becomes the first down-step of L("). One can check that L) is a Dyck path if
and only if B is weakly above y = b and C' is weakly above y = b — ¢g. This is also equivalent to
saying that the r = r;(L) for some i € [eg]. The result follows. O

Example 5.2. Figure shows a lattice path L and the lattice paths L") for r = 1,2,3. While
LW =16) isa Dyck path, L = L® is not.

L=U?DDUDDU LW =U?DUDDUD L® =U?DDUDDU L®) =U?DUDDUD

FiGURE 5.1. Cyclic reorderings of a Dyck path

The above example shows that the same lattice path could appear multiple times in the multiset
{L(’") :0 <r <n-—1}. This issue can be solved in the following way. Let I be a set of nonnegative
integers. We define L;,,, to be the set of all pairs (L,i) where L = U‘DU® ... DU is a lattice
path of length 2n with ei,...,e, € I and i € [¢]. We represent (L,i) € Ly, ¢ by marking the
ith up-step of L with a double line. We write L;,, 1, for the union of sets Lj,, with £ € [n].
Similarly, we define L7, , to be the set of all pairs (L', j) where L' = U'DU® ... DU®" is a Dyck
path of length 2n with e1,...,e, € I and j € [n]. We represent (L', j) € L], , by marking the jth
down-step of L' with a double line. We write 'C/I,n,[n] for the union of sets £ , , with £ € [n].

Lemma 5.3. Let I be a set of nonnegative integers. Then for each ¢ € [n| we have a bijection

Line = LY, defined by (L, i) — (L) 1y — 5(L)).

Proof. If (L,1) € L ¢ then (L) n — (L)) € Elne by Lemma Conversely, suppose that
(L',n—r) € LY, ,wherer € {0,1,...,n—1}. Then L = (L)) satisfies L") = L'. By Lemma
we have r = r;(L) for a unique ¢ € [¢] and thus (L,i) € L1, ¢. The result follows. O

Example 5.4. The bijection in Lemma [5.3] is illustrated in Figure

vuDDUDDU «+ UUDUDDUD vuDDUDDU <+ UUDUDDUD

F1cURE 5.2. The bijecion in Lemma

Now we may use Dyck paths to give alternate proofs of the main results of Section
Another Proof of Proposition[{.J Let I be a set of nonnegative integers and let £ € [n]. Then
n
L1l = 2" ] (Z Zi)
i€l
By Lemma [5.3] dividing this number by n gives the result. O
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We define L; 1. », ¢ to be the set of all lattice paths U'DU® ... DU®" of length 2n with j segments
U¢,...,U% marked, each containing U¥, and with one up step U marked in U¢. We write L; kn.n]
for the union of sets L; ., with £ € [n].

Another Proof of . Assume 0 < j < n/k. Each element of £, j 41,1 can be constructed in the
following way. First write down U D followed by 2n — jk empty spots. Arbitrarily fill in n of these
empty spots with D’s and the rest with U’s. Then choose j of the n + 1 copies of D. Finally,
for each of the j chosen D’s, insert U* immediately after it and mark the whole segment of U’s
containing this U*. It follows that

n+1\ /2n — jk
|Ljknt11] = ( ) > < J >
] n

We assign a sign (—1)7 to every element of Liknt1,1- f L=UDU®DU® --- DU € L} nt1,1
and there exists an 7 € {0,1,...,n} such that e; > k then let i be as small as possible. If the
segment U% is not marked then we mark it; otherwise we unmark it. This defines a sign-reversing
involution on all elements in the union of the sets £ 5,411 with 0 < j < n/k, except those avoiding
Uk. Thus,

|£[k71},n+1,1‘ = Z (—1) \ﬁj,k,nﬂ,l’ :

0<j<n/k

By Lemma dividing this number by n + 1 gives Mj_1, = ‘E/[k—l],n,[n] g

_ /
- ‘ﬁ[k—l},n—&-l,l ’ :

Another Proof of . Assume 0 < j < (n —1)/k. Every element of L}, 1,) can be constructed
in the following way. First write down 2n — jk empty spots and choose n 4+ 1 of them. Fill in the
first chosen spot with a marked U and the remaining with n copies of D. Then fill in the rest spots
by U’s. Finally, choose j of the n copies of D’s and for each of them, insert U* before it and mark
the entire segment of U’s containing this U*. Hence

n\ (2n — jk
eul- ()22

We assign (—1)’ to each element of Liknm- U L=UCDUD---U € Lj},nn and there
exists an ¢ € [n] such that e; > k then let ¢ be as small as possible. If the segment U® is not marked
then we mark it; otherwise we unmark it. This defines a sign-reversing involution on all elements
in the union of the sets L£; 1, ,) With 0 < j < (n — 1)/k, except those avoiding DUF. Thus

Do Lpymel = Y GV Lkl -

1<<n 0<j<(n-1)/k
Dividing this number by n and using Lemma we have the formula for Cy, . 0
Another Proof of Proposition[{.19. If L = U®DU® --- DU be a lattice path of length 2n such
that k divides ey, . .., e,, then e;+- - -+e,, = jk for some nonnegative integer j < n/k and ¢ = n—jk.

If I ={0,k,2k,...} then
\Lrnn—jk|l = (n — jk) <
Hence the result follows from Lemma [5.3] O

6. SOME REFINEMENTS

The Catalan number C,, can be refined to the Narayana number

vy ()0
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which enumerates plane trees with n + 1 total nodes, of which r are internal, or equivalently, Dyck
paths of length 2n with r local maxima, called peaks. We present similar refinements for M, ,, and
Cin-

Assume k > 1 and 0 < r < n. We define My ,,, to be the number of plane trees with n + 1
nodes, of which r are internal, such that the degree of each node is no more than k. Similarly,
Cin,r denotes the number of plane trees with n 4 1 nodes, of which r are internal, such that each
non-root node has degree less than k. We have My 00 = Cr00 = 1 and My, 0 = Cipno = 0 for
n > 1. Moreover, if n > 1 then

Mk,n = Mk,n,l +--- Mk,n,n and Ck,n = Ck,n,l + -+ Ck,n,n-
To derive formulas for My, ,, » and Cy, -, let I be a set of strictly positive integers and denote by

ngm the number of plane trees whose multi-degree (do, . . ., d,) satisfies dy = ¢, d1, .. .,d,, € IU{0},

and [{i € {0,...,n}:d; >0} =r. We have

4
(14) Mk,n,r = C[(kl]),n-‘rl,r—i-l and Ck—i—l,n,r = Z C[(k})vnvr.
>0

Proposition 6.1. Let I be a set of positive integers. For £ >0 and r € {0,...,n — 1} we have

¢ r_n— 7 ! ¢
ngﬁ_l:;[ajz q <1+xzz) ~n ZZ <:“L><mz7;el>

i€l ie1 Mi=T
i imi=n—L
Proof. This result follows from Proposition One can also prove it in a similar way as the proof
of Proposition provided in Section [5] using Dyck paths and Lemma [5.3 O

Remark 6.2. When I consists of all positive integers we have

¢ A zz \" L (n\, ., L
C§,L,r+1:g[mz Z} <1+1_Z> :n<r>[z 91 -2) =

1
and C§,r)z+1,r+

n\/n-—~0-1
T r—1
1 equals the Narayana number IV, .

Proposition 6.3. For k > 1 and n > 0 we have

1 n+1
Mk,n,r = ni—i— 1 Z m>\(1 )
)\gkn+1
[Al=n
L(N)=r

For k>0 and n > 1 we have

n—|A
CkJrl,n,r: Z TL‘ ‘m)\(ln).

ACk™

[Al<n
L(N)=r
Proof. The result follows from and Proposition O

Proposition 6.4. For k> 1 and n > 0 we have

o= () S (Y

0<j<(n—r)/k

Fork>1 and n > 1 we have

B (1) [ n r—1\ (n—jk
Ck+1,n,r - ‘ Z n r—1 j r .
0<j<(n—r)/k
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Proof. The proof is similar to the proof of Theorem By Proposition [6.1] we have

(©) U xz(1—2F)\"
C[k],n,r+1 = — {az z Z] <17L _

n 1-=2
- ()
0,,5,00 )

0<j<(n—t—r)/k

This implies the desired formula for Mj, , , = C[(]iﬁnﬂ,rﬂ. Since Ciy1m,r = Zezo C[(If]),n,r’ we have

o = AT T

1<¢<n 0<j<(n—b—r+1)/k

_ (—1)j( n >(r—1> Z £<n—€—1—jk>
o<j<oryk N T 1 I/ <ecn—rr1-jk r—2

-2 S0

0<j<(n—1)/k

Here the last step follows from . O

Another Proof. We first observe the number of peaks of a Dyck path L of length 2n to be one
greater than the number of local minimum points of L other than (0,0) and (2n,0). Call these
local minimum points valleys. Note this relation does not hold for the numbers of peaks and valleys
of a general lattice path. However, the operation L — L) preserves the number of valleys.

Now recall the definition for Ljy n ¢ and L; g [, from Section [0} Write Lk pner and Lk n],r
for the maximal subsets of Ly ne and Lj} ), respectively, whose members have exactly r — 1
valleys. We will constructively prove the following formulas:

) n+1\/r\/n—-1-—jk
(@) [Likt1nt1,1,041] = ( , > <j> < - ) ;
3 n r—1\ (n—jk
(@) 1Ljpr1m )]l = <r _ 1> < j > < r > :

Construction (i): Every element of £ 41 n+1,1,r+1 can be constructed in the following way. First
write down a U followed by n + 1 copies of D. Then insert an up-step immediately after r of these
down-steps so that there are r valleys. Next choose j of these 7 valleys and insert U* right after
each of them. Finally partitioning n —r — jk up-steps into r possibly empty blocks and insert them
immediately after the r valleys.

Construction (ii): Every element of L; kn.n),r can be constructed in the following way. First
write n — jk up-steps and mark r of them. This partitions the n — jk up-steps into r + 1 blocks: the
first one ends right before the first marked U, the second one starts from the first marked U and
ends right before the second marked U, and so on. All these blocks of U’s are nonempty except
possibly the first one. Then choose r — 1 of n down-steps, put the first and second blocks of U’s
before the first chosen U, the third block of U’s after the first chosen U, the fourth block after
the second chosen U, and so on. Leave the first and second blocks of U’s alone so that they still
contain a marked U. Finally, choose j of the remaining r — 1 blocks, append U to each of them,
and mark these j expanded blocks.

The rest of the proof is similar to the proofs for and in Section O
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7. REMARKS AND QUESTIONS

7.1. Let * be a binary operation defined on a set X and let xg, ..., z, be X-valued indeterminates.
Denote by C,, the number of distinct functions from X"™! to X obtained by parenthesizing
xo * -+ * Ty, In general 1 < Oy, < Cp, and if * is k-associative then 1 < C,,, < Cy,,. For
n > 2 one has C,, = 1 if and only if * is associative. If x is the k-associative operation defined
in Example then C, ,, = C}, by Proposition m (iv). Can one characterize when Ci , = C),
and when Ci ,, = Cy, for k > 17 Do other interesting numbers C, ,, arise from binary operations
we have not yet considered?

7.2.  We have seen the modular Catalan number Cj, , enumerates several restricted families of
Catalan objects. There are many other families of Catalan objects, such as those presented in [20].
Elementary connections between some of these objects and those studied here lead to other re-
stricted families of Catalan object enumerated by Cj . For example, there is a bijection between
2 x n tableaux and chains in the Bruhat order of the Grassmannian of 2-planes in (n+2)-space
which we did not discuss. It may be interesting to extend our investigation by exploring some
less-elementary connections between Catalan objects.

7.3.  We have seen that the poset of 7Tj , consisting of all binary trees avoiding comb,,l€ under the
Tamari order is the same as the Tamari lattice 7,, when k > n and is isomorphic to the Boolean
lattice B,,_1 when k = 2. What can be said about this poset when 2 < k < n?

7.4. An exercise shows Cy11/C,, — 4 as n — oco. One may compare this to the asymptotic
behavior of the k-modular analogue Cj p41/Cj . There is not much to compare for k = 2 as
Con+t1/C2y = 2 for all n > 1. Computer experimentation suggests limy, o C3n4+1/Csn = 3,
3 <limp—oo Cpnt1/Chyn < 4 for k>4, and

. M1 . Crni
n—o0 k—l,n n—o0 k,n

Which, if any, of these suggestions are true?

7.5.  The sequence C3,, is the OEIS sequence A005773, which enumerates various objects. Taking
k=3in @ and assuming j is the number of 1’s in A, one obtains

03,71 = Z Z <n+€ ]ajan g—j)

1<e<n 0<j<n—t
= n—t=j |
0<j<n—11<¢<n—j J 2 n=J

)

0<i<n—1 1<0<i+1 2

- 2 ()2 [0-65)

ey <n;1> (Li/i%)'

Here we assume (:1) := 0 whenever m is not a nonnegative integer. This formula for C3, was
obtained by Gouyou-Beauchamps and Viennot [§] during their study of directed animals, and also
obtained by Panyushev [13] using the affine Weyl group of the Lie algebra sp,,, or s09,+1. We do not
currently have an understanding of how these objects are related to the objects in Proposition
Can one generalize the above formula for C3,, to Cy 7

—_
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7.6. Is each k-connected component of 7, (under the k-associative order) a meet-semilattice? Is
every interval in a k-connected component of 7, a lattice?
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